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ABSTRACT

We analyze in detaill an algorithm for computing Liapunov
exponents from an experimental time series. As an application, a
hydrodynamic experiment is investigated.



1. Introduction

In [1], two of us proposed a method to compute Liapunov exponents from an
experimental time serics. Here, we report on a detailed analysis of this algorithm for
numerical and laboratory experiments. Note that a very similar proposal has been
made independently by Sano and Sawada [2]. In the coursc of the discussion, we
shall also point out some divergencies between [1] and [2].

Before discussing our algorithm, we briefly recall what we are trying to do. A
time evolurion is realized, in Nature, in the laboratory, or on the computer, and it is
assumed that this time evolution can be described by a differentiable dynamical system
in a phase spacc of possibly infinite dimension. We want to obtain Liapunov
cxponents corresponding to the large time behavior of the system. On a more
mathematical level, the large time behavior defines an ergodic measure in phase
space for the time evolution, and we are interested in the corresponding Liapunov
cxponcnts. For a discussion of these concepts and precise definitions see for instance
[1]. What we know is a time series (x,),_ ., Obtaincd by monitoring a scalar signal
for a finite time T and with finite precision. Clearly, thus, there are limitations on
how much we can say about the characteristic exponents — it is the aim of this paper
to discuss some of these limitations. Certainly, we have to assume that the recording
timec T is long, that the noise level is low and that the mecasurements are made with
good precision (viz. 10~ or 107 if we want to determine one or two positive charac-
teristic exponents). From a sufficiently good time series, one can in principle obtain
all non-negative characteristic exponents, and it may or may not be possible to obtain
also some ncgative ones (cf. [1]).

2. The Algorithm

It is convenient to present the measured time series in the form of a sequence of
integers x4, . ..,%y, With 0=x =10000. The upper bound 10000 is in accordance
with a precision of 10~ and can casily be modified, if required. We assume that the

"A copy of the computer program implementing this algorithm can be obtained from the
authors.
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time interval v between measurements is fixed, so that x;, = x(i7). Note that the

recording time is T = N+. The present paper deals specifically with the case of a
scalar signal, but the method can casily be extended to multidimensional signals.

Conceptually, the algorithm to be discussed involves the following steps:
(a) reconstructing the dynamics in a finite dimensional space,
(b) obtaining the tangent maps to this reconstructed dynamics by a least squares fit,
(c¢) deducing the Liapunov exponents from the tangent maps.
We now consider these different steps in detail.

(a) We choose an embedding dimension dg and construct a dg-dimensional orbit
representing the time evolution of the system by the time-delay method [3]. This
mcans that we define

Xy ’x*'*""a“l} \ (1)

fori=1, ..., N —dg+1. In view of step (b), we have to determine the neighbors of
X, l.e. the points X j of the orbit which are contained in a ball of suitable radius r
centered at x,:

1% %1 = r (2)
with
I .":'j -x | = max | % reaFrial - (3)
Isa=sd.-1

The use of (3) rather than the Euclidean norm allows a fast search for the ij which
satisfy (2). We first sort the x, (using "Quicksort”, see e.g. Knuth [4]) so that

and store the permutation w and its inverse x Then, to find the neighbors of x,
in dimension 1, we look at k =~n-_1(|'} and scan the X 2(s) for s=k+1,k+2, " " * until
I“I:I}—x'.:‘*r. and similarly for s =k—1,k—2, - -+ . For an embedding dimension de
> 1, we first select the values of 5 for which | x
impose the further conditions

#(s) — %| = r,as above, and then



| x - F. s r,

w(s)+a

fora=1, ... .EE—],

(b) Having embedded our dynamical system in dj dimtnsinm‘, we want to deter-
mine the dp Xd, matrix T, which describes how the time evolution sends small vec-
tors around x; to small vectors around i:‘ +1- The matrix T, is obtained by looking
for neighbors x; of x; and imposing

- -

T3 —%) = %4~ %4 (4)

- o d
The vectors X ;—X; may not span R * (think for instance of an embedding of the 3-
dimensional Lorenz system in 4 dimensions). Therefore, the matrix T, may only be
partially determined. This indeterminacy does nor speil the calculation of the positive

Liapunov exponents, but is nevertheless a nuisance because it introduces parasitic
exponents which confuse the analysis, in particular with respect to zero or negative
exponents which otherwise might be recoverable from the data. The way out of this
difficulty is to allow T, to be a d,, xd,, matrix with a marrix dimension d,, = d,
corresponding to the time evolution from x, to x, .
Specifically, we assume that there is an integer m = 1 such that
de =(dy, — 1)m+1, (5)
and associate with i'l a d,,-dimensional vector
X =X Xyye v Xi+(d, —1ym ) (6)

= (% Xipe oo Xiag 1)

in which some of the intermediate components of (1) have been dropped. When
m > 1 we replace (4) by the condition

T'.{xj—xl.}* Xjtm ~ Xjem - (7)

dg

"1t would be more correct 1o say that we have projected our dynamical system to R



Taking m > 1 does nor mean that we delete points from the data file, i.e., all points
are acceptable as x I and the distance measurements are still based on dg, not on

d,,. Note that, in view of (6), (7), the matrix T, has the form
| o 10 - 0 1
0 01 -~ 0O
Ti =
o 00 -- 1
ay a; ay "' oay

% &

If we define by S‘.E{r} the set of indices j of neighbors .EJ. of x, within distance r, as
determined by (2), then we obtain the a, by a least squares fit

dy —1 2

> 2 a, .(x, — Xiaaa) — X — X, )
_jﬁsl."-[r} £ 0 k+1" j+km i +km Jdym i+dym

= minimum .

The least squares fit is the most time consuming part of our algorithm when S!E{r} is

large. We limit ourselves therefore typically to the first 30 to 45 neighbors of a point.
We use the least squares algorithm of Householder, see [6]. This algorithm may fail
for several reasons, the most prominent being that card Sl.'q[r}i:dﬂ. We therefore

choose r sufficiently large so that Sf(r) contains at least d,, clements.

In fact, we make a new choice of r=r, for every i. This choice is a compromise
between two conflicting requirements:

— take r sufficiently small so that the effect of nonlinearities can be neglected,

— take r sufficiently large so that there are at least d,, neighbors of x,, and in fact
somewhat more than d, to improve statistical accuracy.



-5 .

For the specific examples discussed in Section 4, we have sclected r as follows:
Count the number of neighbors of x, corresponding to increasing values of r from a

preselected scquence of possible values, and stop when the number of neighbors
excecds for the first time min(2d *d!n‘ +4). [If with this choice the matrix T, 15

singular, or, more gencrally, docs not have a previously fixed minimal rank, we again
Increase ris It should be noted that this last criterion only s¢ems to come into opera-

tion for timc scrics obtained for low dimensional computer cxperiments (such as
maps of the interval). We stress that the singulanty of T, in itself 1s not catastrophic

for the the algorithm and the first p positive Liapunov exponents are not affected
provided the rank of the T, is at lcast p (which may be a lot less than 4, ). One

should thus not stop the calculation as suggested in [2], when the map is singular,
since information about the expanding direction(s) will be lost.

(c) Step (b) gives a sequence of matrices T,, T . Une determines suc-

i4m? Tr' +2m ¥

cessively orthogonal matrices Q) and upper triangular matrices R ) with positive
diagonal elements such that Q{ﬂiz unit matrix and

T@Quy=2mR

T1im@) = QR (2 -
(8)

T1m@y) = Ly e

Then the Liapunov exponents A, arc given by

1 E:I
M= 2 0B R gy
!
where K = (N —dy,m—1)/m is the available number of matrices. and 7 is sampling

time step. Obviously, fewer matrices can be taken to shorten the computing time.
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(Sec [1] for a justification of the algorithm of Equ. 8.)

3. Remarks on the Algorithm

(a) Let us comment again on the uscfulness of taking the mairix dimension d,,
different from the embedding dimension dp . As we have said, if dy, is not sufficiently
low, there is some numerical indeterminacy in the coefficients of the T, which, com-
bined with noise, produces undesirable parasitic Liapunov exponents (examples of
this phenomenon will be shown in Section 4). [t is thus natural to take d,, relatively
low (a little bigger than the expected number of positive Liapunov exponents). Butdjf
one took d too small, the embedding (or rather projection) of the dynamics in R :
would not be well defined : orbits with different directions might go through the
same point. The cure is to take dp > d,, . Note that for disentangling the dynamics,
the important thing is the embedding time dg 7 rather than dg : this is a first indication
that it is not wise to take 7 very small.

(b) As already discussed, the choice of the radius r at x, is a compromise

between limitations due to nonlinearitics and limitations due to noise. In fact we
have chosen the smallest ball around ¥, which contains enough neighbors for an

unambiguous determination of T, (note that the algorithm becomes impractically
slow when there are more than about 45 necighbors). In principle, i.e. with very good

experimental data one can do a little better. Since the effect of errors is worst for the
short vectors }j — x, one could replace the ball

[.'i'j : ij "‘Ei | = r}
by a shell

— . n =
'I..:jl-r i“5|,.1'-

_; —~x; || =r}.

m

(c¢) To obtain good statistics it is of course desirable to have a time series with a
largc number N of measurements. However, the really important thing is the total
recording time T = N7, and increasing N at fixed T by making v very small would
be useless. Actually, the experimental studies of Section 4 show that for large
embedding dimension dg (hence large r), and small 7, many of the "neighbors” of x,
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are in fact of the form x,, ., %, , ,,... (see Figure 1).

oy

Figure |: Neighbors are picked up mostly on the orbit itsell.

Attempts at numerical projection onto the supplement of this line have given bad
results.

(d}) Summary of Advice.
1. Use long recording time T, but not very small ime step 7.
2. Use large embedding dimension 4.

3. Use a matrix dimension d,, somewhat larger than the expected number of posi-

tive Liapunov exponents.
4. Choosc r such that the number of neighbors is = min(2d,, d,, +4).
5. Otherwise keep r as small as possible.

6. Do not stop the calculation if a singular matrix ariscs.
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7. Take a product of as many matrices as possible to determine the Liapunov
exponents.

In particular, this procedure eliminates the difficulties encountered by Vastano and
Kostelich [5].

4. Examples

We begin with the Lorenz equations,

x ={Fx +ay
4 Y| = | —xz+rx—y| .,
dt

z xy —bz

which we study for the parameter values o =16, b =4 and r=4592. (These parameter

values give the usual picture.) We take v = (.03 and 64000 data points. In Fig. 2, we
take m =1, i.c., d,; =d; and we require card S;(r)=2d,, .

A

2 ] L 5 | - Ay
Figure 2: The Liapunov exponents for the case d,, =d,..

In this case the agreement with the numerically known nonnegative Liapunov
exponents (dashed lines) is very good for 4, =5. MNote that there is a large deviation

at d =2. This serves as an indication that the system lives in a space with more than
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2 dimensions. Also, as observed in Section 3, d. =3 is not a sufficicntly large embed-
ding dimension for precise values of the Liapunov exponents. Finally, it should be
noted that increasing the minimal number of neighbors does not change the above
observations. In Fig. 3, we illustrate the effect of taking too few neighbors.

n

] .1 & L : : dy
Figure 3: Typical behavior when too few neighbors are chosen: card S;.[r]adﬁ .

With the same parameters as in Fig. 2, we have required only card Si.[r}a dy, . The
increase of the curves is a typical signature of a lack of sufficiently many neighbors,
In Fig. 4, we analyze the influence of (artificially added) noisc. We have have added
0.4 percent noisc (in terms of the total data latitude) and we observe that the predic-
tion of the Liapunov exponent is wiped out. A typical signature of noise is the
decrease of the Liapunov exponent with d,,. Note also that the cffect of the noise
can be essentially eliminated if we increase m , that is by increasing d. while keeping
d,, fixed. This is shown in Fig. 5, where we have chosen m=5 and card
5;-[!'}3 dy, +4. The results are usually good for the positive Liapunov cxponents,
but the zero exponent tends to increase with d,,. The collection of Figs. 2-5 is a

clear illustration of the "summary of advice” of Section 3.

We next illustrate in more detail the effect of having too few data pnu:lts For
this we shall deal with the very simple system defined by the map x - 1-2x° of the
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Figure 4: A noise level of 0.4 percent has been added.
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Figure 5: The effect of the noise can be climinated by increasing m, (m =5 for the
figure).
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interval (—1,1). It has a Liapunov exponent log 2. Fig. 6 shows the results analo-
gous to Fig. 2, with a resolution of the data of 107" (obtained by multiplying each x
by 5000 and truncating). To make the statistical errors smaller, we have insisted on
a minimum of 20 neighbors per point.

>

]

=]
TTTErT R R T rrr I r r e rr T

L]
=
(=1

T

T

1 2 ) ‘ dy
Figure 6: Analysis of the map x - 1-2x” with a resolution of 107,

In Fig. 7, we have applied the same algorithm, but with a precision of 273 59072,
While this situation is unlikely to occur in laboratory cxperiments, it is typical for the
appearance of spurious Liapunov exponents which are about twice (in principle even
thrice... ) the real ones. This phenomenon is generated by the finiteness of the data
set. This means that we cannot achieve the limit r~ 0 to determine the matrices T .
Therefore one expects the nonlincaritics to be important. A simple calculation shows
that if one carries along sccond order effcets in the equations leading to the T, for
the map x - 1—2x” in dimension d,, =2, one obtains two Liapunov exponents, one at
log 2 and one at 2log 2. In the absence of noise, the nonlinear terms desingularize the
equations for the T, when d,, is larger than the true dimension of the system, and
they tend to generate muliiples of the "true” Liapunov exponents. Having gone to
very high precision in the calculations leading to Fig. 7, we have produced explicitly
the generation of a "double” Liapunov exponent. (We suspect that Table 1 in [5] has
the same origin.) If third order terms are above the numerical imprecision one will in
principle see a “triple” Liapunov exponent, and so on. For data coming from
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] F 3 : ' dyy
Figure 7: Analysis of the map x~ 1-2x” with a resolution of 27", A spurious positive
Liapunov exponcni appears at = 2log 2.

laboratory experiments, the equations for the T, are in general rather desingularized
by the noise of the data. In that case a model calculation can be done, based on some
independence assumptions of the noise (which may not be justified in general). For
the map x- 1-2x” and d,, =1, this calculation predicts that the two Liapunov
exponents will be log 2 and = —1.2.

Let us summarize: All of the above effects only concern the spurious Liapunov
exponents, because they are caused by the desingularization of the equations for the
T,. If the noise is not too small relative to the precision and the density of the data,
one will see the "true” Liapunov exponents and the spurious ones will all be negative.
This scems to be the usual situation in laboratory experiments.

We now discuss the more difficult problem of analyzing an experimental time
seriecs. Our analysis is based on a set of experiments which has been obtained in
close collaboration with §. Ciliberto. In particular, he has kindly made measurements
coming very close to the required desiderata of Section 3. In this Section, we only
analyze one of Ciliberto’s runs, from the same point of view as the numerical experi-
ments. In an Appendix, Ciliberto describes his experiments and the complete
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results, as function of a varying parameter. To give a certain feeling of what is
involved, we draw a piece of the cxperimental orbit (Fig. 8).

Figure 8: An experimental orbit. Horizontal axis is x, vertical axis x, -x;_,.

In Fig. 9, we summarize the results of varying the lags m and matrix dimension d,,
in such a way that d; varies between 9 and 26. We limit d;, between 2 and 9. One
observes a relatively flat scction in the region above d, =20 for d,, > 3. This limit is
better visible in Fig. 10, where we plot, by intcrpolation, a section of Fig. 8 at dg =22.
In view of the preceding discussions, we conclude that there are two positive

Liapunov cxponents. In the Appendix, Ciliberto shows the complete results for a
scrics of experiments with varying paramcters.

APPENDIX

The transition from a regular to a chaotic behaviour has been widely studied both
theorctically and cxperimentally in many physical, chemical, and other natural
phenomena. In fluid mechanics one of the most used system to investigate the onset
of turbulence is thermal convection in a horizontal fluid layer heated from below,
that iz, Rayleigh-Benard convection (R-B)|7]. When the fluid is confined in a cell
whose horizontal dimensions arc of the samc order of the fluid height (small aspect
ratio ceclls), it has been found that the transition to the chaotic behaviour can be
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Figure 9: The largest 3 Liapunov exponents as a function of d. for the signal of Fig.

8, for different values of d,, .

Figure 10: The Liapunov exponents as a function of d,, at fixed d, =22.
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explained in terms of the non-linear interaction of a small number of degrees of free-
dom. This has been verified either by checking if the observed route to chaos was
cqual to one of the standard routes to chaos for low dimensional systems|7] or more
quantutatively with the measurecment of the fractal dimension of the attractor|8-9].

In a R-B experiment the determination of the positive Liapunov exponents, that
arc indeced an important sign of the existence of a strange attractor, has been done
only in |2] with a method similar to that outlined in the previous pages. Neverthe-
less, as pointed out in this text, there are some differences between the two methods
and so we have applied the algorithm here proposed to evaluate the Liapunov
cxponents from a series of data recorded in the chaotic regime of a R-B cell.

The fluid layer has horizontal sizes I = 4 cm, I, =1 cm, and height 4 = 1 cm
(aspeet ratios I', =4, ' =1). The fluid is silicon oil with Prandtl number 30. The
bottom and top plates of the are made of copper and the temperature stability is
about 1 m”K. The lateral walls are made of glass to allow optical inspection. The
detection system allows to do a semilocal measurement. In fact 1t consists of a laser
beam, with a diameter of 1lmm, that crosses the fluid layer parallel to the rolls axis
and is deflected by the thermal gradients inside the fluid. By measuring the
deflection of the laser becam outside the cell we can measure the thermal gradient
averaged along the optical path. We record the horizontal component of the gradient
because it usually has the largest time dependent amplitude.

In order to have a signal to noise ratio within the requirements specified in ths
paper, particular attention has been paid to reduce the environmental noise pro-
duced, for example, by the air convection along the optical path of the laser beam,
by the vibrations of the mirrors and of the laser cavity. Furthermore, to eliminate
high frequency noise, the signal has also been filtered at a suitable cutoff frequency
to avoid that the rising time of the filter could influence the evaluation of the
Liapunov exponents. This way a signal to noise ratio of about 10" has been
achieved.

Analyzing the fluid behaviour as a function of R/R_ (R is the critical value of
the Rayleigh number ) we find, except for a small region at 81< R /R <90 where the
convective motion is time dependent, a stable four rolls structure for R.-’Rrﬁ 141.
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Above this threshold a periodic oscillation at a frequency of 75 mHz is observed.
Increasing R , the fluid crosses many different periodic and biperiodic states and it
goes into the chaotic region via intermittency at R /R - 170. We have characterized
this chaotic behaviour by measuring the Liapunov exponents as a function of the
Rayleigh number.

To satisfy all other requirements of the algorithm, 40000 points, with a sampling
frequency of 5Hz, have been recorded for cach measurement. This way, the tume
evolution of the system is followed for about 600 periods of the mamn oscllation.
Many tests have been done to verify how the Liapunov exponents depend on d and

d It has been found that the value of A is sufficiently stable in the interval

M-
20<d, <25 and 5<d,, <B. The results are reported in Figure 11,
Lo Lo
pec a2 bec dyo 22
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Figure 171: The three largest Liapunov exponents as a function of Rayleigh number,
for different dy, and d .

where the values of the positive Liapunov exponents are shown as a function of R
for different d. and d,,. We sce that the qualitative behaviour of the curves is simi-

lar and the difference between them is about 109%. The measurements where donc
for R.-'Rr = 171.41, 174.08, 176.75, 182.10, 183.44, 184.79. Figs. 8-10 show details

for R /R _ = 182.10.
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By moving the detection point inside the cell by about lem and keeping R at the
last value shown in Figurc 11 we find that the Liapunov exponents change by less
than 5%. As a conclusion, the positive Liapunov exponents in the chaotic regime of
a R-B convection experiment have been determined using the method proposed in
[1]. Even though the error of the measurement is not small (about 10%) it is still
possible to follow how the number of the Liapunov cxponents and their values
change as a function cither of the control parameter R or of the position where the
measurement has been taken inside the fluid.
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