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lotredustion,

The "non-commutative ergodic theorem" of Oseledec [-ﬁ] gives some sort
of spectral theory for random matrix products. The eigenvalues are replaced by
certain characteristic exponents which, in the case of a constant matrix, are
the logarithms of the modull of the elgenvalues. In the present paper we inves-
tigate the dependence of the characteristic exponents on the data of the problem

and prove analyticity under certaln conditions,

To be more specific, let ({),p) be a probability space and T a
measurable map {1~ 1 preserving the measure p . Let T : )~ ]_ntui R) be a

measurable function, with values Iin the real m ¥m matrices, such that »)

tog T )| € LY¢p)
then

1im ftl: loglltte™ 1), . .t medin) ||
=

exists p-almost everywhere, This is a theorem of Furstemberg and Kesten {1},
slightly less powerful than that of Oseledec, If p 18 ergodic, the limic is

almost everywhere equal to a constant %(T,p), and we have

X0 = tof £ [ otan) 10gllte™ 0. ot (D)
n

Actually, gET.pI is the largest characteristic exponent determined by
(Mp,7,T) and we shall for the purposes of this introduction only concern our-

selves with that characteristic exponent.

Suppose that ¥ 18 compact, T continuous and let J be the Banach
space of continuous maps Q™ ga'['ﬁ} (use as norm the sup of the matrix norm).
E

The function (.,p) defined by (1.1) is upper semi-continuous on J , We cam

improve this result to one of real-analyticity of +(.,p) on a neighbor-

*) log*xe max{0,log x)



hood of Tﬁ if there is a proper closed convex cone G cE® with apex at the

erigin such that
'rn{::m c fo}l U 4nt C

for all x . This is the prototype of the results of this paper, and it applies
for Instance Lf Tu is un.m:n-n:'c‘nrnt"}I and has a simple positive eclgenvalue strictly
larger than the modulil of the other eigenvalues. Actually it is useful and easy
to consider the more general situation where € depends continuously on x

and one assumes only
'ru{:} C(x) © [0} U int C{mx) U int{-C{x))

Instead of using the same space FP for each x £ () one can, as a further
generalization consider a continuous vector bundle over () (see below for de-
talls). This extension {(Theorem 3.1) allows to cover the case where (1 is a
plece of differentiable manifold, T a diffeomorphism of the manifold mapping
1 inte itself and T , for Instance, the tangent map { T(x) maps the tangent

space to the manifold at x to the tangent space at Tx ).

We shall see that considering the p-th exterlor power Tﬁp of T

gives informatlon on the sum of the highest p characteristic numbers. [See
Section &.3), We shall also see that L{f the matrix Tix) becomes complex,
¥(T,p) 1s locally the real part of a complex analytic function of T (Section

4.7 and Proposition 4§.8),

The methods of proof of the present paper are inspired by those used

for differentiable dynamical systems (see Section 4.6).

The case of random products of matrices with positive entries is re-

" i.e, 1;(:} is independent of x .,



levant to the statistical mechanics of disordered one-dimensional spin systems.
(One obtains for instance the analyticity of the free energy with respect to
temperature for one-dimensional "spin glasses" with flnite range interactlons),

On this case see alse [67 Corollary 6.23,

An interesting question, not discussed here, I8 that of the nature
of the singularities of x{ﬂ,n} . Can discontinuities occur ? This could be

of interest for applications to physics (or Lngeneering, etc,),

2. gentiguous bupdles.

Let {1 be a compact space, E a topological space and T : Ew )

a continuous surjection. We assume glven open sets Hu covering [ &nd homeo-

1

morphisms ¥, ul H::H Ru; xR such that iHE = (nE, E-EE]' and

=] =
*ﬂ. *ﬂ (x,u) {:,313{1}11} where IHEI‘.'IE{EI is continuous Hﬂ ne HGL.E}.

B
These data define a continuous vector bundle over [} which we denote by E or

l:!lf'_tﬂfl'=Ii , Where E(x) = 'I'I'.ljt is & vector space Llsomorphlec to B . We shall

= §]
call norm on E a continuous funetion (.|| : EX R such that its restriction
ta E(x) 4= a norm for sach x . It iz clear how to define a contlnuous arF a

Borel measurable subbundle of E .

Let 1 be a homeomorphism of 0 . A continuous vector bundle map T
(of E )over v is a continuwous map T : E** E such that TeT = 5. and,
Lf Ti(x) 48 the restriction of T to E(x), T(x) : E(x) » E(rx) {is linear.

Such maps form a Banach space T with respect to the norm

)] = max [frex)]) (2.1)
®en

Different norms on E yleld equivalent norms (2.1).

Given T : E* E , one defines readily its adjoint T* : E® »~ E*



where E* is the dual of E ; T is a continuous vector bundle map over T?I

One defines also TV : EM v BN where Bhixl {s the exterior algebra of E(x)
'l“ﬂ' is a continuous vector bundle map over ¢ ., If T 18 invertible, its in-

=1 =
wverae T is s continuous vector bundle map over 7 : ;

He give now a version of the non-commutative ergodic theorem of Dse-

ledee, which will be useful for our purposes,

2.1 Theorem. Let as above [} be a compact space, T : (=[] a

continuous map, E a continuous m-dimensional vector bundle over [, and T

a continuous wector bundle map oaf E ever T, Write

= 1L T 100

and denote by I the set of r-invarlant probablility measures on () .

There 1s a Borel subset T of 1 such that plT) = 1 for every

p€el , and for each x £} the following holds. There is a strictly Increasing

sequence of subspaces @ 0 = 'I.T‘in} = 'l.':':“ T o vi'h” = E{x) such that, for

re=1,...,80(x) ,

lim £ log |h£uﬂ =27 g € vir)l Uir-I}

“1_'5 ®
and 75{‘:13 'f'.l.iz} e lu{xﬂ R W Li” 2

1irj are uniquely defined with these properties, and independent of the cholce

{r)
"K

- . [Tht and

of normon E 7. The maps x* s(x) , (vi1,.. w0y (D ,(st0),
are Enrel. Furthersore
1 o o (slx))
U= 3 loglITll = 1, (2.2)

The l:r] are the characteristic exponents of T at x .



2.2 Remarks. (a) If p ¢ 1 , define

XT,p) = pax) jemEl

- lm 2 Ip{d:ﬁ'}l loglt?|
n*m

Then, by a standard subadditivity argument
v(T,p) = 1nE-é-prid:] lugﬂT:H
n
so that (:,p) 4s upper semi-continuous, as noted in the introduction.

(b) One can show that the characteristic exponents of ohe {the

p-th exterior power) are all sums of p different characteristic exponents

1ir} of T ;, where these may be repeated with sultiplicity
-ir} = dim Yir}— dim ?i"ll . In particular the subspace of E(x)"P corresponding

to the largest characteristic exponent of Iﬁp is spanned by p-vectors corres-

ponding to the largest characteristic exponents of T .

2.3, Proofs,

The non=-commutative ergodic cheorem as formulated by Oseledec [ﬁT
asgsuses T and T Inverctible, and cthe proof he gives is somewhat complicated,
The principle of a simpler procf, based on a theorem by Purstenberg and Kesten
[2]. has been given by Raghunathan [5], Using Raghunathan's method (unfortunate-
ly unpublished) one obtains readlly theorem 2.1, and Remark 2.2 (b). Actually,
the main results of the present paper (Sectlon 3) do not use the full strength
of Theorem 2.1, the theorem of Furstenberg and Keésteén, in the form 2.2, being

sufficient,



3. Bupdle.wags.pregsrviog. 2. fawlly.of.counss-

The main result of this paper is the following.

3.1. Theorem. Let (1 be a compact space, T a homeomorphism of 0 ,

E a continuous m-dimensional vector bundle over (1 , and J the Banach space

of continuous vector bundle maps T : E*E over 7 , with the norm (2.1).

Let P be the open subset of J consisting of those T such that

for each = ¢ (1 there is a proper closed convex cone C(x) € E{x) for which

C{x) U (-C(x)) depends continuously on x , and

TC(x) © Fum] U int clmx) U ine(-clm))
[C(x) has 1ts apex at the origine o, of E(x) 1.

Then for every p € I , the function w(.,p) 18 real analytic on P

Motice that @ 18 in general not dense in o [munttrruwplt : take

f reduced to a point and T the rotation by -;-' in 11] .

Our proof will be based on use of the Implicit function theorem,
Another method of proof 1s given below (Theorem 4.8). Explicit forms for «(-,p)
and its derivatives will be indicated in Section 4.1. We start with two propo-

sitions which are of interest in thelr own right,

3.2. Prngnaitiun,

T S

(a) If T e P, there is a unigque T-invarlant vector subbundle F

f E such that for each x

Fix) c C(x) 1 (-C(x))

Furthermore Fix) 13 one-dimensional and depends continuwously on x and T,




{b) A subbundle F* of E* 1s similarly defined with respect to

T* and the cones

C*(x) = [n e E(x)* : (M,E) 20 for all F g cix)}

(e} 1f T eP , there exist a neighborhood & of T , o<1 and

C such that for all n20 , and x €

Ml = ca™ el (3.1)

whenever T ¢ & and F,n are unit vectors respectively in F(x) and orthogo-

nal to Fe*(x) .

Let ' be the set of pairs (x,e) where x €N, e =% c(x) and
lee t'(x,e)} = (1=, 7e) . By considering bundles and bundle maps over (' and
7' Ainstead of ) and ¢ , one reduces the proof of the proposition to the

case when C(x) depends continuously on x and TC(x) cr{ﬂTl1 U ine C(ex) .

We may then choose a, belonging to the interior of C(x) , depending

continuously on x , and such that lla Il =1 .
The convex compact set

M M ec(=)*: (pn, ad=1]
Sgh L™ et s

in the topological wvector space nan E(x)# 1is mapped inte Ltself continuocusly

by T' :

™
tT'{rk}}y = T?TJ%EG;T

T+

It has therefore a filxed point En:} by Leray=Schauder (notice that x ® n;

iz not a priori continuous).

L2 L -
Taking h! = a!f1h1" we hawe



#* * = R
T h:t.l' ||'I‘*h“|| b

Wotice that, since b: € T't{fi]‘  there 18 € > 0 Independent of x such
that the ball of radius € centered at h: is contained in C{x)* ., Dually
to the existence of {h:} ; one proves the exlstence of l:hx.'.l such that
b € C(x) and

o/ fro Il = b _

Define now

K(x) = (fe ¢ E{x) : (bl,8) = 0 and bt E € Clx))

and

™r = Te/ I’l'rbxll 1f e g B(x) .

Since TC(x) < int Clrx) 1 fO_ 1 and since the ball of radius ¢ centered at

b; is contained in C(x)* , there is @ < 1 such that
T"K(x) < ak(x) {3.2)

for all = . Therefore we have

1im diam T""

n*m

Kix) = O

exponentially fast and uniformly in x . This implies that Tnuif_"u} tends

to the half line along h“ and that

lim = | {3.3)
I *x
e M a = I\

uniformly In x . Therefore x -+ h“ is continuous.

If T 4is allowed te vary in a small open set & we can assume that
a {s continuous with respect to (x,T) e & , and that the convergence

of (3.3) is uniform on that set. Therefore ha 1s continuous with respect to
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(2, T) en zpP.

If Fix) 1is the one-dimensional space spanned by .h'# ; the subbundle
F clearly sacisfies part (a) of the Proposition., Part (b) follows from part

(a), noting that
™ ¢ =) c fo1 u int c*(x)

Finally, (3.1) follows from (3.2), proving part (c) of the propositionm,

3.3, Proposition., The continuous sectlons of the bundle of one-dimen-

sional subspaces of E (resp. E®¥) form in a natural manner a real analytic

Banach manifold @ (resp. 6% .

The map T+ F (resp. T + F*) defined by Proposition 3,2 is real

analytic P™ g (resp. P~ g% .

The real analytie structure on 0 » fj_' is described In Bourbaki [I"I

(§15, first footnote).

For G and G sufficlently close to F we can define

B.G €0 by
(8,6) (x) = et )

1f F.n. is the subbundle corresponding to ‘l'nE P in Proposition 3.2 (a), we

have BTE, l'n - Fu  and there are nelghborhoods & of 'Iu in P and U of

3 in @ such that (T,G) =+ ETF is real analytic : & ¥ U= (§ . Furthermore

the tangent map ) t? ELr H tF i tP A has spectral radive <] [n:tunlly
o o o o
(3.1) shows that the spectral radius of e HT s <~ ] Therefore
o O

l.'1=I BT = 1d fis invertible and there is, by the implicit function theorem (see
a o

#) To avold confusion we use t to denote tamgents to (j .
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76§ 5.6.7), a fupetion » real analytic in a neighborhood of T, with values

in § such that q{Tn:F - rn and BT@(T.'.I = {T) .

In view of Proposition 3.2, these conditions imply that o(T) = F ,

and thus that TW F 4is real analytic. Similarly T <+ F* is real analytic.

3.4, Procf of the theorem.

et T € P and let an(x} - q;{n} respectively by unit vectors in

the bundles Fs li': of Proposition 3.2 (a) and (b).
De fine
1
£ (1) = J'pu:m - lngliu:Ef":-tl : T’“aﬂ{xnl
From Proposition 3.2 and the definition of 1ﬁT,p} {Remark 2.2) we obtaln

Um £ (T) = w(T,p) (3.4)

n*m

uniformly for T In some nelghborhood of 1; . The funetion [n has a deriva-

tive
n (a:( T":t'.l.‘[n_ku'rk_lauhl]

1
Mog (137 (1) -f;.{d:} = L
s % k=1 in:t#kh TFnuilll

and therefore, again by Proposition 3.2,

1im [nf (1)1 (N ‘fn[dx.‘i (a*(rx), Ualx))
nte (a®(x),Talx))
where O o a(x) ¢ F{x) , 0 ¥ a*(x) ¢ Frix) . Clearly, the normalization of
a, a* is without importance, The limic (3.5) is agaln uniform in a neighbor-

hood of Tﬁ s therefore (3.4) ylelds

o{dx) (a®(mx), valx))
(a*{7x),Ta(x))

Mow(T,p)] (U) =



W | .

We shall now see¢ that the map

(T,u) ~ l: » (a*{mx), valx)) J

(a*(mx), Ta(x})

is real analytic In T,U and linear in U from P % T to C{m) Ithe real
continuous functions on 1 1. It suffices to verify this locally with respect
to x ., Now since T * F,F* are real analytic by Proposition 3.3, we can take
locally T =+ a(x) , a*(x) real analytic (with values in continuous sections of
E,E* } and we have proved what we announced. From {3.6) we find thus that

T * Dy(T,p) 1is real analytic (with values in the dual of T ). Therefore, fi-

nally, T™ 4(T,p) 1is real analytic on P .

4. Beparks_snd copplements

4.1, Expressions for y(T,p) and its derivatives,

From Remark 2.2 (a), we have

llrafx)|!
laCx) 1t

(T, p) -fur.m
1f O ¢ alx) g P(x) . IE 0O ¢ a™(x) = F*(x) we have also, according te (3.6),

(a®{x), Dalx))
(a®(mx), Talx))

[oy(T, )] (O -fn{m

(a*(r*x), o1y atx))

(a®(t*x), T a(x))

c‘tu.vl =

(a%(r%), vals" %)) (a%(rx), Va(x))
(a®(r%x), Tale™ %))  (a®(me), Talx))

then
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o=
[o%x(t, 01 (u,v) = =z e, (U,¥) + ¢ (v,1)]

The easy proof 1s left to the reader (proceed as for (3,6)) . Higher derivatives

can be computed similarly,

&8.2, ngnaitiﬂn, If Te¢J , a necessary and sufficlent condiction

-

for TepP 1is that E and E* respectively have T- and T"-invariant conti-

nuous one-dimensional subbundles F and FX such that Fix) and F*(x) are

not orthogonal for any = ¢ ), and there exist g<1 and C real such that

I nll £ ca” ™)) (4.1

whenever £, n are unit vectors respectively in F(x) and orthogonal to

Fx) ,n 20, x€0.

We have already shown that (4.1) holds {f T e P (Proposicion 3.2
(c)) . It remains to prove that (4.1) implies T e p . Let F,n be the compo-
nents of [ ¢ E respectively along F and orthogonal to F* ; assume F ¢ O

and define
n-1 [i%nll
n{r) = I
k=0 NIT%8|

which is a convex function of wn/fllell . Then, {f n 1s chosen such that

A< E-lf“

TS "l Il
alTr) = olc) + -
e el lell

.
< alg) - (1-Ca) — < nlf)
flef

and we can take

Clx) U [-Clx)] = fo 1 u f¢ e E(x) ¢ alg) <1}
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4.3, Exterior powers.

Trosrsmem T

Define

ypiT,u} = Ii: %j-p{ﬂ'ﬂ} log I'I{TI.'I"'FH
i

Then, according to the Remark 2.2 (&), 1F{T.p} is the integral with respect

te p , of the sum of the largest p different characteristic exponents liﬂ

of T, counted with multiplicicy -:r:' iﬂ - dim vir'”, We may thus

apply Theorem 3.1 to prove analyticity of T - 1FET,pl 1f Tﬁpf FIF}

F{p}

= dim V¥
. Here
consists of those bundle maps 'I.“"I:"'.i : " v E™ over t such that for
each % ¢ 0 there is a proper closed convex cone E{P}{x} = E(x)™ for which

E{F}{n} U (=C{x)) depends continuously on = , and

'1"{""I cip]{:} c:{ﬂfx1 U int u{p}{¢n} U inl{-E{P}{TI}}

The following result reduces to Proposition 4.2 when p =1 .

& Ay, ErﬂEﬂuitiun, E Ted, a necessary and sufficlent condlition

(W S————_————

M
for T 'e e 1 tha following,

There are continuwous T-invarlant subbundles E+, E of E with

dLm.B_"_-p,diﬂE 'm—p,ﬁ !-E+E'E and there exist nflﬂh

real such that

It || < aa”|t"e, |l (4.2)

whenever £ , £ are unit vectors in E+{x}, E (x) respectively, n =0 ,

x e[ .

In view of Proposition 4.2, the condicion fkp £ F"Pj

is equivalent
A
to (4,1) with T replaced by T P . we shall prove the equivalence with (4.2)

using the same p . Filrat notlece that we can (without changing & ) assume that



w1

the norm on E 1s Euclidean. By diagonalizing (T™)™ T one can find orthogonal
unlt vectors gl,..”F‘ € E{x) and LUTEERTY [ Ef-r“:r:] such that TﬂEII: -an

where & Za, = -.. za . If n s such that A" <1, (4.2) means that

n
ByaenaBy € E, (x) , gp+1""'§- cE (x) and a < (Aa ‘.IIIP . On the other hand,

p+l
if n 4is such that l'.‘-u" <1 , (4,1) holds for TP when the one-dimensional

bundle is that generated by El A .. A ET" ; and

i
1Pt By By (Ca ) apaaly

Therefore, for sufficiently large n , (4.2) 1s the same as (4.1) applied to
T'hp )

4.5. Corollary. (a) The set FF of those T £ T such that property

{HP} holds is open in T, and E_(x) , E_(x) depend continuously on

(%, T) £ 0 :F‘p .

(b) If Tu EP , one can choose g <1 , A real and a neighborhood
2]

& of T  such that (4.2) holds uniformly for (x,T) 0 x8B .

Let E+, E be continuous T-invariant subbundles of E , with

dim g+ = n o dim E_ = m-p ;, and E = E+ EE_ . Suppose that Bi 5 ;Bt are such
that g < Bk i B+ =0 ;, and 1f n =0
% <8 gllle !l £ = ek (4.3)

", 1| =8 gl 1t & ek,

Then '[Hp:i holds with A = l_.u'l+ e E_.I'EI. . Thus, 1f T' 1is sufficiently

close to T , there will be T'-invariant subbundles E; close to E+ and 1t

is readily seen that inequalities corresponding to (&4.3) will hold with constants



o

&i - g; close to B, 8 . This is true in particular for hyperbolic splittings

of E, i.e. vhen one can take g <1 < B, Those T for which E has a

hyperbolic splitting thus form an open subset of T .

Hyperbolic splittings have been studied mostly when [0 1s a differen-
tiable manifold or part of 1it, T a diffeomorphism, and T = T+ the tangent to

the diffeomorphism, See in particular Smale [77], Moser [37].

Let (1, vt be as before, and Il

over {] . The continuous complex wector bundle maps (of EE} over T form a

A continuous complex wvector bundle

complex Banach space Et . If Et has complex dimension m' , there 1s an under-

lying structure of m-dimensional real bundle E on where m = 2m' . The

Et .
space ﬂi s considered as real Banach space becomes then a closed subspace of
the space J of real vector bundle maps of E over ¢ . We define Fi to con-
sist of those T ¢ :I‘ such that EI and E: respectively have T- and T%-
invariant continuous one-dimensional complex subbundles F and F® such that
F{x) and F*(x) are not orthogonal for any x £ ] and there exist g < 1 and

¢ real such that
"l < ca” |it"e

whenever £,n are unit vectors respectively in F(x) and orthogonal to

F'ix) ,n20,nen.

Corollary 4.5 applies to the present situation with p = 2 and

E are complex subbundles when T g IF‘ . In particular F-l: is open in

If TE :It then the largest two characteristlec exponents of T , con=

sldered as element of J , are equal, Thus, with the notation of section 4.3,
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X(T,0) = 3 3,(T,0)

In particular y{-,p) 1s real analytic on FI: for the structure of

real Banach space on Ft . We have however the following more preclse result.

4.8. Proposition. The function x{-,p) *R on P

& is locally the

real part of a complex analytic function.

Let indeed T, € Py and let au{r.'.‘l, -l:[:l} respectively be unit vec-

tors in the complex bundles Fn and P: in the definition of F: , Define

(a®(1"x),T"a_(x))
T
(af(r '.t}.'l':unh:]ll

£(T) = (T, p) +Ip{m L 1og

Using Corollary 4.5, we find € > 0 such that h:{'l'n:}, Tulnf.t}} # 0 for all

n and TEG= [TET,: |T—Tﬂ1al:¢'|.[:1-llrl}r

e N n
] *[IH (¥, T qnl:un]
(a*(r"x, Toa_(x))

is holomorphic from & to the complex continuous functions on [} and the same

is therefore true of

(a1, T"a_(x))
y fy. {1*1:13 B

(a®(1"x), T a_ (x))
(s} o O

provided cthe leg is defined by continulty with the value 0 for T = ‘I‘I=|I « There-

fore fn is holomorphic on & .

We have

n
[Ca*(r"x), 'l‘"un{:r.ll.'lll

1
Re £ (1) = ¥(T_,p) +.j;{ﬂx} L 1og
" ° T ek, Tha ()|
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From the definltlone and Corollary 4.5 we obtain

:_l: Re £ (T) = y(T,p)

uniformly for T in some neighborhood - say & - of T; . To conclude the proof
of the proposition it suffices to show that the ln tend to a limit uniformly
in & . Equivalently it suffices to prove this for the derivatives ]'.‘I-fn :

n [a:ifnn}. S Utk-lqnilli

[pe_ (1) Hw) -fn{a::- 1y
- % k=1 ia:(T":}. Tnluilii

This follows readlly from Corollary 4.5.

fuppose T 18 a measure preserving map of the probabllicy space ((,p).
The various theorems of this paper have analogs where functions in L'{p} occur
instead of continuous functions oen [} . This is because of the canonical lsomor-
phism of the C®-algebra L;Ip] with the algebra of complex contlnupus functions

on its spectrum. We leave the details to the reader.
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