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In this note we point out that Ginibre's results on the re-

. . 1 . . . . "
duced density matrices of quantum gases ) have immediate implications
for the existence and analyticity of Green's functions. If HA is the

Hamiltonian in the bounded region A , we define Green's functions by
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Let B € LZ(GR for Fermi statistics, or ¢k=¢£ ¢ﬂ

with @ € LZGR»p(k))s¢ﬁ € LZGR»q(k)) for Bose statistics; we write
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In the case of a system of particles interacting through a

suitable pair potential & and for small activity the operator

-AH
e A, with A >0 , may be defined in terms of Wiener integrals

e—XH/\

A
and is of trace class. The operators e AHA Akggk) can also be

expressed in terms of Wiener integrals and are of trace class.

e-kHA

When A is complex and Re A >0 , is defined and

analytic, therefore GA is an analytic function of the complex

variables :k = Bk—itk in the domain

8={(¢,....L) : B <..<B <B +B}
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If t tm and Bl Bm Bl + B G, can be expressed
in terms of Wiener integrals and it follows from Ginibre's analysis

that when A - e (e.,g. A is a sphere centered at the origin and

with radius tending to infinity),
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1, Proposition. There exists a function G(zgl,. Ry S SEREE ‘:m)

analytic with respect to (Cl,, . ,cm) € 8 and such that

ll\n_..mmG (xl, S S l""’trn) = G(g.gl,...,}m; Cl,..-,?:m)
uniformly on compacts with respect to b SERRE ,&(m, Cl’ sees Cm

Furthermore, if (Cl,...,cm) €8,
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We notice first that ® is the union (over n > 0 ) of the sets

- : B > B B
}ﬁn {(C].’”":]n)e Q-Bz"slz 21‘1,..',8 B ZH’B-’-B]_ Bm 2‘.’1 ]
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If (Cl,. .. ,_Cm) € }{n we may express G, in terms of operators
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e Ak(ﬁk) e , and e with O0< A< B

Using Holder's inequalityB) we find an upper bound for |G in terms of
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the expressions
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which are known by (1) to have a limit when A — ® . We may thus
assume that GA is bounded on each I‘r{n uniformly with respect to
A and K- X in a compact, and the convergence of G/\ on the
real points of 8 implies its uniform convergence on the compacts of
8 . The uniformity of the convergence with respect to P SERRREY- N

on compacts follows from the uniformity of (1).

The proof of the convergence of G:{f proceeds like the proof

of the convergence of G/\ and shows in particular that the limit of

G‘f is a bounded multilinear functional of @@ (Fermi) or
(,ai,... ,qo‘l;l (Bose) on the product of the relevant L2 spaces, identi-
fication of the limit follows from (2), taking @ LN with compact
supports. “

2. Proposition. Let m=2 and let the pair potential

% € LICR\)) n LZCR\J) . Then G¥ extends to a bounded continuous function

on 8 such that
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uniformly on the compacts of the closure 8 of ¥

-AH
The operators Ak(¢L) e 4 are of trace class [consider
'AHA o 'lHA.
e Ak(¢k) Ak(¢k) e ] and, if 82 = 81 or 82 = Bl + B , we
have
(%) < | 1/2
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We assume first Bose statistics, The reduced density matrices

are integral kernels of bounded operators in L2 . When (Ah) tends

to infinity these bounded operators form a bounded sequence converging
in the strong operator topologyl); Therefore there exists C > 0 such

that

N
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for all n . Since Gf is analytic and bounded, (3) holds for all

(cl""’CZ) in 8 and, using (5), this gives
©
lG"n .t =cligll, lel, (6)
for all n and (¢, Cz) €8 . In the case of Fermi statistics,

(6) holds again (with C=1 ) because

Ia @l = ligl,
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In view of (6) it suffices to prove the proposition when Ak(¢k) is

of the form

*
= 1 n
Ak(¢k) a (¢k,). .a (¢k (k))a(¢ , a($ (k))
where A are of class 02 with compact support
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where G,, is given by (4) with Ak(¢k) replaced by [A2(¢5),HA]
2
1 n
Since wzl""’qu(Z} are of class C° with compact support, the
commutator of A2(¢5) with the kinetic energy part of H, 1is again
of the form A(@) . In view of this G, is a sum of integrals of re-
duced density matrices GA(xl""’xr) multiplied by continuous functions
¢(xi) with compact support, and the pair potential @(xk—xj) . The

pair potential appears as factor O, 1 or 2 times; if @(xk-xj) appears

there also appears a factor ¢(xj) or w(xk) ; for each variable x,

in GA(xl,..,,xr) which does not appear in a factor @(xj—xi) there is

a factor w(xi) . Using the condition & € LlﬂRv) N LZGRv) and the

fact that the reduced density matrices GA are bounded functions, uniform-

ly in A L we obtain a bound on GéA which is independent of A
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Therefore < c¥ = |4 c¥ is bounded on 8 uniformly
ag, az; °n
in A . The convergence of fo\, in ® implies then its uniform con-

vergence on the compacts of &

3. Remark, Let m=3, & € LICR\)) ﬂszﬂv) . In the case

of Fermi statistics, G¢ extends to a bounded continuous function on

B such that

lim G‘K (t].’ Cz, CS) =G‘p(c19 CZ’ CB)

A= oo

uniformly on the compacts of the closure ® of 8

To estimate E%_ Gf it suffices to consider the expression
i
(-p+it)H it'H it"H
-1 A A A
Z Tr [e [Ai’ HA] e Aj e Ak]

and similar ones where [Ai, HA] and Aj , Ak are circularly permuted,
If [Ai, HA] occupies the middle position we rewrite the expression in
terms of [Aj, HA] , [Ak, HA] . The rest of the argument goes as for

m=2 (using the boundedness of Aj ).

4, Proposition. In the case of Fermi statistics, introduce

the operators

-it HA

it H
Ak(qok, fk) - fdt f(t) e AAk(qok) e

where fk € LlCR) , then the limit
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lim 2 Tr(Al(tpl, fl)...Am(tpm, fm) e )

A= e

exists,

It is sufficient to prove this for fk of class C1 with
compact support. We construct Green's functions with the operators
Ak(¢k’ fk) instead of Ak(¢k) and use the fact that the derivatives

of these functions are bounded in 8 uniformly with respect to A

5. Remark, Proposition 4 has obvious implications for the
description of time evolution of a dilute Fermi gas. It does not, however,
3
exhibit this time evolution as a group of automorphisms of the C -alge-

bra of the anticommutation relations. StreaterA) and HeppS) have shown

that such a group of automorphisms exists for some non local interactions.
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