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l. Imtroduction and motations.

Let @ be a B*- algebra, G a group and 1 a {group-) horemorphism of G inte
the * - automorphisms of &, If & has an identity the set of G-invariant states
on & 1s compact (for the u’— topology) and ope may try to obtaim an integral
representation of G-invariant states in terms of extremal invariant states. If
G is reduced to the identity such an integral representation is unique if and
only if &4 is abelian. It has, however, been remarked recently that uniqueness
prevails under more general circmatnncuﬂ*}‘ The aim of this note is to discuss
the general problem of existonce and uniqueness of integral representations of
invariant states, using Choquet's theory of integral representations on comvex
compact sets. While some of our results are best possible (in particular, the
characterization of G-abelian i algebras, theorem 2.3), others could certainly
be improved (see Section 4). Questions rclated to the existence of a topology
on G are rvelevant for applications te physics, but are not discussed herc.

Throughout this note we shall wse the following notations
f ., a8 Bi- alpebra
G, & group
1: 8 --'l:E a representation of G into the * - automorphisms of
3", the dual of Giwith the w*- topology
EC (&', the set of states on ¢& (if & has an identity, E is compact)
°r|::' the subspace of & generated by the elements A = ts.& with AEh, gC G
,rE. the orthogonal complement nh{‘& in &'

E n{;‘:', the set of G=invariant states.

If peE we denote by

fp' the Hilbert space of the Gel'fand-Segal construction

L the corresponding * - homomorphism of & into the bounded operators on fp

%) See [10], [6), and for further informatien [5], [9].



da

ned

. the normalized vector, cyclic with respect to np{ﬂ] and such that plA) =

@ . lpth} Hp} for all A€ C,
If pEEﬂ.?E we denote by

Vg the unitary representation of G im ﬁ; such that.ttfglﬂp - ﬂn.
Uplll?'.} Ip(ﬁ} Up{a-l} - ':rp{'ra.!l.:l for all g6 G, AE &

Pp, the projection on the subspace nfjg formed by the vectors invariant under LE{GI-

2. G-abelian algebras.

In [10],[6], the group G was taken to be R* and it was assused that if A),A, € (¥
the commutator [ﬁl.rgazl vanishes when g + =, A sultable generalization of this
condition will be the basis of our analysis; we formulate it first in a different
Manner.

Definition 2.1 & is said to be G-abelian if for all pe Eﬂ%ﬁﬁ].ﬁfﬂ-

P oo AP ] =0
[ x IF{ 11 - Fp wpi 57 P]

In other words the von Neumann algebra pencrated by Pp!p{ﬂ}!"p is abelian.

Theorem 2.2 (Alaoglu-Birkhoff): Let {U } . be a semi-gioup of contractions

on a Hilbert space ﬂF, i.e., a collection of operators such that

1. ||lJu||£ 1 for all ael

2. For ony a,B € I, Un“ = IJ_!r for some yel.

B
Let P be the orthogonal projection onto the set of all vectors in W left invariant

by all the 'I.Fn'g . Then P is in the strong closure at the convex hull of {U_} ..

This theorem is proved in Riesz-Nagy [8], §146. The theorem stated by Riesz
~and Ragy is slightly diffevent from the one given above; what they deo is to con-
struct a net of convex linear combinations of the Hu's and show that it converges

strongly. Although the fact that P is the strong limit of this net is not Included

in the statement of the theorem, it appears in the course of the proof.



Theorem 2.3. In order that g Eﬂ-ah-alin.u it is necessary and sufficient

that, for all hermitian Al'

tnf |o([A].4,1)] =0,

A£ A and all .;.:nn.{ﬁ,

0
A

vhera Ai rung gver the convex hull of {Tg.hl i g e G}.

In order that & be G-abelian, it is evidently necessary and sufficient that,

for any pé En.:fé, ?ﬁPp_‘HF with ||~p||- 1, and hl,az hermitian elements of the upit

ball of & , we have
(T,‘ﬂ Eﬁl]Pp“p {ﬁ-ziu' Tj . [?111'1 {ﬁzlpu'p {hl} Tll (.}
We will prove first the sufficlency of the criterion stated in the proposition.

Let €> 0; then by the preceding theovesm, we can [ind positive numbers .'lu." with ”‘i -
i

1l and elements By of G such that
| (= 20 Cey) - Pp} :p{Al}rll £ €/,
If we define
Al = f ) Fi
1 £%.
then both sides of (*) are unchanpged if we replace Ai by 'ﬁl" and we have
1 - 1 m| P A =1 Al
||1=FI 1p{ﬁ1}? 'ﬂp{g‘.ll wpthlhll 1 p‘n[ l}'r p{g}nni J_Il~1f||
i =, ]
|iupi.'u}[!"pup{h1h wnt’hlh 1] « €/y
for all gEG.
Using this inequality, and the fact that Ai is hermitian, we get for any posi-
tive numbers 3' with I !
i i i
|:T"pm1}rﬂﬂﬂ{h2} 't‘} - {?| “ptlﬂa}?ﬂ'p{h]‘j 1"..I|
e it 1
[ty x ADP s (A) 0) = (v, 5 (AP v (A]) W)
g 2 E"‘i”“p{"‘zh“'”’}“pmi} ¥- IJDE!.',II npf-&ihll

= 1 and any E;I'E Gy

+ |{"¢'| 'H'Dt[f-l.ifg; -A-il'ﬁ'il}? ..‘II
£ € +* I{?I 'Ip{[:l;_'rs; .ﬁli.ﬂ-i]]'? }l

But by hypothesis, |{1. pp{[’};,\i_ TE "}Li,ﬁz]:l '5'}| can be pade arbitrarily small by
i



an appropriate choice of :ki and ﬂl. E0
| e, T ADP w (A)7) - (¥, w {nzjrp:pul:-ﬂl £€.
Thus, (*) holds, so & iz G=abelian,
Now we suppose that & is G-abelian, so l_:"-'} holds, and we let 11, By be as
above, Thon
[Cry = (I §“1131“1**21}T}1

= 1EAD, IR AV 1) - tr (h)), iliﬂntailwpihl}?}1

g 2-|| -ptﬂaivll-lltixiup{gil =) Ay |
+ |(v, “p{“1lpg‘p£*2} ¥) - (¥, uﬂ{ﬁzlrp!p{nl]?][
£ &
o inf

[{Tp 'p{['ﬁ.: Az]}‘}l - Di

Ai.Et:umrEJ: hull of hgﬂl]

g0 the eriterion of the proposition holds.

Corollary 2.4, Let H be a subgroup of G. Then, if 4 ig H-abelian, it is slso

G-abelian.
We need only apply the eriterion of the preceding proposition, observing that

.,gé is contained in g"ﬁ and that the eonvex hull of {1t A, : g&C} contains the convex

gl
hull of {-rhnl : he H}.

Corollary 2.5. €4 is G-abelian whencver one of the following conditions fs satia-
fied.

(1) For all pe En.,fé and self-adjoint A ,A, €,

inf  |o(lA,, 13521}I -0
EEG
(11) G is ahelian
L
(1i1) En Q’G is empty.
The uscfulness of Definition 2.1, will appear in the next twe sections; we

indicate, however, already the following result.



Proposjition 2.6. 1If pgE n{'é' and the von Neumann algebra [Pp'p h}Fp]"

penerated by Pp“p {&}Fp is abelinn, then

P [P = P1'= 1 L
pIP 5, @P 1" =B (23 (NP )
The vector t is cyclic for the re : ] ",
" y the ¢ ﬂri.r:l_.h:rn to Pp y’p of 'l'-‘PIFpnp IE::EIPP] :
hence, i1f this von Neumann algebra is commutative, it is equal to {ts commutant

L]
(sec [3], p. 89, Corellaire Z) namely to ‘.F'F[vap {EA,‘.IPDI restricted to Pn fp.

3. Integral representation of G-ipvariant states.

In this and the next section we use the theory of integral representations
on convex compact sets (see [2]). Let K be a convex compact set in a locally con-
vex topological vector space. The unit mass at % €K is denoted by ﬁﬂ+ Ke remind
the reader that an order relation is defined on the positive measures of norm 1
on B by

u< weau(f)s p"(f) for all convex continuous f on K. A measure is
cealled maximal If 1t is maximal for the order -{ » and K is said to be a simplex
if every €K is the resultant of a unique maximal measure on K. In what follows
we shall take K = Er‘q:—:,"'é'. vhere ¢k 48 assumed to have an identity. If AECh, we

denote by A the function nniﬂn-té defined by A(p) = plA).

Theorem 3.1. Let ¢ haye an identity,p€ EN q:é and let the von Neumann algebra
generated by P v (WP be abelian., Then, there exists a unique maximal measure
p A i TSNS G = -
M on En ;EE such that up}-ﬁp (1.e. n
rinod by
" " m il
Take .ﬂl.*...ﬂ;l gelf-adjoint. Since the operators Pplﬂ(ﬂl}l’p,...l’ﬂtp{ht]?p

5 has resultant p). The measure My is deter-

commute, there exists a projection-valued measzure F on R¥such that
Bow (AP I (MR

1P is a complex polynomial of 1 varlables, we have



6.

[, s Pl n ()P .o B m (AP )]
- |{np .If“{t1.+...ti}dF(:1,...,:1: np}|

£ s P leam (A )0, (0,n (A 260
|TE[I =1, P0 = tl o e e ik

Polr.),e.o, @
53?“{3 |#Cata, (|

= Bu ﬁ;l { }1-++|E- [ }}
uepl!n.,;l_'é | S £ |

This shows that (#%) defines a linear functional on the polynomials in the .;,
which is econtinuous for the topoleogy of uniform convergence on En.-..fé. By the
Stone-Welerstrass theorem, this functional extends uniquely to a measure "p on
En;{é, which is » 0 and of norm 1.

There exist

Let Pyyerssp €K ﬂﬁfé, Ayreass A >0, TA, =1 and p = I

1 o
{see [4] 2.5.1.) uniquely delfined self-adjoint operstors TiE“['p () ]' such that
05T, 41 and for all A€ h

iipiia’ti - ll."i'11 l'rn. " l'.-‘h:'Ti H:'-:'
2
i il

noss of Ti and the fact that uipiﬁqfé shows then that IJI:E_}TiLF{E-J'] = 1'1,. hence

The T, satisly £ T 1. If ge G, we have U{g}TiU{gF]J EITI;] (231", the unique-

T1E [chlll ¥ [Tiirp] - u

By the uniqueness of the Gel'fand-Segal construction we may identlf}l‘{p with
i

the closure of uﬁ{rﬁ}'rl ﬂ;. z '.:; with the restriction of lptﬁﬁ:: s and ﬂp with

i i i
.‘-ti Ifz 'i‘1 .. Then U ig identified with the restriction of U tn_’); and P with
(4 Di P { Di
the restriction of P to « In particulax, [P = (&P )" is abelinn and u is
R }"‘1 Pg Py Py Py

thus defined. We have

upll'hl...nlj

= (D AP L.P = i

: py" ey ) Py Py “1M‘) "1

= _1 4 o
11 (Ti. np. ';-“J.Hp P# np(ﬂ.l}rinﬁ}

-1 ' 2
L 11 tﬂp, Tp{ﬁllrp..*Pp iﬂ{hE}Ti ﬂp}



go that

EA upiml"'il} = (hy.eA)

Let now u be a measure en Eon ¢ such that wrso. If S G(En L) and > 0

one can find a measure ' with finite support: p' = “‘1 ﬁp . li » 0, L Enrg’t,
L

such that |u{+'.l - u'[#}]f € and EX = p {(see [1] p. 217 Prop. 3). If ¢ is convex

174
we have thus

u(e) = cen'() = XA, 6 (¢) € N
¥ i

henee up}' p. BSince p is an arbitrary measure on En..if']!‘:', such that n}-ﬁp, we see that

iV (4) = by (4)

up is the wnique maximal measere on EN u'fé such that np}- E;. which concludes the proof
of the theoares.

ollary 3.2, If & has an didentity and ig G-abelian, then En{‘é is a siwmplex.

ark 3.3, If & is abelian, the problem considered in this section reduces

to that of decomposing an invariant measure on a compact set  into ergodic measures

(see [7], Section 10).

4. Extremal G-Invariant states.

Let 'f{Ena_f-:':] be the set of extremal points of Eﬁnf"ﬂ‘l, i.e. the extremal

fnvariant states. The following statement characterizes the elements of El'l:n;f'é}-
Proposition 4.1. Let pEEn‘.}:ﬁ. 1f &L is G-abelian, the following conditions
are_cquivalent

(D pef(EnLl).
(ii) The set ﬁpm}u llp{i::'_l is irreducible in ' .

f1ii) Pp is_ono-dimensional.

The simple proof is left to the reader. We remark only that the implications
(1) ¥ (i1) < (ii1) do not make use of the assumption that & i G-abelian, and that

(ii) & (1i1) follows from Proposition 2.6,



The neasure by of Theorem 3.1 iv in the "gpood cases" carried by E{En{é}.
This is for instance so if A 1is (norm=)separahle, because Eﬂcfé is then metrizable

{see [2], Corr. 14). We indicare now without proofs scme wore results in this

direction.

Proposition 4.2. Let & have an identity and & be a self-adioint subalgebra

of o, define

F = {¢¢E: The restriction of p to/ has norm 1),

Then

(1) ¥ is a r.‘.‘lﬁ {a_countable intersection of open subsets of E).

(i1) If p is a weasure on FE such thot p 70, p(Z) = 1, snd p has _resvltant p ,

then pef 4y is earried by ¥

cf. [10], Theorem, part 4.

*
Froposition 4.3. Let (& ) be a countable family of sub-b - algebras of &

such that U l!f"l== is dense in . Let 3:- be a_separable closed two-sided ideal of &L,

for each a, and define

F_ = loeE: the restriction of o to J_ has norm 1}, F= F“ ;
Then

(1) If pc ¥, then 3,.':: is separable.

(i1) There exists a sequence (A.) of self-adjoint clements of & such that if ne F

and 0 €E, then "U".t] f u‘{ﬂi} for aome 1.

(444) If & has an identity and is G-abelian and if u is a weagure on En<; such
that u 2 0, u{En..fé} = 1 and y hag resultant pa F, then
( y maximal on EHL{J&H"' { v carried by E(En -'J,f':;}}
(i) and (ii) are casy, the proof of (iii} wses (i1}, Corollary 3.2 and an

argument in [10], Theorem, part 5.

The usefulness of ({ii) appears in statistical mechanics where & may not be



norm separable but the states of interest satisfy a conditlon of the type pe ¥,
One has then a unique decomposition p -+ unnf p into extremal invariant states
and those states are again in F. For an explicit treatment see [11], in parti-

cular the Appendix.
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