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1. Introduction and notations. 

Let Q be a B - algebra, G a group and τ a (group-) homomorphism of G into 

the * - automorphisms of Q . If Q has an identity the set of G-invariant states 

on Q is compact (for the w - topology) and one may try to obtain an integral 

representation of G-invariant states in terms of extremal invariant states. If 

G is reduced to the identity such an integral representation is unique if and 

only if Q is abelian. It has, however, been remarked recently that uniqueness 

prevails under more general circumstances* ). The aim of this note is to discuss 

the general problem of existence and uniqueness of integral representations of 

invariant states, using Choquet’s theory of integral representations on convex 

compact sets. While some of our results are best possible (in particular, the 

characterization of G-abelian B* - algebras, theorem 2.3), others could certainly 

be improved (see Section 4). Questions related to the existence of a topology 

on G are relevant for applications to physics, but are not discussed here. 

Throughout this note we shall use the following notations 

, a B - algebra 

G, a group 

τ : g ->τ a representation of G into the * - automorphisms of Q 

Q' , the dual of Q with the w* - topology 

EC Q', the set of states on Q (if Q has an identity, E is compact) 

LG'
 the subspace of Q generated by the elements A - τ

g
Α with A e Q, g E G 

the orthogonal complement of LG in Q' 

E Π the set of G-invariant states. 

If peE we denote by 

hp, the Hilbert space of the Gel’fand-Segal construction 

π , the corresponding * - homomorphism of Q into the bounded operators on hp 

*) See [ 10 ], [ 6 ], and for further information [ 5 ], [ 9 ]. 
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Ω^hp,
 the normalized

 vector, cyclic with respect to ττp (Q) and such that p (A) = 

(Ω , π (A) Ω ) for all A€ Q. 

If p € E u L
g
 we denote by 

Up, the unitary representation of G in hp such that = Ωp, 

U
p
 (g)

 π

ρ
(
Α

) Up (g
-1

) = π
ρ
(τgΑ) for a11 g E G, A E Q 

P , the projection on the subspace of hp formed by the vectors invariant under U (G) 

2. G-abelian algebras. 

In [ 10 ], [ 6 ], the group G was taken to be RV and it was assumed that, if A
1
, A

2
 E Q 

the commutator [A1,r A
2

] vanishes when g -* ». A suitable generalization of this 

condition will be the basis of our analysis; we formulate it first in a different 

manner. 

Definition 2.1 Q is said to be G-abelian if for all p E E U Lg and A1, A2 E Q, Q, 

[ Pp 7T (Ap)P , Pp π (A
2
)P ] = 0 

In other words the von Neumann algebra generated by Ρ^π^ (Q) Pp is abelian. 

Theorem 2.2 (Alaoglu-Birkhoff) : Let ^
υ
α^α(:χ he a semi-group of contractions 

on a Hilbert space , i.e., a collection of operators such that 

1. I lu I U 1 for all α <= I 

2. For any a ,B <=I, U U_ = U for some γ β I. 

Let P be the orthogonal projection onto the set of all vectors in Ίΐ left invariant 

by all the Ua’s . Then P is in the strong closure, at the convex hull of i
G
a
^
ae

x· 

This theorem is proved in Riesz-Nagy [ 8 ], §146. The theorem stated by Riesz 

and Nagy is slightly different from the one given above; what they do is to con-

struct a net of convex linear combinations of the U 's and show, that it converges 

strongly. Although the fact that P is the strong limit of this net is not included 

in the statement of the theorem, it 'appears in the course of the proof. 



Theorem 2.3. In order that Q be G-abelian it is necessary and sufficient 

that, for all hermitian A
1
,A2 E Q and all p E n L

G
,, 

inf |p([A^A2]) | = 0, 

A1’ 

where A| runs over the convex hull of {τ^Α^ :
 g £ G}. 

In order that Q be G-abelian, it is evidently necessary and sufficient that, 

for any with | | Ψ | | ~ and Α1,Α2 hermitian elements of the unit 

ball of Q , we have 

(Ψ,π (A )P 7T (A2) ψ) = (ψ,π (A )P π (A ) ψ) . (*) 

We will prove first the sufficiency of the criterion stated in the proposition. 

Let E > 0 ; then by the preceding theorem, we can find positive numbers λ_. with 

1 and elements gi. of G such that 

IK* - v %ίΑι)ψ!I £V 
If we define 

then both sides of (*) are unchanged if we replace A1' by A1, and we have 

for all g E G. 

Using this inequality, and the fact that A
1
' is hermitian, we get for any posi-

tive numbers λ! with Σ λ! =1 and any g! £ G, 

But by hypothesis, can be made arbitrarily small by 
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an appropriate choice of and gi', so 

I (Ψ, π (Α
1
)Ρ π (A )ψ) - (ψ, π (A )Ρ π (Α )ψ)| <: € . 

Thus, (*) holds, so Q is G-abelian. 

Now we suppose that Q is G-abelian, so (*) holds, and we let λ^, be as 

above. Then 

so . f 

| (Ψ. π ([Ap Α
2

1)Ψ) | = 0, 

A’£ convex hull of {τ A } 

so the criterion of the proposition holds. 

Corollary_ 2.4. Let H be a subgroup of G. Then, if Q is. H-abelian, it is also 

G-abelian. 

We need only apply the criterion of the preceding proposition, observing that 

LG is contained in and that the convex hull of {τ A
1
 : g E G} contains the convex 

hull of {τ. A- : he H}. 

_Corollary^ 2.5. Q is G-abelian whenever one of the following conditions is satis-

fied . 

(i) For all p £ LG and self-adjoint Α
1

, Α2 € Q , 

inf |p([A
1>

 τ A
2
]) =

 0 

g E G, 

(ii) Q is abelian 

(iii) E Π is empty. 

The usefulness of Definition 2.1. will appear in the next two sections ; we 

indicate, however, already the following result. 
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Proposition 2.6. If P E E η and the von Neumann algebra [Pp
ïï
p Q OP ]" 

generated by Ρρ
π
ρ Q P is abelian, then 

P [P ττ ( Q ) P ] = P [P 7T ( Q ) P ]" 

The vector Ω is cyclic for the restriction to P h of P [P π ( Q ) 

hence, if this von Neumann algebra is commutative, it is equal to its commutant 

(see [3], p. 89, Corollaire 2) namely to P [P π Q P ]’ restricted to P h . 

3· Integral representation of G-invariant states. 

In this and the next section we use the theory of integral representations 

on convex compact sets (see [2]). Let K be a convex compact set in a locally con-

vex topological vector space. The unit mass at k EK is denoted by o . We remind 

the reader that an order relation is defined on the positive measures of norm 1 

on K by 

u ̂  y<=>y(f)$ y'(f) for all convex continuous f on K. A measure is 

called maximal if it is maximal for the order , and K is said to be a simplex 

if every x G K is the resultant of a unique maximal measure on K. In what follows 

we shall take K = E (\ , where Q is assumed to have an identity. If A Q. , we 

denote by A the function on defined by A(p) = p (A) . 

Theorem 3.1. Let Q have an identity, p E E LG and let the von Neumann algebra 

generated by P^iiy Q P^ be abelian. Then, there exists a unique maximal measure 

y on E n LG such that y >δ (i.e. y has resultant ρ) . The measure y is deter-

mined by 

y (A ...Â ) - (Ω π (Α
η
)Ρ π (A )P Ρ π (Αl)Ω ) (**) 

Take A
1
,...Α

l

 self-adjoint. Since the operators Ρ π (A
1

)P ,...P IT (A
l
)P 

commute, there exists a projection-valued measure F on Rlsuch that 

VP(VPP =/νρ(ν···.t
t

) 
If P is a complex polynomial of '£ variables, we have 
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This shows that (**) defines a linear functional on the polynomials in the A, 

which is continuous for the topology of uniform convergence on E n LG. By the 

Stone-Weierstrass theorem, this functional extends uniquely to a measure μ on 

E n L
G

, which is > 0 and of norm 1. 

Let p
1

 ,. . . , p C E n LG , λΊ , . . . , λ > 0, Σ λ. - 1 and ρ = Σλ . ρ . . There exist 

(see [4] 2.5.1.) uniquely defined self-adjoint operators Ti E [ [π (Q)] ' such that 

0$T.$1 and for all A € Q 

λ.ρ.(Α) = (T. Ω , π (A)T. Ω ) 

The Ti satisfy Σ = 1. If g E G, we have U(g)T U (g E [ττ^ (Q )]’, the unique-

ness of T. and the fact that a.p.(Lc£~ shows then that hence 

T.6[U(G)]' , [Τ±,Ρρ] = 0 

By the uniqueness of the Gel'fand-Segal construction we may identify with 

the closure of π (Q)Τ. Ω , π with the restriction of π to h , and Ω with 

X. -V2 T. Ω . Then U is identified with the restriction of U to and P with 

the restriction of P to hp . In particular, [Ρ π (Q)P ]" is abelian and μ is 

thus defined. We have 
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so that 

Let now μ be a measure on If φ C £(E n c^p) and ε> 0 

one can find a measure μ' with finite support: 

such that |μ (φ) - μ'(φ)}< ε and Σλ.ρ. = p (see [1] p. 217 Prop. 3). If φ is convex 

we have thus 

hence μ )u. μ. Since μ is an arbitrary measure on such that we see that 

up is the unique maximal measure on E d ^ such that μ^ 6 which concludes the proof 

of the theorem. 

Corollary 3.2. If Q has an identity and is G-abelian, then E n ̂ 4, is a simplex. 

Remark 3.3. If is abelian, the problem considered in this section reduces 

to that of decomposing an invariant measure on a compact set into ergodic measures 

(see [7], Section 10). 

4. Extremal G-Invariant states. 

Let E(E π be the set of extremal points of E n t^, i.e. the extremal 

invariant states. The following statement characterizes the elements of E(E n Lg · 

Proposition 4.1. Let p £ E If Q is G-abelian, the following conditions 

are equivalent 

(i) 

(ii) The set IT (Q ) u U (G) is irreducible in hp. 

(iii) P is one-dimensional. 

The simple proof is left to the reader. We remark only that the implications 

(i) ̂  (ii) (iii) do not make use of the assumption that Q is G-abelian, and that 

(ii) (iii) follows from Proposition 2.6. 
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The measure μ^ of Theorem 3.1 is in the "good cases" carried by 

This is for instance so if Q is (norm-)separable, because E n Lg is then metrizable 

(see [2], Corr. 14). We indicate now without proofs some more results in this 

direction. 

Proposition 4.2. Let Q have an identity and β be a self-adjoint subalgebra 

of Q , define 

ψ - {a E E: The restriction of p to β has norm 1 }. 

Then 

(i) P is a G^ (a countable intersection of open subsets of E). 

(ii) If_ μ is a measure on E such that μ >0, μ(Ξ) = 1, and μ has resultant p , 

—p e Γ <r-t μ is carried by jp' 

cf. [10], Theorem, part 4. 

Proposition 4.3. Let (Qa) ) be a countable family of sub-B - algebras of Q 

such that U is dense in Q . Let CJ be a separable closed two-sided ideal of Q
 M 

for each a, and define 

Τ' - (o E E: the restriction of σ to I has norm 1} n f 

Then 

(i) If p E f, then is separable. 

(ii) There exists a sequence (A/) of self-adjoint, elements cf Q such that if p E r 

and σ £ Ε, then p (A ) φ σ(Α1) for some i. 

(iii) If Q has an identity and is G-abelian and if μ is a measure on such 

that μ > 0, and μ has resultant pE ψ, then 

( μ maximal on carried by 

(i) and (ii) are easy, the proof of (iii) uses (ii), Corollary 3.2 and an 

argument in [10], Theorem, part 5. 

The usefulness of (iii) appears in statistical mechanics where Q may not be 
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norm separable but the states of interest satisfy a condition of the type p E f. 

One has then a unique decomposition p -+ u p of p into extremal invariant states 

and those states are again in f.. For an explicit treatment see [11], in parti-

cular the Appendix. 
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