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W find & oew gauge in which U{l}) scocommutative instasions we explicitly noo-
singular on noncommatative RY. We also preseni & pedagogical introduction ioto
noncommatative gauge theories.

1 TIntroduction

Recently there has been a revival of interest in noncommutative gauge theories',
7, They are interesting as examples of field theories which have as their planar
limit large N gauge theories ¥Y; certain supersymmetric versions of noncom-
mutative gauge theories arise as a' —+ 0 lmit of theories on Dp-branes in the
presence of background B-field *2%; the related theories arise in Matrix com-
pactifications with C-feld turned on ¥; finally, noncommutativity is in some
sense an intrinsic feature of the open string field theory®,7, 1% A lot of progress
has been recently achieved in the analysis of the classical solutions of the non-
commutative gauge theory, The first explicit solutions and their moduli where
analysed in'! where instantons in the four dimensional noncommutative gauge
theory (with self-dual noncommutativity) were constructed. These instantons
play an important role in the construction of the discrete light cone quantiza-
tion of the M-theory fivebrane *, ™, and they also gave a hope of giving an
interpretation in the physical gauge theory language of the torsion free sheaves
which appear in various interprotations of D-brane states ', '?, in particular
those responsible for the enthropy of black holes realized via DS-D1 systems®",
and also entering the S-duality invariant partition functions of A" = 4 super-
Yang-Mills theory®™. In addition to the instantons (which are particles in 4+1
dimensional theory), which represent the DO-DM system, the monopobe-like so-
lutions were found™ in U(1) gauge theory in 3+1 dimensions. The latter turn
out to have a string attached to them. Both the string and the monopole at
its end are the noncommutative filed theory realization of the D3-D1 system,
where D1 string ends on the D3 brane and bends at some specific angle to-
wards the brane. One can also find the solutions describing the string itself ®*,
¥ both the BPS and in the non-BPS states; also the dimensionally reduced
solutions in 2+1 dimensions ™, ™ describing the D0-D2 systems; finite length
strings, corresponding to U/(2) monopoles .



This paper ks devoted 1o the clarifieation of the ssue of nonsingularity of
the noncommutative U{1) instantons, We shall show that one con find a gange
in which the solutions are explicitly nonsingular, and well-defined over all of
noncommutative Y. Compared to "' we also relax the assumption on the
noncnmitativity, We shall only demand that the Poisson tensor #4 has nop-
negntive Plaffian: PR#) o 0 (and of course, that the space is noncotmmaiative,
Le. at least one of the elgen-values of #4G ;8 must be non-vanishing,
belng the Euclidean metric on the space).

The paper is organized as follows. The section 2 contains s pedagogical
introduretion into notgeommutative gauge theories. The section 3 eonstructs
instantons in nopcommutative gauge theory on R for any group U(N). The
soction 4 presents explicit formuolae for the (1) gange group.

MNote added. As this paper was ready for publication two related papers
appeared. The paper * also discusses eodimension four solitons in noncomm-
tative gange theory, using operators 5, 57 (which we introduce later in section
4) . These, however, are non-BPS solutbons (and the role of § and 8! is ne
versed), and do not abey instanton equations, The paper™ overlaps with us in
that it also uses of the operators 5, 57 for constructing instanton gange flelds.
Also, some of the discussion of the relation of the torsion free shenves on 1C?
1o the noncoumntative mstantons is similar,

2  Noncommuistive Geometry and Noncommutative Field Theory
2.1 A brief mathematical ntroduction

It has been widely appreciated by the mathematicians [starting with the som-
inal works of Gelfand, Grothendieck, and von Seumann) that the geometrical
properties of a space X are encoded in the properties of the commutagive al-
gebra C(X) of the continuous functions [ : X = € with the ordinary rules
of polnt-wise addition and multiplication: (f + gz} = flz) +glz). [ -0lr) =
Jixhglr).

More procisely, £ X)) knows only abosr the topology of X, but one can
rofine the definitions and look at the algebra = (X)) of the smooth functions
of even ot the DeRbham complex 11X to devipber the geometry of X,

The algebra A = X)) is clearly associntive, commutative aod has a unit
(1(r} = 1), 1t also has an involution, which maps a function to s complex
conjugate: f1(z) = flz).

The points = of X can be viewed in two ways: as maximal ideals of A:
F el & flz) =0 or as the irveducible (and therefors one-dimensional for A
is commutative] representations of A: R, (f) = fiz). Ry = C.

2



The vector bundles over X give fdse to projective modules over 4. Given
a bundle £ let us consider the space £ = T(E) of its sections. If f € A
and o € £ then clearly fo € £. This makes £ a representation of A, Le. a
modile. Not every modube over A arises in this way. The vector bundles over
topalogical spaces have the following remarkable property, which is the content
of Serre-Swan theorem: for every vector bundle E there exists another bundle
E' such that the direct sum E & E' is a trivial bundle X x C" for sufficiently
large &, When translated to the language of modules this property reads as
follows: for the module £ over A there exists another module £ such that
EBE = Fy = AP We have denoted by Fiy = A ¢ C¥ the free module
over A of rank N. Unless otherwise stated the symbol @ below will be used for
tensor products over . The modules with this property are called projeciire.
The reason for them to be called in such a way is that £ s an image of the
free module Fy under the projection which is identity on £ and zero on £°,
In other words, for each projective module £ there exists N and an operator
P & Hom{Fy, Fx), such that P2 = P, and £ = P- Fiy.

Noncommutative geometry relaxes the condition that A must be commu-
tative, and tries to develop a geometrical intuition about the roncommutative
associative algebras with anti-holomorphic involution ' (C*-algebras).

In particular, the notion of vector bundle over X is replaced by the notion
of the projective module over 4. Now, when A 15 noncommutative, there ane
twa kinds of modules: left and right ones. The left A-moduls is the vector space
Ay with the operation of left multiplication by the elements of the algebra A:
for m & Mj and a € A there must be an slement am € M, such that for a;, ag;
ay(ogm) = (@yag)m. The definition of the right A-module M, s similar: for
m & M, and a € A there must be an element ma € Af,, such that for a;, ey
{may)as = miagaz). The free module Fv = A& ..y BA=A2CY
both left and right one. The projective A-modules are defined just as in the
comimutative case, except that for the left projective A-module £ the moduls
£, such that &L = Fy, also must be lefi, and similarly for the right modules.

The manifolds can be mapped one to another by moans of smooth msps:
g: Xy = X3 The algebras of smooth functions sre mapped in the opposite
way: g* 1 C* (LX) = C=(Xy ), g*(f){=:) = flg(xs)). The induced map of the
algebras is the algebra homomorphism:

g*(ifa) =g the™ (R, U + fad = 0" (1) + 9" L)

Naturally, the smooth maps botween two manifolds are replaced by the
homomorphisms of the corresponding algebraz, In particular, the maps of
the manifold to itzelf form the associative algebra Homi{A,A). The diffeo-
morphisms would correzpond to the invertible homomorphisms, Le. automer-
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phisms Aut{A). Among those there are internal, generated by the invertibde
elements of the algebra:
as g ag

The infinitesimal diffeomorphisms of the ordinary manifolds are generated by
the vector felds V0, which differentiate functions,

I [V )

In the nopconunutative setup the vector ficld is replaced by the derivation of
the algebra V' € Der{A):

a=a+eVia), Viaje A

midd the condition that V{a) generates an infinitesimal homomorphism reads
L LH

Viab) = V{a)b+ al’ (b}

which is just the definition of the derivation, Amowg various derivations theee
mre internal opes, generated by the elements of the algebra jvself:

Vela) = [o.c] ;=mac—mn, c€A

These infinitesimal diffeomorphisos are absent in the commutative setup, but
they have close relatives in the case of Polsson manifold X.

2.2  Flat noneommulative spoce

The basic example of the noscommuiative algebra which will be studied here
is the enveloping algebra of the Heisenbery algebra. Cansider the Euclidean
space RY with coordinates £/, i = 1,....d. Suppose a constant antisymmetric
matrix 87 s fixed. It defines a Poisson bi-vector field 888 and therefore the
noncommutative associative product on RY. The coordinate functions #' on
the deformed noncommutative manifold will obey the following commutation
relations:

[+, ] = ", (1)

We shall call the algebra As (over ©) generated by the &' zatislying (1),
together with convergenee conditions on the allowed expressions of the £* - the
noncommutative space-time. The algebra Ay has an involution a ~+ a' which
acts as o complex conjugation on the central elements (A-1' = 1.1, A C
and preserves o () = . The elements of Ay can be jdentified with
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ordinary complex-valued functions on RY, with the product of two functions
f and g given by the Maoyal formula (or star product):

i a
foule) = o [éﬂ"%ﬂ?] PR VTN - )
5 a

Fock space formalism.

By an arthogonal change of coordinates we can map the Poisson tensor &
onlo s canonical form:

eb asl.oriom b=1...d-Ir,
w0 that:
[bas bis] = o 5a] = . Sl = 0, [20. 5] = -85, 8, >0 (3)

de? = dr] 4 dyf = dz d, + diyy.

Since =(£) satisfy (up to & constant) the commutation relations of creation
[annihilation] operators we can identify functions f{r,y) with the functions
of the y, valued in the space of operators acting in the Fock space M, of r
creation and annihilation operators:

He = @D Claga...one) (4)
L
ek i i, b AT
'l.I'IIE: i ﬁﬂ: b

cal) = Ll - 1a),  €dIM) = ving + 11 + 1)

Let iy = cleg be the a'th number operatar.

The Hilbert space M, is the example of left projective module over the
algebra Ag. Indeed, consider the element By = |0){0] ~ exp - 52, Bl I
obeys F§ = F. e it i5 a projector. Consider the rank one free module
Fi = Ay and bt us consider its left sub-module, spanped by the chements of
the form; [+ Py As a module it is cearly somorphic to N, isomorphism
being: |7} ~= |@{0]. It &s projective module, the complementary module being
Ag(l = Ryl € As.



The procedure that maps ordinary commutative functions onlo operators
in the Fock space scted on by 2, 3, is called Weyl ordering and is defined by

d¥ry 3
f‘.IJ L 3"-‘-1 &l = j‘rtfj {—;;—;—E P S e L {5

It is easy to soe that
i ferfo grri then foges fi (6)

Syvmmetries of the Aal noncommutative space

The algebra (1) has an obvious symmetry: 2! = ' 4 2 for & € B For
invertible Poisson structiee # L s an example of the internal automorphism of
the algebra:

g vy i o =il e (7

In addition, there are rotational symmetries which we shall pot aeed,

25 Cauge theory on noncommubalivg space

In an ordinary gauge theary with gauge group G the gauge fields are connec-
tions in some principal G=hundle. The matter felds are the sections of the
vertor bundles with the structure group . Sections of the noncommustative
vector hundles are elements of the projective modules over the algebra Ag.

Ini the ordinary gauge theory the gauge field arises through the operation
of covariant differentiation of the sections of & vector bundle. In the nopcom-
mutative setup the situation s similar. Suppose M s & projective module
over A. The connection W is the operator

VIR x M= M V.m)eM, ceR me M,

whers Y denotes the commutative vector space, the Lie algebes of the nu-
tomorphism group generated by (7). The connection is requined 1o obey the
Leibnite rule:

Celamy) = e'{dia)my + oV, my (%)

Velmga) = mee'(Bia) + (Vomgha . (9]

Here, (3) is the condition for el moduabes, and (9) 5 the condition for the right
modules. As usual, oue defines the curvature F; = [V,,¥,] - the operatar
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AR® x M = M which commutes with the multiplication by 0 € Aa. In
other words, F; € End (M), In ordinary gauge theories the gauge fields
cotne with gauge transformations. In the noncommmtative cose the gauge
transformations, just like the gauge fields, depend on the module they act
in. For the module M ihe groap of gaonge transformations Gy consists of the
invertible endomorplisms of M which commote with the action of A oo M

Gy = GL 4l M)

All e cliseiission above can be specified to the case where the modube bis
a Hermitian inper product, with values in A.

Fock maodule and connections there.

Recall that the algebra Ag for f = 2r and non-degenerate # has an important
irreducible representation, the left module ¥, Lot us now ask, what kind of
connections does the module M, have?
By definition, we are looking for a collecthon of operators 'V, - M. = H,,
fm]l,..., 2r. such that:
[Vi,a] = da
for any a € A Using the fact that &a = if,;[=!, a] and the irreducibility of
Hy we coneludo that:
V=il '+, K, EC {109
If we insist on unitarity of ¥V, then iy € R. Thus, the space of all gauge
fields suitalde for acting in the Fock module is cather thin, and 8 isomaorphic
to the vector space R (which is canonically dual to the Lie algebra of the
sutomorphizms of Ag). The gauge group for the Fock module, again due to its
irreducibility is simply the group [7(1], which multiplies all the vectors in G,
by a single phase. In particulor, it preserves x;'s, so they are gauge invariant.
It remains to find ot what is the curvature of the gaoge Beld given by (10],
The stralghtforward computation of the commutators gives:

Fyy = iy (11)

iz, all conpections in the Fock module have the eonstant corvaturs

Free modules and connections there,

If the right (deft) module M is free, fe, it 5 a sum of several copies of the
algebra Ay itsclf, then the connection ¥ can be written as

Vi=d+ A
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where A; Is the operator of the left (right) moltiplication by the matrix with
Aa-valued entries:

Vi = &amy + iy Ay, Vimy = By + A, (12)
In the same operator sense U curvature obeys the standard identity:
Fu - ﬂ.-{. -Ejl" + A.AJ- — -'l_]-l"h .

Given a module M over some algebra A one can multiply it by a free module
A®¥ 1o make it & modube over an algebea Maty . x(A) of matrices with ele-
ments from A, In the non-abelian gauge theory over A we are interested in
projective modules over Maty . v(A). I the algebea A (or perhaps its subal-
gelra) has o trace, Tr, then the algebra Matpy .y (A) has & trace given by the
compositbon of o wsunl mstrix trace and Tr,

It is m peculiar progerty of the noncommutative algebras that the algebras
A and Moty v (A} bave much in eomimon, These algebras are called Morita
equivalent and under some additional conditions the gauge theories over A
nndl over Maty . w{A) are also eguivalent. This phenomenon is responsible
for the similarity between the “abelinn nopcommutative”™ and " non=abelian
commutative” theories.

If we represent 8, as i [r? -] then the expression for the covariant derivae
tive becognea:

Vimy = i ' me + meDy, Vime = —mgifiyr! + D,'mf (13}

where

D= —H'u-'“f + A, (14}



3 Instantons in nopcommuatative gnuge theories

We would like to study the nop-perturbative objects in nonconmutative gauge
theory.

Specifically we shall be interested in four dimensional instantons. They
either appear a8 instantons themselves in the Euclidean version of the four
dimensional thoory (theory on Euclidean D3-brane), as solitonic particles in
the theory on Dd-brame, e in 4+1 dimonsions, or as instanton strings in the
theory on Di-brane (and are related to little strings ). They also show up as
“freckles™ in the gauge theory fsigma model correspondence ',

The theory depends on the dimensionfull paramieters #, which onter the
commutation relation botween the coordinates of the space: [r, 2] =~ @,

We treat only the bosonic fields, but these could be a part of a supersyns-
metric multiplet, with A" = 2 supersymmetry or higher. Such field theories
nrise on the world volume of D3-branes in the pressnce of & background con-
stant B-field along the D3-brane,

A D3-brane can be surrounded by other branes as well. For example, in the
Euclidean setup, n D-instanton could approach the D3-brane, In el unless
the D-instanton s dissolved nside the hrane, the comblnesd system breaks
supersymmnetry ¥, The D3-D(-1) system cnn be rather simply described in
terms of & noncommutative [7(1) gauge theary - the latter has instanton-lHke
solutions ', Tt is the purpose of this note to explore these saluthons in greater
alirtnil

More generally, one can have o stack of & Euclidean D3-branes with W D{ -
1)-branes inside. This configuration will be dsscribed by charge N instantons
im L&) gapge thoary,

Let us work in four Euclidean space-time dimensions, g = 1,2,3,4. As
we sakd above, we shall look at the purely bosonic Yang-Mills theory on the
gpace=time Ay with the coordinates functions #* obeving the Hetseuberg com-
mautation relathons:

[, 2] = i8" (15)

We assumie that the metric on the space-time s Euclidean:

de = Y (det)? (16)
I~
The action describing our gauge theory & given by
| (1] 5
5—*mﬁFﬂiF+ﬁﬁFﬂF |:h]
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where gf,, is the Yang-Mills coupling constant, and
F = F:",ll.tl"— hdt-r Fﬂ. = v-v.p — "l:".."';"g I:I'F':I

The covariant derivatives ¥, act in some inodule £ over the algebea 4 of
functions on the noncommutative R

5.1 Instantons
The equations of motion followlag from (17) are:

qunr =1 {19}

In general these equations are as hard o solve as the equations of motion of the
opdinary non-albelian Yang-Mills theory. However, just ke in the commutative
case, there are special solutions, which are simpler to analyee and which play
& crucial role in the analveis of the quantum theory, These are the so-called
fanti=}jmstantons. The (anti-linstantons salve the first order equation:

|
F_r = ti"ﬁrn.’l Fn.?l. EH]

These sqiintions are shasier to solve. The solutions are classified by the instan-
tixty eharge:

i
N--EFTthF [21)

58 ADHM constracfion

In the commutative case all sdutions to (3] with the finite action (17) are
obtained vin the so-called Ativab-Drinfeld-Hitchin-Manin {ADHM) construc-
tion., If we are concerned with the instantons in the (k) gauge group, then
the ADHM data consists of

1. the pair of the two complex vector spaces Voand W of dimensicns & and
E respectively;

the operators: By, By € Hom(V. V), and [ € Hom{W, V'), J € Hom{V, W):

3. the dual gauge group Gy = U(N], which acts on the data shove as
Fallows:

"

By e g " Bag, I g7, T Jg (22)
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4. Hyperkilhler quotient® with respect to the group (22). It means that
one takes the set Xy x = 7' (0) Mgt (0) of the common zeroes of the
three moment maps:

e =By, Bl + By, BY] + 11t - JtJ
pe = [By, By] + 1J {23)
e = (B3, B+ 11

and quotients it by the aetion of Gy,

The claim of ADHM is that the points in the space M, v = XJ /Gy param-
eterize the solutions to (20) (for # = 0 ) up to the gange transformations. Hero
AT v € XNiv is the apen dense subset of X v which consists of the solutlons
to i = 0 such that their stabilizer in Gx & trivial. The explicit formila for
the gange Gedd A, is also known. Define the Dirac-like operataor:

P = _a%j:’ g:;; JJ:‘):I'E:C*’-E-I'F’-"*'*’?':* (24)
] - ]

Here 2y, 23 denote the complex coordinntes on the space=time:
=2 diry, p=rytirg, =5 -—-if; 3=13-—ir

The kernel of the operator (24) is the r-dependent vector space £ © V@
Ca&W. For generic r, £, i isaomorphic to W, Let us denote by % = (r) this
somorplism. In plin words, 9 i@ the fuindamental solution to the squation:

D=0 ¥:W = VaCaw 125)

If the rank of ¥ s s-independent (this property holds for generic points in
A, then vie can nocminlize:

' =14, (26)

which Bxes 9 unbguely up 1o an s-dependent Uk teansformation ¥z} —
Pirigir), piz) € Uik}, Given ¥ the anti-self-dual gange fGeld 15 constructed

simply as follows:
i
V.=84+4,, A, = "I"[:r]—ﬁif!::l {27)

The space of [ By, By, 1, J) for which 9(=) has maximal rank for all r is an open
dense subset Muyay = X5, /G in M. The rest of the points in Xy /Gy
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discribes the so-rallsd point-like instantons, Xamely, ¥(r) has maximal rank
for all = but souee finite set {ry,....2 ). 1< k. The (30) holds for r & ry i =
L....0 where the loft hand side of (26) smply wandshes.,

The noncommutative deformation of the gauge theory lends 1o the non-
commutative deformation of the ADHM construction. It turns oot to be very
simple yoi surprizsing. The suoe data VW, B 1, F, ... 18 used. The diformed
ADHM equathons are simply

B = Lp, Fr='|:r (28)

where we have introduced the following notations. The Poisson tensor §%
entering the commutation relation [, 2] = 8" can be decomposed into the
solf-dual and anti-self-dunl parts 8. If we look at the commutation relations
of the complex coordinates 2y, 25, 5, 33 then the sell-dusl part of & enters the
following commutators:

[zl == [ b+ (e8] =-( (29)

It turns out that as long as ] = 2 + G& > 0 one needs not to distinguish
bt wowssty f,\-_. andl f;_l. in other words the stabilizer of any point in X~ =

o M(=G) M (=C,) i trivial. Then the resolved modull space is My, =
XnafGx.

By making an orthogonal rotntion on the coordinates =# we can map the
algebra 4y onto the sum of two copies of the Heisonberg algebra, These two
algebras can have different values of “Planck constants™  Their sum is the
norm of the self-dual part of @, Le. ||, and their difference is the norm of
anti-self-dual part of 8-

[20: 8] ==& [2.5]= - (30)

where {4 + (a = |[@#*). {4 = ( = |#~|. By the additional reflection of the
coordinates, if necoessary, one can make both { and (¢ positive (however, one
should be careful, since if the odd pumber of reflections was made, then the

orientation of the space was changed and the notions of the instantons and
anti-instantons are exchanged ns well),

The next step in the ADHM construetion was the definition aof the iso-
morphistn ¥ between the fxed vector space W and the fiber £, of the gauge
banadle, defined as the kernel of the operator T In the noncommutative setup
one can also define the operator T* by the same formuls (24). 1t 5 & map
hatween two free moduoles over g

prireCaw)@A - (VaC) @A (31)
12



which commutes with the rght actbon of Ay on the free wodules. Clearly,
£ = KerD*

is & right module over A, for if PYs =0, then T (8- a) = 0, for any o € A

£ iz nlso o projective module, for the following reason. Consider the oper-
ator DD, 1t is a map from the free module V@ CF @ As to itself. Thanks to
(28) thiz map actually equnls to & & Ides whore & 8 the following map from
the free module V2 Ay o itself;

A= (B - 3)(B] - 8)+ (B - 5)(B] - %)+ I {32)

We claim that & has oo kernel, Le. no soluthons wo the equation &v = 0,
v E V@ dg. Recall the Fock space represcntation M of the algebea g, The
coordinates 25, 55, obeving (30}, with {3 > 0, are representend a= follows:

:J=£r:.£,=£n. = ﬁﬂ;qf:i:\ﬁ,::;f! (33}

where £y 3 are the annibilstion operators and ¢} , are the creation operators
for the two-oscillators Fock spoace

H= @ C |y, ng)

LT L

Lot ws assume the opposite, namely that there oxists a vector v € V@ dy
such that Av = 0L Let us act by this vector on an arbitrary state Jmg, na) in
H. The rezult §= the vector 1y € V 2 N which must be annihilated by the
opirator &, acting in V 2 H via {33). By taking the Hermitian inner product
of the equation Ary = 0 with the conjugate vector &) we immediately derive
the following three equations:

(Bl-2em = 0
(Bl - = 0 (34)
M = 0
Using (25) wo can also represent &, in the form:
A=(B] -5)B —2) 4+ (B = 5By = )+ SN (35)

From this representation another triple of equations follows:
(B =23y = 10
13



(Bi—zils = 0 {36)

Jdig = 0

Let us depote by e, § = 1,. .., ¥ some orthonsormal basis in V., We can expand
#y in this basts as follows:

~
”q:zr.@"‘.- .-'InEH

The equations (34),(36) imply:
(Bo)jed = 2ovh, (Bllih =%k, a=12 (37)

in other words the matrices B,, B!, form a finite-dimensional representation
of the Heisenberg algebra which s tmpossible if elther § or o # 0. Henee
by = 0, fivr soy A = (ng, ns) which implies that v = 0.

Thus the Hermitian operator A is invertible, It allows to prove the fol-
lowing theorem: sach vector ¢ in the free module (V' & C? 5 W) 2 As can be
decomposed as a sum of two orthogooal vectors:

b=¥g @ Pxy. P'¥,=0, peiValllodl (38]

where the orthogonality ts understood in the sonse of the following As-valued
Hermitian product:

ey, 0] = Trr.ﬁ{:’.t,n' ("I}I'h"il}

The companent B, is annibilated by D, that s ®, € £. The lnage of D is
another right module over A (belng the image of the free module (VEC? e )

EaDiVeaCiad)
and their sum is a froe modale:
Eal'mFa(VallaoW)ad

henee £ ks projective. It remalns to give the exprossions for ¥4, v,

1 |
e = ﬁ'ﬂ"r. feo=Mlg, M= (l— Fﬂ*'{*ﬂ#) (39)

14



The soncommnitative instanton 5 a conmection in the module £ which is ob-
tained simply by projecting the trivial connecthon on the free module F down
to £, To get the covariant derivative of a section & € £ we view this section as
a section of F, differentinee it using the ordinnry derivatives on s and projece
the result down o £ agakn:

Vs =1lds (40}
The curvature is defined through V2, as usual:
YWa=F.p=dll Adll-» (41}
where we used the following relations:
M=l Me=a (42}

Let us now show explicitly that the curvature (A1) i= anti-self-dual, ie.
[V Vil + §0p2p[Va, V] =0 (43}

First we prove the following lemma: for any & € £
1
dll & dlla = ﬂr.‘l‘!."ﬁr—wdi"r"’n {44}
Tdowd,
&ﬂhdﬂnd( W)Ad( I&*nﬂ)
a(ptp) =maptpr + 0l apen
D+D ot D '

DI =0

+ ) -
I(Pmpﬂ' ).ﬁ.d(ﬂ D )
= E&H-ﬁdﬂ* i+ IDT-'_' 4Dt I'Id'ﬂ'ﬁ'ﬂ
andl the second term vanishes when acting on & € £, while the first werm gives

exnctly what the equation (44) states.
Now we can compute the cupvature mope or less explicitly:

( h %1 'ﬂ)
Foom2l| /- =%fs 0] (45)
0 B0
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where fy, [, J- are the basie anti-sell-dual two-forms on R
.ﬁ- - il;d:l AdE = deg AdS), I-r =ds Adh, f.. = & Milzy {.‘iﬁ.}

Thus we have constroctsd the nonsingular anti-self-dual gauge fiebds over
As. The interesting leature of the construction is that it prodoces the nog-
trivinl modules over the algebra Ag, which are projective for any point in the
moduli spare. This feature i3 lacking in the { == 0, where it is spoiled by the
point-like instantons, This feature is also lacking if the deformed ADHM aqua-
tions are used for construction of gauge bundies directly over a comnnitative
epnce. [ this ense it burns oot that one can construct o torsion feee sheaf over
7, which sometimes can b jdentified with a holomorphie bundle. However,
generieally this sheal will not be locally free. It can be made locally free by
blowing up sufficiently many points on C*, thereby effectively changing the
topology of the space™ . The topology change is rather mysterious if we recall
that it is purely gange theory we are dealing with. However, in the supersym-
motric case this gauge theory is an o’ = 0 limit of the theory on a stack of
Euclidean D3-branes. Ope could think that the topology changes reflect the
changes of topology of D3-branes embedded into Bkt ambient space. This is
indecd the case for monopole solutions, e *32M"1% It s not completely
unimaginable possibility, but so far it has not been justified (besides from the
fact that the DBI solutions ™, ** are ill-defined without a blowup of the space),
What makes this unlikely is the fact that the instanton backgrounds have no
worldvolume sealars turned on,

AL any rate, Lthe noncommutative instantons copstructed above ane well-
ilefined and nonsingular withont any topology change,

Also pote, that we have constrocted instantons for arbiteary noncomimi-
tativity tensor 8. the only requirement being the positivity of the Platfian
PL#) & (16 = 0 (for PRF) < 0 our formulae define anti-instantons). For

¥ The identificator ¥

In the noneommutative case one can also try o constract the identifying map
. It s to be thought as of the homomarphism of the modules over A:

F:Whdy =&

The normalization (20), if eheyed, would lmply the anitary somorpliism be-
tween the free module W @ A and £ We can write: 1 = %' and the
clemonts & of the module £ can be cast in the form:

p=1-m sEWads (47)
16



Then Lhe covariant derivative ean be written ns:
Vi=Md(¥ o) = ¥¥'d({¥o) = ¥ (dr + Ao} (A8)

whaore
A= Wiy {45

Just like in the commutative case. Introducing the Sackground mdependent
operators [, = ifl,.x" + A,, we can write:

D, = i%'8,, "% (50)

4 Abelian instantons

Lot ws deserabee the ense of /(1) instantons in detall. In our sotations above
we have: & = 1. It is known, from ?®, that for { > 0,{. = 0 the solutions to
the deformed ADHM equations have J = 0. Let us denobe by 17 the complex
Hermitinn vector space of Jdimensionality %, where B,, o0 = 1.2 act, Then [
= identified with n vector in 1. We can choose our units apnd coordinates in
such a way that §, =2, L. =L

4.1  Torsion free sheaves on C*

Let ws recall at this point the algebraic-geometric interpretation of the space ¥
and the triple (3, By, [). The space X x parameterizes the rank one torsion
free sheaves on C?. In the case of C7 these are identificd with the ideals T in the
algebea C[zy, 23] of bolomaorphie functions on C?, such that V = Cfzy, 5/T
has dimension N, An ideal of the algebra € & Clzy, 23] s 0 subspaes T C O,
which is invariant under the multiplication by the elements of O, le. Hge T
then fy € T for any (L

An oxample of such an ideal is given by the spaoe of finctions of the form:

Flzr.22) = =¥ play, 32) + 2ahizy. 22)

The operators B, are simply the operations of multiplication of & function,
reprosenting an element of V7 by the coordinate function =,, and the vector
Iis the mage In V' oof die copstant function [ = 1. In the examnple abave,
following'! we identify 1 with C[z,]/=)¥, the operstor By = 0, and in the hasis
i = 172" the operator By is represented by a Jordan-type block:

g = i
ﬂ;n". = 1,,."2“ =~ lﬂtl_q,ﬂhﬂ s \‘EJ\'EH.
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Conversely, given a triple (By, By, I}, such that the ADHM equations are
obeyed the ideal T is reconstructed as [ollows. The polynomial § € Clzy, 23]
belongs to the ideal, f € T if and only if (B, B;)f = 0. Then, from the
ADHM oquations it follows that by acting on the vector J with polynombals in
B, By one generates the whole of V', Hence Clzy, 22)/T = V and has dimension
N, as revquired,

{2 Identificator ¥ and profector P
Lot us pow solve the equations for the identificator: e =0 ' =1 We

decompose:
W= v (51)
£

where ¢ € V @ Ay, £ € Ay, The normalization (26) is now:
whey +oles + €16 =1 (52}

It is convenient to work with rescaled matrices 5: B, = G .. 0= 1,2 The
eqquation ' = 0 is solved by the substitution:

P == g‘r:_,{d; =gglu, o = q..‘rafd! = Ju (53]
provided
Ae+le=0, A=Y Glde-c)id —ca (54)

Fredholm's alternative siates that the solution £ of (54) must have the property,
that for any oo € H,y € V, such tha

Away) =0, (55)

the equation
(Hax')ie=0 {56)

kolds. It |s easy to describe the space of all » @ y obeying (53] it is spanned
by the vectors:

e B0, 0) G, i=0,.. N (57
whese ¢ i any basis in V. Let us introduce a Hermitian operator & in 1

G = (0, 0lels %"= 11t e 2422 0, 0) (58)
1%



It ts passitive definite, which follows from the reprosentation:
G = (0,0eZ% ¥ Gl - cad(da — ehJede P2 [0,0)

and the fact that 3, — !, bas no kernel in H © V. Then define an clement of
the algebea Ag ”

P = e 229400, 00G (D, Ofeda P 1 (59)
which obeys P* = P, Le it is a projector. Moreover, it is a projection onto
an N-dimensional subspaes in W, lsomorphic o V

Dunl gauge invariance

The normalization condition (26) is invariant under the action of the dual
gauge group Gy = (N} on B, /. However, the projector P is invariam
under the artion of larger group - the complexification /% = GLx (C):

(Ba, D)ot (g7 " Bagog™' 1), (BL IV = (o' Bog® 0 ITg™ Yy (60)

This makes the computations of P possible even when the solution to_the
e = G part of the ADHM equations is not known. The moduli space My
cnn be describesd hoth in terme of the hyperkahler reduction az above, or in
terms of the quotient of the space of stable potnts Y, € pZ'(0) by the
action of G (see ™, for related discussions). The stable points (5, By. [)
are the ones where By and By commute, and generate all of V' by acting
on [: C[Fy, B30 = V, be. precisely those triples which correspond to the
codimension N ideals in Cfz), 23],

Instanton gaage Held
Clearly, P nnnihilates £, thanks to (56). Let 5 be nn operator in H owhich
sheys the following relations:

§51=1, S'Smil-p (61)

The existence of 5 is merely a reflection of the fact that as Hilbert spaces
My e M. So it just amounts to relabeling the orthonormal bases in My and N
to construct 5.

Now, & restricted at the subspace S*H & © He V., is invertible. We enn
now =alve (54) as follows:

£=A-d8t o= _%;f (62)

18



whisre

Ami+ f'%l‘ (63)

A 5 not an ebemment of g, bat A" and AS? are. Finally, the gauge flelds can
he written as:

= ] = SA-beaAb S = = [ SAb et A~ 50
D. JIS.'. caAtS, b, ,/;Sn A4S (64)

Ideal meaning of P

Wi can explain the meaning of P in an bvaciant fashion. Consider the ideal
I in Cz, 2], corresponding to the triple (B, By, F) as explained above, Any
polyoomial feT defines a vector Hfﬂr[.fﬁ:&]iﬂ*ﬂ} and their totality span &
subspace My © H of codimension N. The operator P is simply an orthogonal
projection onto the complement to Hy. The fact T is an kdeal in Cfz, 2q]
implies that < (M) C My, henee:

ch Sty = Sty

for any 1 € Ay, and also A=15" = $'%" for some o, 4" € As.
Motice that the expressions (64) are well-defined. For example, the D,
econponent containg a dangerous plece .H'c; voo im it However, in view of the

previous remarks it ks multiplied by §' from the right and therefore well-defined
imelerad.

4.9 Charge onc insfanion
In this case: [ = /2, one can take B,,:ﬂ..a:E[;.,nq,

M4+ 2

e
M=% Gy, ¥ 5 =2 Lot us introduce the notation N = niy + ng. For
the pair i = (ny.ng) lot gy = §N({N = 1) +ny. The map i + gy is one-to-one,
Let $Ypy) = |pn 4 1). Clearly, 5" = 1, §15 = 1 - |0,0)(0, 0].
The formulse (684) are explicitly nop-singular. Let us demonstrate the
anti-self-duality of the gauge field (64) in this case.

M .'-J+2+{.-.5r

1
E DaDs = =Sz na + Vg5 —groe

20



M-8 M4
Eﬂ“ﬂ"'sc,."'ﬂn e

A simple ealeulation shows:

TPubd=-gg==(a+g): wevd=0 @

Tencs

¥ Foa= (66)

I'E'ﬂnﬁ ::l ‘l

This is 0 generalization of the charge one instanton constructed in ', written
in the explicitly non-singular gauge.

Romark on gauges

The gauge which was chosen in the examples considered in'! and subsequently
adopted in*, % had £ = £'. It was shown in™ that this guuge does not actunlly
lead to the canonically normalized identificator %: one had #'% = 1 = P. Our
paprer showed that this gauge s in some sense an analogue of "t Hoolt stnguelar
gauge for commutative instantons: it beads w singular formulae, if the gauge
field is considered to be woll-defined globally over As. However, as we showed
above, there are gauges in which the gauge feld i globally well-defimed, non-
singular, and anti-self-dunl, They simply have £ # £'
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