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0. Preliminaries and main results.

1. Let M be a complex manifold with a smooth boundary which will be denoted by
bM, dimg M = n. Let us assume that a real-valued C™-function p = p{z) is given in a
complex neighbourhood M of M=MuUbM, djm[;- M = n, so that

(0.1) M = {z| p(z) <0}, bM = {z| p(z) =0}); dp{z) # 0 for all =z € bAf.

For any = € bM denote by T7(bM) the complex tangent space to bM: the maximal
complex subspace in the real tangent space T,(bM), dime T (M) =n-1. If 5;,..., 2,
are complex local coordinates in M near z € bM, then T, M is identified with C™ and

(0.2) TE(bM) = {w = (w1,..., wa)| 3 %{:}mj = 0}.
|

=1

The Levi form 1s an hermitian form on T{bM) defined in the local coordinates as follows:

) ~ Pp
0;3 L- w,w) = —————l {113
(0.3) (10, ) “2_1 55 (Fwis

The manifold M is called pseudoconvez if L (w, @) > 0 for all z € bM and w € TF(bM). It
is called strongly pseudoconvez if L (w,w) > 0 for all z € bM and all w # 0, w € TE{bM).

In this case replacing p by e** — 1 with sufficiently large A > 0 we can assume that
L:lw, @) = 0 for all w # 0 (not only for w satisfying the condition in (0.2)).

Denote by O{M) the set of all holomorphic functions on M.

A point = € M is called a peak point for O[ M) if there exists a function f € O{M)
such that f is unbounded on M but bounded outside IV N M for any neighbourhood U7 of
zin M. A point z € bM is called a local peak point for O{M) if there exists a function
f € @O(M) such that f is unbounded in U N M for any neighbourhood UV of z in M and
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there exists a neighbourhood [ of = in M such that for any m‘:ighhmuhund Vof zin M
the function f is bounded in U7 = V.

The Oka-Gravert theorem ([Grl], see also [F-K|, [H]|) states that if M is strongly
pseudoconvex, b is not empty and M is compact, then every point = € bM i= a peak
point for O{ M ). (Moreover for every = € bM there exist functions fj, ..., fu € O(A") which
are local complex coordinates in U 1 M for a neighbourhood U of z in M.) It follows in
particular that the space O{ M} is infinite-dimensional. If M is weakly pseudoconvex then
the space O( M) is not necessarily infinite-dimensional (see [Gr 2]). But if M is weakly
pseudoconvex, M is compact and, in addition, in the neighbourhood of bM there exists
a strictly plurisubharmonic function (not necessarily vanishing on M) then M can be
exhausted by strongly pseudoconvex manifolds (see e.g. (i) in the Lemma 1.10 below). In
this case O(M) is again infinite dimensional by the Oka-Grauert theory. Note that for
the case of domains in C" we ean even construct the required exhaustion using a global
plurisubharmonic function in M (see e.g. [H62]). This is not true in general case (see e.g.
an example in [Gr2]).

One of the goals of this paper is to extend these results to the case when M is not
necessarily compact but admits a free holomorphic action of a discrete group I' such that
the orbit space M /T is compact {or in other words M is a regular covering of & compact
complex manifold with a strongly pseudoconvex boundary). In this case we shall use the
von Neumann [-dimension dimp to measure Hilbert spaces of holomorphic functions {or
some exterior forms) which are in L* with respect to a Iinvariant smooth measure on
M. In case when the group I is trivial (i.e. has only one element) the P-dimension is just
the usunl dimension dimg, We shall prove that the space of L*-holomorphie functions
on a strongly pseudoconvex regular covering M of a compact manifold with a non-empty
boundary has an infinite ['-dimension and every point = € bM is a loeal peak point.

We shall prove also that dimp L2O(M) = =, if covering M is only weakly pseudocon-
vex, but with strictly plurisubharmonic I'-invariant function existing in the neighbourhood
of bM.

A patural question arises: is the cocompact group action really relevant for the ex-
istence of many holomorphie L*-functions or is it just an artifact of the chosen methods
which require a use of von Neumann algebras? In Section 3 we give an example which
shows that if we only impose bounded geometry conditions with unform strong pseudocon-
vexity, then the space of holomorphic L*-functions may be trivial. In fact in this example
the manifold M even has a free action of a solvable Lie group with a compact gquotient.

About a half of the presented results are contained in [G-H-5] which can be considered
as & preliminary version of this paper.

2. Let us choose a boundary point r for a strongly pseudoconvex manifold M and
describe the classical E.Levi construction of a loeally defined holomorphic function on
U M (here U is a neighbourhood of ¢ in M) with the peak point r. Let us consider the
Taylor expansion of p at z:

(0.4) plz) = plx) + 2Re f(z,2) + Lylz = 2,5 = 2) + O]z = z[*},
where L, is the Levi form at r and f{r,2) is a complex quadratic polynomial with respect
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The complex quadric hypersurface §; = {z| f(r,z) = 0} has T7{bM) as its tangent plane
at z. Therefore the strong pseudoconvexity implies that p{z) > 0if flz,z) =0and z # =
is close to r. This means that near r the intersection of the hypersurface S5, with M
consists of one point x. Hence the function 1/ f(=z,-) is holomorphic in UNM (where U is
a neighbourhood of z in M) and r is its peak point.

The technique which allows to pass from locally defined holomorphic functions to
global ones is d-cohomologies on complex manifolds. For any integers p,gwith 1 < p,g <n
denote by AP M) the space of all O™ forms on M which can be written in local complex

coordinates as i

L= E n.?;ljdl"r .l"lndi"f
Hi=pldl=9

where dz/ = dz" A Ads def =deh AL AadS T = (ihyeeaiip)y J = (Jigeesdohs
i€ Sl J1 €sse € h,tu.l.dr..; g are O fuﬂtr.mnnn loeal coordinates, Here and later

E ﬂtnnr]s for summing over increasing multiindices, For such a form w its @ differential

is written as ,

o= Y i%’ﬁidﬁnd‘:‘nd‘f’,

|[T|=p] =g k=1

20 0 defines a linear map d: AP M) — APTHYAL). All these maps constitute a complex

of vector spaces
APt D— AP AP AP

Its cohomologies are denoted HPY(M).

An important part of the Grauert theorem is the fact that dimg H*9( M) < oo for all
pyq with ¢ > 0 provided M is strongly pseudoconvex and M is compact. This fact is used
in constructing global holomorphic functions on M with a peak point z € bM as follows.
We start with a locally defined function g € O(U' N M) (here U is a neighbourhood of =
in M), multiply it by a cut-off function y € C3°(l') which equals 1 in a neighbourhood
of r, then solve the equation df = &#ya) on M in appropriate function spaces consisting
of bounded functions on M. If we can do this then the function yg — f is holomorphic
on M and r is its peak point. The solvability of the equation f =ac A" (M) for all
forms a with da = 0 is equivalent to the vanishing of H%'(M). If we only know that
the latter space has a finite dimension then we still can solve the equation 8f = a for all
d-closed forms a in the space of finite codimension in the space of all 8-closed forms. This
is sufficient to construct holomorhpie functions on M with the peak point r because it is
ensy to provide an infinite-dimensional space of holomorphic functions in a neighbourhood
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of r having r as its peak point (e.g. we can take a linear space spanned by all powers of
one function with the peak point ).

We should be also able to provide solutions with appropriate estimates of the equation
@f = a. Therefore we should consider cohomologies HP¥( M) with estimates,

3. Now we shall give a very brief description of the I'-dimension, It will be used to
measure [-invariant spaces (of functions and forms) which are infinite-dimensional in the
usital sense, It is also convenient to use the D-trace. For more details we refer the reader
to [A], [C] and textbooks on von Neumann algebras (e.g. [D], [N], [T]).

We shall denote the I-dimension by dimp. It is defined on the set of all (projective)
Hilbert I'-modules and takes values in [0, 00]. The simplest Hilbert I'-module is given by a
left regular representation of I': it is the Hilbert space LT consisting of all complex-valued
L2 -functions on I'. The group I' acts unitarily on LT by 4 — L. where L. is defined as
follows:

L. fir)=flv'z), rel; fell.

By definition dimp L*T" = 1.

For any (complex) Hilbert space H define a free Hilbert M-module LXT@H. Its
I-dimension equals dimge H. The action of T in LT @ H is defined by 4 — L, @ L

A general Hilbert T-module is a elosed C-invariant subspace in a free Hilbert T-module.
It would be natural to eall such subspaces projective Hilbert modules, but the word
* projective” is usually omitted, so only projective Hilbert modules are considered.

For any Hilbert space # denote by Ap a von Neumann algebra which consists of all
bounded linear operators m LJ]*@H which rommute with the action of I there. This
algebra is in fact generated by the operntors of the form R, @ B, B € B('H), v € ', where
B(M) is the algebra of all bounded linear operatars in H, R is the operator of the right
translation in LT i.e.

Ry flx) = f(z4), z€T; feL°T.

This means that the algebra Ap is the weak closure of all finite linear combinations of
the operators of the form R, @ B. So in fact Ap is a tensor produet (in the sense of von
Neumann algebras) of Ry and B(M) where Ry is the von Neumann algebra generated
by the operators R, in LT (it consists of all operators in LT which commute with all
operators L,, v € ).

There is a natural trace on RBp. It is denoted by trp and defined as the diagonal
matrix element (all of them are equal) in the &functions basis. For example we can define
it b

g ter S = (56,,4.), 5 € Rr,

where e is the neutral element of T, §, € LT is the “Dirac delta-function” at e, i.e.
de(r) = 1if r = ¢ and 0 otherwise. There is also a natural trace on Ap too: Trp = trp @ Tr
where Tr is the usual trace on B{H).

Now for any Hilbert [module which is a closed Iinvariant subspace L in LT @ H,
its [-dimension is defined by the natural formula

dimp L = Tep Py,
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where Pp 1s the orthogonal projection on L in L*T @ M.

4. Let us deseribe the spaces of reduced Dolbeault cohomologies on a complex (gen-
erally non-compact ) manifold M with a given hermitian metric. Denote the Hilbert space
of all (measurable) square-integrable (p,g)-forms on M by LIAPY = LIAPY(M). The
operator

9: LPAPM) — LAAPTH(AM)
is defined as the maximal operator i.e. its domain DP¥ = DP9(; M) is the set of all
w € L*AM such that S € L*AP*) where dw is applied in the sense of distributions.
Obwviously * = 0 on DP and we can form a complex
LIANP®: 00— DP® — DPl —, L DP" 0,
Its cohomologies are denoted L*HP9{ M) and called L* Dolbenult cohomologies of M:
L*HP M) = Ker (8 : D" — pDPA*Y) i (8 : DP1=) — DPYY),

We actually need reduced cohomologies

L*HPA(M) = Ker (0 : D — DP9 /Im (3 : Dra-1 — Dra)),

whete the ine over Im @ means its elosure in the nun'napufldm.g L: space. Sinee Ker 8 is a
closed subspace in L?, the reduced eohomology space L? HP4{ M) is a Hilbert space.

Note that the space L"'HU'U'{M'J coincides with the space Liﬂ[M] of all square-
integrable holomorphie functions on M.

5. Let us assume now that M is a complex manifold (with boundary) with a free action
of a discrete group I' on M such that M/T is compact and the action is holomorphic on
M. (Here M = M UBM.) Let us assume that an hermitian Minvariant metric is given on
M. Then the reduced L* Dolbeault cohomologies become Hilbert [modules. Hence they
have a well defined I-dimension ( possibly infinity).

Now we will formulate our main results. We will always assume that we are in the
situation described above, M is strongly pseudoconvex and bM iz nonempty.

Theorem 0.1. If M is strongly pseudoconvez, then dimp L* HP(M) < oo for all p,g
provided ¢ > 0.

Theorem 0.2. If M 15 strongly pseudoconvez and bM i3 non-empty, then
dimp LY (M) = o0 and each point in b is a local peak point for L?O(M).

Under the same conditions it is also possible to construet holomorphie funetions which
have stronger local singularities (not L*) but are in L? in a generalized sense. For any
s € R denote by W* = W*(M) the uniform (I-invariant) Sobolev space of distributions
on M, huedin the space W*° = L*( M) eonstructed with the use of a smooth [-invariant
measure on M (see e.g. [51] for the details on the Sobolev spaces). The space W=* for
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lnrge s > 0 contains in particulsr holomorphic functions on M with power singularities
at the boundary. For any 5 € R the space W* is n Hilbert [-module with respect to
the natural action of I'. Denote by W*O{M ) the space of all elements in W* which are
actually holomorphic functions on M. Now we can formulate another version of Theorem
0.2,

Theorem 0.3. If M is strongly pseudoconvez, then for any r € bM and any nleger
N > 0 there ezists 5 > () and a closed ['-invariant subspace L C W"O[{M) such that

(i) dimr L = N;
() Ln L* (M) = {0} but for any f = L and any ['-invariant neighbourhood U of = in
M we have f € L3 (M -U).

It is also possible to construct L2-holomeorphie funetions on M which are in O=(M):

Theorem 0.4. If M is strongly pseudoconver and bM is non-empty, then for any
integer N > 0 there ezists a T-invariant subspace L C L2OIM) N ©=(M) such that
dimp L = N where L is the closure of L in L*{M).

Examples. 1) Let X be a compact real-analytic manifold with an infinite funda-
mental group I' = 7 (X). Assume that X is imbedded into its complexifieation ¥ and a
Riemannian metric is chosen on . Let X, be a e-neighbourhood of X in ¥ where e > 01s
sufficiently small. It is known ([M1], [Gr]) that then X, is strongly pseudoconvex. Let M
be the universal eovering of X,. Theorems 0.1-0.4 ean be applied to M and we conclude
in particular that there are sufficiently many L? holomorphic funetions on M.

A particular case: strip {z] |lmz| < 1} in C with the action of I' = Z by translations
along R. Of course in this case L* holomorphic functions can be obtained by the Fourier
transform or explicitly (e.g. take 1/(a® + z*) where a > 1, or cxpl—2?) log(z = i)).

2) Let X be a compact complex manifold with a holomorphie negative vector line
bundle E on X. The negativity means that E is supplied with an hermitian metric and
e-neighbourhood X, of X in the total space of E is strongly psendoconvex {for some £ > 0
or, equivalently, for any £ > 0). Denote by M the universal covering of X.

Note that X, is not a Stein manifold because it has a non-trivial compact complex
submanifold X (the zero section of £). But we are again in the situation of the Theorems
0.1-0.4 and these theorems give extensions of some results of Napier [Na| and Gromov
[Gro|. Namely let M, be the universal eovering of X,. Theorems 0.2-0.4 garantee that
there are many L? holomorphic functions on M,. In partieular, dimp LIO(M,) = o,
Using the Taylor expansion of f € L*O(M,) along the fibers we obtain L?-spaces with
a finite positive M-dimension from holomorphic functions which are polynomial along the
fibers. This means that E~" has many holomorphie L*-sections over M ([Na]). Under
Kihler hyperbolicity condition Gromov |Gro] proved that in fact there exists sufficiently
many holomorphic L2-forms (of the type (n,0)) on M.

8. The following results give rather general conditions when the statements of Theo-
rems 0.1, 0.2 are still valid for weakly pseudoconvex (i.e. psendoconvex but not necessarily
strongly pseudoconvex ) manifolds.



Theorem 0.5. Let M be a pseudoconver manifold with holomorphic action of a
discrete group [ on M such that M/T is compact. As before we assume that M is a closed
subset in M where M is a complez neighbourhood of M with a free action of I' so that
this action and the complez structure on M extend the corresponding structures of M, and
every point of M is an inferior point in M. Let g be a -invariant hermitian metric on
M. Suppose that in a I'-invariant neighbourhood U of bM (in M ) there ezist a ['-invariant
strictly plurisubharmonic funclion & and a constant & > 0 sueh that :30% > 6. g in U.
Then dimp L2 HP( M) < oo for all p,q with g > 0.

Remark. The inequality :90¢ > §- g is automatically true in a possibly smaller
-invariant neighbourhood of M provided & is in C*, strictly plurisubharmonic and I'-

invariant.

Theorem 0.6, In the assumptions of Theorem 0.5
(i) dimpL*O(M) = oo;
{i1) each poini of sirong pseudoconvezity in bM s a local peak point for L*O(M).

Theorem 0.7. If in the assumptions of the Theorem 0.5 M/T i3 a Stein ril'l-_l:l-l'll:fﬂ'H,
then L*HPS(M) = 0 for all p,q with g > 0 (i.e. Im ezactly coincides with Kerd in the
corresponding spaces L*AP), and the functions from L*O(M) separate all points in M.

Examples. (i) Any pseudoconvex domain X in C" or CP" is a Stein manifold ([H52|,
[Fu]). Therefore Theorem 0.7 can be applied to its regular covering manifolds.

{i1) For any real-analytic manifold Xg, dimp Xo = n we can find its complex neigh-
bourhood X, dimge X' = n, such that X is a Stein manifold [Gr2] (then X is called o
Grauert tube for X;). We can also assume that X is a manifold with a smooth boundary.

If in addition X, is compact, Theorem 0.7 ean be applied to any regular covering manifold
of X.

7. Remarks.

1) If in the assumptions of the theorems above M/T is a Stein manifold then Stein
[St] proved that M is also a Stein manifold. It follows from this result that there are
sufficiently many holomorphie functions on M then, but it does not follow that there exist
non-trivial L® holomorphic functions. On the other hand it can happen that M/T is not
Stein (see Example 2 above), Then even the existence of any holomorphie funetion on M
which is not constant along orbits of I is not obvious,

2) If bM = @ then it follows from the arguments of Atiyah [A] that dimp L2HP M) <
oo for all p, g (ineluding ¢ = 0). In this ease in fact L2OQ(M) = {0}. But if E is a positive
Iinvariant holomorphic line bundle, then the Kodaira imbedding theorem [Ko| and the
Atiyah index theorem [A] imply that dimp L2O(M, E*) > 0 for large k; in particular,
this again gives the result of [Nal: the space of all holomorphic sections of E* is infinite-
dimensional in the usunl sense,

3) Theorems 0.2-0.4 remain valid if we replace holomorphic functions by holomor-

phic (p,0)-forms. More generally all Theorems 0.1-0.4 are true for sections of arbitrary
holomorphic vector T'-bundles over M.
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4} Theorems 0.1- 0.4 ean be extended to the case when M is strongly pseudoconvex
but with possibly non-smooth boundary 1.e. we ean drop the requirement dp # 0 on bM in
(0.1) but require instend that the Levi form (0.3) is positive for all = € bM and all w # 0,
w e C".

3) Let us assume that the Levi form {0.3) 15 non-degenerate on T3 (bM ) for all = € bM
and the boundary bM is connected. Note that bM will be automatically connected if
the Levi form has at least one plus at every boundary point and there exists at least
one non-trivial holomorphic function on M (in particular this is true if b is strongly
pseudoconvex). Indeed, J.Kohn and H Rossi [K-R| proved that in this case every CR-
function on M can be extended to a holomorphic function on M. If we assume that bM
1s not connected, this leads to a contradiction if we consider a locally constant CR-function
which equals 1 on one of the connected components of BM and 0 on all others.

Let ¢ be the mumber of negative cigenvalues of the Levi form in T7(5M). Then

dimp LAHY = 2o

and .
dimyp LTAH < ac, g¥r.

This is a generalization to the covering case of the classienl theorems by Andreotti-Grauert
and Andrectti-Norguet (see [A-V], [F-K], [H51), [A-H]).

6) There are analogues of the Theorems 0.1-0.4 for regular coverings of compact
strongly pseudoconvex CR-manifolds. Let N be a strongly psendoconvex CR-manifold
with a free action of a discrete Eroup I such that ¥ = N /T is compact, d.'lml:i N=2F-1.

Assume that k > 3. Let us denote by L HEL(N) and L*HER(N) the L* Kohn-Rossi
cohomologies and reduced cohomologies respectively (see [K-R] for the usual version of
these cohomologies on compact C R-manifolds ), They are defined similarly to the Dolbeault
cohomologies by using the tangent Cauchy-Riemann operator &y instead of @. Then the
following statements are true;

(i) dimp L2HP (M) <o ifl<g< k-2

(1) dimyp L¥HAP® = ae nnd dimp LYHPY! = o0 for all pwith0<p<k

Note that if k = 2 the statement (1) 15 empty and (i) is not true even in the compact
case.,

7) First applications of von Nenmann algebras to constructions of non-trivial spaces of
L’-hu]mnurphit functions or sections of holomorphic vector bundles are due to M. Atiyah
[A] and A.Connes [Co|. J.Roe proved existence of an infinite-dimensional space of I
holomorphic sections of a power E* for o uniformly positive holomorphic line bundle E
over n complete Kihler simply connected manifold of non-positive curvature without any
action of a discrete group (see [R] for further results and references).

1. é-cohomologies of psendoconvex coverings.

1. In this section we will prove Theorem 0.1 and Theorem 0.5. We will start by
extending the Kohn-Morrey estimates ([F-K],[M2]) to our case. We will always assume
that M is pseudoconvex.



First we will consider a general [-invariant analytic situation. Namely let M be a
C™-manifold { possibly with boundary) with a free action of a discrete group I’ such that
M /T is compact. Let E be a (complex) vector [-bundle on M with a l-invariant hermitian
metric in the fibers of E. We shall use I'-invariant Sobolev spaces W* of sections of E
over M. The seale of the Hilbert spaces W* = W*[ M, E) is based on the Hilbert space
L*(M, E) which is taken with respect to a smooth [-invariant measure on M and the given
[-invariant hermitian metric on E over M. Let M be a I-invarant complex neighbourhood
of M. Assume that E and the measure on M are extended to M in a smooth T-invariant
way. For any s € R the space W* = W*(M, E) is a Hilbert space which consists of all
restrictions to M of finite linear combinations of all sections Au where u € L*(M, E) and
A is a properly supported P-invariant pseudodifferential operator of order —s on M (see
e.g. |A] or [51]). The norm in W* is denoted || - ||,.

In particular Minvariant Sobolev spaces W*AP of (p, g)-differential forms on M are
well defined.

Let us consider 0 as the maximal operator in L? and let & be the Hilbert space
adjoint operator. We shall also use the corresponding Laplacian

O= Oy, =80 + 58 on LAPM(M).

We shall denote the domain of any operator A by D{A). Let A2(M) denotes the set of all
C™ forms with compact support on 1.

For any complex 1-form o denote by i(a) the substitution operator ¢(v) of the {com-
plex) vector field v corresponding to the form a with the use of the given hermitian metric,
so i(a) : AP(M) — AP='(M). In particular we shall use i(@p) where 8 : AP# — APTH
appears in the standard decomposition d = 8 + 0 for the de Rham differential d.

The following Lemma gives a description of the operators d*, 0O (as well as their
domains D(8*), D( O)). Let # be the formal adjoint operator to &,

Lemma 1.1. Let us assume that M is strongly pseudoconves.
(i) The operator J* can be obtained as the closure of 8 from the initial domain

(1.1) Do(@") = {whe € AX(M), i(dp)w =0 on bM}) .
(ii) The space Dy(3*) is dense in D{D* )N D(d) in the norm
(ll + 8wl + 1Bwfl3)'?, w e D(8°) N D(D) .

(iii) The operator O = O, , can be oblained as the closure of the operator a8 + 680 from
the nitial domain
Dy(0) = {w | w, 0w, 8w e J‘.'I[H} n LE{M].

(1.2) -0 Wy P
i(dple =0 and #(dp)da =0 on bM} .

(iv) For anyw € D( 0O) daf {we D@ND(@): dee D(F), &"we D)} the following
integral identity holds

(1.3) (Ow,w) = ||} + 18" wll} .
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Remark. The boundary conditions on w in (1.2) are ealled the &-Neumann condi-
tions.

Proof of Lemima 1.1. Assume first that « is a smooth compactly supported form
Le. w € ANM). Then integration by parts formulas for 8 (see e.g. [F-K], [G-H|, [H51],
|Ta]) show that the inclusion w € I} ) is equivalent to the boundary condition i{ {lw = 0.
Tl.u: same is true if instead of inclusion w € A*( M) we only require that w, 6w € A*(M) N
LA (M)

Note that any [-invariant Riemannian metric on M is complete in the following sense.
For any point xg € M and for any r € R the ball of the corresponding geodesic metric
{r e M : dist(zq,2) < r} is relatively compact in M. Using this fact we can construct
Lipschitz cut-off functions of the form a,(x) = A,(dist(xs,z)) on M with the following
properties: a, has values in [0,1] and & compact support on M, the subsets {xr € M :
a.(z) = 1} exhaust M as £ — 0, and sup, . v |da,(z)] = O(c) as e = 0.

For any ferm « € D(8°) N D{J) let us eonsider the form a,w. This form belongs to
D(5*) N D{H) and satisfies the estimates:

19 (aew) = a8 wllo = Ofe)flwllo and
[ a.w) = a.0llo = Oe)|lwllo.

Henee a,w — w, O apw) — ow, and 8*(a,w) — 8w in LA M) as g — 0.

So to prove (i) and (ii) we ean start with w which have compact support in M.
We need to approximate them by smooth forms in appropriate norms. With the help of
partition of unity in the neighbourhood of suppw we can reduce the statements (i) and (i)
to the known Friedrichs results [F| asserting the identity of weak and strong extensions of
differential operators (see also Proposition 1.2.4 in [Hol]).

The statement (iv) follows directly from definitions of O and D{ 0O).

In order to prove (i1i) we will consider the operator [ + 0O It follows from the well
known functional analysis result that the operator (I + 0O)~' exists, is everywhere defined
and bounded (see also [G] and Proposition 1.3.8 in [F-K]).

Let we D Opy) Thenw+ Ow =a € L:J[H]. We choose a sequence {aj} C
AP M) converging to o in Lil'ﬁﬁ} and we set w, = (I + O 'a,. Then w, € D{ O)
and w, — w in L} (M). By the Kohn regularity theorem w, € A" (M) N D( O) (see
Propositions 3.1.4 and 3.1,10 in [F- h|}

The equalities { Ow,w IIE.:J || + IIE"u.r; |# give us the inclusions 8oy € A" (M)N
L2 (M) and &°w; € AP '{Zlff}n

We will use the standard sphttmg of the mmple:-:iﬁed tangent bundle TM&C to (1,0)-
part Ty ol M) { “holomorphic” part) and (0,1 )-part (“antiholomorphic™ part) Ty (M ):
TMaC=TM)aTh,(M).

Here T) o(M) is generated by the vector fields z-, j =1,...,n, and Ty (M) = T\ o(M)

15 generated by the vector fields -2 B jo= 1+...n, nt every point r € M.
Let us denote by V the absolute differentiation related with the d-connection by the
fixed [-invariant hermitian metric in the complexified tangent bundle [A-V]. We will mainly
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use the complex conjugate operator ¥ which is the absolute differentiation related with
the d-connection:

T AP M) — AB(M) ® AP M).
It has the property
Vifwl= fVu+df@w, feC®M), we APYM).
We shall denote by 5,,_1 the operator & restricted to (p, q)-forms, by -E';I' the corre-

sponding adjoint operator (i.e. §* restricted to (p, g + 1)-forms).

Proposition 1.2. Lel us assume that M is strongly psendoconver.
(1) There exists v > 0 such that the following Morrey type estimate holds:

lfg + N wlls + il = Y(IVwlF + lwlig + lelisconn )

we D@ )N D(d,,), ¢>0.

(1.4)

(ii) The domain D(d] )N D(&;). q > 0 is included into WY and there ezists o = 0
such thal

ey 2 < MUVl + Blld + llZsean ) « € D(B; 1) N D(Bpq)-

(ili) The domain D{ Oy), q > 0 is included into W' and there ezists a constant v > 00
such that the Kohn type catimale holds

lell} < 7alll Ow|iE + llli3). w € D Cp,q)-

Proof. Let us fix a [-invariant partition of unity {a.} subordinate to a [invariant
covering of M by contractible neighbourhoods {I7,}. Let ¥y ,, ..., Vy.. be complex vector
fields over U, N M which constitute an orthonormal basis of T, o(M) at each point r €

', N M). Let the forms
@l ... 0" e AU, NM)

constitute the dual orthonormal basis at each point z € U, N M. For any w € AP M) we
have
Gy = Z n,,.uj-jq:r; A T,T‘r and
[H=p
=g

I¥ully = Y & avwi))IE + Ollawsell3).
f.d

For any form aw € AP AT with support in Uy, we have the following local Morrey type
inequalities (see (3.1.20) in [Hol| and also [M1],[M2],[K], |A-V],[F-K])

W lauw )il + lowwlls + Naswlliapuy <

(1.5)
Co(10* (aw)llg + N aww )l + llawwlly).
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It follows from compactness of M /T and from T-invariance of the covering {U, ] that the
constant Cy > 0 in these inequalities ean be chosen independent of v,
summing up these inequalities we obtain the following global Morrey type inequality

19wl + lllla + lllZagaagy < COIE G + 1Bl + lli5), w € AZYM) N D(&").

It follows from Lemma 1.1 (i) that this Morrey inequality is valid for w € D{@)ND{8* ).
Using further Lemma 1.1 (iv) and the Kohn type inequality

||.ﬂ|f,m < Cilllflaoan + ||af||1=|;m:|r f € AM(M),

(see e.g. Theorem 2.4.4 in [F-K]) we obtain the statement (1i).

We suppose further that the T-invariant covering {U.} is included in the bigger I'-
invariant covering {U, }, v, cl,.

Let {n,._} and {a,} be a partitions of the nnity subordinate respectively to coverings
{U.} and {U,}, such that a, = 1 on suppa,.

To prove (iii) we use another inequality of Kohn [K]

lavll} < Callla, Owllf + llawwlif), w € API(AF) N D( Op,q)-

By the same reasons as before the constant Cy in this inequality can be chosen independent
of .

Summing up these inequalities and using Lemma 1.1 (iii) we obtain the statement
(ii). O

Corollary 1.3. If M is strongly pseudoconvez then there ezists a constant 73 > 0 such
that [|wil; < yzllwlle, Ve € Ker Opq, ¢ > 0, where Ker 0= {w |w € D{O), Dw =0}.

Remark. Corollary 1.3 follows from Proposition 1.2 (i1}, Proposition 1.2 (ii) gives
us a weaker statement which is also sufficient for our applications: there exists a constant
11 > 0 such that ||lwll; 2 < 1llwllo. Vo € Ker Opy, g >0,

The advantage of this weaker inequality is that the constant v, in it depends only on
the first two derivatives of the function p defining bM. So the last inequality is valid if we
assume that BM has only C*-smoothness but keep all other assumptions.

Let us formulate the necessary version of the weak Hodge-Kodaira decomposition (see
e.g. [G],|F-K]).

Proposition 1.4. The following orthogonal decomposition holds:

L3AY(M) =Imd @ Ker 0@ Imd* and
Kerd =lmd & Ker O

In particular, we have an isomorphism of Hilberl ['-modules
L*HP(M) = Ker Oy 4
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Proof. From the definition of D O) we have Ker 02 Ker dnKer(d). fwe Ker O
then 0 = ( Ow,w) = [|A]l® + ||@w|?, so w € Ker 8N Ker 8. But Ois self-adjoint, so we
m

have Im O= (Ker O)t. Since I @ LIm & we obtain the required decomposition. O

2. For the proof of Theorem 0.1 we will need the following general statement where
we use notations from the beginning of Section 1.

Proposition 1.5. Let L be a closed ['-invariant subspace in L*( M, E), L ¢ W* for
some £ > 0 and there exisis C' > 0 such that

(1.6) Itelle < Cllulle, u € L.

Then dimp L < oc.

To prove this Proposition we need the following simple statement about estimates of
Sobolev norms on compact manifolds with boundary.

Proposition 1.6. Let X be a compact Riemannian manifold, possibly with a bound-
ary. Let E be a (complez) vector bundle with an hermitian metric over X. Denote by (-,-)
the induced hermitian inner produet in the Hilbert space L*( X, E) of square-integrable sec-
tions of E over X. Denote by W* = W*( X, E) the corresponding Sobolev space of sections
of E over X, ||+ ||, the norm in this space. Let us choose a complete orthonormal system
{¢j; s=1,2,...} in L*(X,E). Then for allz > 0 and & > 0 there ezists an integer N >0
sueh that

lulle < 8]jul|; provided u € W* and (u,¢) =0, j=1,...,N.

Proof. Assuming the opposite we conclude that there exist ¢ > 0 and § > 0 such
that for every N > 0 there exists uy € W* with (uy, ;) =0, j = 1,..., N satisfying
the estimate ||uy]l. < & " |un|lo. Normalizing up we can assume that |juy|le = 1, so the
previous estimate gives [jux|, < 67" for all N. It follows from the Sobolev compactness
theorem that the set {uy| N =1,2,...} is compact in L* = L*(X, E). On the other hand
obviously uy — 0 weakly in L* as N — oco. Therefore |luy|lo — 0 as N — oo which
contradicts to the chosen normalization. O

Proof of Proposition 1.5. Let us choose a D-invariant covering of M by balls
By, k=1,...,m, v € T, so that all the balls have smooth boundary (e.g. have suffi-
ciently small radii). Let us choose a complete orthonormal system {lﬁiﬂ ;j=12..]lm

L*(By, E) for every k = 1,...m. Then {{(v7")*¢}", j =1,2,...} will be an orthonormal
system in vBy (here we identify the element « with the corresponding transformation of
M).

Given the subspace L satisfying the conditions in the Lemma let us define a map

Py:L—I'rec™"
ues {{u, (7)), i =1,2,..., N5 k=1,...,m; y€T}.
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Since dimp L*T & C™¥ = mN < oo the desired result will follow if we prove that Py is
injective for large N. Assume that u € L and Pyu = 0. Using Lemma 1.6 we get then

lullg cm < 8% l0lZ yme k=1, ,m; €T,

where &y — 0 as N — oo and |||, 44, means the norm in the Sobolev space W* over the
ball v By. Summing over all k and + we get

lulls < CP6x Nz

where C; > 0 does not depend on N, This clearly contradicts (1.6) unless e = 0. O

Remark. It is not necessary to require that L is closed in L? in Proposition 1.5, For
any L satisfying (1.6) we can consider its closure L in L?. Then obviously L ¢ W* and
Proposition 1.5 implies that dimp L < oo,

Proof of Theorem 0.1. Propositions 1.2, 1.4 and 1.5 immediately imply Theorem
0.1. O

3. To prove Theorem 0.5 we need a refined version of the Hormander and Andreotti-
Vesentini weighted Lj-estimates ([Ho1],[A-V]).

Let M be a pseudoconvex manifold with a holomorphie action of the discrete group
' such that M /T is compact, and with a [-invariant hermitian metric.

In what follows ¢ will be a I-invariant funetion which is defined in a complex neigh-
bourhood of M, ® € C'(M) and # is strictly plurisubharmonic in a I-invariant neigh-
bourhood of 6M. In this case we will call & an admissible weight function.

For an admissible weight function ® we will define weighted Hilbert spaces L3 API(M)
of (p, ¢}-forms with a finite norm given by

W2 = f“ lef@)Pebdo(z),

where the norm |w(x)| and the volume element du(r) are induced by the given hermitian
metric. The cohomology and reduced cohomology of the corresponding L* Dolbenult
complexes will be dencted L3 HP (M) and L3 HP9( M) respectively.

We will consider the operator d = &, ; = dp = 0, ;4 8s the maximal operator in
LAAP(M). Though it is given by the standard differential expression &, its domain may
depend on @ if @ is unbounded on M. Denote the corresponding adjoint operator by
3; = -E;J:*. We will also use the tnn‘l:apmding thlk::iu.n

Ot = Dpge = dyd + 05 .

Note that the operator @3 differs from @ by 0O-order terms which are expressed in
terms of ¢ and its first derivatives, It t'ulliwn that the domain fo!;]n coincides with D{3*)
provided & £ C* in a neighbourhood of M.

Proposition 1.7. Let M be a pseudonconves manifold with a holomorphic action of
the discrete group I' such that M /T 12 compact, and with a ['-invariant hermitian metric.
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Suppose that an admissible weigh! function © is given which is strictly plurisubharmonic in
a [-invariant neighbourhood U7 of bM. Then for any I'-invariant neighbourhood Uy of bM
with 'y © U7 there ezist positive constants g, by and &) such that the follownng inequalities
hold

1/3(|Wllly + 2/3 (bt — 1) flll?s <

(1.7} ; -
< |10wllfs + | Fawlite + *'-"1f||”||i;*,mrwﬂ

for any ¢ > 0, w e D(&y .6 ) N DDy 00e), q > 0. Here the constant 4 depends only
on M, &y depends only on M and a minimal eigenvalue of id0® on Uy, #; depends only
on M and a mazimal eigenvalue of id9% on M\U,.

Corollary 1.8. Under assumptions of Proposition 1.7 for any w € Ker Oy que, 4>
0, the following inequality holds

1/3|Vwlla + 2/3 (80t — ) [lellie < Ertlwlila, (aryug):

Corollary 1.9. If under assumptions of Proposition 1.7 the function $ is strictly
plurisubharmonic on M, i.e. on a neighbourhood U of M, then for any w & D{ﬂr Sy [

ﬂ'[ﬂ L by g =0, the following inequalily holds
2/3 (8t — yo)lwllfe < (|&elle + |lte)-
In particular this implies vanishing of (non-reduced) L* Dolbeault cohomologies of M :

LEHPY(M) =0, q>0, t>v0/bo.

Proof. We can take 'y such that Uy 5 M and use (1.7), so the estimate follows. The
vanishing of the cohomologies follows from the estimate. O

To prove Proposition 1.7 we shall use the following refined version of Lemma 1.1.

Lemma 1.10. Under assumptions of Proposition 1.7
fl'} M can be exhausied by strongly pseudoconver I'-invariant manifolds Mj, y=1.2,...
(i) Let DL(a3) N DG(D) be a space of all w € LIA*(M) which can be oblained as a weak
limit in LLA®(M) of such forms w; that r...rj-|M,LMJ =0, U_;'IM‘_ € Dy(8"|M;), and for some

constant ¢ independent of
lewsllegian) + || Dowsllng ar;) < e

Then the space Djy(d3) 1 DY(3) belongs to D{83 )N {34 ) and it is dense in this space in
the graph norm ([lw([§ + (| Bwllf + 1T5(13)"3.

Proof. If & € C* M), then the statement (ii) of this Lemma follows from Lemma
1.1{ii}, because in this case the norms |jw|le and ||w||o are equivalent.
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To prove the statement (i) let us denote M/T' = X. It follows from assumptions of
Proposition 1.7 that X is a pseudoconvex manifold with a compact boundary bX = {z €
X: plz) = 0} and there exists a continuous function  which is a well defined funetion on
X, strietly plurisubharmonic in the neighbourhood of X If we suppose that & > 0 and
consider the function pj(z) = eirls) 1 4 ${z), then for sufficiently large j the domains
X; = {r € X : pj{z) < 0} are strongly pseudoconvex subdomains in X and X; exhaust X,
when j — oo, Moreover, for j large enough there exists strongly pseudoconvex covering
M; such that M;/T = X,.

Now to prove the statement (ii) we should modify the proof of Lemma 1.1. Namely,
we can use the classical Friedrichs result [F] only to obtain the density of Dy(8*|M;) in
D(0"|M;). After that by clementary agruments like the ones in [H-I] we can obtain the
density of D (0°)n D3(8) in D(35)N1 D{8s) in the graph norm. To do this we first check
directly from the definitions that

DY (83) N DY(8) C D(83) N D(dy).

To show the density in the graph norm in this inclusion let us consider ¢ € D(83 )N D(ds )
such that ¢ is orthogonal to D3(d3 ) 1 DS(d) in the graph inner product, i.e.

(e + (O, Bw)e + (O3, dau)e =0

for any w € D3(d3) N DG().
We want to show that ¢ = 0. To do this let us find g; € Ll{”j}.j =1,2,...,such
that

‘il'l-'-i, = &a:-ﬂ'j' + &;af.l + 95 -

Clearly

b 2
5“|‘;“|9’:H;,:|;u,p +1 U#H'J”Li“{_,p;l < 0o.

Replacing {g;} by a subsequence we can assume that g; — g in L§ (M) where g € Dy(a3)n
D3(8). Therefore

(¥ ¥le = J.“_fﬂm[{‘?!’rf:}ﬁ‘;{.\l‘,] + {ﬁbnauaiﬂj }1..:,{.'.[,; +{¢Tﬂ.agjh““ﬂ]
= (¥, g)e + (35, 0pg)e + (O, dg)e =0.

Hence ¢ = 0 as required. O

Proof of Proposition 1.7. Let M; be as in Lemma 1.10. We fix on M a [-invariant
partition of unity {a,} subordinate to a [invariant covering of M by the coordinate
neighbourhoods {{/,}. So, for any w € ﬂ"'{MJ]HD{ﬁ';I'IMj] and any ¢ we have inclusions

auw € AP(M;)N D{H;_HMJ} and suppayw C U,
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Using in U, N M; the inequality (3.1.20) from [Hé1] we obtain the following estimate
UEIIE"”W“»W}"L:M )

+EZ: f

LK il
& v, i,

(1.8) l.l'"’z E j 5o 4':'-' = _(aywr i) (G@TTR)e -2 dV

LR 5y, raa,
< 3;"2'[“"-'*&' {ﬂ#‘f-’milur,] + ||f_“3{“r”]|ﬂl{.u,]}
+ olle” ”l-'u"IFl:M,'h]'l

-:""‘{-:.wm-} (\@@r R )dV

I

where p; is a defining funetion for bM; in U, N H,; the constant 4, does not depend on ¢
and j.

In the case p; = ® such inequality was obtained also in [A-V]. The term with p in
(1.8} 15 non-negative due to the psendoconvexity of bM; and the boundary condition for
w. Now using strict plurisubharmonicity of ® in the neighbourhood U of bM, we obtain
for any neighbourhood Uy € U and any w € APY(M ;) N D(8,,,|M;)

-llllrﬂli{—r‘vf Epu}lli” My ) & ﬁufllc"ﬂ‘ u,u";:l{u.nuﬂ
< 3/2(lle™"* Oapw )l Tagary) + lle™** g (v )Fagar,) )+
wolle™Fauelfagag) + -8 lle™* aull g e
where & depends only on M and minimal eigenvalue of i88® on Uy and &, depends only
on M and maximal eigenvalue of 1809 on M\U;.
It follows from compactness of H.H'T and from [-invariance of the neighbourhood

Il and of the covering {U,.}, that the constant g in the last inequalities can be chosen
independent of 1. We shall use also the obvious estimates

lle™** L{auw) — e™"*a, Lw|| 13¢ar;) < Csuplgraday| [le™**w|lLapm;)
where L =3.3:* or ¥V on U,,I"lﬁ?,.
Using these estimates in sununing the above inequalities we obtain the following in-

equalities

1f2“:"“ﬁ.;.r||1;t”” - Eﬂﬂl!_”“""i'fﬂ.ﬁﬂ,}
< 3!2{“:'“51-'||"f,={.|.{11 + ||¢'!iﬂf.w||i-¢u,: + Folle™*wllzaa;)

+ By« tlle™"*wllLaon v

with constants 5y, |!i.|;,. and §; depending only on the corresponding constants 9y, &, 6
and the partition of unity {a.} .
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Inequality (1.7) follows if we take §j — oo and use Lemma 1.10 {ii). O
We shall also use the following statement similar to Proposition 1.5.

Proposition 1.11. Let & be as in the Proposition 1.7 and L be a I-invariant subspace
in LEALY(M), q = 0 such that for ['-invariant neighbourhood Uy < U of bM and for some
consiant v > 0 the following estimate holds

(1.9) ”ﬁﬂ'niii ay T+ H“r'"}_;.;g,” t 'r||'r'-*||i'.l|,l|.{1,.1.',,p w € L.

Then ﬂimr L < oo.

The proof of Proposition 1.11 is a copy of the proof of Proposition 1.5, where instead
of Proposition 1.6 the following Proposition 1.12 must be used.

Proposition 1.12. Let M and & be as in Proposition 1.7. Let By be a geodesic
ball in M with sufficiently small radius, Let {1;} be a complete orthonormal system in
LIAP9(By). Let Ly be a subspace in LAY B) such that for some neighbourhood Uy C U
of BBy and for some 79 = 0 we have

19l 23 ¢y + ll e300y < Wolloll 3B we)-

Then for all & > 0 there exists N > 0 such that

lloll e3¢ merway < 8Vl g3 0my + loll 20 0)

provided w € Lg and (w,¢;) =0, 3 =1,2,... N,

Proof of Theorem 0.5. [t follows from assumptions of Theorem 0.5 that in &
neighbourhood of M there exists a I-invariant function $ € C? which is strictly plurisub-
harmonic in a Minvariant neighbourhood U C U of 8M. We note further that for such
& all the norms ll«lls, t = 0 are equivalent. Hence, Proposition 1.4, Corollary 1.8 and
Proposition 1.11 imply Theorem 0.5. O

2. L* holomorphic functions.

1. We shall use some simple linear algebra and I-Fredholm operators in Hilbert
I-modules. Necessary background and similar arguments can be found in [B] and [52].

Lemma 2.1. Let L be a Hilbert T'-module, L, Ly its Hilbert T-submodules such that
dimp Ly > codimp Ly where codimp Ly means the ['-dimension of the orthogonal comple-
ment of Ly in L. Then Ly N Ly # {0}, Moreover

(2.1) dimyp Ly N Ly > dimp Ly — codimr Ly .

Proof. Denote by L; © L3 the orthogonal complement of Ly M Ly in Ly, Clearly
dimp Ly © L; < codimp Ly. Therefore if (2.1) is not true, then we get

dimp Ly = dimp Ly N Lz + dimp Ly & Ly < dimp Ly N Ly 4 codimp Ly < dimp Ly
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which is a contradiction. O

We will use unbounded I'-Fredholm operators. The corresponding definition slightly

extends the corresponding definition for bounded operators given by M.Breuer [B] (see
also [S2]).

Definition 2.2. Let L;, Ly be Hilbert Mmodules, A : Ly — Ly a closed densely
defined linear operator (with the domain D{A)) which commutes with the action of ' in
Ly and L;. The operator A s called I'- Fredholm if the following conditicns are satisfied:

(1) dimp Ker A < oc;

(ii) there exists a closed I-invariant subspace @ C L; such that @ © Im A and
codimp Q= dimp( Ly & Q) < oo,

Let us also reeall the following definition from [S2]:

Definition 2.3. Let L be a Hilbert I'maodule, @ C L is a Tinvariant subspace (not
necessarily closed). Then

(i) Q is called I'-dense in L if for every ¢ > 0 there exists a [-invariant subspace
e C Q such that §J, is closed in L and codimpQ, < ¢ in L.

(ii) @ is called almost closed if @ is I'-dense in its closure ¢).

If @ is I-dense in L then it is also dense in L in the usual sense i.e, ) = L (see Lemma
1.8 in [S2]). Note also that if T' is trivial (or finite) then @ is ['-dense in L if and only if
@ = L (in particular in this case £ is almost closed if and only if it is closed).

Lemma 2.4. If A: Ly — Ly 1s a I'-Fredholm operator then Im A 15 almost closed.

Proof. This statement can be reduced to the case when A is bounded by replacing
Ly by I A) with the graph norm. Then the statement is due to M.Breuer [B] (see also
Lemma 1.15 in [S2]). O

Lemma 2.5. ([52]) Let L be a Hilbert T'-module, Ly C L and Q C L its T-invariant
subspaces in L such thal Ly is closed and €} is '-dense in L. Then Q N Ly is T-dense
in Ly. More generally, if () 15 almost closed then QN Ly 1 almost closed and ils closure

Corollary 2.8. Let A : Ly — L; be a T'-Fredholm operator, Ly C L4 is a closed
[-invariani subspace such that Ly © Im A. Then Ly N 1m A is ['-dense in L.

Now let us return to the analytic situntion described above. For proving Theorems
0.2 - 0.4 we will have need of the following

Proposition 2.7. Let A be a self-adjoint linear operator in L*(M,E) such that A
commutles with the action of T', INA) C W* where £ > 0 and

(2.2) Iull; < ClllAul® + |lullg), ue D{4).

Then A 1a I'-Fredholm.

Proof. It follows from (2.2) that the estimate (1.6) is satisfied on L = Ker A. There-
fore Proposition 1.5 implies that dimp Ker A < oo,
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Let Ex be the spectral projection of 4 corresponding to the interval (—4§,6). Then
again dimp Im E; < oo by Proposition 1.5. On the other hand

Im{l - Es)=({lmEs}* cImA,

which immediately implies that A is [-Fredholm. O

For the proof of Theorem 0.6 we will need the following

Proposition 2.8, Under assumptions of Proposition 1.7 the operator
Che = 000y + 3@ in LI, AP M), g > 0, ia [-Fredholm for t > v/60.

Proof. It follows from (1.7) that the estimate (1.9) is satisfied on L = Ker O in
Lihf;{ﬂf]., q=>0 for { = ']-u‘-rﬁn with constant v = Ejtlﬂ'minl_lfﬂ-.gf.ﬁ{-mt—-m}}, Therefore,
Proposition 1.9 implies that dimp Ker Cwe < 0. Let Es be a spectral projection of O
corresponding to the interval (=48,8). If & =< 2/3{8¢ — ) then from (1.7) we obtain
the estimate (1.9) for all w € lm Es with the constant 5 = &/ min(1/3,2/3{é — 10) —
4). Hence, by Proposition 1.9 we have dimp Im Es < o0, The inclusion Im (I — E;) =
(Im Es)t € Im O implies that O is T-Fredholm in LI AP9(M), ¢ > 0 for t > /0.
o

2. Now using Propositions 1.2 and 2.7 and 2.8 we will be able to provide the complete
proof of Theorems 0.2 - 0.4, 0.6, 0.7. We shall start with the following elementary

Lemma 2.9, Let U7 be an arbitrary sef, g : [T — C an unbounded function. Then
for any integer N' = 0 the functions g,q°,...,g" are linearly independent modulo bounded
Junetions i.e. if B(I') is the space of all bounded functions on U and

(2.3) e1g +c2g° +... +eng” € B(U),

then ey = ...en =10
Proof. Assuming that (2.3) is fulfilled consider the polynomial

pt)y=cit + et +...ent™, tC,

Then (2.3) implies that this polynomial is bounded along an unbounded sequence of com-
plex values of ¢. Clearly this is only possible if the polynomial p is identically 0. O

Proof of Theorem 0.2. We shall use the notations from the introduction to this
paper.

Let us choose a defining function p of the manifold M (see (0.1)) so that the Levi
form (0.3) is positive for all w € C" — {0} (and not only for w € T (M) = {0}) at all
points = € bM. Using (0.4) we see that Re f(z,2) < 0if r € bM and = € M is sufficiently
close to x. It follows that we can choose a branch of log f(z, z) so that g.(z) = log flz,2)
is a holomorphic function in = € M N, where ['; is a sufficiently small neighbourhood of
r in M. Note that we can (and will} choose U, = vU';.

Let us fix an arbitrary point = € bM. Clearly ¢™ € LA {(MnU) forall m = 1,2,... and
all functions g™ have a peak point at r. Besides all these functions are linearly independent
modulo bounded funetions by Lemma 2.9.
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Let us choose a cut-off function y € C(U) where U7 is a sufficiently small neighbour-
hood of z, s0 that y = 1 in a neighbourhood of 2. We shall identify y with its extension
by 0 to M, so it becomes a function from C*(8). The translation of y by y e M is a
funetion 4*y which is supported in a small neighbourhood of yz: 4" y(z) = .'l:{'l"“] z)

Denote by L the closed [invariant subspace in L?( M) generated by all functions
xgz: m=1,...,N. Clearly

N
(24) L={flf=3 3 cmar(xs®) Y_ lemsl® <o},
L |

+El m=1

where ¢, ., are complex constants. It follows that L has the form LT @ CV, hence
dimg L = .

Let us consider the set of (0,1)-forms (which are smooth on M and have compact
suppaort ):

(2.3) Hxe™); m=1,2,...,N.
They are linearly independent for any integer N > 0. Indeed, assuming that

e1xge) +e2dxad) + endxg¥) =0

with some complex constants ¢,...,ex, we see that

C1X0e + C2X02 + ...+ enXOY

is holomorphic on M and has a compact support, hence it is identically 0, which implies
that ¢; =... = ey = 0 due to Lemma 2.9.

Let Ly be a closed [-invariant subspace in L*A%' (M) generated by the set of forms
(2.5). Then again

N
Li={ujw= E E Em.'!'a'["l"‘{l'ﬂ':}]t zlﬂmnli < oo},

&l m=1

where ¢4 4 are complex constants, and dimp L, = N. Clearly L; ¢ C™A"(M) i.e. all
elements of Ly are O™ forms of type (0.1) on M. Also L; ¢ Im 8, henece Ly  Im O due
to the orthogonal decomposition (1.3).

Now we can apply Proposition 1.2, Proposition 2.7 and Corollary 2.6 to conclude that
Im ON Ly is [-dense in Ly. Hence for any & > 0 there exists a closed I-invariant subspace
1 C Ly such that @, C Im O and dimp @y > N — 4. Solving the equation Ow = a with
a € ) we can assume that w 1| Ker O and in this case the solution w will be unique.
Denote the space of all such solutions by K. Then dimp K = dimp @) > N —é.

Applying 9 to both sides of the equation Dw = a we see that 89°8w = 0, hence
38w = 0 and Hw = 0. Therefore H8*w = a. Also w Eﬂ“"{ﬂr} (ie. w EC“mH}fm
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any such solution w due to the local regularity theorem for the d Neumann problem (see
[F-K]).
Now denote

Q={flfeldf=ac)}.

As we have seen earlier § is injective on L, hence dimp @ = dimp @, > N-46. W f € Q
then we can find a (unique) solution w € K of the equation Ow = a = df and then
h=f—8we L*O(M). All these functions h form a closed Iinvariant subspace H €
LIO( M) with dimp H > N — . Hence dimp L*O(M) = oc. Besides using the [-invariance
of H we see that we can always find a function b € H such that one of the coefficients
eme;m = 1,..., N, in the expansion (2.4} (for the corresponding function f) does not
vanish. The point = will be a local peak point for this funetion. This completes the proof
of Theorem 0.2. O

Proof of Theorem 0.3. We should modify the proof of Theorem 0.2 by another
choice of locally given holomorphic functions with singularities at a point r € bM. Namely,
if f is a holomorphic polynomial from (0.4), then we should use {f~% f-2% .., f~*¥}
with sufficiently large integer k > 0 instead of {log f,...,(log f)¥} as we did in the proof of
Theorem 0.2. It is easy to check that all functions y f~* are in appropriate Sobolev spaces,
Then we should apply Lemma 2.1 to evaluate the I'-dimension of the intersection Ly N Ly
where Ly is the D-invariant subspace generated by all forms 8(yf~*™), m =1,..., N, and
Ly =Imd in L*A™Y(M).

All other arguments are similar to the ones used in the proof of Theorem 0.2, O

Remark. An interesting feature of Theorem 0.3 is that its proof does not use the

regularity results for the &-Neumann problem and so this theorem can be extended to a
number of less regular situations.

Proof of Theorem 0.4. We should apply the arguments given in the proof of Theo-
rem 0.3 to a strongly pseudoconvex [-invariant neighbourhood M of M, find a sufficiently
large space H of holomorphic funetions on M with singularities on the boundary of M and
then take the space L of restrictions of all functions from H to M. Since the restriction
operator is injective the closure of L will have the same I-dimension as H. O

Proof of Theorem 0.6. The statement (ii) can be proved exactly as the statement
of Theorem 0.2, So, if there exists on bM a point of strong psendoconvexity then the
statement (i) is nlso valid. Let us prove (i) without this assumption.

We can suppose, further, that in a neighbourhood of M we have a [-invariant function
& & C? which is strictly plurisubharmonie in a [-invariant neighbourhood U of bM.

Let us fix a sufficiently small ball B in the neighbourhood U such that BnbM # 8,
but vy BnB=0foranyv €T, v# 1. Let y,..., x5 be different points in BN &M and
ay(z),...,ax(z) be cut-off functions from C=(B) such that a, = 1 in a neighbourhood
of 2, and a,, =0 in & neighbourhood of 24, k# m, m=12,... N,

Let us consider the following function

(2.6) ®(z) = AB(x) + Y _ 1" (am(z) - In dist(z, zm ).
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For any sufficiently large A the function & is M-invariant and strietly plumuhhnrmnmc in
n neighbourhood Uy © 7 of bAM. With this choice of & we will have ¥am ¢ L2 [M} for

any ¥y €L, m=12,...,Nand t > dim M,
Denote by L the following closed T-invariant subspace in L*{ M)

L={f]| fz) = )_cmy7 0m(z); }_lemsl* < o0].

a0 my

The subspace L has the form L*T"' @ C" and hence dimyr L = V.
Let Ly be the following closed Iinvariant subspace in LT A"(M) 1 LTA% (M)

= {.'_..,| w € E"-'n.'ra"l"“m{ﬂr Elfn.'rl! < ca}.
T m,

We have again dimp Ly = N. Applying Proposition 1.7, Proposition 2.8 and Corollary 2.6
we conclude that Im 0,4 M Ly is T-dense in L. Hence, for any & > 0 there exists a closed
invariant subspace ¢ C Ly such that @4 C Im O, and dimp @y > N = 6.

Denote @ = {f | JFelL, df=ac 2] Siumsis injective on L we have dimp @ =
dimr @y > N =6, If f € @ then we can find a solution w, w € Lhﬁln*’f-l'mf}. of the
equation & = [,4 w, henee a solution § = ﬂ:iu.' € L3, (M) for the equation 2 f =a =04
Hence the functions h = f — ﬂ'g.: form a closed I-invariant subspace H ¢ L*O(M). It
follows from the construction of ® in the form (2.6) that HﬁLhﬂ[H] = {0}, if t2n
Hence dimp H = dimr @ > N — § and dimp L2O(M) = 00. O

Proofl of Theorem 0.7. The proof of this Theorem does not use I'-dimension theory
and is based only on the Hormander type estimate from Corollary 1.9. The idea of the
construction below goes back to Bombieri [Bo).

Under assumptions of Corollary 1.9 it follows that for any ¢ > 45/8 the equation
83 = a, Oa =0 has a solution with the estimate

1
(2.7) l3e = —m llexf|es.

Since the constant in (2.7) depends only on M and minimal values of 130% on M, this
result is valid for a singular strictly plurisubharmonic function ® of the form (2.6) (see
Bol).

[ ][.-:t us fix points ry,...,zxy on M and complex numbers ¢y,...,cy and find A €
L’ﬂ{H} such that h{z,,) =cm, m=1,..., N. Let ay(z),....anx(z) be cut-off functions
from C(M) such that am = 1 in a neighbourhood of 1, suppam N suppag = B for
m # k and all suppa, are sufficiently small.

We can nssume that @ is continuous on M, Let 'IJB 1ntm-dum a singular strictly
plurisubharmonic function $x of the form (2.6). Let a = _, cmb am(z), where {cm]
are any complex mumbers, We have a € L2 A®' (M) anda = 3 f, where f = ¥ emam(z) €
L*(M).

Applyving (2.7) we can find 7 € .[- A" M) such that 83 = a. The function g is
holomorphic in a neighbourhood of any ?:m] because a = 0 in such a neighbourhood.
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It follows from inclusion 4 € Lhﬂ."ﬂM} that f{rm) =0, m=1,...,N,ift = n
Then h=f— 3 e L*O(M) and h(z,) =, m=1,...,N. O

3. An example.

1. In this section we will give an example which shows that the action of a discrete
group I' in the previous results is important: just bounded geometry with uniformity of
all conditions is not sufficient even for the existence of a single non-trivial holomorphic
L? function. In fact our manifold M will have a free holomorphic action of a solvable
Lie group G such that the quotient 3 /G is the closed interval [=1,1]. Also M will be a
Stein manifold. Its non-compact boundary will be strongly pseudoconvex. Therefore the
uniformity of all the local conditions will be garanteed. The only thing which is missing
is the free action of a discrete (or in fact any unimodular) group with a compact quotient.
In particular the group & itself does not have any discrete cocompact subgroups.

Let B be the unit ball in C*;

B = {(w,wa) € C| |y [* + |waf* < 1.}
We will consider it as a homogeneous complex manifold with the Bergman metric. The
holomorphic automorphisms of B preserve the metric. Qur manifold M will be a subdo-
main in B.
It is more convenient to work with a different representation of the classical domain
B: we prefer to present it as a Siegel domain of the second kind:
1= {(z,22) € C:Il Imzy > |:|E= }.
The isomorphism of B and 1 is given by the formulas:
{_31] wy =2yl + I.]-l., wy = (23 — I:H.E"j + ‘Ir]_l .
The manifold M will be a é-neighbourhood of the hyperplane section Imz; = 0 in the
Bergman metric on {1, for some & > (.
We shall always use the notations z; = r; + iy, 22 = £2 +1yz. Then
Q= {(xy + iy, 22 + iva) w2 > 2] +23.}
The linear automorphisms of {1 are given by the formulas
(3.2) (z1022) = (pzy + & [pf* 22 + ¢ + 2ip=n € +1[€),

where p £ €C, t e R.
Now let us consider a subdomain M in {2 given by

M=M ={(a,a)lyp >+ f_zln
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where 0 < £ < 1. As a limit case we will also use
My =20 {yn =0} = {(z1,22)| 2 > 7} + i, m =0}.

Let us consider a subgroup & of the group of automorphisms of {1 which is given by
the restrictions p = A > 0 and £ € R in (3.2). Clearly this will be n Lie group with
di.maﬂ' = 3. It is easy to see that & consists of all transformations of the form HyT 4,
where A > 0, £t € R, Hy is a “similarity”, T¢; 15 o “translation” given by the formulas

Hylz,22) = (As1 A% 2)y Tealznyz2) = (21 + & 2z +E 4 2056 +iE°).

The presentation of g in the form g = H3Te ¢ is unique. the transformations {Tg ;| €,t € R}
form an abelian subgroup of the Heisenberg group acting on the boundary of 1.

Lemma 3.1. The action of & on () has the following properiies:
{1} This action preserves M and M.
(ii) It is free on M.
(iii} The space of orbils on A is the closed interval [-1,1).

Proof. The proofs of (i) and (i) are straightforward. To prove (iii) we can do the
following., For any point (z;,23) € M (here and below the elosure is always understood in
the Bergman metric), adjusting parameters £,¢, A we can find a (unique) transformation
from & which maps (23, 22) to a point with zy = r; = 0 and y; = 1 L.e. a point of the
form (ir,i). A simple calculation shows that in fact v =y /(y2 — IH. It is easy to see that
the formula for = defines  as a continuous function on M. The range of this function is in
fact |—e,e], where the endpoints —¢ and ¢ correspond to the two connected components
of bM (M N {y < 0} and &M N {y; > 0}) so that & acts transitively on each of these
components. Therefore the map z~'r : M — [~1,1] identifies the space of orbits with
[-1.1]. O

A straightforward calculation shows that M is strongly psendoconvex. (This follows
basically from the fact that the function (x5, ) — (23 4+ ¢~ %y]) is convex.)

Also uniformity of all the metric conditions is obvious because of the free cocompact
action of G as a group of isometries of AL,

2. Here we will prove

Proposition 3.2. There is no nontrivial holomorphic L*-functions on M i.e.
L*O(M) = {0}.

Here L? is understood with respect to the measure dv which corresponds to the re-
striction of the Bergman metrie to M.

We will start with the following

Lemma 3.3. If f € L*O(M) then fly, € L*(My,dvg), where duvy is the volume
element on M corresponding to the restriction of the Bergman metrie to M.

Proof. Let us use the standard elliptic estimate

(=) < Cs ]

|f{z}|idlr[z], r & My,
Bz &)
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where B(x,8) is the ball with the center r and the radius é with respect to the Bergman
metric, and 8 is chosen so that these balls belong to M. Integrating this estimate over My
we arrive to the desired result,

In more detail we can first choose a small & > 0 and integrate over a small ball in My
which gives the estimate

f |f(z)] dval =) < f—'rf |f(=) de(z).
Bix,8)nM; Biz,28)

Then using the bounded geometry property of M we can find a covering of My by the
balls B{x;,8), j = 1,2,..., such that the balls B{x;,25) have bounded multiplicity of
intersections. Summing over all ; we get the estimate

|f(x)Pduolz) € C j; f)Pde(z). T

Al

Proof of Proposition 3.2, Let us recall that the Bergman metric on the unit ball
B c C? has the form

2 i 3 ) )

dw I LTE e tfl.l.l'l-l:f'l:.l;!
ds* =3 E L4 + 4 J .
[.il=l (1= Juy [* = Jura?) “Z_I (1= |un|?— [ur-_nF}*}

The change of variables (3.1) transforms it to the Bergman metrie on 2 which is given by
the formula

(3.3)  ds® = 3(lmzz — |5 *) " (lm za daydy + ;n’:-;d'f-; + %zidzgdfj - %i.d:.dfﬂ.
The eorresponding volume element has the form
dv = (2 — 2 — g} ey deadys.
Taking y; = 0 in (3.3) we get the induced metric on My:
dsi = 3y — o) (yads] + dld.-rg + %rfyg - rydrydys).
The corresponding volume element is

dvy = iﬂ{m — 23y 5 dr drydy; .

Consider the foliation of My by half-planes
H, = My N {2 = a} = {(a,22)|Imz; > |a]*},
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where a € R. The restriction of the metric (3.3) to H, is the Poincaré metric
3 TR P 2
1'[!.!':—1’1 ) (dxy + dyy ),

with the volume element 4
dvg e = iﬂ.l'a = If:l_id.fg-dhr; .

Let f € L*O(M). Denote fy = fIMy = folzi,22) = falry, 22, 12) and fo,. = fol H, =
fola,z2) = folo,zz,12). Then f € L*( My, dry) by Lemma 3.3. Comparing the ex-
pressions of dog and dvg , and applying the Fubini theorem we see that the condition
fo € L3 My, dvg) implies that

Joulyz = a’ }_I'“ € LE{H-I*&'*'II.IJ

for almost all @ € R. Let us consider only values of a which have this property.

Note that for any fixed a we have (g2 —a® 171" — o0 as 23 tends to any finite boundary
point z; € H, (i.e. toapoint z; € Csuch that Im 23 = a?). Therefore f3, € L* (U, dvg . ) in
a neighbourhood U7 of such a point. Note that fy 4 is harmonic with respect to the Poincaré
metric. Again using the standard elliptic estimate for the Laplacian of the Poincaré metric,
wer see that fy .(22) — 0 as =3 tends to any finite boundary point of H,. Sinee f is also
holomorphic it should be identically 0 on H,. (If we map H, biholomorphically to the unit
dise D, then [ will be transformed to a holomorphic function in D such that f vanishes on
the boundary of ) with a possible exeception of one point which is the image of o0c in H,.)
Since this is true for almost all a we see that f|My = 0. It follows that f is identically 0
onM. O

4. Open questions.

Here we give o list of open questions of various difficulty. It is assumed in all questions
that we are in the situation of Theorems 0.1-0.5.

Let M be strongly pseudoconvex.

1. Does there exist a finite number of functions in L*Q({ M) N C{M) which separate
ull points in dM7

2. Assume that -.Iituc M = 2. Does there exist f € LPO(M) N E{H] such that
fiz) # 0 for all x € bM?

3. Is it true that for every CR-function f € L*(bM) N C(bM) (& f = 0) there exists
F e LXO{M) n C(M) such that Flyy = f?
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