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§0. The h-principle for holomorphic maps
Let X and Y be complex analytic manifolds. One says that holomorphic maps X — Y
satisfy the h-principle (h for homotopy, see [Gro]) if every continous map X — Y is

homotopic to a holomorphics map.

0.1. First examples of the h-principle
(2) If either X or Y is contractible (e.g. X = €" or ¥ = ") then the h-principle is trivially
satisfied as every continous map X = Y is homotopic to a constant map.

(b) Let X € @ be a connected open subset with finitely generated fundamental group and
Y =C"=C - [D]. Then every continuous map X — Y is homotopic to a holomorphic map

k

of the form X — n{x—ai}"l for some points a,, ..., 3, in € - X and some integers
=l

ny...., . Notice that we use here the multiplicative group structure in c™.

(6 If = (X) is infinitely generated the above construction does not directly apply. Yet

holomorphic maps X — C* do satisfy the h-principle forall open X € €. In fact this
h-principle remains valid for all open Riemann surfaces X and moreover for all Sigin
manifolds X (see 0.2 for definitions) by a theorem of Arens and Royden [Ar] which
illustrates a special case of the Gravern theorem (see 0.4).

(b") Let ¥ be the punctured disk, Y=D" =[ye Cl0<lyl<1], and X be a bounded
domain in € with finitely generated fundamental group x,(X). Then the scaled products

xHel] I:r. - al}“‘ for small € >0 insure the h-principe for holomorphic maps X — D,
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On the other hand the h-principle may fail if =, (X) is infinitely generated. For example,
if X=D=5 where § is aclosed countable subset in D, then every bounded holomorphic

function on X extends to the disk D 2 X, It follows that there are at most gountably many
homotopy classes of holomorphic maps X — D°, while the homotopy classes of continuous

maps are obviously uncountable.

{c) Let Y € @ be a connected open subset which is not simply connected. Moreover, assume
Y can not be made simply connected by adding a single pointto Y (e.g. weruleout Y=D",
but every domain with non-cyclic L will do).

If_holomorphic maps X — Y satisfy the h-principle then the cohomology H'(X; 2)
vanishes. For example.if X © € then =,(X)=0.

Proof : Since the complement @ — Y contains at least two points, Y is covered
(uniformized) by the hyperbolic plane and so Y admits a (unique) complete metric of
curvature — 1, which is called the hyperbolic metric on Y. Moreover, the point adding
condition shows that Y is not bi-holomorphic to D orto D", It follows that there exists a
closed geodesic say , ¥ in Y for the hyperbolic metric in Y. On the other hand the Schwariz
lemma bounds the length of curves in Y coming from X by holomorphic maps f: X = Y,
length f(C) < const, where C is a closed curve in X and where the constant depends on C
but not on f. Therefore f(C) can not be homotoped to a sufficiently high multiple of the above
geodesic ¥, In fact, no geodesic (in particular no multiple of ¥) can be shortend by a homotopy
as the hyperbolic metric in Y has negative curvature. This clearly contradicts the h-principle
unless every maps of X 1o the circle is contractible, ie. H'(X ; 2) =0. QED.

The first interesting case where the h-principle breaks down is that of X the annulus
Afa,b)=[xe CTla<ixl<b) and Y the complex line with two punciures, Y =€ — {0, 1).

Remark. The failure of the h-prrinciple for maps into Y is a sign of certain holomorphic
rigidity, often called hyperbolicity, of Y. For example if holomorphic maps A(a,b) — Y
violate the h-principle, then the following (holomorphicitly invariant lenght) function lal on

the conjugacy classes @ in x,(Y) is pon-trivial (i.e. bof =0 = ¢ =[id]), lotl = infﬂﬂghfa]'l .
where inf is taken over all (a, b) for which there exists a holomorphic maps Afa, b) = Y
representing .



0.2. Stein manifolds

The following properties of a complex manifold X say in effect, that X has
"sufficiently many" holomorphic maps f: X = €.

Stl. Every two distinct points % and X, in X can be separated by some
holomorphic function f on X, where the separation means ﬁx]]-ﬂxz}. Furthermaore, for

every infinite divergente sequence X; € X there exists an [ such that Em ml”"i]l=“'

0l -

Slz. For every finite or infinite countable discrete subset [::i] C X there exists a
holomorphic function f on X such that f(x, ) = ¢, for prescribed values ¢, e €.

Sty. X is biholomorphic to a complex analytic submanifold in N for some N =N(X).

Proposition-Definition. The conditions St;. St and St; arc equivalent and a manifold
isfying these s called Stein.

About the proof . The implication Stz=.'- St] and SI:1 =D Stl are obvious. The implication
Sty =»5t, is an elemenary exercise. The difficult step St; = St; is due (up to some

technical refinements by Grauert [Gra]l,) to Narasimhan [Na] who bounds N =dim g by
N <2dim X + 1. (This bound was improved in [Fo],, [Scha] and [G-El,).

Example. Let X be an open subset in @". Then linear functions separate points in X. To
get the second partof St, we assume that for each point z in the boundary of X C €@ there

exists a complex hypersurface H in " lying in the complement " — X and containing =
(Notice that such an H always exists for n=1 ; namely H = (z]). One knows, that there is
a holomorphic function F, on T" whose zero set is exactly H (see [G-R]) and then one

easily satisfies the second part of St; with the functions F'II on X C C" In particular,

every domain X € € is Stein.

0.3. Positive forms and convex functions
A real differential 2-form @ on X iscalled positive if @(t,+=1 1) >0 for all non-

zero tangent vectors T on X. Next, a Cz-functinnp:x — R iscalled gtrictly C-convex
or just gonvex if the form dJdp is positive, where d is the exterior differential and J is the
(real) operator on the cotangent bundle corresponding to the multipliction by 4/-1. The



ordinary convexity in R" is called, whenever a confusion is possible, BR-convexity. but we
avoid "plurisubharmonicity” as much as “plurisublinearity”.

Every Stein manifold admits a proper positive convex function, In fact the function lizli®
on @V is obviously convex and proper on every submanifold. The converse also is true but
not so easy.

(.3. A Theorem [Gra], . Ifa complex manifold X admits a proper positive convex function
then X is Stein.

(.3.B. An application. Using this theorem one can show that every real analytic manifold Xﬂ
admits a complexification X 2 X, which is Stein and which is diffeormorphic to the tangent
bundle T(X,). It easily follows that every countable locally finite, finite dimensional

polyhedron P is homotopy equivalent to a Stein manifold X. In fact, by a recent result of
Eliashberg one can find such an X satisfying dimgX =dimP.

0.4. The h-principle of Grauert

If G isacomplex Lic group and X is Stein then holomorphic maps X — G satisfy
the h-principle. that is every continuous map X — G can be made holomorphic by a
homotopy.

This result was proven in [Gra], and then improved and generalized in [Ca],, [Ra], [F-
R], [Fol,, [H-L].
For example, the h-principle of Gravert extends o holomorphic sections of principle
G-fibrations over X. Furthermore, this h-principle remains valid for every associated fibration
whose fibers are G-homogeneous. In particular, one has the h-principle for holomorphics
maps X — Y, where Y is a G-homogeneous space.

0.4.A . The h-principle and Oka's principle

Oka's principle (as interpreted by the author) is an expression of an optimistic expectation
with regard to the validity of the h-principle for holomorphic maps in the situation where the
source manifold is Stein. The above theorem of Grauert as well as more general results proven
in the present paper confirm Oka's principle .

0.4.B. Example
The space Y=C"- (0} is GL_, - homogeneous and so holomorphics maps X — Y

satisfy the h-principle for all Stein manifolds X. If we remove several points from C" then
the resulting Y is not homogeneous any more but the h-principle remains true for n2 2



(compare 0.1.(c)) as we shall see later on. In fact, we shall prove the h-principle for
holomorphic maps X — Y = "= Z forall glgebraic subvarieties Z € C" of codimension
= 2.

0.5, Elliptic spaces ans sprays.

Intuitively, a space Y is e¢lliptic if it contains "sufficently many" -lings that are
holomorphic maps @ — Y. Here is an instance of an elliptic property which insures "many”
maps TV Y.

0.5.A. Spray spaces

Loosely speaking a (N-dimensional) spray s over Y is a holomorphic family of
holomorphic maps s, : €N = Y such that 5 (0) =y forall y e Y. More precisely, we have a
(N-dimensional) vector bundle p: E =+ Y and a holomorphic maps s: E — Y which is the
identity on the zero section Y € E. Thus s= Isr.' Er—r Y] for the fibers E-Y-P'l'[!l"]l
{-EH]. Call s dominating at ¥y & Y if the differential of sr:Ey—rY at De Ey isa
surjection E, — T (Y). A spray is call dominating if it dominates at all pointsy € Y,

0.5.B. Examples
(i) Suppose there are N one parameter groups of bi-holomorphisms of Y denoted

(t,y) = t,ey for (t, y)e CxY and i=1,.., N If the vector fields on Y
corresponding to these groups span the tangent bundle T(Y) then the composed spray
s:Yx TN o Y defined by sly, Leealpd =l o Lo oo Lo Y, dominates everywhere

on Y.

(ii) The above construction provides dominating sprays for the complex Lie groups G (where
one could also use s =exp : T (G) = G) and over the G-homogeneous spaces.

(iii) Here is a more interesting example (compare 0.4.B). Let A © @€" be an algebraic subset

of codimension 2 2 and observe that for every linear maps £: T" = C™! there exists a

non-zero polynomial a on €™, such that £+ al A = 0. Denote by d, a non-zero

constant vector field on @ parallel to the line Ker 2 € @" and observe that the field

d,=ad, preserves Y =" — A and integrates to a one parameter group. It is clear that

there exist finetely many linear maps A, such that the fields d', span the tangent bundle of Y
L

and thus provide a dominating spray over Y=0C" — A,

(ifi) Let Y be an algebraic manifold which is obtained from Cp" by a sequence of blow-
ups along non-singular subvarieties. Sucha Y does not usually carry regular vector fields and



the group of biholomorphisms of Y is trivial. Yet there exist meromorphic fields which
N
provide a dominating sprays: E= @ H ™ v, where H isan gmple line bundle over Y

and m, are (large) positive integers. As in the previous example the construction of s is
purely algebraic (see 3.5) and makes senses over an arbitrary field in place of €.

0.6. Main h-principle.

We prove this in §§ 2 and 4 along with a more general h-principle for glliptic fiber
bundles over X. The idea of the proof is rougly as follows. Cover X by small convex
neighbourhoods H“ and take a collection of holomorphic maps fp : }E“ = Y. These maps

do not have 1o agree on the intersections }Eu N X, and need not define any global map
X = Y. In onder to make the maps fu agree we modify them using our spray s:E— Y. An
individual modification of |‘!_l , called an s-deformation. is determined by a section, say u.u.
of the induced bundle I‘;l{E} =+ X, , and is defined as the composition of the following three

T s
maps, X, — fut[':] —E l, Y . where the middle arrow is the tautological map, By applying
appropriate s-deformations to f, we are able to obtain new local maps, say £, : U, =Y,
which agree on the intersections U|.| N U, and for which the resulting global map

f: X = Y belongs 1o a given homotopy class.

Remark. Our s-deformation process is similar to what is done in the original papers
[Gra], and [Ca] while the arrangement of Up follows an idea in [H-L] and uses a positive

proper convex function on X.

0.7. Essential applications of the h-principle.

With the help of the h-principle one reduces the study of the space Holo (X, Y) to that of
Cont (X, Y) where many topological techniques are available. In particular, the following
wpological property of X becomes very useful.

0.7 A . Lefschetz theorem. Every Stein manifold X has homotopy type of an n-dimensional
polyhedron for n = dimgX = 3dimgX.



sketch of the proof. The index of a critical point of a convex function on X does not
exceed n by an elementary linear algebraic argument. Then the result follows by the Morse
theory applied to a generics proper positive convex function on X.

0.7.A°. Corollary - If Y is k-conncected, that is the homotopy groups .(Y) vanish for
i =k, then the space Holo (X, Y) is (k - n)-connected, provided the h-principle applies.

0.7.A". Example . Take Y=CN-A for an algebraic subset A of dimension m. Then,
obviously, Y is k-connected for k =2N-2m-2. If m <N -2, the h-principle does apply
and so the space Holo (X, Y) is (2N = 2m - 2 — n)-conncecied.

0.7. B. One can take an opposite point of view and regard the h-principle as a ol 10 express
topological information on X in holomorphic terms. For example the h-principle for
holomorphic maps X — €~ provides the following description of the first cohomology group
HY(X ; 2) in terms of the algebra A of holomorphic functions a on X. Denoteby A* C A
the multiplicative subgroup of invertible clements in A and notice that A™ consists of
holomorphic maps a: X = @, The exponential maps exp : A — A® sends A onto the set of
those maps X — @€ which lift to the universal covering © of ©° mappedto C* by
z —» exp z. Hence

A" fexp A= x, (Holo (X, T*)).

If X is Stein, one can substitute "Cont™ for "Holo” and then identify =, with

H(X : 2). Thus
H(X;2)=A" fexp A (*)

This observation is due to Arens and Roiden [Ar] who proved the following version of
(*) for an arbitrary Banach algebra B of functions on a compact space S, such that
S =Spec B. Here Spec B denotes the set of non-zero of homomorphisms B — € and the
equality sign refers to bijectivity of the gvaluation map § — Spec, where each 5 goes to
h:B — € defined by h(b) = b(s).

W
0.7. B'. Theorem . The Cech cohomology of 5§ =Spect B satisfies
W
H! (g 2]=B"fexpB. (**)

Skeich of the proof. If B is generated by finitely many elements, say by bys -...b,, then
these b, : 5 — € gmbed S into C". The embedding property follows from the equality



S=Spec B which also shows that the image of the embedding, say § € @7, admits a
basis of neighbourhoods U =2 § in @©" which are Stein and whose function algebras

approximate B in an appropriate sense.

Thus one deduces (**) from (*) applied to the algebra of holomorphic functions on U,
for all Stein neighbourhoods U of S. Finally, one takes care of infinitely generated algebras
by using a simple limit argument.

0.7 B". The above theorem was generalized by Eidlin [Eid] (also see [Nov]) who gave a

W W
similar formula for H® (S) fTorsion and H®®" (8) (Torsion using holomorphic maps into
GL_, and Gr (T™) for k — = (I first learn about Gravert's theorem from Eidlin in this

W
context), Yet no such formula is known for H'  for i 2 3, (For i=2 one can use maps to
CPF™ ). The difficulty stems from the following

Problem. Does there exist an elliptic space Y which is homotopy equivalent to a given
compact polyhedron ? Here "elliptic” signifies the validity of the h-principle of holomorphic
maps X = Y for all Stein manifolds X.

Example. If we want to take hold of HI(X: Z) we need an elliptic space of homotopy type of
(a finite skeleton of) the Eilenbserg-MacLane space K(2,1). If i is odd,say i=2m -1,
then a promissing candidate is the symmetric product Y, = sk Y, for Y,=0C"-(0].
And large k — ==,

Unfortunately, Y, issingularfor m22 and k22 and we can not prove the desired
ellpticity by our methods.

Remark. It seems one can give a "holomorphic formula® for H by developing a kind of
analytic etale cohomology theory,

On the structure of the paper. Our proof follows the usual route of soft non-linear
analysis where the major problem is to keep track of domains of definitions of various maps
and sections and a uniform control on certain norms of these sections. An abstract language for
this purpose is suggested in [Gro] and a systematic use of that kind of formalism would have
significantly shorten the length of the present exposition. 'We take here less formal approach
and do not state our theorems immediately in the most general form but show how these slowly
develope from several key special cases. On the other hand, we go sometimes into the anatomy
of technical lemmas when we feel this may clarify the matter and be useful for future
applications (such as indicated in 5.4). For a similar reason we discuss in §3 various

8



generalizations and modifications of the idea of ellipticity without proving (or even stating) any
theorem.
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§ 1. Basic properties of s-deformation

From now on we adopt the fiber bundles point of view and we fix our fibration, that is a
holomorphic map h:Z — X. We deal exclusively with vertical sprays s:E — Z, where
each fiber E: of E is mapped by s to a single fiber of Z — X. In other words,

hie) = hip{e)) for all e € E, where p: E = Z denotes the implied projection of the vector
bundle E over Z.

1.1. s-Homotopies and fiber dominating sprays

A point z € Z is called an s-deformation of ze Z if it is contained in the image
s(E,) € Z. Two points z and z' are called s-homotopic. if there exist intermediate points,
SaY Z=2,Z), Zp . Zy ™ z', such that z, . is an s-deformation of z, fori=0,1,....2-1.

1.1.A. Proposition (Compare St, in 0.2). Let fy:X — Z be a holomorphic section,
%} <X j=12... adiscrete subset and let 2 € Z be s-homotopic 10 Ij-ﬁutrj} for

j=1,2,.... If X is Swein, then there exists a holomorphic section f: X — Z homotopic to
fﬂ- such that ﬂﬂj}ﬂz.j for all j.

Proof. The s-homotopy of {zj] o {z'j] can be achieved by a sequence of s-deformations
moving only one point at a time. We denote the result of the k-th move by [zj#}. let j(k)
denote the (single) index for which Zi kel # Zy and assume that j(k) is monotone in
k=0,1,... Suppose we have already constructed a section f_: X — Z such that
flxp =2y , since z;, ., isan s-deformation of z,, there exists (by basic properties of
vector bundles over Stein manifolds, see [G-R] and 1.1. A". below) a section o, of the
bundle p: E = Z restricted to £ (X) C Z, say o, : X -|-.E'.'1.—_ E|t'k|':|l:|. such that

0 500 [x])= 244 for j=jlk],

(ii) axj=0 for j=jlk},

-k

(ii) Iﬂkl|?ixﬂ :

where X, © X some compact subsets exhausting X and Il Il is a fixed norm in the bundle
E— Z

Now we take f,,,=so0, and f= lim f,. QED.

k —ho
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1.1 A" Remark. If the subset [xj} € X is finite, then the above (iii) is redundant. The

only property of vector bundles over X we need in this case is the existence of a holomorphic

section ¢ with prescribed values at the points X

1.1.B. Submersions, vertical bundles and sprays. Let us assume that h: Z = X isa
submersion, that is the differential of h is everywhere surjective. In this case the fibers
h'I{:}C Z are smooth analytic submanifolds in Z forall x € X. A vertical spray s:E = Z
is called fiber dominating if the differential of s at O e EB sends E‘: (or rather T,(E.) onto
the tangent space of the fiberof Z through z forall ze Z For fiber dominating sprays the

s-homotopy obviously reduces to the fiber homotopy. Namely points z and z' are
s-homotopic if and only if they lie in the same connected component of a fiber of Z — X. For

example, if the fibers of Z — X are connected, then by 1.1.A. every section can be
homotoped to anotherone which takes given values on the set [.'f.j} C X. In particular, if

Z=X*Y — X and sections X —+ Z corespond to maps X — Y, one can start with a
constant maps f, and then get a holomorphic map f assuming given values on {::j}.

LLB'. Nomtions VT(Z) and D.(0). The firstis the vemical (or fiber-wise) tangent bundle
of h:Z— X, that is the kemel of the differential of h,

VT(Z) = Ker Dh C T(Z).

The fiber-wise property of s implies that the differential of s on the zero section ZC E
sends EC T(E)| Z o VT(Z) CT(Z). This is denoted by

D =D, =D0):E - VT(Z)

Now the domination condition can be expressed by saying D is surjective.

1.2. Homotopies and s-homotopies over compact subsets.

An s-deformation of a holomorphic section t'u : Xﬁ — £, where Xo CX isa
complex submanifold, is defined asamap f: X, — 2 of the form f =s. a, for some
holomorphic section a,, of the fibration E | f,(X;) over X, = f,(X;) ©Z Then fand f
are called s-homotopic if there exist sections f=£.1,,..., f,=1f, such that £ , isans-
deformation of f for i=0,.. 2-1.

1.2. A. Let X, © X beanopen relatively compact subsets and f and £ holomorphic
sections of Z | :{u Let X, € X be a larger open subset containing the closure of Xg and

13



suppose f and F extend to holomorphic section F and F' of EIJ{! which are homotopic
over X, by a homotopy of holomorphic section of Z 1 X,. Using such homotopy we want to
produce an s-homotopy between fand £ in the case where h: Z — X is a submersion and
the spray s is fiber dominating, that is the differential D =D(0) : E — VT(Z) is a surjective

homomorphism (compare 1.1.B°). To clarify the ideas we start with the following stronger
assumptonon D.

1.2.A" If D isbijective, then f and f arc_s-homotopic.

Proof. Since D is bijective the map s restricted to EI‘ =E | HXQ] is a biholomorphism of
some neighbourhood of the zero section of EI’ onto a neighbourhood of f{}fn] CZ It

obviously follows that the map @ ¥ s.a is a bijection of the space of small holomorphic
sections o of E|f(X; onto a neighbourhood of f in the space of sections X, — Z with the

uniform topology. In other words every small deformation of f is an s-deformation. Now
we prove our assertion by dividing the homotopy between F and F' over X, into

sufficiently small steps which are reducible over X, to s-deformations.

1.2.A". Remark "Division” of a deformation F,, t€ [0, 1], means a division of [0, 1] into
smaller intervals, say into l'i' |-H]. i=1...k Then our s-homotopy is uniquely determined

by sections @, of E restricted to Fqixn]‘-': Z. Ifthe intervals [y . 4] are sufficientdy

small, then o is obtained as the unique small solutions of the equation so ;= F,‘i_'rI over
X
o

Notice that this o, = (F)) depends continously on F,.

1.2. B. Now we turn to the general case, where homomorphism D =D, : E = VT(Z) is
assumed suurjective but not necsessarily bijective.

If X, (containing the closure of X, © X) jsSweinthen f and £ are s-homotopic over
X
0

Proof. The easiest case is where the manifold Z is Stein. Then every surjective
homomorphism over Z admits a right inverse (see [G-R]). In particular, there exisis a
holomorphic homomorphism & : VT{Z) = E (inverting D) such that Do §=1d: VT(Z) ,
and our claim follows form 1.2.A", apllied 1o s restricted to the image of 8.

14



In the general case where X, rather than Z is assumed Stein we still may construct &
over X, =F(X)) € Z Moreover, if F is a homotopy of holomorphic sections over X,
between F and a, we can find (according to the standard theory of Stein manifolds) a
continouous family of holomorphic homomorphism, say E-l :V, = E, where V, denotes
the restriction of the bundle  VT(Z) to X, =F(X)) € Z, ie. V,=VT(2)|F(X,) and
E,= VT(Z) | F(X ), such that D o8, =1d over F(X,) for all t. The existence of §,
implies that every small deformation of f=F X, isan s-deformation and then by dividing
the homotopy F, into small steps as in 1.2.A" we construct the desired s-homotopy between
f and f.

1.2.B' Remark. The essential ingradient of the above discussion is an implicit function theorem
which allows us to pass from surjectivity (or bijectivity) of D, to thatof the map a™ soa
between pertinent spaces of sections. Let us indicate a more general implicit function theorem
of this type for holomorphic fiber preserving maps o : Z — Z between submersions Z — X
and Z — X. We consider holomorphic section f,: X = Z and fﬂ +X = Z, where

f,=00f, and we ask ourselves whether a small perturbation f of f can be covered by a
section T of Z close 1o f,. Here is an answer for Stein manifolds X.

1.2. B", Let X be Stein, the map ¢ asubmersi atively comps
TEKWW%MTQWM

X — Z, guch that every fe 2, can be covered by a holomorphic section £ of Z over Y.
That is T isasection Y — Z, such that oo fy =Y. Morcover, one can choose f
continuously (and even holomorphicly) dependingon & £,

The proof follows from the standard theory of Stein manifolds which show that the map
between the pertinent function spaces induced by @, that is f=f=00 fu is a spbmersion

in an appropriate sense. Then an implicit function argument delivers a section  satisfying
ogofy =flY.

1.3. Composed bundles and sprays. )

Consider holomorphic vector bundles p,:E; =Y and py:E, = E| and let py=p,op,:
E1 = Y. This composed bundle E: = Y does not have any canonical vector bundle
structure (though it can be often given one, see 1.3. A’ below). This remark suggests the
following

15



1.3. A Definition : WMMTMMP E —+Y witha
gutm_d;mmp_nmmn p= PyePye...op, for some vector bundles p, :E, = Y,

Py E, =2 Ep P‘k'Ek'E"Ek.r

1.3. A" If Y is_Stein then every composed bundle E gver Y admits a holomorphic vector
bundle structure.

This follows from the standard Stein theory which, in fact, provides a vector bundle
structure which agrees in a natural way with the partial linear structure in E (this aspect is not
relevant for the moment).

1.3.B. Composed sprays. Consider two sprays over Z, say (E |, p),5)) and (E,. py. 5,)
and define the composed spray (E=E, *E,, p=p, * p,. 5 =5, *3,) as follows.

E= {""t- eg)€ Eyx Eqlsyfes)=p; l’i‘]‘] -

In other words E is the total space of the fibration 3;{E1}—FE1 induced by s, from
pz:Ez—l':.'.

Next we define
Py * Py (e e5) =pyley)

5% 5 (e £5) =5, (e)).

Notice that the fiber E_ is the total space of a vector bundle over a vector space. But E_
is not a vector space although it is (non-canonicaly !) bihclomorphic to one, Thus, in general,
the composed bundle p: E = Z is not a vector bundle. However according to 1.3.A" the
restriction of E to any Stein submanifold Y © Z does carry a structure of a vector bundle. In
fact this bundle is isomorphic to the Whitney sum E, @ Ezi Y, where the implied
isomorphism E, « E, «+ E, @ E, agrees with the partial linear structure and the
decompositionin E, *E, .

1.3. C. Composition of deformation
Let (E®), p™) &™)y denote the composition of k copies of a given spray s over Z.

Then an s-homotopy between sections divided into k s-deformations becomes an
s™)_deformation in a canonical (and obvious) way.
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1.3.D. Let us define the infinite composiiton E™ by embedding each E® 1o E®*1) by the

zero section and then by aking the union E™ = U E""l . This space is similar to the space
k=1

of piece-wise geodesic paths in a Riemannian manifold and our lemma 1.2.B furnishes a
holomophic version of the homotopy lifting (Serre fibration) propenty of p™:E™ = Z over
relatively compagt subsets X, ©X.

COuestion. Let X be Stcin and s dominating (as in 1.2.B) . Does p™ : E™) = Z satisfy the
holomorphic homotopy lifting property over X 7 That is, let t'I :X—=Z,te [0,1], bea
homotopy of holomorphic sections. Are then fﬂ and I'I s-homotopic 7

Woe shall see in 3.5.E. that this question has some points in common with the celebrated
conjecture by Serre (solved by Suslin and Quillen) conceming projective moduli over the rings
of polynomials.

1.4 Runge approximation property.
A fibration E = X iscalled Runge over an open subset U C X, or equivalently U is called

Runge for (section of) E, if every holomorphic section U — E admits an approximate
holomorphic extension to all of X. That is the image of the restriction map Holo (X, E) =

Holo (U, E) has dense image in Holo (U, E) for the topology of uniforme convergence on
compact subsets in 1. Here are some examples.

1.4.A. Classical Runge theorem. An open subset UC € iz Runge for holomorphic
functions if and only if € - U isconnected (see [G-R]).

This generalizes to higher dimensions with the notion of a (globally) €-gonvex subset as
follows.

1.4.A". Runge for convex subsets in Stein manifolds. Let p: X — E be aconvex (see 0.3)
function. Then the (level) subsets X = (xe X|p(x) <t} arc Runge for all vecior bundles

(and hence for composed bundles) over X (see [G-R]).

Another standand fact reads

1.4.B. uxmuwwmwx—mu

X. In fact, if we assume only U is Stein then Rungc for function implies that for sections of a



vector bundle E — X, provided there exist holomorphic sections b : X = E, i=1,...k
which span the fiber E  forall x € U. To see this we view h = (h;..... h) asa
homomaorphism of the trivial bundle of rank k to E. Since h is surjective over U, it admits a
right inverse for U Stein (see [G-R]) and our claim follows. (Notice, that if X is Stein there
exists such a surjective h overall of X, se [G-R]).

1.4.C. h-Runge property. The h-Runge (h for homotopy) property claims that the approximate
extension of sections from U to X 2 U is invariant under homotopies of sections. Namely,
if some holomorphic section fj; over U holomorphicly extends 1o a section f; on X and if
f, can be joined with f;, by a homotopy of holomorphic sections over U, then f; can be
approximated by holomorphic sections f which extends to holomorphic sections f onX and
which can be joined with fu by homotopies of holomorphic sections. Notice that "h-Runge”
is equivalent to "Runge” if the implied fibration is a vector bundle and so any two sections are
homaotopic.

1.4.C. Runge for compact subsets. It is often more convinient to work with gompact rather
then open subsets in X. Given such a subset CC X, a holomorphic section over C {or near

C) refers to a section defined in a (small) neighbourhood U 2 C in X. Two sections are
called glpse if their restrictions to C are close in the uniform topology. With these
preliminaries we can speak of the Runge propenty for C © X. We also speak about h-Runge

for C with the following additional convention : a homotopy of section over (i.e. near) C
refers to sections f defined on fixed (independentof f) neighbourhood U of C and f, is

continuous in t for the usual topology in the space of sections on U (compare 1.5). Notice that
the Runge and the h-Runge properties for an open subset U € X follows from those for

compact subsets C. € X, i=1,..., suchthat | ] C;=U.
k=1

1.4D . Theorem. Let Z— X be a submersion witha spray s:E—Z andlet CC X bega
compact subset which is h-Runge for the composed bundles over X. Then C js h-Runge for
Z, provided one of the following two conditions is satisfied.

(1) Ihe differential D =D(0) of s (arthe zero section) is an isomorphism E — VT(Z)
{compare 1.2.A').

(2) D js surjective (i.e. s is fiber dominating) and C admits an arbitrarily small Stein
neighbourhood U 2 C jon X. (i.e. C admits a basis of Stein neighbourhoods in X).
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Proof. We know in both cases that homotopy of sections over C implies s-homotomy (see
1.2). Namely, if f, is homotopic to f, over C,then f, =s"™oa, where = (a,,.... 0q)
is a section of the composed bundle E™) restricted to f(U) fora small U D C. In case (1)
o depends continuously on the implied homotopy fl by 1.2. A”. Hence o is homotopic to
the zero section (as ft can be deformed to the constant homotopy I'l = fﬂ by sending
[0, 1] = [0, 1 - 7] and by moving t from O to 1), and the h-Runge for E®) over f,(X)
gives us an approximate estension & of @ to X = fy(X). Then the composition s®o @
provides the required approximate extension of f, 10 X,

In case (2) the section @ is notunique (see 1.2.B) but as U is Stein the composed
bundle E®) over fol) admits a vector bundle structure and « is homotopic to the zero

section anyway. Therefore, the h-Runge for E®) over f,(X) implies that for Z. QED.

1.4.D' Example. Let Y be a manifold with a dominating spray, let X be Steinand X, C X
be an open globally ©-gconvex (in the sense of 1.4.A%) subset which also is holomorphicly
contractible (see 2.1). For example, all these conditions are satisfied if X =" and X is
R-convex (ie. convex in the usual sense). Then every holomorphic map f,: X, — Y is
holomorphicly contractible and therefore £, can be approximated by holomorphic maps
extendable to X. Infact, X, is Runge for vector bundles (see 1.4.A") and 50 1.4.D applies.

1.4E Remark. Let us indicate another version of the above argument which avoids composed
bundles. First we notice that the h-Runge property is an approximate version of the homotopy
lifting property for the restriction map

Holo(X, Z) — Holo{OP A, Z),
where @F stands for an "arbitrarily small neighbourhood of”". (compare 1.5.)

A well known and obvious argument allows a localization of lifts as follows. Every path
ft in Holo{®®PA, Z) is divided into (arbitrarily) small pieces by partitioning the interval [0, 1]
into k+1 equal pieces by b= fik, for j=0, ..k, and large k. Then an arbitrarily small
pernurbation of _I’t lifts 1o a path -f-. in Holo(X, Z) by induction on j as follows, We assume
the existence of an approximate lift ?l for te [0, tj]. where ?t |oPA is arbitrarily close to
f, and then we invoke our spray over X = Kj = _ftj{.'!'.'}l. Since the interval [tj - tj+1| is small
and F, |®PA isclose 1o f,, one can lift the homotopy f, for te [, 5] 10

] J

E;=E | X;. Namely, there exists 2 homotopy of sections o, : X; = E; for te [5+ by e
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such that s o, =_f| and where the sections @, are close to the zero section OPA — Ej.
Then the Runge property of E, allows an approximate extension of «, which yields the
inductive step j=2j+ 1.

1.4.E'. Pantial spravs controlled on A. The above argument uses the spray s only over
fIX) € Z for pertinent holomorphic sections f : X — Z. These partial sprays must dominate

Z over ®PA and "the quality of domination” must be uniform as | approaches f on A.In
other words the spray over F(®PA) must be "controlled” by the behaviour of 7 on A in
order to insure the existence of € >0 depending on f, butnoton f , such that the above

b

o, exists over the interval [lj. I+ g] € t. With these provisions one can make the induction
work for k> &L, (We invite the reader to fumish precise definitions and proofs).

1.4.E". On_removing the control condition. It seems plausible that the control condition is
unneeded if one allows base change That is for every Stein manifold X' holomorphicly
mapped into Z one requires the existence of a vector bundle E'— X' and of a dominating

spray E' = Z over X' — Z. This property (for the trivial bundle Z=Xx Y 2 X) is
called Ell, in [Gro] where the Runge property is stated in Exercices (d), (e) and (') on p.72.
As [ fail 1o solve those at the present moment [ would call them gonjectures rather than
exercices.

1.4.F. Lifis of homotopies 10 sprays. One can go around the control problem by using
composed sprays as follows. Consider a holomorphic section F_ : X — Z and a homotopy of

F, over C that is a homotopy of holomorphic sections f :@®C — Z, such that
-fu' Fu| @ PC. We say that _fl can be lifted to a spray over X (compare 1.3.D.) if there
exists a vector bundle E — X and a holomorphic map F:E— Z with the following thres
properties

1. F equals F“I on the zero section HH-KC E

2. ¥ sends fibers of E 1o those of Z.
3. There exists a homotopy of holomorphic sections f,: ®PC — E, suchthat f_ =0

and F e ?l=,fl.

One can slightly generalize this definition by allowing composed bundles E. Or one can
be more restrictive and insist on trivial bundles E = X x €N = X. However these
modifications do not affect our applications where X is a Sigin manifold and one can easily
pass from one class of bundles to another.
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1.4.F. Using the above definition the proof of the h-Runge Theorem can be divided into two
steps.

Step 1. Lifting f, to some E over X. This is accomplished in sections 1.2, and 1.3.
using a selfcomposition of a dominating spray over Z.

Step 2. Descending the h-Runge property from Eto Z This step is completely trivial
but it is useful to have it separated from step 1.

1.5. Cartan pairs.

In what follows we deal with holomorphic functions on a small non-specified
neighbourhood U of a subset A © X, where U may become even smaller in a course of an
argument. Such a small variable neighbourhood is denoted by ®PA C X and dealt with
according to the obvious rules (see P.36 in [Gro]). Sometimes, we speak of functions "near A"
meaning functions on OPA.

1.5.A. Definition. A pair of compact subsets A and B in X is called Cartan, or a C-pair, if
for every holomorphic function ¢ near C= AN B there exist holomorphic functions a near

A and b near B, suchthat (a-b)[@PC=c. We require, moreover, that a and b can be
chosen in a sufficiently canonical manner. Namely if ¢ is a continuous (holomorphic) family

of section then the corresponding a, and b, can be chosen continuous (holomorphic) in . We
also agree to take a=Db =0 whenever ¢ =0. Since every function c is a member of the
family tc for te [0, 1], wecanfind a and b, such that their L_-norms are bounded by that
of c. In fact, we require a and b, such that [lall /@ ®A and [Iblll ®PA  are bounded by
const [ic]l, where the constant depends only on A and B.

1.5.A". Cartan for convex sets. It is well known that convexity of A and B implies Cartan's
property (see [G-R]. We shall need this for globally convex sets (see 1.4.A") of the form
[x € X | p(x) < const) for proper positive convex functions p on X, but Cartan's property

holds even for locally convex subsels (which may be non-Runge).

1.5.B. Consider a trivial fibration E'=X'x C¥N =X for X'=OF(A U B) C X, let
UC E' be aneighbourhood of C=Cx 0 andlet ¢ :U— E' be a fiber preserving
holomorphic map, ie. @(x',z) = (x, W(x,z)) forall (x,z)e UC X'x €N,

1.5.C. Lemma. If (A,B) isa C-pair and ¢ is_sufficiently close 1o the identity map
U= U <€ E, then there exist holomorphic sections «': ®PA — E' and p':
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OPB — E, such that a(C) € U and gea'|OPC=p'|OPC, where the required
closeness of @ to Id dependson U as wellason A, B and N.

Proof. Start with the zero sections u'; near A and ﬂ; near B and define €, near C by
¢, =@ o, ~P,. Now weinvoke definition 1.5.A., write ¢, =a,~b, and set

o =0, - a and ﬂl-ﬂn-h].

Then we define ¢, =@ » &, — B, and observe that the L_-norm of ¢, on ®FC is bounded

by
lle, 1 =lig o (o, —a,) = B, +byll=llp o (e, — ;) - B, +2, ¢, =

llp o (g —ay) + ay =@ o ail <UD =1l il +o Clayll),

where the implied constant in E{IIEiEI} depends on 1IIJ:JI over OPC, When @ is close o Id
the same is true for [:Il"| and D: {on a smaller neighbourhood) and since ||=]||£mmx [l:llwu

can get
lieyll <8yl

for an arbitrarily small §>0 by chosing @ sufficiently close 1o the identity. The same estimate

remains true if we continue the iteration process with ;. @5... and f,, B,.... . Namely
lic;yy =@ e - Bl<Blicl

for a small &, say 8=1%. Therefore @ and B, converge to the required o’ and B’ as

j = 0o, QED.

1.5.C". Control on |l and JIB7l. It is clear from the proof that o' and B’ can be made
arbitrarily small by chosing ¢ sufficiently close to the identity. In other words if @ = Id then
o« and B converge to zero.

1.5.C". Remark. The implicit function argument used in the prrof of 1.5.C. is standard and
similar to Cartan's proof of the multiplicative decomposition lemma stated below.
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1.5.D. Multiplicative decomposition. The classical multiplicative Cartan's lemma claims the C-
property for holomorphic maps into a complex Lie group G. Namely, if c:OPC =G isa
map close to the identity, then there exists a and b defined on @PA and OFB respectively,
such that ab|®®PC = ¢. A slight adjustment of the proof of 1.5.C. provides a similar
decomposition for . Thatis 9 =g, = g, where @, isdefinedon OP(A=x 0)C E' and ¢,
on ®P(B x 0) € E. Notice that the role of G is played here by the (infinite dimensional)

pseudogroup of biholomorphisms of E',

One arrives at another instance of Cartan's lemma if one takes a complex subvariety
X'C E' and takes for G the group of germes of biholomorphisms of @PX' C E fixing
X'

1.6. Gluing sections over Cartan pairs.

Let us return to our submersion Z — X with a dominating spray s: E — Z and let
(A,B,C=AMNB) beaC-pairin X. Consider holomorphic sections o :OPA =Z and
B,:OPB = Z whose restrictions to ®PC are mutally close (this is made more precise
later on) and try to construct s-deformations o of o and B of ﬂ'n which are equal on

OrC,

alOrc=plorc. (%

1.6.A. To make the ideas clear we start with the case where

(i) the bundle E over Z istrivial, say E=Zx @™ 2 Z;

(ii) dim VT (Z) = dim E.
Since s is dominating, the condition (ii) implics

(ii)’ the differential of the spray s:E = Z at the zero section of E is an isomorphism
of E onto the ventical tangent bundle VT (Z) of Z — X.

Next we consider the restrictions of E=Z x C™ 1o uﬁ{ﬂ PAYC Z andto
B,(®p A) and thus get two trivial bundles, say

E, = (OPA )x C™ — OPA = (OPA)
and E,=(OPB)x C™ - OFB = _(OFB)
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We denote by 5 and 5y the restrictions of s to these bundles and observe with (i)' that these
maps sI:E;—rz and sz:E'f—rZ are bijective near their respective zero sections

OPA — E'1 and EIPB—LE;. Now, we invoke our condition of a_ being close to B on

@PC C OPA N OFB, which makes s, and s, closcover ®PC. This means the maps s,
and s, mclm:.nnsmmnnighhuurhuﬂﬂncﬁl?ﬂhmm of C=Cx0C OPCx @™,
We may assume that 5 and s, are biholomorphisms on U and that there exists a smaller
neighbourhood UC U, of CC U, such that

5, (C) € 5, (U) € 5, (U )

(The existence of U just needs 5 and 55 to be close on Un which is achieved by assuming
o, and ﬂﬂ are sufficiently close on @ ®PC). Finally we apply 1.5.C. to the trivial bundle
E'=0PAxB)x C"DOPCx C"D U, andto ¢=5s, ¢5,:U - U, CE, thus

obtaining sections «': OPA —E, CE and p': OPB > E, C E satisfying P'=9 s o
near C. Hence, s,of'=s,0opoa'=35,0 s‘zlaslau'=slna'. which is exactly the
required agreement of @ =5, o' and P =35, ' near C. Q.ED.

1.6.B. Here we still assume E is trivial, E=Z x @™ — Z, but we drop the assumption
dimVT (Z) = dim E. Now, we want to define @ as a solution to the equation

s,eq@=s, on U (**)

Since s is dominating, the maps s, and s, are submersions U -+ Z which are close one
to another as we assume o and |:‘||1__r to be close on ®PC. Therefore the equation (**) is
solvable on a slightly smaller neighbourhood U of CC U, provided U is a Stein manifold

(see 1.2.B".). Then, with such a ¢, the proof goes along as in 1.6.A.

To complete the discussion, we notice that we have a good deal of freedom in choosing
the neighbourhood U, of C=Cx 0C @PCx C™. In particularif OPCC X is Stein

(i.e. if C € X admits an arbitrarily small Stein neighbourhood OPC C X) then one clearly
can choose U also Stein. Thus, the required s-deformations e and P do exist in the case

where E— Z jsirivialand OPC < X s Siein..
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1.6.C. Now we impose no triviality assumption on the bundle E = Z and we try to replace E

hy a trivial bundle over a pertinent pant of the space Z. Namely, we look for trivial bundles
El:.mr.q. x C™ 5 OPA and Ez-arau C™ — @PB and holomorphic

homomorphisms h, : E, = a_ (E)=E |a, (@PA) and h,: E,— B_(E)=E|p, (@FB)

(where we identify OPA =a (OPA) and OPB=p (OPB)), suchthat h; and h, are
surjective over ®PC and h, isclose to h, over OPC in-so-faras a  isclose to B, over
@®C. Let us give a list of conditions which is sufficient for the existence of h, and h,,

(i) ®PC is Stein. In this case there exists surjective homomorphisms of the trivial bundle
OPC x " 10 Ela (OFC) and E|B(OPC) which are mutally close.

(ii) C satisfies the Runge condition (see 1.4.C.) in OPA O C for all vector bundles

over ®PA and the same Runge is satisfied by C < OPB. This allows us to perturbe the
homomorphisms in (i) in order to make them extendible to required homomorphisms h, over

@PA and h, over OPB.

1.6.C". Remark. Notice that in order to make the homomorphisms h, and h, close over
®®PC it is enough to apply the Runge approximation only to one of them, say to h, on OFB.

Thus the Runge requirement for ®®PC C @PA can be relaxed to the following condition on
the bundle E|a (OFA).

(ii) For every xe C and gvery vector e € E gver x there exists a section
g:0PA - E, suchithat gix)=e

It is clear, that this (i)’ together with Runge for OPA 2 O@PC serves as well as (ii).

As soon as we have the homomorphisms h, and h, atour disposal we compose them
with our spray and thus obtain maps s, : @PAx @™ = Z and s, : OPB x C™ — Z which

are submersions near @PC x 0. Futhermore, these submersions are mutually close and by
the discussion in the previous section they deliver the desired s-deformations of o, and B

Let us summarize the discussion in 1.6.A. - L&.C. in the following

1.6.D. Lemma. Let (A.B) be a Cartan pairin X satisfving the above (i) and (i) (or (ii)
mﬂna.d..uf{uhf_mﬂ_m_md Z— X be a submersion with a fiber-wise dominating spray
s. Then any iwo scctions &, : OPA —Z and B, : ©PB — Z which are close over OFC
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can be s-deformed to sections o and B which are equal over ® PC where the required
: . e in the foflowi

1.6.D" Remark. Let us fix some metric in £ and then we can speak of g-close sections over
a given subsetin X for 2 0. Now the above "close” should be understood as “e-close”
where €>0 depends on the following data

(a) The fibrations Z—=X, E=Z andthespray s:E=Z;

(b) the subsets A and B in X;
(c) the behaviour of o, and B, near C. This means for every compact set G of

holomorphic sections of Z over OFPC, thereisan €3> 0 which serves all @ and B, whose
restrictions to @PC are contained in ©, where we stick to the following convention

concerning ©. All sections of G are defined on a fixgd neighbourhood of C and then
"compactness” refers 1o the usual topology in the space of sections on this neighbourhood.

1.6.D". Control on dist (o, ) and dist (B, ﬂn] These distances (over A and B) can be
bounded from above interms of e= dislctun. B,) on compact families of sections over A
and B respectively. Namely, let € be a compact set of holomorphic sections over A. Then
dist, (e, o0 )28 =5(e, A) forall @ e A, where §— 0 for € = 0, and a similar
property holds true for compact sets B of sections over B. Notice that the above & for o
dependson @ butnoton B

1.7. Gluing homotopic sections.
Let us return to the starting point of 1.6, where we have two holomorphic sections a,:

OPA = Z and B, : OPB — Z Now, instead of requiring @ and B are close on OPC,
we assume there exists a homotopy ¢, of holomorphic section over OPC between o |@ec
and B | ®PC . Then we look for holomorphic homotopies o, over OPA and B, over
@PB which bring o to c=a; and B, o p=p,, such that

alorc=ploec (*)
1.7.A. Lemma . Let A,B,Z and the spray s be as in 1.6.D., and let us additionally

assume that C=A N B js h-Runge (see 1.4.C.)in OPB forthe fibration Z over OFB.
Then there exist homotopies o, of o, and B, of B, for which a=a) and P=§,

agree on C, which means the above (*) on OPC.
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Proof. By the h-Runge one can bring ﬂn by a homotopy to a section ﬁ; whose restriction to

OPCC OPB isasclose to o, | @PC as one wishes. Then one can apply 1.6.D. 1o e, and
B, thus obtaining the required o and .

1.7.B. Homotopy remark. Notice that the assumption of the Lemma contain homotopy ¢
between &, =, |OPC and B =P, |®PC, while the conclusion provides homotopies e,
and ﬂt whose restriction to @PC are denoted E:l and Eq.' Since El = El we obtain a
triangle of homotopies in the space of holomorphic sections OPC = Z, see Fig.1.

Fig. 1

This triangle is not apriori contractible. Yet it can be made contractible if one is careful with ¢
and f, and (a generalization of) this contractibility is important for our h-principle. On the
other hand the contractibility discussion can be avoided in many interesting cases as we shall
see presently.

1.7.C. Control on |jel and localization of the spray. Since we do not move o, while
bringing P, |C closeto a, |C, the needed perturbation of ¢ can be assumed arbitrarily
small. In other words we may claim in the conclusion of the lemma that o, is as close to o,

over A as we wish. In fact it is useful at this point to recall that o =35 u;, where
{I-; =(1-1)a forsome section @' of E | ﬂu{EI'FA]. and that our bound applies to ||a’].

In other words this @' can be choosen as small as we wish.

Now, since o' is small we do not need much of our spray s: E — Z in order to define
o =50, In fact, we need s only Jocally in an arbitrarily small neighbourhood of the zero
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section of E| :::n{ PA), and the existence of such a local s is automatic over Stein
neighbourhoods ®PA by the following standard.

1.7.C". Local s a.{mmpmllﬂ }L:I_z—rUh:_t_auhmmnn._ﬂhnmUu
Emmnnd.l:LuU—rE - £ 515 ¢ i E, of
the zero section of the bundle E* = a*(VT(Z)) over U, that is %’T{E}Ium}. and a
holomorphic map s:E, — Z, such that the differential of s on the zero section, say
D : VT{Z) = VT(Z) over o (U), isthe identity homomophism.

Proof. Since U is Stein the identity map VT(Z) = VT(Z) over a (U) € Z extends to a
holomorphic jet of infinite order that is a formal map E* — Z. Instead of proving convergence
we first extend this formal map to some non-holomorphic C™-map s_:E_ — Z. Then, again
using the Stein property of U we take some Hermitian norm [le]| in the bundle E* -+ U of
pegative curvature which means the convexity of the function EHF on E*. Notice that this
function is strictly convex away from the zero section and the decay of convexity is bounded
by a power of |le]l. Then it is clear that the function z % l[s:;: l‘.’:}ll'2 is convex on £ near

ﬂu{U} € Z and strictly convex away from ':'u[m'

Now using this convex function one can easily show that every compact convex subset A
in U= e (U)C Z is contained in some open convex subsetin Z,say Y © Z. As soon as
we know A admits a convex and hence, Stein (see [Gra];) neighbourhood Y in Z the
construction of s is immediate over A. For example one can use the exponential spray of
some affine connection in the Z-fibers N Y. (Affine connections are sections of affine bundles

and so their existence is no problem over Stein manifolds). Finally one can construct s over all
of U by a simple "exhaustion by compact subsets” argument. We leave the details to the reader

as we need our s only over A anyway.

1.7.C" Corollary. If ®®A iz Sicin, then the conclusion of lemma  1.7.A. holds true if we
only assume the existence of a dominating spray for 2| @®B (without any assumptions on

Z over OPA except submersivity).

1.7.D. Remark. As we have seen in 1.4.F. the role of dominating sprays reduces to lifting

homotopies (to some composed sprays). In the present case we need a lift of a specific
homotopy, namely c, over @ PC (see the beginning of 1.7.) to some spray over

®PB O OPC. Granted such a lift, the proof of the above corollary (as well as of 1.7.A.)
goes through with no additional spray condition on Z.
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§2. The h-principle for locally trivial fibrati

Here the h-principle over A © X means the validity of the following property

{*) Every continuous section @PA — Z can be homotoped to a holomorphic section.

Recall that ®PA signifies a small non specified neighbourhood of AC X. When we
start the above homotopy we can change ®P and make it as small (but still open and containing
A) as we wish. Yet, according to our convention, all sections in question (in particular those
constituting our homotopy) must be defined on a fixed OPA C X,

In the following sections we prove the h-principle over X = | J A; where the h-
f=0

principle is casy over A and where the passage from A, to A, = A, U B, is achieved
with the gluing lemma of the previous section. Our argument is similar (but simplier) than that
in [H-L] where the authors give a new proof of the original Gravert Theorem.

2.1. The h-principle over small subsets,

Let Z—+ X be a Jocally frivial fibration. Then a subset UC X is called small if Z is
trivial over U, ie. Z| U is biholomorphic to the trivial fibration, ZIU =Z x U U.

If U is small then the h-principle over U is obviously valid if either U or the fiber
Z, is T-contractible , which means a contracting homotopy of holomorphic selfmapping. For
example @7 is @-contractible as well as every star shaped subset in @,

2.2. The h-principle over tofally real submanifolds.

A smooth submanifold Y € X is called jofally real if the tangent subbundle
T(Y) € T(X) contains no complex line, i.e. T(X) NJT(X)=0. Ifsucha Y is real analytic
and dimgY =dim;X, then the local geometry of Y in X depends only on Y. Namely, there
exists a biholomorphism of a complexification €Y 3 Y into ®®Y € X which is the identity
onY € TY. Therefore, holomorphic maps @PY — Z are in the one-to-one correspondence
with real analytic maps Y — Z.

One knows (see [Ca],) that the h-principle is valid for real analytic maps. In fact, for an
arbitrary submersion Z — X, every continuous section Y — Z can be approximated by real
analytic ones. This yields the holomorphic h-principle over ® PY as real analytic sections
uniquely extend to holomorphic sections over OPY =@Y by the very definition of
IY> Y.
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2.3. Local extension of the h-principle.
A compact subset A, = A in X is called a Jocal extension of A if AI CAUB for

some small compact subset BC X where "small” signifies that the fibration Z in question is
trivial over @PB C X. We say that such an extension is Cartan if (A,B) is a Cartan pair. (see
1.5.) and we recall that convexity of A and B are sufficient the Cartan property.

2.3.A. Local extension Lemma. Let A 3hhallmﬂ.ﬁlmwmnmn.mﬂl"ﬁ - A.
Lﬂ_[l]gjjkﬂ_ZCl:El’B it a di Ating ; !
mummmmmmmmmama CAUB.

Case 1. The fiber Z, is C-contractible ,e.g. Z, =C%

se 2. OPA isahomotopy retractin OPA, and OPC for C=ANB js C-contractible.

2.3.A". Explanation. The extension of the h-principle from A to "’"I refers to the following
property -

gvery continuous section of Z pver ®PA, which is holomorphic over OPA canbe
homotoped to a holomorphic section over OPA,.

In fact, we shall prove below a stronger property, called Runge extension of the h-

pringiple . where the implied homotopy can be made almost constant over A. In particular the
holomorphic section we obtain over A can be assumed as close as we wish to the starting

section over A.

Proof. The dominating spray on Zl obviously induces a fiber dominating spray on £ | ©PB.
Then the homotopy gluing Lemma (see 1.7.A. and 1.7.C".) gives us a pair of sections o, ﬂ'l
which agree on @PC and where «, is close to the original section on A. Thus we obtain the
required sectionon AUB 2D A, QED.

MNotice that the Runge extension of the h-principle, we have just proven, provides an
approximate extension of holomorphic sections from ®®A to @PA,, which is stronger than

the h-Runge property for A © A, as in the former we do not assume beforehand the
existence of any holomorphic section over A,.

30



Waming. One can not extend the h-principle from A to A, using a holomorphic homotopy
moving ®PA, w0 OPA since no such homotopy, in general, exists. In fact if UC X isa

relatively compact open subset, then "almost all” holomorphic self-maps of U are contractible,

2.3.B. A homotopy remark. To clarify the role of our assumptions consider a more general
situation where we want to extend the h-principle from A to "“"1 =AU B assuming the

validity of the h-principle over B, as well as the applicability of the homotopy gluing lemmas

1.7.A. and 1.7.C". The h-principles over A and B provide us with holomorphic sections

@ over O®PA and [}, over ®PB in prescribed homotopy classes. Yet these h-principles do
o

not insure the existence of a holomorphic homotopy between |®PC and ﬂul ®PrC

(needed for the homotopy gluing lemma) though the existence of a homotopy by continuous
section is immediate with our assumptions. The additional conditions in cases 1 and 2 insure

such a homotopy.

Even if we can find the above holomorphic homotopy over ®PC, we can not be sure
that the holomorphic section over ®PA obtained with the gluing lemma is homotopic to the

original continuous section. This problem does not arise however, if the path triangle on Fig. 1

is contractible in the space of continuous sections over ®@PC. For example, this wiangle is
necessarily contractible if O@PC is contractible and the fiber Z_,xe OPC, is simply

connected.

Summing up the above discussion we armve at an extra case where the h-principle does
extend from A w A, =AUB,

Case 3. The fibration Z satisfies the h-principle over B, the fiber Z,, x € OPC, is simply
connected and OPC is C-contractible.

2.3.C.Remark on the role of the spray. According to the discussion in 1.4.F. we do not need
a dominating spray over Z_ for the validity of Lemma 2.3.A. but rather the following Lifting

property. For every holomorphicmap B : ®P B =+ Z  and every homotopy of holomorphic
sections ¢ :OPC— Z  where ¢ -ﬂnllﬂ C, there exists a lift of ¢, to some gpray
F:E=Z, where E— OPB is some holomorphic vector bundle.

2.4. Localizible extension.

Consider a compact subset A € X and say that X is a Jocalizible Cartan extension of
A if for an arbitrary covering A by open subsests Llj, j& J, there exists an increasing

sequence of compact subsets A=A, A, A, .. with the following three properties.
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(1) Localization. A, ,< A, UB, for some compact subset B, which lies in a single
open subset Uj for some j = j(i) € J.

(2) Cantan. The pair (A, B,), i=0,1, ..., is Cartan for an appropriate choice of the
above (small) B

(3) Exhaustion. |J A; = X.
i=1

2.4.A. Lemma. [H-L] Suppose there exists a proper smooth function p: X —+ B whose

zero set equals A and which is strictly convex outside A. Then X is a localizible Cartan
extension of A. Moreover. if p has no critical point outside A, then one can choose the
implied A, and B, with the following additional properties,

(4) ®PA, isahomolopy remmact in OPA, , O OPA, forall i .
(5) ®PC, for C,;=A,N B, is C-contractible forall i.

Proof. Start with the exhaustion of X by the level sets ""1 = p"[ll}. i€ X, t=0, and
observe that all, At are compact convex (see 1.5.A°) for t> 0 and the boundary Eﬁ; is

smooth for the non-critical levels. There obviously exists a perturbations of the sets A; by
diffeomorphisms of X arbitrarily CZ-close to the identity which gives rise to a sequence A,

which satsfies (1), (3) as well as (4) and (5) in the non-critical case. Since C2-small
perturbations do not disturb convexity, these A, can be assumed convex, and then with

(small) convex B, we have the Cartan property by 1.5.A".

A=pl)C X wallof X

(1) The fibers of Z are C-contractible .

(2) The function p has no critical points outside A < X.
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Eroof. Lemma 2.3.A. allows the Runge extension of the h-principle from A, 10 Ay forall
i=0,1,.... This gives us a sequence of holomorphic sections ¢, : ®PA, — Z which converge
(because of Runge) on each "*"i as i — oo, Thus we obtain in the limit the desired holomorphic
section over all of X.

2.5. The h-principle for T™-bundles.
Let Z— X be a locally trivial fibration whose fiber is biholomorphic to €™,

2.5.A. Theorem. Jf X js Sicin then there exists a holomorphic section X — Z.

Erpof. One applies case (1) of 2.3.C." 10 some convex proper function p: X = R, witha
single minimum point A = (a} = p'l{l.‘l}.

2.5.B. Question. Does every T™-bundle over a Stein manifold admit a vector bundle structure?

2.5.C. Example. The simplest non-trivial case of 2.5.A. is that of a flag fibration Z = X
coming from a holomorphic action of the fundamental group I' = :tl{x] on T™, For such a

Z, holomorphic sections X — Z comespond to holomorphic T-equivariant maps of the
universal covering X of X to €™ For example one can take an open Rieman surface for X
{(eg. X=C" =T~ [0)) where T is a free group and there is an abundance of holomorphic
actionsof Con C™ for m 2 2

2.6. Manifolds with totally real souls

Call a compact subset A € X a soul of X if there exists a proper function
p:K—IH+ whmumml{uexlp{ﬂ=ﬂlmuﬂs A and such that p is convex and

has no critical point outside A.

:&Awmzﬂxwwmmﬂm Z,,x e X, admits a

Proof. The h-principle is valid over A by 2.2. and the extension 10 X is achieved with case
2. of 2.3.A.

2.6.B. Examples. (a) Thecircle §'= [xe € | 1x1 = 1] is atotally real soul in ©* = T-{0}.

{b) Every compact real analytic manifold A is a soul in same complexification
X=CA D A.
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(c) Let X be a an open Riemann surface with finitely generated fundamental group and
AC X a l-dimensional subcomplex built of finitely many analytic arks, such that the natural
{inclusion) holomorphism ::I{A} — n,:x} is an isomorphism, It is easy to sea that A isa

soul and one can also show that every submersion Z — X satisfies the h-principle over GPA
(compare 2.2.). Hence, the proof (and the conclusion) of 2.3.E'. applies to X.

2.7. Totally real extensions.
We say that A, 2 A isajoully real extension if A,=AUB, where B is a real

analytic totally real submanifold. In our applications below B is a (topological) ball of
dimension k < dimgX whose boundary sphere lies in A.

Since B is totally real the study of holomorphic sections OFB — Z reduces to that
of real analytic sections B — Z (compare 2.2.). In particular, we have the following obvious
strenghening of the Runge property for an arbitrary submersion Z — X,

27.A. Lemma. Let b, : @PB — Z be continuous section whose restriction 1o O®PC, for

=Annmwwwumwh of b pver ®PB, which can be
chosen arbitrarily closed to the constant homotopy b, = b, over B and such that b, is
holomeorphic over ®PC forall t € (0,1] while b, is holomorphic over all of OFB.

Now, let us use 2.7.A. instead of the h-Runge in the proof of 1.7.A. What we gain is
the control over IBJly as well as llec,. Namely, both homotopies o and B, can be now

assumed closed to @y, and B, In fact, we can even control the norm of the corresponding
section ' of E|By(®@PB) (compare 1.7.C.) and so we do not need much of the spray over
@®B. In fact, we only need a local spray (see 1.7.C.) over B (@PB) C Z as well as over
oy(OPA) © Z. Notice, that one can always choosen ®PB Siein (since B is totally real) and
s0 the existence of local spray is automatic over ﬁ{'[EPI’B} for all submersions Z — X. Thus

we arrive at the following strenghtening of the homotopy gluing lemma (see 1.7.A.) for Cartan
pairs (A,B) where B is totally real.

2.7.B. Lemma. Let Z admit a local spray over @, (OPA) < Z (this is so. for example. it
OPA W{MITCIMJWMMMILMW o, and
ﬂ'; implied by 1.7.A. (1.e. satsfying o loec = ﬁ'l |.|:gp.|:_], which now can be chosen
arbitrarily close to o, and P, respectively forall te [0, 1].
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2.7.B'. Corollary. The h-principle exiends from A to A,. Morcover, every continuous

section  a,: @Fhﬂzwmnmhm_ﬂmﬁﬂwn
arbitrarily close 0 a,, such that a, is holomorphic ever ®®A forall te [0, 1] and a,
holomorphic over GPA,.

2.8. Nicely localizable extensions.

A localizable extension X of A C X (see 2.4.) is called picely localizible if for every
i=0,1,.., either the conditions (4) and (5) in 2.4.A. are satisfied by ( A, A)or A, is

atotally real exrtension of A,

i+1"

It is clear from the previous discussion that the h-principle (Runge) extends from A to
X in the nice case provided the fiber Z , x € X, admits a dominating spray.

2.8.A. Lemma. [H-L] suppose there is g proper smooth function p:X— R asin 244,

thatis p™'(0)=A and p isconvex ouside A.Then X isa nicely localizable extension of
A.

Proof. We assume (as we may) the critical points of p are non-degenerate and there is at most
one critical point x atevery level p™'(t) © X. Then we apply the usual Morse theory in order
to see what happens when we go from a subcritical level A = 110, 1-¢] w A, BCTOsS
the critical point x & p‘ll.’_l}. Then, by the Morse theory, A, . is obtained first, by adding a k-
dimensional disk B to A _ (where k = index) and then by slightly thickening Al—t UB,.
Moreover, due to the convexity of p, the disk B can be assumed totally real and, if we wish,
real analytic. The implied thickening process is of the same nature as going across a non-critical
point and so the localization is possible with the properties (4) and (5). Summing up, we have
Ai+| C A, U B, with the property (4) and (5) of 2.4.A. if Bi contains no critical point of p

and we have the totally real extension otherwise.

2.8.B. Corollary. Ifthe fiber Z for x & X, admits a dominating spray then the h-principle
extends from A 1o X.

Bemark. Notice that the local triviality of Z — X and the domination property are needed only
over X — A,
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2.9. The basic h-principle for Z — X.
Let X Dbe a Swein manifold and Z — X a locally trivial fibration such that the fiber
Z,,x € X, admits a dominating spray (see 0.§.A.). Then holomorphic sections X — Z

SRR LRI | FHAL 18 LY CUHTEITVLICHES SES LTEH] RARILRRI AN, A0 o8 DeUNRUIH I LI pl e LICH

The proof follows from 2.8.B. and the existence of a proper convex function X - R

with a single minimum.

29 A.Remark. Instead of the existence of a dominating spray over El one may require the

validity of the lifting property of 1.4.F. for pairs (B,C) where B is a ball in C" (for
n=dimX) and C is convex subset in B. This is clear with our discussions in 1.4.F. and
1.7.D.

2.9.B.The parametric h-principle. The argument we used to prove the above h-principle can be
applied to continuous families of holomorphic sections. Thus we can obtain the parametric h-

principle (compare p. 16. [Gro]) which says that the inclusion between the spaces of sections
Holo (X, Z) — Cont (X, Z)

is a weak homotopy equivalence. In particular, if two holomorphic sections can be joined by a

homotophy of continuous  sections then there also exists a homotopy of holomorphic sections
between the two. In other words the inclusion Holo — Cont is injective (as well as surjective)

on the sets of the connected components of our spaces.

Notice that there are more delicate situations (see §4 of this paper and p.p. 17,18, and
76 in [Gro]) where parametric considerations enter in a crutial way even when we are only

interested in the non-parametric h-principle.

2.9.B.Extension from analvtic subsets. Let Y € X be a complex subvariety and @ : Y = Z
a holomorphic section. Then we look for a holomorphic extension of @ w X provided we are
given a continuous extension. More generally, let C, C cont (X,Z) consist of sections which

are equal to @ on Y and H, =Holo N C,. Itis easy to see that our basic constructions can
be performed in the subspace Hq: C Holo. This yields the parametric h-principle for H' : the
inclusion. Hy = C, isa weak homotopy equivalence. The same conclusion remains valid for
holomorphic sections X — Z with a prescribed g-th jet along Y. Thus Y satisfies EIL, (see
p.73 in [Gro]) as well as Ell_ in 3.1.
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29.C. Singular spaces. The h-principle over a singular Stein variety can be proven by
repeating our non-singular arguments with minor adjustments. Alternatively, one may use
induction by dimension and assume the validity of the h-principle for Z over the singular locus
of X. Then the remaining extension problem (to all X) essentially concerns only the non-
singular part of X where our original argument goes through.

2.10. Homomorphisms and holomorphic maps of rank > r.
Let us give an application of our h-principle.

2.10.A. Theorem. Let A and B be vector bundles of ranks a and b over an n-

Jimensional (possibly singular) Stein variety of dimension n. If an integer r < min(a,b)
satisfies 2(a—r)(b—r) >dim X then there exists a holomorphic homomorphism h: A —+B
whose rank evervwhere is >r.

Proof. The homomeorphisms of rank >r are sections of a fibration whose fiber Z_ is of the
form Z_=@™-L, where £ € @™ is the varicty of lincar maps €* —»C® of rank <r,
which has codim E =(a=r)(b=r).1f a=b and r=a~-1,then Z zGL.I:I and apart
from this case codim X 22 Hence Z, always admits a dominating spray (see (.5.B.). Next
we observe that £, is k-connected for k=2codimZ -2 and recall that X is homotopy
equivalent to an n-dimensional polyhedran for n = dimu X by Lefschetz theorem (sce

0.7.A.). This insures the existence of a continuoyus homomeorphism of rank > r which can be
made holomorphic according to the h-principle.

2.10.B. Corollary. Every Stein manifold X (now non-singular) of dimension n admits 2

holomorphic map X — € ™ of rank > r, provided
(m=r=1}n=-r)2n.

Proof. Combine the above with the holomorphic h-principle for maps of rank > r (see [G-E]
and p.70 in [Gro]).

§3. Different noti ¢ ellipticif

There are several aprion different notions of "ellipticity” of a complex space Y
reflecting the idea of an abundance of holomorphic maps © — Y and more generally of maps
C™ = Y. Eventually we want to construct "many” maps X — Y, where X is a (possibly
singular) Stein variety. The strongest possible property of this type is expressed by the
following axioms (compare p.73 in [Gro]).
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3.1. Ell_ -spaces.
The Ell_-property of Y refers 1o the h-principle for holomorphic maps f: X = Y

where X is Stein and where the behavior of f is prescribed over certain subsets in X.
Namely, we consider X © X, suchthat X = X  UX_ where xn is an analytic subset is

X and K:] is a compact convex subset (which, as we know, satisfies the Runge

approximation property for functions X — @). We want to formulate now a certain parametric
h-principle for holomorphic maps f : X — Y with agree on X (with centain order r) with a

given holomorphic map f;. - ﬂl“x; =+ Y and which are arbitrarily close on x; 10 some maps
_f; : x; =+ Y. Since we want parameters in the picture, our stanting object is a family rather

than a single map, fu:xx P— Y, where P is finite polyhedran and where fu is x-
holomorphic over ®P(X ) © X. That is, for every fixed p e P, the map f(x, p) is
hilomorphic in x for x running over OPX_ € X. We also assume that for some

subpolyhedron P C P the map “Pn is x-holomorphic on X. That is, for every fixed
p,€ P, themap f(x,p ) is holomorphic over all of X = x.

Finally, we fix an integer r=0, 1, ..., a real number € >0 and we insists there exists
a homotopy _ft:x x P—=Y for te [0, 1] with the following six propertics

(0) The word "homotopy™ means continuous for the implied map X x Px [0, 1] =Y.

(1) The homotopy f, is fixed over P, ic. f(x, p,)=f (% py) for xe X, p,e P
and te [0,1].

(2) The homotopy ,fl is x-holomorphic over GF{]{“} c X ie f,‘[::, p) is
holomorphic in x & F{J{n} forall t and p.

(3) The homotopy ,1"[ is fixed over J{; with order r. That is for every pair (pt) the
two holomorphic maps j'l{::, p) and fnl:x., p) for x & FI; equal on J{n with order r, (If
X and Y are smooth this is equivalent to the equality of jets, I° f(x, pﬂXD =) £ x, pil Xu

Then the definition of the order for singular X and Y reduces to the non-singular case with
local embeddings of X and Y into @").
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(4) The homotopy f, is e-fixed over :-:;_ That is dist [,ftfx, P .fn{:t. p))<e forall

X E I;. pe P and te [0, 1] and some metric Y given beforehand.

(5) The result of the homotopy, the map f, : X xP —Y is x-holomorphic on X.

Let us sum up the above discussion in the following.

3.1.A. Definition. Y is called an Ell_-space if for arbitrary X, J'I:u. P, Pn‘ r, € and _fn
there exists a homotopy satisfying (0)-(5).

3.1.B.Remark on singular spaces ¥. Our extendability condition (3) allows holomorphic
extension of maps from X to X, provided such an extension is possible to OPX C X. If

we had required an unconditional extension we would have ruled out singular spaces Y. In
fact, the existence of holomorphic retraction Y=Y ofan ambient pon-singular space
Yoy ("retraction” means an extension of the identity map Y < Y) is impossible (by an

obvious argument) for the singular subsets Y € Y,
On the other hand I have no example of a singular Ell_-space. The first candidate to look at is

I-EZJ’ZE for the action y»—y of Z, on [ K

3.2. Ellipticity of the spray spaces.

. One of |h.: main results of the Er:s:nl PHEI claims (see 2.9B.) that if Y is a non-

3.2.A.Bemark. If Y isa Stcin manifold then the converse is true.

If Y is Ell_ then there exists a dominating spray s: E— Y.

Proof. Since Y is Stein it admits a holomorphic affine connection. In fact, connections

correspond to sections of an affine bundle over Y and the Stein property allows such section.
Then we recall the gxponential map asscciated to a connection. This map, say s, is defined in

a small neighbourhood of the zero section Y =Y © E=T(Y), say s, : OPY_ — Y, and the
differential of s restricted to E1Y, say D : E = T(Y) is the identity homomorphism.

Now, if Y is Stein then so is (the total space of the bundle) E and by Ell_ (see (3)in
3.1.) there exists a holomorphic map 5: E =+ Y whose differentialon E | Y equals D
Q.E.D.
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3.2.A". Holomorphi ; OECt Ani (compare 3.5.).Let E=Y be
a "suficiently negative” bundle of dimention N large compared to dim Y. For example, if 2
is an ample line bundle over Y then 2% is “sufficiently negative” for large k and one can
take N2 for E if N is large enough. Let us indicate the properties of negative bundles
which we need for our purpose and which are known to be true for E = NA%,

(i) There exists a surjective homomorphism En : E = T(Y).

{ii) Denote by {‘:’:}TDE E the zero section of E and let EFTDE E bean
“infinitely small” neighbourhood of Y as earlier (see 1.5.). Then one can choose the above

surjective &, such that it "extends” to a holomorphic map (local spray) s, :OFY — Y. That
is the differential of s, on EIY, equals &

(iii) There are “many” convex functions p:E— R_ vanishing on Y. In particular, if
Y is compact, there exists a proper convex function p whose zero set equals Y (here,
"convex” means strictly convexon Y - Y ).
Using such a proper convex p and the Ell_-property of Y one can Runge extend s to the
desired spray s : E — X. In fact, one may use essentially the same local extension argument

as in §2, where one should replace the constructions based on sprays by existence theorems
appealing 1o Ell . The details are left to the reader.

3.2.A", Duestion. The above discussion extends to manifolds "|"] ® "I'l. where ‘i": is Stein
and Y, is compact (and necessarily projective in the presence of a "negative” bundle)

moreover, one can generalize futher to holomorphicly convex manifolds Y. The next natural
class of examples where the above may apply is constituted by guasiprojective manifolds and,
more generally, by locally closed submanifolds in P, Yet, it is not at all clear if

EIl_, = (3 a dominating spray)
forgll complex manifolds Y.

3.3. Sprays over maps X — Y.

Consider a holomorphic map f: X =Y and a vector bundle E — X. A holomorphic
map s:E— Y iscalled a spray over X = Y if the restriction of E to the zero section
H:Eﬂ\: E equals f. We say as earlier that s is dominating, if the differential of s restricted

o E| X, is surjective. Notice that we recapture our earlier definition of a dominating spray
E—=Y ifwetake f=Id: Y =X — X and observe that every dominating spray over Y
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induces that over all X — Y. On the other hand, if Y is Ell__ then a slight modification of the

proof of 3.2 A'. provides dominating sprays over all Stein spaces X (now singular ones are
allowed) mapped to Y. Let us generalize this to families of holomorphic maps X — Y.

3.3.A. Sprays over maps X x P = Y. Now we consider continuons x-holomorphic maps
(see 3.1.) and x-holomorphic (in the obvious sense) bundles E — P = X, Then we can speak
of x-holomorphic sprays over (x-holomorphic maps) P x X — Y, Futhermore, these notions
obviously generalize to open subsets U € P = X. Namely one may speak of x-holomeorphic
maps U — Y, x-holomorphic bundles over U eic. (A futher natural generalization refers 1o

holomorphic foliations but we do not consider these in our paper). In fact almost all notions of
complex analysis naturally extend to the x-holomorphic sitvation. In particular one can
define x-Stein spaces U and the Ell_-property of Y for x-holomorphic maps U — Y. Then
one can prove that the ordinary Ell_-propety of Y implies the "x-holomorphic Ell _". (This is
nearly obvious as Ell_ refers o families of maps X =Y in both cases).

3.3.B. Parameiric lifting property. (Compare 1.4.F.). Consider an x-holomorphic map
F,:Xx P— Y and a homotopy of F_ over a compact subset CC X, say f : OPCxP

=Y for f =F, [(@PC) x P. Next take an x-holomorphic spray of over F, thatisa
fibration E —1:{# P and an x-holomorphic map F: E— Y which extends Fu on the zero
section X x PC E. Then a homotopy of x-holomorphic sections, Fl:ﬂll"t x P E is
called a lift of f,if f,=0 and Fof =f,

3.3.B'. Proposition. Let Ybe EIN_, X be Stein and CC X be a compact convex
(seel.5.A") subset, Then the above lift is possible forall F, and f, where the implied E
and ¥ depend on F, and f

Since we do not use this proposition in future we omit the proof (which is trivial though
tedious). What is more interesting for us is the converse 1o 3.3.B".

i

3.3.C. Theorem. The existence of the above E, ¥ and f, forall X,P,C,F, and f,
mJﬂEﬂhiE'l -propenty for Y. In fact to insyre Ell muﬂuhumnamix

for quite special X, C and P. Namely for the unit open ball B jn C°, for all
n=1,2,.., for B-convex sybsets C< B=X and for P (homeomorphic to) the unit
MJBR'"JELI m=0, 1, 2,..

Proof . The non parameiric case has been discussed in 2,.9.A. and parameters bring no
complication.
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3.3.C". Corollary. Consider a locally trivial holomorphic fibration Y, =Y, with Ell , -
fibers. Then (El_, for Y,) e (Ell , for ¥, ).

Proof. Since the fibers are Ell_ the fibration itself is Ell, over every Stein manifold X
mapped to Y,. With this one easily sces the implication "¢=" (compare B on p. 73. in [Gro]).

Mow, we prove "=s" by observing that the lifting property required in 3.3.C. descends from
Y, oY, as pertinent homotopies may be (first) lifted from Y, to Y.

3.3.C". Example. If the universal covering. ¥ of Y admits a dominating spray, then Y is
Ell_,

Remarks.(a) Sprays can be obviously lifted from Y to Y but there is no push forward of

sprays. Yet the spray lifting property  can be trivially pushed forward if the underlying Stein
manifold is simply connected and holomorphic maps X =Y liftwo Y.

(b) One does not need 3.3.B". to prove 3.3.C" but 3.3. C. is needed.

3.4. Weaker notions of ellipticity.
We start with the weakest condition, we can imagine

(A) Vanishing of the Kobayashi metric of Y. This is equivalent to the following
propeny.

For every pon-constant  continuous function d: Y — R there exists a holomorphic
map f of the unitdisk D € T to Y, such that the composed map dof:D—= R

satisfies
ldo f(1/2) - do f(0) | > 172,

(B) C- gonnectedness . This means that every two points in Y lies in the image of some
holomorphic map @ = Y.

Obviously, (B) =3 (A) but the implication (A) =* (B) seems to be unknown even for
compact (algebraic) manifolds Y. (Where some holomorphic maps © — Y can be obtained
with Bloch-Brody limit argument).

{C) Sub-Euclidean . This means the existence of a surjective holomorphic map
a:CN =Y forsome N. This is clearly stronger than (B).
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(C" Densly sub-Euclidean . This is a weakening of the above (C) where the map o is
only required to contain an open dense set in the image.

Futher modifications of the definition are obtained by requiring : (i) o is an immersion,
(i) o is a submersion, (iii) the complement Y — o(C") is contained in an analytic subset in
Y of positive codimension. Or one can require that 'Y is covered by the images of several
maps o, :C" =Y.

(D) Bunge spaces . This refers to the Runge property for a class of domains B € &N
For example one may insist that every holomorphic map of the unit ball B € NwyY

extends to all of TV afier an arbitrarily small perturbation.

Again we have obvious implications Ell__ = (D) = (C) = (B) but we do not know

when these arrows can be reversed.

(E) Extension propertics . Parallel to Runge one may require extendability of
holomorphic map A — Y from analytic subvarieties A € @™ toallof €¥ and by varying
the class of admissible subvarieties one arrives at different (7) ellipticity conditions. The most
narrow interesting class is formed by subvarieties A=A U A, where A| and A, are linear

subspaces in C™.

(F) Examples : Smooth hypersurfaces Y of (small) degree d jn. €P™!. If d=1

or 2,then Y is homogeneous and hence Ell_,. The first interesting case is that of cubics. If
n=1 these are elliptic curves which are Ell_, since they are homogencous. If n =2, then Y

is obtained from CP? by blowing up 6 points and hence (see 3.5.D.) is Ell . If

n=dim¥Y =3, then Y is knowen to be unirational (but not rational) and hence, sub-
Euclidean. Probably, this Y is Ell__. On the other hand cubic k-folds for k 2 4 are often

(always?) rational and by local homogeneety (see 3.5.E™.) they are Ell__.

Curves Y of degree 4 is @pP? are far from beeing elliptic. In fact they are hyperbolic.
(i.e. the Kobayashi metricon Y does not degenerate and all holomorphic maps € — Y are
constant) Quartic surfaces in TP} are special K3 surfaces. These can not be covered by
rational curves as they admit a non-zero holomorphic form. Yet some K3 are rationaly
dominated by compex tori @2|2* and these are densly sub-Euclidean by the argument in
3.5. I do not know if some (orall) K3 are Ell_.
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One knows that the hypersurfaces Y of degree d > dim + 2 are of general type and
every holomorphic map f:ﬂ-'n—l-‘l' has rank f <dim Y which makes Y non-Ell_.

If d=dim +1, then every two pointsin Y can be joined by a chain of rational curves
which makes the Kobayashi metric zero. Futhermore, if dim X = 2%, then Y is genericly
unirational (see [Cil] for a sharper result) and, hence, densly sub-Euclidean.

The case d=dim + 2 is similar to that of K3.

The most optimistic conjeciure concerning ellipticity of projective algebraic varieties over
Q€ isasfollows: Y is EIl__ unless there exists a rational dominating map Y — Y' where
Y has general type (i.e. dim Y equals the Kodaira dimension where the case dim Y =0 is

excluded).

3.5. Algebraic ellipticity.

The ellipticity conditions from the previous section (ecxept Runge) can reformulated in
the category of algebraic varieties and regular algebraic map. One also may speak of algebraic
sprays and now we use these to define Ell__. This is motivated by the localization property

3.5.B. and the discussion in 3.2.

3.5.A. Algebraic Ell__. This refers to a dominating algebraic spray E= Y for a vector bundle
E — Y. Itis clear that the algebraic Ell_ implies the analytic one but converse is by no means

true. For example ©% and Abelian varieties are not algebraicly Ell_. In fact, a linear

algebraic group is Ell _ if and only if it is generated by unipotent elements (the proof is casy),

though all groups are analyticly Ell, due o the exponential map. (This discussion suggests a
generalized algebraic Ell , where E is a group scheme over Y).

31.5.B. Localization lemma. If each point vy€Y admits a Zariski peighbourhood UC Y

and aspray s pver U (i.eabundle E—=U with s: E— Y) dominating at v, then Y is
Ell_,.

Proof. One can assume that the implied bundle E — U extends to Y. In fact, by making U
small enough one may have E trivial. One also may assume U=Y - D for an effective divisor
(i.e. a hypersurface) D © Y. Then one considers the line bundle L =L, whose (local)
sections represent function on Y vanishing on D and one observes that the natural
homomorphism h, : E® L' E, i=1,2, .. is isomorphic over U and vanishes with
order i along D. It follows that the composition 5 =50 h:‘ is defined over allof Y and
regular for all sufficiently large 1 thus 5; defines a spray over Y dominating at Y. Thena
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composition of finitely many such 5 corresponding to different points v € Y gives us the
desired dominating spray over Y.

3.5.B". Corollary. If cach point y« Y admitsan Ell_-neighbourhood then ¥ s El_,

358" Ell, for fibrations. Let ¥, — Y be a Zariski locally rrivial fibration. Then one
immediately sees with 3.5.B., that

(Ell, for Y,)=(Ell, for Y) *)

Conversely, let Y and the fibers be Ell_. If the structure group of the fibration can be
mducedo GL_ forsomem.then Y, is Ell_.

Proof. One may assume Y = C" for some n and then invoke the Serre conjecture (solved by
Suslin and Quillen) claiming that all GL_-fibrations over C" are trivial.

Ouestions. Is the above GLm{mdilinn essential 7 Does implication (*) remain valid for gtale
locally trivial fibrations 7 For example, let Y! = Y be a unramified covering map. It is
obvious that 2
(Ell,, for Y)=(Ell,, for Y,) (+)
but the converse is unknown to the author. The most optimistic (and not very realistic)
conjecture here reads : if Y, =Y is a dominant morphism (i.e. the image is Zariski dense in
Y) then
(Ell_, for ‘t’l] = (Ell _, for Y).
From this and the discussion in the next section one could easily derive that a projective
manifoldis Ell_ if and only if (the "only if” is trivial) it is unirational .
Notice that one does not even know if rational projective manifolds are Ell_. On the

other hand there are unirational non-rational affine manifolds of the form C/T" for a linear
algebraic group G and a finite subgroup " in G (see [Bo]).

3.5.C. Removal of subvarieties of codimension = 2. If a Zanski closed subset Yu =Y
hascodim Y =22, then

(Ell,, for V)= (Ell, for Y'=Y-Y,)
Proof. Let s:E— Y be a dominating spray, denote by §' the restriction of s to
E'=E|Y", and let us modify s' in order to eliminate the intersection between s'(E) and
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Tn. According to localization lemma it suffices to make such a modification over each affine
neighbourhood U € Y, suchthat E istrivialover U, ie.E|U=CNx U = U. Since
the manifold X =CNx U isaffine thespray s:X — Y can be brought into general
position _(see 3.5.C". below) with respect to Y by a "small” perturbation, say o:X =Y
of s, such that ﬂ"(‘fn} C CN x U meets every fiber €N x U across a subset of
codimention 2 2. Then by arguing as in (iii) of 0.5.B. we construct a fiber preserving
selfmapping X — X whose image misses l:r"[‘l!’n}. This, selfmapping composed with s

gives us the desired modification of the spray if we take care not to change 5 on the zero
section O0x UC X and keep the new spray dominating at a fixed point Y e U.

3.5.C". Transversality dicussion. Let f : X =Y bearegularmapand Ef — X the bundle
unduced from our E over Y. Then every section X — Ef defines a "deformation” of ¥
which is just a composition of this section with s. If X is affine, then sections of vector

bundles over X enjoy all form of transversality (or general position) properties, and if Y is
Ell__, these descend to similar properties of maps Y — X.

35D. Blow-yp. Call apoint y & Y pegular if there exists a birational equivalence
@ : C"— Y, such that q'.l" is bi-regular on same Zanski neighbourhood of Y. If, moreover,
@ is regular on the complement of some subvariety of codimension 2 2 in C", we say that Y

is Ell-regular . According to 3.5.B. and 3.5.C. the Ell-regularity of the pumta y& Y implies
the Ell__ property of Y. Also notice that regularity implies Ell-regulanty if 'Y is projective.

3.5.D". Example. Let Y be obtained from Q" by blowing up the origin and let P*'C Y
be the projective space which is the blow-up origin of @". All points y e Y — P™! obviously
are Ell-regular, as the blow-upmap o' : @"— Y is a birational equivalence of €" -0 onto
Y- P

Now we recall that Y equals the total space of the canonical line bundle over P™! and
let p:Y — P™! be the implied projection. This bundle is trivial on the complement of each
hyperplane in P™! and therefore each pointin Y has a neighbourhood Y'C Y of the form
Y = p ' (P™! - P"2) which is biregular to €". Notice that the blow-down map
g:Y' =C"%—= C@" s given (in appropriate coordinates) by  (y;, .., ¥, ) »
(¥ ¥ ¥g0 oo ¥y ¥p)-

35D _mllgﬁu.mgulammmﬂn_unn:m:_umﬂmmnT Namelyif Y—oY
mﬁmmys?mummwm_m?m y isEll-regularin

'r
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3.5.C. Blow-up of subvaristies. Fedya Bogomolar explained to me how to prove the following
Proposition. Regularity is stable under blow-ups with non-singular centers.

Proof. One immediately reduces the general case to that of ©" blown-up along a smooth
connected subvariety ZC @" of some dimension m Sn—2. Then one observes that Z
can be moved into €™! < €" = €™ x €* k =m+1-n, by a birational automorphism
of ©" regular at a given point  z & Z. In fact, if the projection of Z to @™*! has
dimension m, then Z can be (obviously) moved to this projection. Now, assuming
Z< €™!c @", we consider the blow-up manifold Y and denoteby o:Y — @" the
blow-down map. Let us construct a neighbourhood Y'Y which is biregularto C" and
on which the map o takes the form (x, y) " (x, yf (x)) where x= £ ST S
y=(y; %) for k=n—m—1 and f is an irmeducible polynomial on C™! whose

zeto set equals Z. First we observe that Z is defined in €" 2 ™! by the equations

(f=0, x_,,=0.,x =0]

and that Y equals the Zariski closure of the graph of the map C° — p* given by (x,..x )
l-l {y“. !"k]" where ¥ = f(x) and S S for i =1, ... k. If we remove the
hypersurface y, =0 from €"x P* weobtain Y'=Y- [y, =0} € €™ defined as follows

Y om (X X Yy o Y | X = Hf)i=1, Lk

It is clear that (X, ... X ys ¥po -0 ¥g) BiVE us the required biregular correspondence
"= Y'.

Let us return to the general case of a smooth Y © @, Then the above construction of
Y" depends on a projection % of Y to a lincar subspace L=L"*! jn @". If we fix a point
y € Y and then take generic (L. x « @ — L), then our Y' will contain y as a regular point,
which concludes the proof of 3.5.C.

3.5.C. Remark. The above argument fails to prove Ell-regularity as birational transformations
moving Y back from L to ©" may (and usually do) have poles. However, Ell-regularity
follows from regularity in the projective case and therefore, we have the following

3.5.C". Proposition. El
g ik sria
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3.5.C". Remark. Itis unclear if all points in a smooth rational(projective) manifold are regular
(and thus Ell-regular in the projective case). It is also unclear if the Ell_-property is a biranonal
invariant of projective manifolds. On the other hand the birational invariance of regularity is
immediate for locally homogeneous manifolds where every two points have isomorphic Zariski
neighbourhoods. For example, every smooth cubic Y € CP™! is locally homogeneous. In
fact Y can be birationally reflected in every point y e Y by mappingeach ye Y tothe
third intersection point of Y with the line (yo¥). If ¥, 15 generc relative to given points y
and y' then this involution is regular on some neighbourhoods of y and v'. Notice that a
similar argument proves local homogeneety of the intersection of two quadrics in  CP™2,

35.D. tﬂmwammfmﬂﬁ If Y=G/H where G is alinear algebraic group which is
generated by unipotent elements, then, clearly, Y is Ell_. In some cases one can even find a
unipotent subgroup U © G whose action on Y has an open orbit, say Uy, € Y. Such an
orbit (clearly) is biregular o €" and, consequently, Y is Ell-regular in these cases.

A large amount of non-homogeneous EIl_-manifolds can be obtained starting from

homogeneous examples and then by blowing-up and removing subvarieties as well as by taking

fiber-bundles. Futhermore if we divide such a manifold by an infinite discrete group of
holomorphic (e.g. algebraic) automorphism we obtain an Ell__-manifold in the holomorphic

category. Thus one obtains nearly all known examples of complex analytic Ell__-manifolds.

3.5.E Rt T I LivlHR I.'l.IJlJ = g

ics. One may expect that Ell_-manifolds Y have

reasonable homotopy theory in the sense of Volodin (see [Vo]). Namely, one defines n-
simplices in Y asregularmaps o:L— Y, where L=L" isan n-dimensional affine
space spanned by  n+1 given points .lﬂ. i "!n in L in general position. The set of all

simplices in Y naturally form a (semi) simplicial complex whose geometric realization,

denoted H(Y), represents the algebraic homotopy type of Y.

If Y comeswithaspray $:E — Y then there is a natural subcomplex
H(Y,s)©  H(Y) consisting of s-contractible simplices, whereamap o:L =Y iscalled
s-contractible if it factors through a map into a fiber of the iterated spray  s*: E*— Y (see
1.3.). For some k = 1, 2, ... . That is there exists a map o:L— F.: c E* for some

k

v e Y, such that s 00 =0.

Example. Let Y=SL_ and s be the spray corrsponding to the unipotent subgroups. Then
every simplex is s-contractible for m2 3 (see [Sus]) and there is a counterexample for m=2.
Namely, Cohn has shown (see[Co]) that the matrix
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L] SLE T [tl'* lﬂ]

[l-t|t= tf

2
= I |.+I,t=
does not decompose into the product of unipotent matices.

Remark. One can also ask the s-contractibility question for holomorphic maps o:C "= Y
(where the spray s:E — Y is assumed dominating) but one does not know the answer in
most (if not in all) interesting cases. For example, one has the following

Problem of Vaserstein. Does every holomorphic map Q" — SL_ decompose into finite
product of holomorphic maps sending €7 into unipotent subgroups in SL._.

3.5.E'. Using simplices o:Xx L= Y inthe spaceof maps X = Y one defines the
homotopy space of maps H(X—Y) as well as the s-part HX = Y, s) T HX = Y)
corresponding to s-deformations and s-homotopies. This definition looks reasonable if X is

an gffine wvariety while in the general case one should localize with respect to some
Grothendieck topology (Zariski, etale etc). Namely, a "map” f:X — Y should be defined by

the following data

(1) A finite coveringof X by U, in the chosen topology.
(2) Arcgularmap f;:U;—Y forall i

(3) An m-simplex of maps for every intersection U, = Uiu n uil n.n U{m‘ that is

a regular map f  :U; L™ = ¥, such that -fIIUI=-f.T for all mult indices 1 and J

representing the faces of the simplices in question, where 1€ J and the inclusion refers to
the faces. For example, if m =1, we have homotopies 'fij: u; N Uj] x LY, for

L=C between _|"|I;.Ii n UJ- and _f'j| u; n U.I' then we have triangles
fa: @0 YN U x L2 Y filling in tripples of homotopies (see Fig. 2 and compare
Fig. 1), etc.
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Fig 2

{The above notions of coverings and intersections can be taken literally only for the Zariski
wopology but not for general Grothendieck topologies).

If X isanaffine variety this localized definition seems to give the same homotopy
type as the non-localized H{X —Y) (or HXX = Y,s) if one is concemed with
s-homotopies), at least if one uses the Zariski opology. This equivalence of the two homotopy
types is somewhat similar to our holomorphic h-principle. A deeper generalization of
this h-principle (as well as of the s-contractibility problem for simplices) should refer to the
relation between the homotopy types of spaces H™(X = Y) (or H*(X — Y, 5)) and maps
™ = Y, where H®™ denotes the space of "maps” localized in the gtale topology and X
and Y*' denote the Ceeh-Grothendieck complexes (nerves) of X and Y for the etale

COoverings.

§4. The h-principle for submersions.

We shall see in this section that the gluing lemmas over C-pairs (see 1.7, ) fit into the
framework of continuous sheaves in [Gro]. This allows us to extend our holomorphic h-
principle to non locally trivial submersions with fiber dominating sprays.

4.1. C-fibrations.

Consider topological spaces @, B, T and continuousmaps 8 = G and B = G.
Let & C QG x%B denote the product over T that is the set of the pairs (a, b) , such that the
imagesof a and b in © , denoted a and b, satisfy a = b. Then the path product of @
and B over © thatisthe space & ={a,b;p) forall (a, b)e & x B andall paths p
in © joining a and b, and we observe that & is naturally embedded into B°,
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4.1.A. Definition. The diagram €@ —+ G « B is called a C-fibration (C for Cartan) if the
inclusion & € 8" is a weak homotopy equivalence, that is the relative homotopy groups

%(8°, B) vanish for i=0,1,....

41.B.Example. If & —+ T is a Serre fibration then, obviously G -0 « B isa
C-fibration.

4.2, Continyous sheaves. Recall that a topological presheaf 4 over a wpological space X isa
contravariant functor from the category of open subsets and the inclusion maps in X 1o the
category of topological spaces . A presheaf @ is called a sheaf if it satisfies an axiom which
mimics property (*) in the following.

4.2 A. Basic Example. Let Z = X be a fibration. Assign to each open set U € X the space
of sections U — Z , call it ®(U), and assign to each inclusion 1:U; € U, the restriction
map on sections (1) : B(U,) = (U,), for &N (D=f1U, forall fe ®(U,) . This is

clearly a presheaf which satisfy the following (sheaf) localization property, for coverings of
UC X by smaller open subsets Up cu,

(*) If a collection of sections Eu € 'II-"{U“} satisfy ful Ull nu,=f, | TJ“ N U, for all pairs
of the covering sets I.I“ then there exists a unique fe @(U), such that f| l_Iu= f“ ;

4.2.B. It is convenient to define @A) for closed subsets A € X by setting ${A) = H{OPA)
for an "arbitrarily small” neighbourhood OPA C X of A (compare 1.5). In other words
@(A) is the direct limit of the spaces @©(U) over the neighbourhoods U = A . Since the
topological structure behaves rather badly in direct limits one equips @(A) with a guasi-
topology which allows one to speak of continvous maps P — @(A) that are continuous
families of sections fp e O(OPA) (see p.3.6. in [Gro]).

4.2.C. Cartan pairs. A pair of compact subsets A and B is called Cartan relative to a given
sheal @ over X if the diagram
D(A) = DA N B) — D(B)

is a C-fibration.

4.2.C". Example. The old Cartan property (in the sense of 1.5, ) immediately implies the new
one relative to (the sheaf of) holomorphic functions on X . Moreover, this and the parametric
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h-Runge for A N B € B imply Canan propernty for holomorphic sections of a submersions Z
over X, provided Z admits a dominating spray. This is a reformulation of 1.7.A.

—p
4.2.D. Consider a string of subsets A = mﬂ,....ﬁ.m] in X and let .#LI LJior 1= {in.....ik}l

denote the intersections A, N..N Aii_Tht.n for a given sheaf @ over X we denote by
o

-5
D[ A) the space of the collections of maps EI 11 I-th{ht ), where |11 denotes a geometric
realization of the k-simplex spanned by (i.....i,) . such that for all 1J1< 111 the restriction
f, 3131 = @, equals ®(Incl(U; € Uy)) e f; (compare 3.5.E.).

Example. If m=1 this @ is the same thingas 8" in 4.1,

4.2.D'. Carian property for {hn. H.m]. This is defined by induction on m starting from
m =1 where we use definition 4.2.C. Then (A, ..., A ) is called Cartan for m 2 2 if the
sequences A'= (A, ., A_Jand AT =(A_NA A NA,. A NA_) arc
Cartan and the pair (A, UA U..UA_ A} is Cartan. Notice that this definition depends
on the ordering of "“H' and that it extends to infinite sequences Aﬂ. Al, v A o where the
Cartan propenty by definition means Canan for (A,...A) forall m= 1,2....

4.2.D". Proposition. (Compare p.76 in [Gro]. If A= (Ag-wAy) is Cartan then the natural
embeding of ®_=®A UA U.UA ) w0 @ {._ﬂ:] is 8 weak homotopy equivalence.

LY =} L
Proof. First we observe that @ ( A) equals the path product (see 4.1. ) of @ (A') and
D(A,) over ®'(A™). Then we look at the diagram

P = ""'"2-1
n n D(A,)

@ (A - o'
where

@ =OAUUA_ ), 00 =B NAUUA
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and where the (vertical) inclusions are w.h.e. by induction on m . Since ®_ equals the fiber
product of ':'m-l and (A _) over lb:_l and this is w.h. equivalent to the path product, the

. —
desired w.h.e. property of the inclusion @ — @ (A) follows from the obvious homotopy

invariance of path products.

4.3. The deformation space £ (A).

m
For every finite covering of a compact subset A € X, say A =| JA;, we
i=l

consider the above space @ = m'mﬂ, - A ) associated to this covering and denote by
@"(A) the direct limit of these spaces @" over all such coverings. Using 4.2.D". we have,

43.A. Lemma. If A admi e e Carts
D(A) - D (A) isa weak homotopy equivalence,

4.3.B. Example. Let @ be the sheaf of holomorphic section of a submersion Z — X . Then

the space m'm is weakly homotopy equivalent to the space of conlinyous sections
©®PA — Z. To see this we denote by @ the sheaf of continuous sections of Z and observe

that the embedding o :-:nnm: — m;m: (obviously) is a w.h.e. (one way to see it is to use

4.3.A. and observe that all pairs of compact subsets are Cartan for continuous sections). Next
we look at the embedding B : ©"(A) — ®_(A) corresponding to the natural embedding of

sheaves @ — @, . Since ®°(A) is built of continuous families of local holomorphic section

the w.h.e. property of the map B follows from the fact that the stalks of the sheaves @ and
@, are (obviously) w.h. equivalent at all points a € A . (Compare the local h-principle on

p.119 in [Gro]). Now we obtain the required w.h.e. by taking @ e E’I .

4.4. Convex Coverings of Stein manifolds.

A covering X = | J A is called convex if all subsets A, are convex and the finite

i=0
m
union | J A; isconvex forall m=0.1,..
i=0

4.4.A. Lemma. A Stein manifold X :
compact sybsets A, .
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Proof. Use a convex function on X as in 2.4.A.

4.5. Main Theorem.
L;LLE—}K mmmmw X mﬁmuunﬂ.ulm Z ﬂnmu

Proof. The above discussions and gluing of homotopics over Cartan pairs (see 1.7. ) show that
the inclusion

Holo{®PA, Z) € Cont{OPA, Z)

is a w.h.e. for all compact convex subsets. Granted that the proof can be concluded by the
argument in §2, or by somewhat stretching the sheaf theory in order to include h-Runge.

4.5.A. Remark. One can sharpen the above theorem as in §2 and 3.1, by bringing forth the
Runge approximation and the control of sections X — Z along given subvarieties in X . One

can also somewhat relax the spray condition along the lines indicated in 2.9.A.

4.6.B. Examples. (a) Let G be a complex Lie group and T', © G a discrete subgroup
holomorphicly depending on x € X . Then the resulting fibration Z — X with fibers
Z_ =GT_ is not, in gencral, holomorphicly locally trivial and so (locally trivial) theorem 2.9,
does not apply here while the above 4.5. does.

(a) Let Y be an arbitrary Ell_-space and I'_ is a discrete group of bi-holomorphisms
freely acting on Y . Then we have a similar Z — X with Z_ = Y/T where 4.5 applies in view
of 3.3.C".

(b) Start with a vector bundle V — X and remove a complex submanifold EC V
whose intersections with the fibers V_ are algebraic subvarieties of codimension 2 2.

Moreover, assume that for a generic homomorphism of V 1o a vector bundle V" over X with
dim V' = dimV - 1 the image of § in V" is contained in a complex subvariety of positive
codimension in V' . (In fact, we need such homomorphism only Jocally, i.e. in a small
neighbourhood of each point x e X). Then we can construct a fiber dominating spray as in (iii)
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of 0.5.B and apply the h-principle. Notice that for the validity of the h-principle the resulting
submersion Z=V - Z — X need not be locally trivial even topologically but topologicly
locally trivial fibrations behave better as far as continuous sections are concemed. For example,
if 2codim E > dim X , one knows there exists a continuous section X — Z , assuming Z — X
is topologicly locally trivial and X is Stein (compare 2.10). Then the h-principle provides a
holomorphic section X — Z . Yet, one can bypass the topological local triviality if one assumes
that £C V is siratified over X (which is the case in most interesting situations) and,
consequently, X admits a stratification such that Z is topologically locally trivial over each
stratum. If each stratum in X has dimension less than 2codim(EN V_C V) for x in this

stratum, then one can construct a continuous section @ : X — Z=V¥ — L using a simple
induction by strata and the Lefschetz theorem (0.7.A). Furthermore, if codim(ZNV_CV )2

2 forall x € X one can apply the h-principle and homotope @ 1o a holomorphic section,

(c)Gofrom Z to Z by blowing up a subvariety in Z . By generalizing the discussion
in 3.5.D. one obtains this way many examples of non locally trivial fibrations (say, with
projective fibers) where the h-principle applies.

§5. The h-principle for elliptic sheaves and futher generalizations.

The notation of the h-principle makes sense for an arbitrary continuous sheaf @ over
X. In fact this h-principle means that the embedding ®(X) — ®*(X) is a weak homotopy
equivalence for @* defined in section 4.3. (One can also use @* from chapter 2.2. of [Gro]
which leads to the same notion if the underlying space X can be locally trangulated at each
point x & X). Then one can axiomatize the proof of our h-principle by introducing a notion of
an elliptic sheaf which signifies the existence of “sufficiently many” homomorphisms @, —®
where @, denotes the sheaf of holomorphic maps X — @M. The resulting general theory is
somewhat heavy (it contains, for example, basic results of chapters 2.1. and 2.2. in [Gro] as
special cases) and we restrict ourselves in this paper to a brief survey of a few simple examples.

5.1. Stratified submersions.
Let X=X2X,2 X2 .2 X, bea descending sequence of analytic

subvarieties, let Z — X, bean analytic fibration for i=0,1, ..., m (here, fibration, means
a holomorphic map) and let h, : Z = Z,_, |X, be holomorphic fiber preserving maps. We
consider the sheaf @ of strings of holomorphic sections f, : X; = Z;, i=0,..., m, such that
hoof,=f, X forall i



5.1.A. Example. Take a single fibration Z — X and a section _fl:.‘-{l—ir Z for
J{IC X. Then the sheaf of sections f: X — Z satisfying _f|xl=fl is an instance of the
above @,

5.1.B. Theorem. Suppose the fibrations Z, gver ¥, =X;-X;, € X;, i=0,..,m, arc

! : fudnioo fiker damines If X is Stein o | heddi
D(X) - O*(X) isa whe

Proof. An obvious induction by strata }."1 reduces the general problem to that of extensions
of sections from :{I to X asin 5.1.A. To prove the h-principle for this extension by our
earlier argument we need, besides a (global) spray over X - X, also a "local spray” over all
of X (or rather over compact subsets A © X which, in general, meet X,, compare 1.7.C.).
In other words, we need sufficiently many small holomorphic deformations of sections

f: X = Z which come from holomorphic sections of a (trivial) vector bundle over X and
which are fixed over X,. To construct these deformations we may integrate vertical

holomorphic vector fields in Z vanishing over Z, which are defined near a given section
X — Z. Notice, that Z may be not a submersion over I] (it may even be singular over K]}
but these fields make sense all the same became of the vanishing on X, condition. Moreover,
these fields span all vertical tangent spaces of Z over X - }El and thus give us just as many
local deformations as we need for the proof. At this point we invite the reader to fill-in the
details.

5.1.B". Remarks. (a) The above h-principle implies it's more concrete counterpart refering to
the embedding of ®©(X) to the corresponding sheaf of strings of continuous  sections

X, = Z, (compare 4.3.B.).

(b) The above h-principle extends 1o certain subsheaves in @ where the sections are
restricted by prescribing the behaviour of the sets I fi on X. , in the directions
“transversal” to hiH{Zi] c zi+l {compare p.p. 45 and 67 in [Gro] and also 5.2, futher on).

5.2, Open subsheaves of coherent sheaves.
We shall treat here only one particular example which is important for embeddings of
Stein manifolds into €. We start with a manifold Y and take the symelric square Y x ‘h’ﬂz

for X. Notice thatthis X issingularif dimY 22, Wedenoteby @, the sheaf whose
sections f correspond to holomorphic maps F:Y — €N satisfying ?{yl, ¥yl = —?I{:rr ¥y)-
Motice that this 11'-‘” is a coherent  sheaf over X which is pot_ locally free for dim Y = 2.
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Then we consider the maximal (open) subsheaf @ C th whose sections correspond to
maps ?:‘fx Y — N such that,

(a) ?l'.}'],}’lliﬂ unless y, =y, and small perturbations of ¥ have the same property.

To understand better the “small perturbation” condition we restrict our sheaf '!DH o
the diagonally embedded Y € X and observe a natural homomorphism from 'I:II'M |Y tothe

sheaf @' of holomorphic homomorphisms of the tangent bundle T(Y) to the trivial bundle
LNHE”: Y — Y. Now we can define @ by the conditions

@) Flypyg)=0 for y =y,
(a") the homomorphism £ : T(Y) = L, is injective overall ye Y.

5.2.A. Example. Everymap ¢:Y — €N defines a section f of @ for ?{:’II'}FI}F
iH:fl'.l ={¥s). The homomorphism f° equals here the differential of f. Thus the condition

(a") says that @ is an immersion wile (a') makes ¢ one-to-one.
5.2.B. Theorem. If Y is Stcin then the embedding P(X) — P*(X) jsa whe

Proof. One proceeds in two steps. First one proves the h-principle over Y C X, where the
matter reduces to the (already known) h-principle for injective homomorphisms T(Y) — L.

Then one extends the h-principleto X 2 Y asin 5.1. Now the "small deformations™ we
need come from cohenrecy of @, , which insures many homomorphisms of the sheaf of

holomorphic functions to @, 2 @ and the openess of @ keeps the images of "small”
functions in @, inside @ . These give one the required deformations. Here again, we leave

details to the reader.

5.2.B'. Remark. If we decipher the above h-principle and pass to continuous objects we shall
have pairs (f, 7), where J:Yx Y — @~ isacontinuous antisymmetric map satisfying
(a)and F: T(Y)— L, is a continuous injective homomorphism, such that fand F

agree near Y € X in an obvious way.

52B". Corollary. If N>max(n, 3n-1) for n=dimY then ® admits a section
over X. Morcover, if the tangentbundle T(Y) istrivial.then @ admits a section for N>n.
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5.2.C. The h-principle for @ C 111” extends to the following more general situation.
Suppose we are given some holomorphic section f_e @y for N <N and we look for
L]

f,e tDHI. where N, =N-N_,suchthat f=f ®@f, e fIiN is contained in our ¢
(compare [G-E],). These sections f, form a subsheaf "1'-‘] c ¢H (depending of f_) which
is “stratified" by "singularities” of f_ and the proof of the h-principle for @, can be obtain
by induction on the strata as earlier.

5.3, Removal of singularities.
We want to explain here how the removal of singularities (see [G-E],, [G-El,, [Gro])

fits into the philosophy of elliptic sheaves. We consider as the simplest example the sheaf @
of holomorphic immersions f:X — €N, If N >dim X one has sufficiently many
deformations of f coming from (the sheaf of) holomorphic functions X — @  as follows.
Take a generic projection of an immersed manifold f(X) € €Y w0 €™, call the resulting
map fo:X - @1 and write f=f @ f, for the remaining (coordinate) function f, :
X=C. If N=12dimX, themap f_ isan immersion away from a subvariety £ C X
of positive codimension and so there exists a non-zero function y, on X whose first order jet
vanishes on E. Then every holomorphic function @ on X gives us a "deformation” of f,
namely _I";I =f, @ (f; +y,9 ) which is an jmmersion of X 1o E“, Using these
deformations for various ¢ and an induction on strata one can reduce the h-principle for
immersions to Gravert's h-principle (see [G-El,, [Grol). Moreover, one can incorporate the
constructions in [G-E], and [Gro] into the framework of the present paper and thus obtain the
h-principle for immersions X — Y, where Y is an Ell_-manifold which admits "sufficiently
many local splittings” of the form Y =¥_x @. We posiprove a detailed discussion with
definitions and proofs until another paper. Here we only mention that the (not defined) splitting
condition is satisfied by
(a) The complex Lie groups Y.

(b) Certain homogeneous spaces, such as the projective space and the Grassmann
manifold.

{c) T - E for algebraic £ with codim > 2.

5.3.A. Remark. The removal of singularities applies to embeddings X — €N only in the
limited way, and yields no definite result for N S%-niim X (see [G-E],). On the other hand

the removal of codimention two subvarieties we have dealt several times in this paper suggests
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the h-principle for holomorphic embeddings of Stein manifolds X  into N for
Nzdim X + 2, where "embedding”™ may (or may not) include the (quasi) properness in the
definition. For example, if the tangent bundle T(X) — X is trivial one may expect an
embedding X — €™? for n=dim X. On the other hands, one-to-one maps X — ™!
seem 10 display a great amount "hyperbolic rigidity” which make the h-principle not very likely.
(Notice that embedding form a presheaf rather than a sheaf but one can define the h-principle
just the same). Here is a test problem. Let f y be a holomorphic embedding of the unit ball

B € €Y. When does f, Runge extends to an embedding of the concentric ball of radius

two 7 One expects the positive answer for N 2 n + 2 and, in general, negative for
N=n+ 1. (One may also lock at N =n but this appears on easy case).

5.4. Algebraic and helomorphic solutions of underdetermined P.D.E..
Solutions f of certain partial differential equations over X can be deformed with
functions @ on X very much the same as immersions were deformed in the previous section,

N
S.4.A. Example. Denote by g the standard quadratic differential form E d:? on TN and

va=i

study holomorphic maps f:X — @ which are jsometric for a given form g on X. That
is f*( E,) = 8. which can be equally expressed in local coordinates by P.D. equations

ﬂai_f.ﬂjf‘:-:tgij. ij=1,..n=dmX.
or by the relation
M
Y df, =g

v=l

for the components f, : X — @ of f. Given such an f we consider the following system

of algebraic equations for w: X— CN
-t:'q.r,,ai_f}=ﬂ, i=1,..,0,
<y.af>=0, ij=1,..n,

<y, y>=0

MNotice that the first two groups of equations are linear and say that W is ga-nrmm;mml to the
osculating bundle of f(X) C @™, while the last makes Y g, -isotropic. It easy to see that the
above system admits a non-zero solution ¥, if N=>n(n+3). Then Py, also is a solution
forall p:X — @ anda straightfoward computation (compare p.p. 116 and 147 in [Gro])
shows that themap f, = f + gy, satisfies _f; (g,) = f* (g,) = g These "deformations” of

isometric maps by functions allow one to develope a holomorphic (and also algebraic) theory of
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isometric immersions (X, g) — N for large N. Futhermore, similar ideas apply to
isometric symplectic immersions (compare chapter 3.4. in [Gro]) and to connection inducing
maps (compare 2.2.6. in [Gro]). In fact, one can introduce a rather general class of Ell_-

equations where the role of the spray is taken ever by an appropriate differential operator
s(f. @) which is defined on some space of jets associated to the equation. We shall pursue this

in another paper.

5.5. The h-principle for non-holomorphic maps.

The h-principle is known for many non-linear P.D.E. (see [Gro]) but apart from the
Cauchy-Riemann system (we have been studing in this paper) I know only one non-linear
glliptic (in the ordinary sense) system where the h-principle is valid. Namely, the argument we
used for holomorphic maps (or rather a drasticly simplified version of this argument) leads to
the following.

Remarks. (a) Harmonic maps into affine flat manifolds make sence since harmonic functions

on X constitute a linear space containing the constants. With this in mind one can extend
5.5.A. to more general elliptic equations.

{b) Recall that X is gpen if each component of X is either non-compact or has non-
empty boundary.

(c) The h-principle claimed by the theorem says, in effect, that every continuous map
X = Y is homotopic to a harmonic map. (The "parametric” part of the h-principle is trivial in
this case by the linearity of the harmonic equation for maps of X to the universal covering of
Y which is an affine space.)

5.5.B. It scems there is no single "truly non-linear” elliptic equation where one can prove the
h-principle. Here are some candidates.

(i) Harmonic maps of open Riemannian manifolds X to compact Riemannian manifolds
Y of positive currature. For examples, maps to compact symmetric spaces Y.
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(ii) Holomorphic maps of open Riemann surfaces into almsot complex manifolds (Y, )
where the structure ] is a small perturbation of a complex structure J, such that (Y, ] ) is

Ell_.

(iii) Minimal immersions of smooth open manifolds X (with no additional structure)
into, for example, Euclidean spaces and spheres of high dimension.

(iv) Einstein metrics on open manifolds.
{v) Yang-Mills over R* and over more general open Riemannian 4-manifolds.

Also notice that practicly all "soft” properties related to the h-principle (Cartan, Runge,
extension from submanifolds of codimension 2 2, etc) remain unknown for these equations.
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