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O. In this paper we generalize the classical isoperimetric inequality on S
n 

to non-invariant measures and prove as a corollary the concentration of measu-

re on spheres S(X) of uniformely convex Banach spaces X . Our argument 

avoids symmetrization and (or) the calculus of variation by a direct appeal to 

Cavaliery's principle similar to that used in Hadwiger's proof of the Brunn-

Minkowski theorem [H]. In fact, we use the localized Brunn's theorem at the 

final stage of our proof, though a slight rearrangment of our argument would 

imply this theorem. (In the appendix, we give, for the completeness sake, a 

short proof of Brunn's theorem). One of the application is the lower exponen-

tial bound on the dimension of admitting a symmetric map S(X) 

with a fixed Lipschitz constant. 

In order to keep the presentation transparant we did not attemt to 

state the most general isoperimetric inequality serving all possible applica-

tions. This has unavoidably let to repetitions of some arguments at different 

places in the paper as some readers may notice. 

n 
1. Let μ be some measure on the Euclidean sphere S and let A and B 

be two disjoint subsets in Sn . We seek an upper bound on dist (A,B) in 

terms of the measures μ(A) and μ(Β) , where "dist" is some metric on Sn . 

If B is the complement of the ε - neighbourhood of A , then for ε → 0 

our question reduces to the isoperimetric problem. 
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2. To formulate our main results we have to introduce some notions. 

2.1. Consider an open arc σ c sn between two opposite points t and t 

in Sn and call a subset Σ σ-admissible if it is an union of open arcs 

between t and t and if every point t in σ lies in the interior of 

Σ . Next divide σ into three subintervals, say σ = (t
+

, a) U (a, b) U [b,t ) , 

called α
1
, α2 and α3 respectively and let Ai , i = 1,2,3 be open subsets 

in sn such that Α.Πσ = α, . Finally take a Borel measure μ on sn and define 
i i 

the relative canonical measure μσ (α2/αi) for i = 1,3 by 

(2.1) μ (α2/αi) =inf lim inf 
Σ → σ 

where inf is taken over all above tripples (Α
1
,Α
2
,Α
3

) and where we assume 
∞ o 
- = ∞ and - = ο . 
∞ o 

2.2. In the case of "good" measure μ the definition (2.1) simplifies as 

follows. 

Consider the family of all non-negative measures on S with a conti-

nuous density function. We will call such measures regular. So, for every regular 

measure μ there exists f (t) £C(sn) such that for any Borel set Acsn 

μ (A) = ∫ f (t) dt . Take two opposite points t and -t on sn and consider all 
A μ 

maximal arcs σ between t and -t . This gives a partition H of S \ { t;—t} 

and hence every regular measure μ induces a measure (defined up to a constant) on every 

σ Є H , called μ . We call such partitions canonical partitions. Clearly, in 
t σ 

this case (2.1) may be rewritten as 

2.3. Examples : a. If μ is the standard measure on sn then, obviously 

μ = Const. (Sin θ)n- 1 da for θ - the angle from [ο, π] parametrizing a. 
a 

b. Let s
n c sn be a hemisphere and let S+ Rn be a projective isomorphism. 

Then, in case t and -t lie on 9Sn+ , arcs σ are straight lines in R 

and so the R
n-invariant measure μ on Rn=* s

+
 gives the Lebesgue measure dt 

on σ's . 
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2.4. Next, let A
1
 and A

3
 be closed subsets in s

n
 , let A

+
 be the 

n + ^ 
union of all arcs in S between A1 and A3 (e.g. A =Conv A UA in the 

1 3 2 13 
case of convex sets A1 and A

3
) and let A2=A1*A3

 be defined as 

(2.2) 
def 

A
2
=A

1
* A

3

 = A
2

 (A
1
 UA
3
) . 

Assume the μ-measures of A1 and A3 to be in (o, ∞) and let λ = μ (A1 )/μ (A3 ) . 1 3 1 3 
Call a pair of points aЄA and bЄA extremal if there is a maximal arc σ 

n 1 3 
in S which contains a and b such that the open interval (a,b) c σ misses 

A
1
 and A . Then define 
1 3 

λ-dist
μ
 (a,b) = inf max (λ μσ (a

2
/a

1
) , μ

σ
 (α2/α3)) 

and 

λ - dist (A1, A2) = inf (λ-dist (a,b)) 
μ 1 3 μ 

over all extremal pairs (a,b) and all σ . In what follows we abbreviate 

λ - dist = dist . 

3. Theorem. 

μ (A2) > dist (A
1

, A
3

) μ (A3) = λ-1 dist (A1, A2) μ (A1) . 
2 μ 1 3 3 μ 1 3 1 

3.1. Example : If μ is the ο(n) -invariant measure, then the explicit 

formula for the canonical measure (see Example 2.3.a) gives a sharp lower bound for 

the spherical distance between A1 and A3 with the equality for balls around 

opposite points in Sn . Thus we recapture the classical isoperimetric inequa-

lity for sn . 

3.2. The proof of the theorem involves a few constructions which we consider to 

be of an independent interest. By an obvious approximation argument and the defi-

nition (2.1). We may (and shall) assume the measure μ is positive regular which 

means, in addition to the regularity condition, that μ(A) >o for every open 
n 

subset A in S 

Not important Remark. One could eliminate λ from the story by multiplying 

the measure by λ on A
3
 and thus reducing the problem to the case λ =1 . 

However we prefer to keep λ . 
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Take an open hemisphere S
+
 and fix a projective isomorphism 

s
n
 R

n sending every straight line of Rn to a maximal arc on S
+
 (and 

conversely). This provides a one-to-one correspondence between positive 

regular measures on R
n
 and S

+
 , thus identifying measures on s

+
 and R

n 

which we denote by the same μ . 

4. Convex restrictions of measures. Take an affine (i.e. a translate of a linear) 

subspace E c Rn , fix a projection p : Rn→ E and consider decreasing sequences 

of convex subsets , iЄN in Rn , such that M = Π K c E . By restricting a 

given measure μ to each and then by projectingi to E we obtain a sequence 

of measures μi on E . Call a non identicly zero measure v on E a convex 

restriction of P to M if for some sequence of above Ki and some sequence 

of real numbers λ. , 
i 

v = lim λ . μ . , 
i i 

for the weak limit of measures. 

If a measure ν' on a convex subset M' in an affine subspace E' c E 

is a convex restriction of v , then obviously, ν' also is a convex restric-

tion of the original μ . 

5. First step. Use of Brunn's Theorem. Take a k-dimensional subspace E c Rn 

and a convex body K c Rn . Observe that the (n-k) -dimensional symmetrization 

S K is convex by Brunn's Theorem (see Appendix). 
E 

5.1. Lemma.: Let a decreasing family of convex sets {K
i

} define a convex 

restriction measure μ (M = ∩K. cE) of μ . Then the family {S
E
K

i

 } defines 
M i t i 

the same measure μ 
M 

Proof. This follows from the definition of SEKi and the uniqueness of the Radon-

Nicodim derivative f which is a continuous function in our case and there-
V 

fore well defined on Μ . 
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5.2. Remark. If μ is absolutely continuous (rather than regular) with 

respect to Lebesque measure then the Lemma only holds true for almost every 
n 

k-dimensional subspace E C R . 

6. Convex partitions of S
+
 and Rn

 . A set A c s
n
 is called convex if it 

contains the arc (in S
+

) between a and b for all a and b in A . 

Clearly A is convex iff the corresponding by the projective isomorphism set 

in Rn is the convex set in Rn. 

6.1. Definition : We say that a is a k-dimensional convex partition of Rn 

if 

i) every AEa is convex and k-dimensional, i.e. there exists a 
O 

k-dimensional affine subspace E such that A C E and the interior A of A 

in E is not emply. 

o 
ii) there exist a family of convex open neighbourhood K. of A such 

o o i 
that ∩K. = A and every K

i

 = UA for some A Єa . 
i i a a 

The image of a on s
+
 by a projective isomorphism is called the k-dimensional 

convex partition of Sn . 

6.2. Consider a 1-dimensional convex partition a of Rn . 

By the Radon-Nicodim Theorem a and a regular measure μ induce a measure μI 

on I (well defined up to a constant multiple) for every IЄa . Take a family 
O O 

of convex bodies {K.} such that ΠΚ. =1 and every K. =UI for some I Єa 
i i i a a 

(such family exists by 6.1, ii)). 

Clearly μ equals (up to constant multiple) to the convex restriction 

of μ defined by {K.} . Therefore, (use 5.1) μ is the convex restriction 
i I 

of μ defined by the family {S
I

 K
i

 } obtained from {Ki} by the symmetriza-

tion around I . 

7. Second step. Construction of 1-dimensional partition of sn ; 

use of Borsuk-Ulam Theorem. We consider a regular positive measure μ on 

Sn . Let A
1

 , A
3

 and A = A1*A3 c sn be subsets from 2.4. Let for i = 1,3 
1 3 2 1 3 
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λ = μ (A ) / μ (A.) 
i 2 i 

and 

μ (Α
1

) = λμ (Α ) . (So λ=λ3/λ1 .) 

| ^ 

Define Η
x
 = {yЄs

n
 : (y,x) > 0 } and Ηx = - H

+
 . Note that H

+

 = S
n 

We consider a map φ: s
n
→ R

2
 such that 

By Borsuk-Ulam Theorem there exists x such that φ(x ) = φ(-x ) which means 
o o o 

that for i=1 and 3 

λ = μ (A ΠΗ+ ) / μ (Α. ∩ H+ ) 
i 2 x i x 

ο ο 

and,as a consequence λ = μ (A1 ∩ Η ) / μ (A. ∩ Η ) . 
1 x 3 x ο ο 

First, we fix one such x and let S = H and A. = S ∩ A. . 
o + x i + i 

o 

Next we define a convex partition of S+ by induction as follows. 

If M c s+ is one of the convex sets from the proceeding inductive step, then, 

by assumption 

μ (A+ ∩ Μ) /μ (A+ ∩ M) = λ
 i 2 i i 

n 2 + 
for i=1 and 3 ; next we construct a map φ : S R using A

i
 ∩ M as above 

(instead of A
i

) . The map φ determines how to divide M into two convex 
+ i + + + + 

pieces M and M by a hyperplane in such a way that μ (A2 ∩ Μ ) /μ (Α. ∩Μ ) = λ
i 

2

 +
 1

 -
(for i = 1 and 3 ) , again. The same holds for the intersections A ∩ M . 

i 
We continue to refine our partitions and end up with a new partition a 

whose elements are of a strictly lesser dimension than n (using that μ is 

positive). By the Radon-Nicodim Theorem our measure μ defines (up to factor) 

a measure μ on every M Є a (we use the fact that μ is regular). The 
α Α n-1 

construction implies that μ (Α
2

∩Μ )/μ (A
i

 ∩Μ )=λ. for i=1, 3 a 2 α α i α i 

Then we may continue the same procedure with every M if dim Μ > 2 . 
α α 

The last condition is important when Borsuk-Ulam Theorem is used. 
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for every IЄa 

Finally, we construct a partition a of such that 

i) dim I = 1 

ii) μ (A2 ∩ I) /μ (A
i
 ∩ I) = λ

i
 for i = 1 and 3 . 

I 2 I i i 

where μ is a measure induced by the partition a on I which is defined by 

the Radon-Nicodim Theorem up to a factor. 

iii) μ is a convex restriction measure of μ . 
I 

The last property follows from 4. 

8. The conclusion of the proof. We regard a constructed in section 7 as a 

partition of R
n
 ~ S

+
 into straight intervals I C R

n
. Then, by the 

property iii) of μI (see 7 ) and Remark 6.2, the measure μI on I is a convex 

restriction of μ defined by a family {Ki} iЄN where K. are convex sets ha-
i iЄN i 

ving the (n-1)-dimensional symmetry in the direction perpendicular to I cente-

red at I . Therefore, μ is defined by some family of shrinking convex sets 

, , .2 
in R . It is easily seen (see Fig. 1) that we may replace T by 

a cone obtained by rotation around I (or in the degenerate case by a 

cylinder) such that the convex restriction measure defined on I by μ 

and the family C = {C
i

}
i

 , ,, satisfies 
lieu 

i) μ (A ∩ I) / μ (A. ∩I) < λ . 
C 2 C i i 

for i = 1 and 3 . 

Also it is clear that a family of symmetric cones centered on the 

straight line containing I is defined by a canonical partition (see 2.2). 

Therefore 

ii) μ =μ
σ
 up to a constant factor for some σ containing I . 

Let now p = dist (A1, A3). Then for extremal points a and b on 
μ 1 3 

I and any σ , J c σ we have either 
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Fig. 1 
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ρ < λμ (α2)/μσ (α1) σ σ 
or 

ρ < μ (α2)/μσ (α3) Ί σ σ 

where σ1 =(-t,a] and a3=[b,t) and the points ±t are joined by the arc σ 

Start with the case when A2 Π I is a single interval (e.g. the 

sets A1 and A
3
 are convex). Then A2 Π I = α2 and by i) 

(αi) < λi for i = 1 and 3 . Therefore in both cases 

ρ < λ.λ1=λ3 which implies Theorem 3 in this special case. 

In the general case we have again to prove that 

(8.1) μI (A Π I) > γ min { μI (A1 Π I) ; λ μI (A Π I) } 
I 2 λ I 1 I 3 

(= - μI (A1 ∩ I) = ρμ
I
 (A3 ∩ I)) . 

By an approximation argument we way assume that A2 ∩ I contains a finite num-

ber of intervals. Let A"
2
 be one of such intervals and A'

2
 be the union of 

all intervals from A2 ∩ I on the one side (say on the left) of A"
2
 . Call 

also A'
i
 the part of Ai ∩ I on the same left part of A"

2 for i=1 and 3 . 

Let, for example, A" be joined from the right by an interval from A ∩ I , 
2 1 

called A" . We will assume that 
1 

(8.2) μI (A'2
) > r min{μ (A'

1
) ; λμI (A')} I 2 λ I 1 I 3 

(i.e. (8.1) is satisfied for the sets A'), and we prove (8.1) for the 
i 

sets A! U A. (We leave for the reader to check the starting point of such 
i i 

induction which will be finished after a finite number of steps and will prove 

(8.1)). Let a
2
=A"

2
 c I . We choose a maximal arc Σ כ I (= a straight line un-

der the projective isomorphism sn
+

~R
n

) in the same way (see Fig. 1) as we did 

above for the convex case with α2=A"2 playing the role of the entire A
2

 . 

Then we choose the interval on the right of α2 to be α
1
 (which corresponds 

to our assumption that A"
1
 joins A"

2
 from the right) and the remaining in-

terval from the left to be α3 . By the definition of the λ-dist. ρ 

ρ 
μ ^ > min {μ (α

1
) ; λμ (α

3
) } 

σ 2 λ σ χ σ 
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By the construction of σ (see again Fig. 1 and the explanation) we have 

μI (A"2) > μσ (A") and μ (Α"
1
) < μ (Α"

1
) < μ (α1) , 

μI (Α'3) < μσ (Α'3
) < μσ (α3) . 

Therefore 

(8.3) 
μI (A2

") > X {min μI
 (Α

1
") ; λ μ

I
 (A

3
' } 

Adding (8.2) and (8.3) we have 

μI (A'2 U A"
2
) > r min {μI (A'1 '1 U A"1

 ) ; μI (Α"1
) + λμI (A'3

) ; 

λμI (Α'3
) + μI (A'1

) ; 2λμ
I (A'3 )} > -?' {min μI (A'1

 U A"
1
) ; λμ

I
 (A'

3
 ) }, 

So, as we wanted, (8.1) is proved for the sets A! U A" (note that 

A"
3
 is empty in our case before). 

□ 

9. Remark. The 1-dimensional partition constructed in Section 7 is not neces-

sarily a convex partition (we passed through intermediate dimensions). We indi-

cate below how to modify this construction to obtain a 1-dimensional convex 

partition satisfying property ii) from 7. 

Let M C s+
n is a convex n-dimensional body from the intermediate 

step of construction. Then μ (A
+
2
 ∩ Μ) / μ (A+ ∩ Μ) = λ

i
 for i=1, 3 . Take a triple 

of points x
1
 , x

2
, x

2
 C M which maximize the determinant |(x

i

, x
i

) | . 

Define the map φ : s2 → R2 using Ai  M as above for s2 C R3 = span {x
1
, x

2
, x

3
} · 

Using this map subdivide M into two pieces M+ and M by a hyperplane such 

that the numbers and coincide with the above. It is clear that these 

refinements of our partitions will directly lead to a 1-dimensional convex 

partition a with the property ii) from 7 . 
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10. The preceeding construction can be adjusted to various results related 

to the isoperimetric inequalities. 

10.1. Theorem. Let A and B be closed subsets of sn, μ a regular po-

sitive measure on sn and f (x,y) any continuous function on (sn x sn) -

{(t,-t), tЄ sn} . There exists a maximal open arc σ and disjoined sets 

α Cσ , i=1, 2, 3 (where α2=α1* α3) such that 

(10.1) inf {f (a,b) : a E α1 , b E α3} > inf {f (x,y) : x E A, y E β, x≠-y} 

and for C = A * B 

(10.2) 

Proof of the theorem follows from 8, i) and ii). 

Remark 10.2. An important case is when f (x,y) is a distance function on sn . 

Remark 10.3. We say that f (x,y) is monotone if for any maximal arc σ and 

for every x, y, z Ì σ , y E (x, z) Ì σ , 

max{f(x,y) , f (y,z) } < f (x,z). 

Now, if in the theorem a function f (x,y) is monotone, then there 

exists a maximal open arc σ (joined some points ± tEsn) and a partition 

σ on three intervals : α1= (-t,a] , α2 = (a,b), α3 = [b,t) such that 

f (a,b) > inf {f (x,y) : x E A , y E B , x ≠ -y} and (10.2) is satisfied for the 

above σ and a Ì σ . 

The theorem below follows from the section 7. 

Theorem 10.4. Let A and B be closed subsets of sn , μ a regular positive 

measure on S and C = A * B . 
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i) There exists a maximal open arc σ and a convex restriction mea-

sure v on a such that 

v (C Ç σ)/v (A Ç σ) = μ (C) /μ (A) 

and 

v (C Ç σ) /ν (Β Ç σ) = μ (C) / μ (B) . 

ii) if, in addition, μ is a probability measure then there exists 

a maximal open arc σ and a convex restriction measure v on σ such that 

ν (ΑÇσ) = μ (A) and ν (ΒÇσ) = μ (B) . 

11. Concentration phenomena on the unit sphere of a uniformly convex normed 

space. Let a normed space X = (R , ||. ||) have for fixed ε>0 

the modulus of convexity at least δ (ε) > 0 . It means that for every two 

points x, y in X , || x || = || y || = || and || x-y || > ε , 

* 
11.1. Linear functionals. Take a vector f E x , || f || = 1 . Define 

K = {x E X , || x || < 1} , S (X) = 9 K={x E X , || x || = 1} and Kλ=K Π (x : f (x)=λ} . 

Clearly, Vol Kλ = Vol K , and (K
λ

+K λ )/2=A C K . By Brunn-Minkowski inequa-

lity. 

Vol (K +K ,)
1/n

 > (Vol K. )
1/n+ (Vol K .)1/n 

and therefore Vol Κ
λ
 < Vol A . Note also that for any x E K

λ

 and y E K 

we have || x-y || > 2λ and, consequently, || x+y || /2 < 1—δ (2λ) . Therefore 

(see [GM2]) 

Lemma. Vol <(1-δ(2λ))n Vol K . 

So, we see, that the volume of the levels of a linear functional are exponentially 

concentrated at the zero level. We continued this direction in [GM2] to show 

that (see [GM2], Theorem 3.2). 
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* * 
Theorem. For every f E X , || f || = 1 , 

Vol {x E K, | f (x) | > ε } < (n+1) (1-E)e ηδ
 (2ε)/2

 Vol K. 
n+1 n+1 

We will extend the results from 11.1 to an arbitrary 1-Lipschitz function on S(X) 

n+1 

11.2. A measure on S(X). A standard (n+1)-dimensional volume on R 

induces the probability measure μ on S (X) : for any Borel set A Ì S (X) , 

(11.1) 
def 

μ (A) = Vol
n+1

 {U t A , o < t < 1} / Vol K , 

To apply Theorem 3 to this measure μ on S(X) we have to estimate μ
σ
 for 

any maximal arc σ . However our estimate will also work for any convex 

restriction measure and the application of Theorem 10.4 will be easier. 

Note that Theorem 3 and Theorem 10.4 concern measures on sn in 

projective sense and applicable for μ on S(X) (the reader who feels 

uncomfortable at this point, may choose any euclidean sphere sn and, using the 

radial projection of S(X) to sn, transport all constructions and results from 

S(X) to sn and vice versa). 

Fix z E S (X) . Let f E X , || f || = 1 , be the support functional 

at z , i.e. f (z) =1 . Consider Ker f Ç S (X) =S . Take any x E S . We study 
o o 

σ which joins +z and pass through x (i.e. a "half" of the two 

dimensional sphere S (X) Ç span {x;z}) . Parametrize points on σ by t E (-1, + 1) 

such that xt= σ Ç {x: f (x) =t } 

Proposition 11.3. Let δ (ε) be as in 11. If v is a convex restriction 

probability measure on σ then there exists t such that for any Θ > 0 

ind 
(11.2) 

where one may choose t as the maximum point of the density fv (t) of the 
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measure v. The function [f
v
 (t)]

 1/(n-1)
 is concave (i.e. /'-'N ). 

It is following from (11.2) that 

(11.3) v{ (-z,x ) U (X , z) } < (1-6(θ))n- 1~e-6(0) (n-1) 

Proof. We use an argument similar to that of 11.1 where a concentration property 

of linear functionals was proved. Define Δν(xt) to be an infinitesimal (n-1)-di-

mensional volume of infinitesimal convex neighborhood of x
t

 in 

S(X) D{x:f (x) =t} which induces the density fv (t) of the probability convex 

restriction measure v on σ at the point x . Then by Brunn-Minkowski 

inequality for any Θ such that t+θ < 1 and t-0 > -1 

> min {A
v

, (x
t+0

) } 

Also for any Yt+0 EDt+0 and yt-0 EDt-0 we have 

for some ο < λ < 1-δ (2θ) where y E S (X) Ç {x:f(x)=t} and y belongs to the arc 

joining y _ and y
 Λ

 , i.e. y belongs to any convex neighborhood of the 

arc [xt-0' x ] which is contained Δ_,_,_ . Therefore 

def 
(where as before Vol Δ = Δν (x )) and, together with the above inequality 

and' 

(11.4) min f (t±θ) < (1-δ(2θ))n-1 f (t) . 
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It follows that [f (t)]
1/(n-1)

 is concave. 

Let f attain the maximum at t . Then 
v o 

f (t ± 2q) < (1-δ(20))n 1 f (t ±0) < (1-d (2q))
n 1

 f (t ) 
v o v o v o 

and for any t>t (or t<t ) for q < t-t and t+q < 1 (similarly q<t -t 
o o o o 

and t-q > -i) 

(11.5) f (t+q) < (1-δ (2q) )n-1 f (t) 
v v 

(or similarly f (t-q) < (1-δ(2q))
n- 1

 f (t) ) . 

Now integrate (11.5) from t
o
+q to 1-q and obtain 

X (q) def v[t +2q ; 1] < (1-d (20))n-1 v[t +q ; 1-θ] < 
o o 

<(1-δ(2θ))n- 1{v[t +q ; t + 2q]+χ (q)} 
o o 

(to simplify notation we write v [t,r] instead of v[xt, xt]) . Therefore 
t τ 

for q > 0 . Similarly we deal with the comparison of v[-1 ; t
o
-2q] and 

v[t - 2q;t -q] . Then the statement of the proposition follows. 
o o 

Corollary 11.4. Let I (xt)={x E σ : || x-x || < 2ε} 
e to t 

ο ο 

Then / T s ^ ,Λ s, n-1 -δ (ε) (n-1) 
v (σ-Ι ) < (1-δ (ε) ) ^ e 

ε 

Proof. In fact, this corollary follows from the proof of the proposition 

11.3. To establish it we have to choose a new parametrization of the arc σ . 

x
q 

Take x
q
 e σ , such that q = p (x

q
, -z) = ∫ || dxt || , i-e. q is the length 

-z 
of the arc (-z, x

q
) . It is known [S] that a=p (z,-z) changes between 

3 ^ a ± 4 (a is the "p" of a normed space E=span {z;x}) and for q < t ; q < a 

(11.6) || xt-xq || < p (xt, xq) < 2 || x
t
-x

0
 || 
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Take t E (o,a) and consider x E σ . Choose q (t) such that || x 

xt+qe (t) || = 2ε (we assume that ε is small enough to guarantee that 

q (t) < t and t+q
e
 (t) <a) . Let q = max {q (t) by all admissible t} . 

Clearly from (11.6) 

(11.7) ε < θ < 2ε ε 

The proof of Proposition 11.3 shows that 

(11.4') min φ (t±0 ) < (1-δ(2ε))n- 1 φ (t) 
v ε v 

where φ (t) is the same density function f as in the Proposition but now 

parametrized in the new way. Using majoration (11.7) we also have (by concavity 

of φ1/(n-1)) 

min φ (t±2e) < (1—δ(2ε))n-1 φ (t) . 
v v 

The last inequality leads to the new form of (11.2) and (11.3) with the new 

parametrization of x
t

 which is precisely Corollary 11.4. 

□ 

The next Corollary is a more direct consequence of Proposition 11.3. 

Corollary 11.5. Let an arc [a,b] C σ , where σ is a maximal arc joined points 

±z , and || a-b || > ε> 0 . Then there exists a number λ (ε) > 0 depending only 

on δ (ε) > 0 such that for any convex measure v induced by y either 

< -λ (ε) n 
< e 

or 
-λ (ε) η 

< e 

Proof. Integrate (11.3) starting from suitable t (or, if b e (xto ,-z) , 

integrate the similar inequality for fv (t-q)) . 

Theorem 11.6. Let δ
x
 (ε) be the modulus of convexity of a normed (n+1) - di-

mensional space X and y be the probability measure ( 11.1 ) on S(X) . Let 

a(e)=d( - - 2q ) and q =1 — ( 1/2) 1 / (n-1) = ln2/(n-1) . Then for every Borel set 
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A C S (X) , μ (Α) > 1/2 and every ε > Ο 

> -a (ε) η 
μ (A ) > 1-e 

ε 

where Α
e
 = (x E S (X) ; ρ (χ, Αe)< ε} and ρ (x,y) = || x-y|| . 

C 
Proof. Let B=(A ) . We use Theorem 10.4, ii) to estimate μ(B) from above. 

ε 
By this theorem there exists a maximal arc a and a convex restriction measure 

v such that 

ν (ΑÇσ) = μ (A) > 1/2 . 

By Proposition 11.3 some "small" neighborhood of A Ç σ contains 

the point x where the maximum of the density function of v is attained. 
to 

Therefore, ε-neighborhood of A Çσ contains a θ-interval around x . Hence, 
to 

μ(Β)=ν(ΒÇσ) is exponentially small. 

Now we will have a precise estimate. Take such that 

v (I
q
 (x ))=ν{χΕσ : || x-x || < 2q } = 1/2 . Then, by Corollary 11.4 
q t t o 

o o o 

[1-d (q )]n- 1 > 1/2 . 
o 

It means that 

1/n-1 ln2 
d (θ ) < 1- (1/2)1 n-1 = —- . 

o n-1 

1/( _i) ln2 
Let q be such that d (θ ) =1— (1/2) n-1) = — . Then v [Iq (x )] > 1/2 . 

n n n-1 q t 
n o 

Therefore, if v (A∩σ)> 1/2 then there exists x Ε Α ∩ σ and || x -x || < 2q 
t t t n 

Now, take ε-neighborhood of (x } and let ε=2θ+4θ . Then 
t n 

A ∩ σ É {x } É {x } . Therefore, by Corollary 11.4 and Theorem 10.4, ii) , 
ε t ε to 2 q 

we have 

μ (B) = v (B Π σ) < ν(σ-Ι
q
 (x

t
 )) < (1—δ(θ))n- 1 ^ 

q t 
ο 

-δ (θ) (n-1) - -2q ) (n-1) 
= e - e 2 n 
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Remark 11.7. Note that Theorem 11.5 shows that any family of finite dimensional 

spaces {X , dim X ® ∞ } , such that δ (ε) > δ(ε)>0 for ε>0, is a Levy 

family (see definition and a number of related examples [GM1], [AM]). 

Let f(x) be a continuous function on S(X) , dim X=n+1 where S(X) is 

the unit sphere of X . We call L the median of f(x) (or Levy mean) if 

μ {x E S (X) : f(x) > L } > 1/2 and μ {x E S (X) : f<Lf}>1/2 . 

Let ω (ε) be the modulus of continuity of the function f(x) . 

It follows from Theorem 11.6 that 

(11.8) μ {x E S (X) : |f (x)-Lf | < ω
f
 (ε) } >1-2 e

-

 a(ε)η
 . 

12. Application to a Lipschitz embedding problem. Let X=(Rn , || . || ) be a uni-

formly convex space with the modulus of convexity δ (ε) > 0 (for ε > 0) . Let 

S (X) ={x E X : || x || =1} and, similarly, S(lN) be the unit sphere of the space 

lN of dimension N . 

Theorem. Fix 1>ε>0. If N< -
 ea(e)n where a(e)>0 was defined in 

2 
Theorem 11.6, then there exists no 1-Lipschitz antipodal (i.e., φ (-x) = - φ(x)) map 

φ : S (X) ® S (lN) 

Proof. Assume φ exists. Let f.(x) , i=l , ··· N , be the i-th 

coordinate in l of φ(χ) , i.e. φ(x) = (f. (x) ) . . E S (l ) . Then 

i) max |f.(x)| = 1 for x E S (X) , 

ii) f
i

 (-x) =-fi (x) for any i=1,..., N and x E S (X) 
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iii) | f (x)-f (y) | <11 x-y II , i=l,...,N ; x,y€S(X) 

(because || φ(x)-φ(y) || < || x-y || implies max | f
i

 (x)-f
i

 (y) | < || x-y || ) 

Define A. = { x E S (X) : |fi (x) | < e} By ii) , 0 is the median of f
i 

for every i E {1,...,N} (see 11.7 for the definition). Also, by iii) , and 

(11.8) , 

μ (A
i

) > 1-2
e
-a(e)n . 

Then > 1-2N e and, in the case of N< ½
 ea(e)n , there 

exists Hence, |f
i
 (x) | <e for every i=1,...,N which 

contradicts i) . 

Note that in the case of a linear embedding φ : X ®l , dim X=n , 

the above Theorem was proved by Pisier [P]. 
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APPENDIX 

Let P : Rn ® Rn-k k be a linear projection and let K be a convex subset in 

Rn . We study the k-dimensional volume of the intersections K Π P-1 (x) for 

x E Rn-k. 

Brunn's Theorem. Let φ (x) = Volk K ∩ P (x) . Then the function φ is 

concave on the image p(K) C R 

We will prove a more general statement. 

Definition. We say that a function f : K R is α-concave (a>0) if 

i) K is a convex set in Rn, , 

ii) f (x) > 0 for x E K 

iii) f is concave on K , i.e. 

for any x
1
 , x

2
 E K . 

Lemma 1. Let f be α-concave, g be β-concave and let Dom f = Dom g = K C Rn. 

Then the product fg is (α+β)-concave. 

Proof. Let x
1
, x

2
 E K . Then 

α+β 

(by Holder inequality for p = 

(by α- and β-concavity of the 

functions f and g ) . 
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Consider a linear projection P : Rm onto R . Then Rm = Rm-1 + Ker P . Let K 

be a convex set KÌRm. we have for every x E K : x=y+t , where y E PK Ì R
m-1 

and t E I = {x E K : Px=y} is an interval in y+Ker P . Let f be a function, 

Dom f = K . We will write f (x) = f (y;t) where x = y+t , y E PK and t E I . 

Define a projection Pf of a function f as the function with 

Dom Pf = P Dom f (=PK) and 

Lemma 2. If f is α-concave then Pf is (1+α)-concave. 

Proof. It is sufficient ,· by the definition of concavity to consider the case m=2. Then PK is 

an interval. Let x
1

, x2 E P K and x=(x1 + x2)/2 and let I =[a
i
,b

i
] , i=l,2. 

We may assume that . Let c
i

 E I ( i=1, 2 ) satisfy 

Let K be the convex hull of the two intervals (for i=1, 2) [ (c ; x ) , (b ; x )] C K 

and K, be the convex hull of the intervals (again for i = 1, 2) 

[ (a
i

 ; x
i

 ) , (c
i

 ; x
i

 ) ] C K . Let f1 = f|k and f2 = f|K · It is easy to 

check (we leave it to the reader) up that if down φ
i

 =Pf
i

 (i=1,2) are 

(1+α)-concave then the same is true for the original projection Pf . Therefore, 

our problem is reduced to the ( 1+α)-concavity of the functions and · 

We continue this procedure and build the partitions of the intervals 

[a.,b ] for i=1, 2 : to,i = a
i

 < t1, i <...< tn-1, i
 . < b

i

 = tn,i , such that 

for every p=1 and i=1, 2 . Let Kp C K
 be a trapez which is the 

convex hull of the two intervals [(t . .; x
i

) , (tp,i ; xi)] (i=1,2) . Then, 

by the above remark one only needs to check that the functions P(f|Kp ) 

are (1+α)-concave for every p=1,...,n . By the obvious approximation argu-

ment, the problem is reduced now to the following observation : 
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Let t. E I and Δ
i

>0 (i = 1, 2) ; for x=λχ
1
 + (1-λ)x

2
 . Denote 

t (x) = λt
1
+ (1-λ) t

2
 and Δ (x) = λΔ

1
 + ( 1-λ) Δ2 · Then, by Lemma 1, the function 

f(t(x), x).Δ (x) is (1+α) -concave because f is α-concave and the linear 

function Δ (x) is 1-concave. 
□ 

Now we prove Brunn's theorem as follows. We start from the characteristic 

function χK (x) of the set K which is α-concave for every a > 0. After 

k consequent projections we come to the function φ (x) on K which is, by 

Lemma 2, (k+α)-concave for every a > 0 and, therefore, k-concave. 
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