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0. Introduction

0.1. Minimal Volume

Take 3 C =manifold V and consider all complete Riemannian metrics
g on V whose sectional curvatures everywhere are bounded in absolute

value by one, [K{g)| %<1 . HWe define the minimal volume of V as the

lower bound of the total volumes of all such metrics @

Min Vol(V) = inf Vol(V,g) .
k()] <1

The minimal volumes of closed connected surfaces V are proportional

to the Euler characteristics,

Min Vol(V) = 2n|x(V)| .

Indeed by Gauss-Bonnet one has for |K|=|K(g)|< 1,

vel(v) > [ [k dv|> | | Kav] = 2a]x| ,
Vv L)

with equality for K comstant, 1 or =1 .

In particular, metrics g of constant curvature #£1 are extremal :
Vol(V,g) = Min Vol(¥V) , while the torus and the Klein bottle, who have

¥ = 0, carry no extremal metrics since their minimal volumes are zero.

The Gauss-Bonnet formula also applies to complete non-compact surfaces
V with |H{V}|_: 1 and with Vol{V) < = . Again, metrice of constant curva-
ture =1 are extremal and so for (V) < 0 we get Min Vol(V) = =27 w{V).
In particular (V) = —= implies Min Val(V) == . Furthermore, the
sylindar and the M3bivs baund have Eeto minimal voluse, while for V= R

we only obtain in Appendix 1 the following estimate

4w+0,01 < Min VHHEE}I: (2+2¥Dr .
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If n=4dimV * 2 , then the Gauss-Bonnet formula yvields the follow=

ing inequality for closed manifelds V |
Min Vol(V) » cﬂ-natnlx[‘f}ll for some const o 0 .
There are similar inequalities for the Pontryagin numbers p of V ,
Min Vol(V) » nnnntll‘ lp(vy|

In fact by the Chern-Weil theorem there are certain polynomials P(R) im
the curvature temsor @ of V , such that
|pl= | J Pta)dv| < sup|P(m)]| Vol (v)
';'r

and |K| <1 implies sup|| P(a) || =< l:nnnl:l::

Now, if V is an open complete manifold of dimension n > 3 , then
the theorem of Gauss-Bonnet does not, im general, apply. In fact, there
are manifolds V with zero minimal volume and with non-zeroc Euler charac-

teristic. For example, for every ¢ > O there is a complete metric gE on

R with [K(g)| <1 and with Vol(R®,g) < c . (See Appendix 2).

Pontryagin classes serve better than the Euler characteristic for

open manifelds.

Example : Let 'I.I':|I be a cloged 4m-dimensional manifold and let V = 'Fﬁ * R.

If 'Ifn has a non-zero Pontryagin number, then Min Vol(V) = =

Proof : We have a mon-trivial integral characterisite class

p E Hh{'l.l';lt} = Hh{‘.fn:lll = R , and for any given metric g on V this
p is represented by a 4e-form P({) on V which is a Chern-Weil poly-
nomial in @ of degree 2= . Then for cosplete metrics g on V we consider

copcentric balls B{R} =V of radii B around a Fixed point v EV and
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we observe that for sufficiently large RD the boundary spheres

5(R) = 3B(R) for R > R, suppert a non=trivial class in Hﬁ'{v} . There-

fore

J llealllds 21, for R >R, .
5(R)

and ao

E
[ lleadfidv = ) dr [  [[P(a)||ds > R-R_ .
B(R) 0 s(R)

Since |[|P(a)| < cuuat;EK[zn we also get

|:Ii'.]EI dv > const R for R > IR .,
B(R)

and in particular, for [K| < 1 , we conclude

lim inf B}

e

Vol B{R) > const > 0

This is even stronger than the required relatiom WVol(V) = lim Vol(B(R)) = = .
]
Remark : If a manifold V' is homeomorphic to the infinite connected sum

of copies of the manifold V above, then we have for R — = |

[ llpa'y|] += , where S§' = aB' V',

5'(R)

and so for |K(V')]| <1 we ocbtain

lim B} Vol(B'(R}) = =

B
We shall contruct in Appendix 2, for am arbitrary fumction c(R)
for which lim (R} = 0 , complete metrics g with iH{g}| <1 onall

-

smooth manifolds V , such that

lim :{n}u_l Vol B(R) = O

|
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Mow let us give five examples of manifolds V with Min Vol(V) =0 .

(1) V is compact and it admits a flat Riemannian metric.

(2) ¥V admits a locally free El-lctinn. In particular, Min Vol(V = ?Dnﬁll-ﬂ,
and alse Min vn1:531 = 0 ., The latter is the famous example of Berger

(see [10]) .

{3} V is a component of the boundary of a compact manifold W whose
interior, Int W , either admits a complete locally symmetric metric of non-
positive curvature and finite volume, or Int W admits the structure of

a complex quasiprojective (for instance, affine) variety.
{(4) Vv 1is the product of an arbitrary "u by a manifold in one of the
above examples (1)=-(3) .

(5) V is odd dimensional and it is diffeomorphic to a finite or infinite
connected sum of manifolds of example (4) . For instance, connected sums of
odd disengional tori have rzero minimal volume. Notice that such connected

sums admit no non-trivial ecircle action.

The first example is obvious. For the rest see Appendix 2 .

The main purpose of this paper is to provide new estimates from below

for the minimal volume in terms of the simplicial volume defined inm section

0.2. In particular, we exhibit in section 0.4. closed odd dimensional mani-

folds with non-vanishing minimal volume. One's interest in such estimates
is motivated, in part, by the following theorem of J. Cheeger [3] which

relates the "topological complexity" of a manifold te its geometric size :

Eheaiat*n finiteness theorem : For any given numbera D> 0 amd ¢ > O

there are at most finitely many diffecomorphism classes of closed Riemannian

manifolds ¥ of a fixed dimension n such that




lxewyl <1,
Diameter(V) <D ,

Wal (V) > e

0.2. Simplicial volume

Let X be any topological space. Demote by C, = C (X)) the real

chain complex of X : & chain ¢ € E' is a finite combimation I r.o.
i

of singular simplices o, in X with real coefficients r, . We define

the simplicial El“nn'ﬂl in c, by setting ||l:||- I Iti.i « This norm gives
i

rise to a pseudo-norm on the homology H_ = H_{X;R) as follows :

lall = inflell
k-

where =z runs over all singular cycles representing a € H,

For a closed manifold V we define its simplicial volume ||V| as

the simplicial norm of its fundamental class. When V 1is not orientable

we pass to the double covering V and set ||V = %[Ff'll ‘

If ¥V is open, then its fundamental class is represented by locally
.
finite cycles ¢ = [ r.o, , such that each compact subset of V only
iml
intersects finitely many (images of) simplices o, - Now, the P —

lell= & |r;| may be infinice and the corresponding simplicial volume
i=1
[v]| also may be infimite.

Example : For the real line one has ||Itl1| ==,

The following functorial property of the simplicial volume is immediace

from the definition :

Let f : V—— V' be a proper map of degree d . Then [|V| = d|lv"].
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Furthermore, if f is a d-sheeted covering, thea ||V| = d|Vv'| .

Corollary : If a closed manifold V admite a self-mapping f of degree

d>2, then ||V]|=0 .

For example, all spheres and tori have zero simplicial volume. In

particular closed connected surfaces ¥V with %(V) = 0 have H'I.T" =0 .

If V is an open manifold which admits a proper self-mapping of
degree > 2 , then one can only claim that either ||'I.I'|] =0 or |[V|]|== .
Im fact, both cases occur, but if V¥V 1is homeomorphic to the interior of a
compact manifold with boundary, V = Int V , then the case |[v]|= = is

excluded, HMoreover,

1f the boundary of v admits a selfmapping f with

|d| = |deg £| > 2 , then [|Int V)<=.

Preof : First we represent the fundamental class of V by a chain ¢ with
boundary b in 3V . Then we attach to V the cylinder 3V x p,=) , and
observe that the resulting manifold VvV 1is exactly Int V . Now we extend
the chain ¢ to an ll-:::rcle of V as follows. Denote by 'bl the image
£.b) in aV x 1 =3V and let =, be a chain in aV = [0,1] with the
boundary 3:1- d-lhl-*h for d = deg E . Next we consider the iterates

(k)

3 of F, for k=0,1,... , and take the maps

" : W x[0,1] =+ ¥ x> [k,k+llc v = [0,=)

defined by £° ¢ (v,t) —— (£ (v),t+k) . Then the locally finite chain
E‘u c+ ¥ d-k f:'{cl.'l is a fundamental cycle of V of finite I'_l-nnr..
k=0

Fil=liclls = a™ liell = bell + ks lieyl

-0 o



Corollary : The simplicial volume of Euclidean spaces " is : [Ilt"ﬂ = 0,

for 1:._1'_2.

Indeed, the space E"  has sel f-mappings of any degree.

Now comes our first interesting example of a closed manifold V
with |[v]| > 0 , which is a special case of a theorem of Thurston (see

section 0.3).

Example : Let llv]] be a closed oriented surface with Euler characteristic
¥ ¢ 0 of constant negative curvature =1 . The fundamental class is
represented by a cycle g TiO: vhare Bynnnns are singular 2=
gimplices. The total Ell;:;rﬂil:} voluse is

g r val{ni] = =0y y »
i=]

Straighten all singular simplices involved; keeping the vertices fixed, by
lifting to the universal covering, that is the hyperbelic plane H =V .
Observe moreover that the absolute value of the volume of any straight
triangle in H with positive angles is majorized (use the excess formula

in hyperbolic geometry) by v . So we find

q
2n|x| = K T, (Vol astraigt ui}

1i=1
q
< B .|

=1 %

q
Hence Ivll = ling Z |r. 1] > 2[x(V)]|
i=1
vl > 2|xtm| for x <O.

This is the precise bound. The simplicial volume is

vl = 2|x(vy]
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for closed surfaces V of constant negative curvature. In order to see
elementarily that ”U|[£ 2!y| we consider the standard model of a fun-
damental domain in M, a regular k-gon F_, k= 2|x|+4 . It can be
covered by a cycle of k-2 = 2|y|+#2 straight triangles so that in any case
[[v]| < 2|x|+2 . Then we apply this construction to d-sheeted coverings of

V and thus we cover d-times the fundamental class of V by 2d|y|+2

1

triangles. Hence we find ||V| < 2|x|+2d" " and by letting d-+= we obtain

Ivll < 2]xl

Finally, we indicate two general uwsefull properties of the simplicial

volume .

(1) 1f v

1 is a closed manifold and ﬂ! is arbitrary, then

div i vyl 2 0¥y *% 01 > € vl *)

where C >0 is a constant which depends only on mn = dimivlﬂ ?z} :

Observe that the first inequality above is obvious and it also holds

if both manifolds, ?l and Hz are open. The second inequality is more

interesting since it gives an estimate from below for ”"1“ ¥1” . We prove
this inequality in section 1l.1. with the bounded cohomology technique.

The requirement of V¥, to be closed is essential. Indeed for example

1
1 : 2
g ]| == , while ||[R°]|=0 .
Notice that both inequalities claim nothing whatsoever for the case of
“¥l||- 0 and H?EH = = . However for all known examples of such manifolds

v, and V, one has ||1.r1 =v1|| -0 .

1

(2) Connected sumsof n-dimensional manifolds satisfy for n > 3,

v, # v, 1= 11, lislv, |l : ")
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This is proven in section 3.5 where we also establish the following gene=

ralization.

Let ?ﬂ be a closed simply connected submanifeold of V of codimen—

sion one. Then,for dim V > 1 , the simplicial volume of V does not change

if the submanifold ?q is deleted, H?'u?;||- (vl

0.3 Inequalities of Milnor-Sullivan and Thurston

To take the simplicial volume seriously one needs additional examples

of manifolds V¥V for which H?l[i 0 . The following remarkable theorems

provide a variety of such examples.

Milnor-Sullivan Theorem ([39],[44]) 1f a closed manifold V supports an

affine flat bundle of dimension n = dim V , then ||V]| > |4| for the Euler

mumber  of this bundle.

Recently, Smillie refined Sullivan's argument and proved : || V|| > 2“|h|.
This is presented in sectiom 1.3, where we also study Pontryagin numbers

of non=-affine flac bundles.

The theorem of Milnor-Sullivan is only useful for n even since odd

dimensional bundles have zero Euler numbers. Our next inequality works for

all n .

Thurston's Theorem : Let V be a complete Riemannian manifold of finite

volume, Vol(V) < = ., If the sectional curvature of V satisfies

- ¢ -k < K{V) <=1, then Vol(V) < ﬂﬂnutnll‘-fll ;

Thurston's proof is presented in section 1.2. (See algo [47] and 135]).

I wish te thank Denis Sullivan who introduced me toe these results

and to a cirele of ideas important for this paper.
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0.4. Complements to Thurston's inequality

Characteristic numbers of locally homogeneous manifolds V are pro-
portional to Vol(V) by Hirzebruch's proportionality primciple. In fact
characteristic numbers can be obtained following Chern-Weil by integrating

over V gome universal polymomials in the curvature 1 = [(V)

Unlike the characteristic numbers the simplicial volume of Riemannian
manifolds V cannot be obtained by integration of local invariants of
V , but the proportionality phenomenon remains valid (see [47] and also

section 2.3).

Proportionality theorem : If the universal coverings of two closed Rieman-

nian manifolds V and V' are isometric, then

v lltvor vy = |[v*]| Vel vy .

This theorem is clearly true for V and V' with a common finite
covering. In fact, the theorem is most useful if the universal covering
V of V is a symmetric space and then ||V{|/Vol(V) = const = const(V) .
This constant is, probably, non-gzero if V has negative Ricei curvature.
Indeed, const # 0 if V has negative sectional curvature (rank 1 case)
by Thurston's theorem. Also, as we shall prove in sectiom 1.3, this cons-
tant is non-zero if some characteristic mumber p of V does not vanish.
Furthermore, R.P. Savage recently proved (see [62] ) that const(V) # O
for symmetric spaces V whose isometry groups are special linear groups
1s (V) = SL,(R) for = dimV = -;rq{q+1}—1 . Thess sanifolds have

rank = gq-1 and all their characteristic numbers vanish for q > 2 .

Example : Let V be a product of hyperbolic spaces & =-1) of various dimensions.

Then ||V]| = const Vel(V) , and by Thurston's theorem combined with the
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inequality (+) of 0.2 we have const = const >0 , for n = dis ¥V . Further-
more, if all hyperbolic factors have even dimensions, then

lIv]| = const" |x(v)| , where the last constant only depends on the dimensions
of the factors.

Explicit constants are only known for negative curvature =1, V= g"

They  are determined as follows. Take all n-dimensional simplices 8§
in the hyperbolic space K" of curvature =1 and denote by Rn the upper
bound of their volumes,

]tn - ;25“ Val(s) ¥
(A simplex is, by definition, the convex hull of n+l points in general

position in B ),

Then, we have the exact formula :

1] = &' vo1(v) :

This formula also helds for complete non—compact manifolds of Finite volume
(sec [47] and sectionm 1.2) and the extremal wvalue Hn is always assumed
by the regular ideal simplex in H" with all vertices at infinity. (Milnor

[47) for n = 3 , Haagerup and Munkholm [27] for n > 4) . Furthermore,

C 1l

HE =T, H] = % E i-I ain E%-l 1.0149 4y and asymptotically for
i=]
VI

n + = one has H“ﬂmﬂ: . (See [27]) .
Another useful relation for |[|V|| comes from the following.

The (I hi}-entinate : Let V be a complete connected real analytic mani-

fold with bounded non-positive curvature, -‘lz < K(V) < 0, and let the

Ricci tensor of V be negative definite at some point v € V . Then
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n
I b.(V) < const k" Vel(V) |,
ji=p * = ¥

where n = dim V and hi are the Betti numbers with any given coefficients

(See Appendix 3} .
With Thurston's theorem and (#%) of 0.2 we come to the following

Corollary : Let V be a connected sum of manifolds of the following two

LI EEI

{a) Compact locally symmetric spaces with non-zero simplicial volume.

For example those which have non=zero Euler characteristics.

(b) Complete manifolds of finite volume with sectional curvature pinched

between two negative constants,

“k; 2 K(V) -k, <0
Then
n
I hi{U} < cnnnt||¥" .
=0}

vhere the constant depends only om mn = dim V and on the ratio hl.lrhz ;

It is unclear if the constant can be chosen independently of this racio.

0.5 Estimates from below for the minimal volume

For Riemannian manifolds V we denote by Ricci(V) the Ricei tensor,
and we write Ricei > -1 §f Ricei(r,1) > - < 1,7 > for all tangent
vectors T € T(V) . Observe that a bound from below for the sectional cur-
vature, K(V) > -k% , implies Ricei(V) > ~(n-1)k® , that is

Ricci(r, 1) > =(n-1) ir-? “ 1,7 * . We prove in section 2.5 the following
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Main Inequality : Let V be a complete n-dimensiconal Riemannian manifold

with Ricei> l/l-n.Then ||V < const Vol(V) for some constant in the inter-

val, 0 = l:nnatn = mnl .

Corollaries : (A) The estimate for the Minimal Volume : All differentiable

manifolds W lltilf:

¥l < (a=13"  n! Min vol(v) .

(B) The (L hi}—enti-ata with Ricci curvature : Let V be a complete

Riemannian manifold with Ricei V > -k" . If ¥V is homseomorphic to a compact

hyperbolic manifold, or, more generally, to a connected sum of manifelds

{a) and (b) of the last corollary of 0.3, then

n
I b, (V) < const’ k™ Vol(V)
3 1 — n

1=0

(C) The Volume comparison theorem : Let V and V' be complete Riemannian

manifolds of dimension n and let f : V —— V' be a continuous proper

map. Assume mOTEOVET

Ricei(V) > I/l-n .

—= < =k < K(V') < -1 '

and Vol ¥' £« m | Then

|deg(£)] = c Vol (V) /vol(v") . ()

Unfortunately we do not know the explicit value of this constant cn
The most optimistic conjecture would be En - {n-l}Tn « In fact, the
proportionality theorem of 0.3 yields this conjecture when both V and V'

have constant negative curvature {(notice that RicciV=|/|-n here corresponds
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ta K(V) "-IZI-*-:IE'E . One may conjecture further that the equality in (=)
with this optimal hypothetic constant En only may hold if both manifolds

V and V' do have constant curvature, and then by Thurston's rigidity

theorem (See [47], [25 ] ) the map f is homotopic to a locally isometric

d=-sheeted covering.

Now let ¥V be homeomorphic to the interior of a (possibly non-compact)
manifold W whose boundary 3W is a disjoint union of compact manifolds,
called 3,W , 3,W ,... . We prove in section 2.5 the following estimate from
below for the volumes of balls B(R) ©V around a fixed point L in V.

(Compare the Example of 0.1) .

The asymptotic inequality : If V is a cosplete manifold with Ricei V2> 1/I-n

then

llawl] = || alull + ||32H|| + .. <const_ lim inf R vol B(R) ,

B
for 0 < comst =< (n=1)1 .

The estimate for the minimal volume generalizes in section 2.5 to
products V = 1.I'1 ® 'lul'2 where 'h‘] is a closed manifold with a nonzero

Pontryagin number p = p(?I} .

The product Inequality : The product V = ?l ® ?i satisfies

le} "Tlrill i cﬂ‘ﬂll; Hi.l'l ‘rﬂ'l{‘l.rl = ?2} ' E n = dlﬂ v .

E:I-Elt ¢ Take for “l the complex projective plane and let “2 be a
(compact or not) 3-dimensional manifold with H{?E} = =] apd ?nl{uz}-ﬁﬁ "
Then Min vnl{ﬂt L] UII > comst Unl{UII ; for gpome const > 0 , while

llw, = V1|l =0 sgince “1 (and so Ul ® ?2] has self mappings of degree

1

a 2 . Notice that all characteristic numbers of this ?l W vz are Tero

since n o= 7 . We have no examples of closed five dimensional manifolds W
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with [|V|]| = 0 and Min Vol(V) > 0 . On the other hand we shall show in

L]

Appendix 2 that for many J-dimensional manifolds Min Vol(V) e ::n-nnl:"”'lp'

We shall see in section 3.1 that the simplicial volumes of closed

manifolds V are entirely determined by the fundamental groups I = II{F}

and by the classifying maps V K(M,1) . For example, [IV|| =0 for
all clogsed simply connected manifolds V . However we do not know whether
the minimal volume is also zero for all closed odd dimensional simply connec-

ted manifolds W .

Another inteéeresting problem concerns the sets of values of Min Vol(V)
and “'I.I' |[ y Where ¥V runs over all manifolds of a given dimension n .
The work of Thurston {see [47][25]) may suggest that both sets are
closed countable well ordered non-discrete subsets of the real line, but
we do not even know whether the value zero is isolated, i.e. if Min Vol I["H::t,
for some ¢= ¢ >0 implies Min Vol{V) = 0 . The same question is open
for the simplicial volume. However, we shall see in section 3.4, that
Min Vel(V) < e, + for some ¢ >0, does imply |[V]| = @ . Moreover, we have

the following

Isolation theorem 3 Let V be a complete n-dimensional manifold with

Ricei (V) =1, amd let the unit ball i_q Vv around each Eni_:_lt_ v £V Sﬂtiﬁ—

I;'E Val 5‘.“} < for some sufficiently small positive 1 = ¢fn) .

Then |[V||=© . In particular, if Vol(V) < e(n) chen |[v|/=0 .

Corollary : If a manifold V with Ricel V > =1 admits a proper map of posi-

tive degree onto a manifold v' of negative sectional curvature, for which

Vol(V') <= and -= < =k < K{V') < -kz <0 , then For some polat v EV

1
the unit ball has ?ul{ﬂufljj re=gln) >0 .
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Bemark : If V=V' and V— V' is the identity map then this corollary
reduces to a theorem of Margulis (see [7]) and in this special case one
can give an effective estimate for e , for example, one can take

£ m En = gxp{-exp(exp nn}} . Notice, :that our proof in section 3.4 depends
on the polynomial growth theorem (see [23 ]) that gives no effective esti-
mate. However, we prove in section 4.3 for manifolds with |[K| <1 the

following more general result with the above effective value ¢ = E s

The Injectivity Radius estimate : If |[K(V)| <1 then the simplicial

volume ||V|| is bounded from above by cnnann?nliur} , where UE::? dencotes

the set of those points v € V |, for which the injectivity radius of V

satisfies Inj. Hadﬂ{ﬂ} o T L In particular, if for all v € V one has

Inj Hadv{¥} g then [|¥]l=0 .

In the general case of Ricci *» -k > == we prove in section 4.2 the

following weaker result.

The Geometric Finiteness Theorem : Let V be a complete manifold with

Ricei V2 -k > = and let the unic balls B“{l]'ﬂ V satisfy

Vel(B (1})+0 for v+« . Then the simplicial volume is finite, vl < =.

Corollary : The above manifold V admits no proper map of positive degree

onto a connected sum of infinitely many hyperbolic manifolds of [inite volumes.

Plan of the paper :

We start section | with the translation of our problems te the language

of bounded cohomelogy. Then we prove in this language the theorem of Milnor-

Sullivan and Thurston. Next, we construct in section 2 geometric uuuuthinﬁ

operators on bounded Borel cochains and prove the Main inequality for compact
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manifolds. In fact, we prove this inequality for a modified notion of sim-
plicial volume. The equivalence of the two simplicial volumes is established

in section 3, by means of algebraic averaging operators on bounded cochains

of simplicial multicomplexes. We also pruve with these operators the isola-

tion theorem for compact manifolds and the identity Hvl# ?2” -||U1” +||v21

as well. Finally, in section 4 we return to El-chaina on open manifolds.

We start with the algebraic diffusion of chains on these manifolds and then

we combine the algebraic diffusion with the geometric smoothing operators.

Thus we prove in section 4.3 the Main Inequality for open manifolds.

In face, we establish in (D) of 4.3 a sharper result, called Main

Technical Theorea which relates the simplicial norm on hemology to the

geometric mass of cycles.

Next, in section 4.4 we refine the simplicial volume for complete mon-
compact manifolds by also taking inte account the geometric "size" of singu!
simplices of fundamental cycles. We prove with this refinement the existence
of extremal manifolds V with |[K(V)| < 1 whose volumes Vol(V) equal
their minimal volumes. In fact we only prove a slightly weaker result for a
modified notion of minimal volume, rather than forthe original one. Tn the fina
section 4.5 we study "volumes" of maps between manifolds who themselves may
have infinite volumes. In particular, we generalize the Volume Comparison
Theorem to manifolds of infinite volumes.We also discuss there the Fuler charac!
ristic and the signature of complete non~compact mani folds. Inthe Appendices (10,(2) an

(3} sebriefly discuss surfaces, manifolds V with Min Vol (V)=0 and manifolds with XV
respectively.

Acknowledgements : 1 owe my gratitude to the referee for the constructive

critigue of the first draft of this paper. I am very thankful to Nico Kuiper
for his help and encouragement and also for many remarks and geometric

examples which are included in this paper.
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1. Bounded eaha.alngg

A general quaestion, arising when a chain complex C_, is equipped with
a norm, is the problem of finding a complete set of its chain homotopy inva-
riants in the category of topelegical vector spaces and bounded operators.
(Lf the topelegy in €, is ignored, then the homology groups of c, give
us all these invariants). The problem becomes simpler when we complete C, -

For the simplicial norm of section 0.2 the completion leads to the complex

c, of tlchalos: o = It with llell= £ |r,|== , like those
i=1  * i=1 !

we constructed im gection 0.2 .

It is more convenient, im some respects, to work with the dual complex

c* = Hom(C,,R) whose elements admit the following independent description.

1.1 Bounded cochains

Denote by L the set of all singular simplices o = 4 =+ X and recall
that real cochaine ¢ € C* = C*(X) are, by definition, certain functions

¢t I~ R . Me define the L -norm of ¢ by setting

liell,, = sup [ed@)] '
o€L

and we call a cochain ¢ bounded if this norm ||rH_ is [inite.

Counterexample : Take a closed n-dimensional manifold ¥V with the oriented

volume form w on V . Then the "standard" singular cocycle ¢ which assigns

to each o : AR — V the integral cf{a) = j ﬂ.{u} is not bounded.
AD
Indeed, if the map ¢ "wraps" A" around V many times, then c(o)

becomes arbitrarily large.

For cohomology c¢lasses B E H.{E.;E} we set 8] 'lIH”-. = Inf|| y”w

¥
where y runs over all cocycles representing # . Of course, this "norm"
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can take infinite values, as will become clear below. We say that a coho-

mology class § is bounded if its "norm” ||l!-||_ is finmice.

Euhnnu]'.u_ﬂ_itnl definition of the simplicial volume :

The € -norm in € = Hom(C,,R) is the dual of the t'-norm in

C, - We apply the Hahn-Banach theorem (compare [45]) and conclude that

the nomms || in H (X;R) and || ||_in H*ﬂ{;nj are also dual.

I

Corollary : Let ¥V be a closed oriented n-dimensional manifold with dual

fundamental classes a E H"{V,R}I and B € H“{'.I';l} . Then

Bla) = L = [[8]l_lleyll= el v

Therefore “l.ril'l - ||ﬂ,|jq; in particular & is bounded iff the simplicial

volume ||V|| does not vanish.

Now, if V is an open manifold then the fundamental cohomology class

&8 of V is represented by cocycles ¢ : I -+ R with compact support-

That is for some compact subset "-'¢ c V which depends on ¢, the cochain
c{g) vanishesat these singular simplices o : A — V , whose images do not

intersect V
a

With these cochains we have again our t-num, ||E||m., and we
clearly have the inequality “"u’ll ||H|L: 1 . However, the eguality

||l.l'||--1 = |lgll, does not, in general, hold.

Example : Let V be the interior of a compact manifold with boundary,

V= Int ¥ . Then, with the ll-m:rrn in the relative chain complex
C,(V, W) = C (V)/C (aV) "

one has the norm of the fundamental class a € H (V,#) and then one
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puts "?}Fﬁﬂ -|IE“1 . Now this norm || || and the corresponding simpli-

1
cial volume are dual to the { =-norm on the cohomology with compact supports

in V= Int V, and so

|
I¥,av " = [lell, -
In particular, this simplicial volume [|V,aV|| =|/g]l :1 is always finite,

However if the simplicial volume |/Int V] is finite, then clearly the sim-

plicial volume ||3V| wvanishes, and so one only can clais the inequality
|tnt V|| = ||V, a¥]| 3

In order to give a cohomological definition of ||V|] we consider

locally finite subsects of singular simplices, ¢ c I , such that every

compact subset of V intersects only finitely many (images of) simplices
in & . Then for cochains with compact supports in V we define semi-

norms HI:“".II by putting

lelly = sup fetod]
aEh

and next we have the corresponding seminorms on the cohomelogy with compact
supports. Finally we take the upper hound of these seminorms over all locally

finite sets of singular simplices,

lell™ = sup [lell, -
L=
Now, the Hahn-Banach theorem does apply and for the fundamental class

B of V wahave ||8]|" =|v| " .

As the first application we get the second inequality (*) of 0.2,
vy = Vil = €~ Hivyllie, |

by referring te the dual inequality for the cup=product,
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-] [
"E'I b Bzil f C”E'IH“"BEIE ®

which follows from the cup-product formula for singular cochains. Notice
that if none of the manifolds El'l and "i"2 is closed, then the product

of cochains with compact supports, £y in v, and e, in V, » may have
non=compact Support in Vl ® v1 , and so the failure of the product ine-

quality is not surprising.

l.2. Thurston's theorem

We prove three slightly different forms of Thursten's theorem of
section 0.3 and we start with the most transparant original version. We
consider maps f of simplicial w-dimensional polyhedra P into complete
Riemannian manifolds V . For a Li.Esr.:hi.L: map f we denote by mll:tnf
the volume of f ecounted with grometric multiplicity. This mass equals the
total volume of the singular Riemannian metric in P induced by the map
f: P —=V . He denote by [P].In the number of m-dimensional simplices

in P .

{A) Homotopy theorem : If the sectional curvature K = K(V) satisfies K < -1,

and if m = dim P > 2 , then every continuous map En : P —= V¥V is homo-

topic to a Lipschitz map f such that -uu-E < const LF'-] « for some

constant cans:u % n/{m-1)! . Furthermore, for manifelds V of constant

curvature -1 one has const = Iil:ll| e gVle/m! , where En is the volume of

the regular ideal simplex in m-dimensional hyperbolic space (see 0.3).

ﬂarﬁlltgg t If P and V are moreover closed manifolds of the same dimen—

sion @ > 1 then there is an upper bound for the degree of maps fut P— V.

In particular, there is no self-mapping £ 1 ="y of degree > I .

Indeed, deg I’I:|l = deg f < comst nlsunf s where const = const{P,V)

depends on the manifolds P and V .
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Froof of the theorem : We construct the required map f by first “straight-

ening” che map I":.I on all simplices A of P and then by estimating

volumes of straight simplices in V .

First, take an ordered set of m+l points Vore ey in the universal

covering V of Vv and span these by a straight singular m-simplex

En T P by induction : the t=dimensional simplex Er'!. : .'_';I—-r'? W

¢=1,...,m , with ordered vertices Vareena¥ is defined as the geodesic

cone from v, over the (i-1)-dimensional straight face spanned by the

first & wvertices VorreaaV . Next for an arbitrary simplex g:p + V

i-1
we take a lift a to V , then we replace this g by the straight simplex

g :a—V spanned by the vertices of T and finally we project o

back to V . The resulting simplex o' : A —= V is called the straightening

of ¢ and denoted straighto -

How, for a map fu t P —= V , we order the vertices of P ., and then
for each simplex A S P we straighten the singular simplex fu]n s A =¥
Since these straightened simplices agree on their common faces, we obtain
amap f : P — ¥V, which now is straight on all & P , and which is
homotopic to [n . Observe, that the only property of V we used here is Ehe

.

uniqueness of geodesic segments joining pairs of points in V .

What is left to prove is the following

Estimate of the volume of a straight simplex : If K(V) < -1 then straight

gimplices o : A"— ¥ satisfy for m >2 , mass o </(m-1)!

Proof : For K = -1 the sharp result, maﬂmn:E- + 1% vstablished in
[27] .
This sharp inequality also holds in the peneral case for peodesic

’ 2 . .
triangles A =V . Indeed, the relative curvature of these trianpgles, that
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is their second quadratic form, is non-positive and so the Gauss curvature
. i 2 S 2
of the induced metric in A" satisfies G(s) < -1 for all s € 4" .

Then, by Gauss-Bonmet, [ G(s)ds >=n and so

2
&

mass .ﬂ.z = Ared ﬁ.z < J |Gl{s:l |da ix

=]
3

Now, volumes of geodesic cones over (-dimensional submanifolds in

Vv satisfy for K(V) < -1,

Vol (Cone) < ™" Vol (Base) .
(see [5][10]) and thus the proof is finished. Compare [35]).
Question : Can one take const = R, T

Example : Let P be a closed connected surface. Then, with an example of

0.2, we get for straight maps f : P —— V¥
Iﬂllzf < n{2 | x(P)| +2) .

In fact, one even can "triangulate” P into exaclty 2|x(P)| ideal

triangles (see [47]) and thus obtainmaps f : P — V , in case V is

closed, with mass.f < 2#[x(P)| .

One can also proceed in & more traditional way by deforming fu to a
minimal or to a harmonic map f : P —— V, and then observe that the
induced Gauss curvature in P is everywhere < =1 . This again yields, via

Gauss—=Bonnet, the sharp inequality muzf < Irr|:[ﬂ|

It is unclear how to obtain sharp inequalities for minimal maps of
general polyhedra (or manifolds) P , but the next version of Thurston's

theorem provides such an estimate for homology.
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First for a singular m-dimensional chain ¢ = [ Fi0; . for
i

a; ¢ Al ¥ » W& put

mass(c) = I |r;| mass_ o, .
L

and then for a homology class a E Hmw:m we define mass(a) as the lower

bound of masses of cvcles which represent a .

(B) Homology theorem (see [47 1,035 1): If E(V) ¢ =1 and if m> 2 , then

all o €H (ViR) satisfy

mass(a) < comst_|[[af| .

L

where || II,I = || || is the simplicial norm of section 0.2 and "eonst

is the same as in the homotopy theorem (A).

Proof : First we represent a by a eyele e = F r.a. vhose morm
i

el = £ |ri| is close to [|n:||I and then we straighten all its singular
i

simplices g - Straightening commutes with the boundary operator on chains,

and so the straightened chain

c'=f r.ol , for ni = gtraight o5 s

te, in fact, & cyele homologoua to ¢ . Therefore

mass(a) < mass(c') = I |r,|mass o}
i

| &

const_ £i1rli = comstflc| . 0.E.D

Remark : The homology theorem, when applied to the fundamental homology class

of a closed n-dimensional manifold V , yields Thurston's theorem of 0.3,

Vol(¥) < comst ||V |
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Finally we come to the dual cohomological wersion of (B) which relates
the norm || H_'-"f section 1.1 to the comass norm on cohomology. Recall
that the comass of a differential m-form w on V is defined as the upper
bound of the values of w at the orthonormal m-frames in V . Then for a
class B € H (V;R) we define

comags B = inf comass w B
[

where w rune over all closed m-forms representing g

(C) Eﬂhmlng theorem : E V) < =1 ﬂ o > 2 then one has For all

BEH (ViR) ,
ligll,, < const comass & ’

Proof : First, represent E by a form w with comass{yw) close to comass{g).
Then construct & singular cocycle (!} ¢ represemting B by putting, for
every singular simplex o : A - — V¥V,
clo) = [ w » where o' = straight o
]
g
Since |cﬂu]| lnauu{u'] comass (w) , we get |::1:|:r.'!| < :unutm comass(y) Ffor

all a ¥ Q;EJ!

Remark : One can show with the Hahn-Banach theorem, that the theorems (B)

and (C) are, in fact, equivalent.

The relative case : Consider a locally convex subset "nfu: Vv , for example
a totally geodesic submanifold 'd'u = V . Then for cach singular simplex
A—— V_ its straightening is also contained in v, and so the theorems

(A),(B) and (C) hold in their respective relative forms.

Now we consider proper geodesics v : R- — V that is both ends
(t + 4= for tE R ) go to infinity inV - We say that V is concave

relative to infinity (one might say that the infinity of V is convex) if
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ne proper geodesic y extends to a proper map f : R = [0,2) —s V for

f| R x0=y : R =«x0=R V.

Examples : If a manifold v, is closed, then the cylinder v, %R is
concave relative to infinity. The space R" for n > 2 is not comcave

relative to infinity.

If ¥ is concave relative to infinity then every cocycle b in ¥

with compact support'straightens”to a cocycle b' which also has compact

support. Furthermore, b=b" = &c , for some cochain c with compact support.
Thus we obtain for the fundamental cohomology class B of V our old esti-

mate

livll = {l|E|ﬁ_I > IH|B||'I]'_1 > cun.ﬂl:;l'l.l'ull‘:?}

EII.IHE].I: : If =k < K(¥V) = =1 and if val(¥) <=, them Vv is concave relative

to infinity (see Appendix 3) and so
Vol (V) < c-:rnlr.t4|'l-*|| :
Thus the proof of Thuraton's theorem of 0.3 is concluded.

1.3 The theorem of Milnor=-Sullivan

We start with the original gecmetric version of the theorem (ace [17,

[44]) .

Let P be a simplicial polyhedron and let 2 —— P be a flat -

dimensional vector bundle over P . Then the Euler class x(2) € H (P; &)

can be represented by a simplicial cocycle whose value at each simplex of

is 0,1 0r -1 .

Proof : Take a4 section [ 3 P— Z which does not vanish on the {(n=1)-

skeleton of P . The cocyele, which assigns to each oriented n -dimensional
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simplex A c P the algebraic mumber of zeros of f in 4 , is cohomologous
to x(Z) . (This is the definition of x). Since the bundle Z is flat we
can choose the section P —— Z piecewise linear, such that its restric-
tion to each simplex A im P is the graph of an affine map A —+ R".
Mow, a generic piecewise linear section has at most one simple zero inside

each n-dimensional simplex. Q.E.D.

The following argument due to Smillie, provides a rational cocycle

whose value at each n -dimensional simplex equals 2 for n even and

0 for n odd.

A piecewise linear section f : P—— I is determined over each n-
dimensional simplex A c P by its values Eu""'fi"'*'fn at the vertices
of A . If we multiply some of fi by =1, we get a new linear sectlion over

2u+1 such sections ower A , but exactly two (opposite

& . There are
ones) of them have a zero. To see this, study n+#l points

2 n
EUEU'+++'E1'|£1.'|. in E

for ti = %]
and examine whether their convex hull contains 0 in the imterior. If wa

assign to each & the algebraic average number of zeros while averaging over

P , we get the required cocycle representing y(P) .

Remarks : (a) If P is a closed oriented manifold with fundamental class [P]
then we can speak of the Euler numbers, yx = <y(Z),[P] > . Any lower bound
for the nmber of n-simplices of a triangulation of P gives us an upper
bound for |y| . One often obtains better estimates by using triangulations
of finite coverings of P . For surfaces P , one gets with an example of

0.2

xl <3 Ix® . (+)

This estimate is sharp. Indeed, by taking a metric of constant curvature in
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P, we get P = HEM where Hz ias the hyperbolic plane and e ﬂI{P}

is a subgroup in the orientation preserving isometry group I:{szitPELI{EJ
The quotient PELE{E}IH is canonically isomorphie to the total space of
the unit tangent bundle S—— P , and since the Euler number of this
bundle is even (= y(P)) , there is a double covering & —— S such that
the pullbacks E; = 5 of the fibers Sp = 51 =5, pEFP are connected.

Thus we get another circle bundle

g

P (a "square root" of 3)

and § = SL,(R)/ 1 for some lift
g N—= 51.2{11}—- PSLIIB'!- 51.1'[11'! Jizl) .

The vector bundle T , associated te § , admits a flat structure, since
it is also associated to the principle fibration Hz— - P = Hzfﬂ via
the linear representation g . Now, T is "the square root" of the tangent

bundlea TI{V) and &o
=, 1
(T} = 3 x(T(V)) "

{b) There is another way, (pointed out by Lusztig) to cstimate Euler numbers
of n-dimensional flat bundles over a fixed closed n-dimensional manifold

P . In face, flat bundles ever P correspond to linear representations
nliF]"‘GLu{R}. The set of these representations is a real algebraic variety

and so it has finitely many connected components. The bundles corresponding

to points of any component are topadogically equivalent, and in particular,
their Euler mumbers are equal. Observe furthermore, that the pnumber of diffe-
rent values of y(Z) for all flat bundles Z—— P is estimated from above

by the fundamental group alone, vhile the maximal value of || may

also depend on the manifold P itself.
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Example : Let dim P > & and let us delete from P an open regular neighbor-
hood of the l-skeleton of some triangulation of P . The boundary B of the
resulting manifold P' admits an orientation reversing diffeomorphism D

such that the induced homomorphism D, : 'IIEE:I «' is the identity. Next we
take two copies of P' and glue their boundaries with D . We obtain in this
way a closed manifold P which admits amap [ : P" —— P of degree 2

and such that the induced homomorphism f_ : il{P"} —_— iliP} is an
isomorphism. Now, for any flat bundle Z ——= P with Euler number y , we
observe that the induced bundle f.{IJ over P has Euler mnumber 2y , and
by repeating this process we obtain flat bundles with arbitrary large y with-

out changing the fundamental group of the underlying manifolds.

The theorem of Milnor-Sullivan-S5millie cam be generalized im the

following abstract form.

Let Z be an n-dimensional flat bundle over an arbitrary topological

space X . Then the Euler class x = x(Z) € H“{H;H} satisfies

xli, = 2™

(As before x =0 for n edd). In particular, one gets the inequality

vl = 2"|x| of sectien 0.3.

We shall show in section 3.2 how the geometric version of the theorem,
when applied to the geometric realization of a semi-simplicial set of sin-

gular simplices in X , yields the abstract theorem.

Our version of the theorem of Milpor-Sullivan-Smillie implies in par-

ticular boundedness of the Euler class for affine flat bundles.

A generalization : Let €& be an algebraic subgroup in the linear group

l.'L- - !.:l.‘{ﬂ} « Take the elossifying space BE and consider also the elaselfy=

ing space B for G with the discrete topology .
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L]
Consider the natural hosomorphise in cohomology, H'EEE:R} —rH Encﬁ;l'r.s !

™
and call an a E M {EGE,E} a characteristic clags if it is contained in

the image of this homomorphism.

é

Theorem : Esch characteristic class in H.tlﬂ iR) is bounded.

This theorem follows, as in the case of the Euler class {see 3.2.) ,

from the following

Geometric version : Let Z be a flat wm~dimensional Grhundle (f.e. a

vector bundle with a flat  G-structure) over a simplicial polyhedron [ .

Fix n clazss g € HHLHG:II.} and consider the characteristic class

g° € H'(P;R) imduced by the classifying map P — BG . Then £&° can b

represented by a simplicinl cocyele which is bounded in absolute walue at

ewach n-dimensional simplex ip P by a constant depending only on £ .

PFroof : We assume P of finlte dimension “n and construct the followin

Finite dimensional "approximation” By of the classifying space BC fo
large N . It will suffice to take N > n+m+2 , Take first the total spa
E of the canomical principle GLm-bL:IHlln.! over the Crassmanian ﬂrnlji'.'.:1

e~dimensional subspaces in RH - The group G =GL_ acts on K and th

Bpace H"d # B/G will be our approximation to BG. The space B, now carr

N
the patural structure of a real guasi-projective manifold.

Algebra-Cecmetric lemma : Let B be a real guasi-projective manifeold. Theo

far each s there is a Zariskl closed set € =B of dimenglon =2  such

that the inclusion homomorphism ?E;f'l:] o HI[E] is surjective, whore

danotes homology with non-compact supports.

Proof of the lemma : According to Hironaka {30 ] one can realize B by a

Zariski open dense subset in a non-singular projecrive manifold A . Fur:

mora, A has a criangulation with the following properties (see [31]) :
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(a) each simplex of this triamgulation is a semi-algebraic set imn A ;

(b) the complement A ~B 1is a closed subcomplex of this triangulation.
Denote by C the Zariski closure of the s-skeleton of our triangulation

and take for the required ¢ cthe intersection C N B .

Proof of the theorem : A classifying map P-—— B, for any flat G-bundle

KN

Z over P now comes from the following comstruction. Take the trivial

bundle T = P x EH—* P and an injective homomorphism Z — T . Such &
homomorphism assigns to each fiber ZP s+ PEP, an m~dimensional subspace
TP = ItH and an isomorphism ?.F--—- ‘:'P « A subspace ‘:'P with the G-structure

induced from IF is interpreted as a poimt im By -

Since £ carries a flat structure we have a notion of plecewise linear
homomorphisms Z —— T whose corresponding classifying maps P --— BH are
piecewise algebraic. Moreover, these maps are algebraic of degree d on each

simplex in P where d depends only on n and of course on the group

= m":n .
Now, the class E E E;I[BH:I s B = di.ml'BH]-n , Poincaré dual to
e k ar
B E HnEBH} , can be realized, according to the lemma, by a cycle b= I T,
i=1

which is built of k s-dimensional semialgebraic simplices Ii in C.

For a generic piecewise algebraic map P—— B, the image of each
simplex A = P intersects each E'i = EH transversally and only at interior
points, whose nusber is at most d-deg(C) . Therefore, the real intersectionm

mumber 'un of A with B is at most

k
d deg(C) I Iril < const

{ul B

&
Finally we observe that the cocycle & -V, is cohomologous to £ E HH{F;E}

thus concluding the proof of the theorem.
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Remark : In many interesting cases one can realize B by a combination
-
of Schubert cycles and then one gets more precise estimates for e [|_Iﬂu.'

those we obtained for the Euler class.
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2. Estimates from above for the simplicial volume

2.1. A preliminary discussion

Consider a closed oriented Riemannian manifold of dimension n with
sectional curvature bounded in absolute value by ome, |[K(V)| <1 . In order
to prove |[V|| < cnnntnvult?} (see 0.5. we must "cover" the funda-
mental classe of V by at most :nnl:nvall?J simplices. First, suppose that

at all points v €E V the injectivity radius of V satisfies Inj. Rudu{vlg €

for some fixed number e, * 0 . Then the exponential map exp: T“{?]'-_* v
at every point v € V embeds the cﬁ-hall H{cn} in Tufvj arocund the

origin inte V . Furthermore, LiF £, is small then the map

exp, * H{Lu} V is almost isometric, that is its differential D has
everywhere a norm close to one. In fact, even without the condition

Inj. Rad(V) > ¢ one has llolk1] < :': provided ¢ <1 and |k(vy| <1
{see [10]). Now if all Eu-blill in a manifold V are roughly Euclidean, there
is a triangulation with simplices of size about £ and such that the total

number of the simplices equals const :;"Uul{?] . In particular we obtain

the following

Trivial Inequality : If |K(v) | %1 and if 1Inj. Hadv{¥] > for all

v EV , then
-n
H¥||f_cuuatn €, Vol (V) z (*)

This inequality gives no interesting estimates from below for Vol(V)
and for Min.Vol(V) since the condition Imnj. Rad(V) e already implies
Val(Vv) = EnEz . However, for manifolds of non-positive curvature one derives

the following
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Nen-trivial Corollary : If O > KE(V) > -1 and if the fundamental group

ulcv} is residually finite, then

IVl < comst_ Vol{v) ” (=)

Proof : Recall, that a group 1 is called residually finite if the inter-

section of all subgroups in 7 of finite index is the unit element e in

M . One can also express this condition in our context by saying that for

every L >0 there is a finite covering ] ¥ such that every loop
in V of length < & is contractible. The last conditien implies, nov for
E{V) <0 , that Inj. Rad“ﬂVJ > %1 for all v €V .Then for g > 2, the

Trivial Inequality yields ||V|| < ¢¢nltnﬂn1FUl » and as

F L livll = vo1@/vor(v) = a

[l

for d equal the number of sheets of the covering V-—— V , we also get

Iv[| < const vel(v) .

Example : First take a manifold V with a mecrie E, of constant curvature

=1 . Then for an arbitrary metric g on V with 0> K(g) > -1 one has

Uul{“.gn} < cuustéﬂnl{v.gj : [wwn)

Indeed, manifolds of constant curvature have residually finite funda-
mental groups. In fact the same holds for all finitely generated subgroups
of connected Lie groups, see [41]). Then (*%** ) follows from Thurston's

theorem of 0.3 and from (**) .

The arguments above can be extended to cover the general case of mani-
folds ¥V with |Hl?]| < 1 . The idea is to represent the fundamental class

of such a V by a cycle ¢ = [ ELoo; with the following two properties :
1
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(a) all simplices t AoV are c—small for g = {ID}‘_ . That

o §

is each admics a lifc Ei to an exponential t=ball,

%

~ n
I:ri i A —= Big) € T“i{v} *

for some point v EV , and 'Ipri'di -

® lell ==& | | < const Vol (V) .
1

One can construct such a cycle ¢ by firsc taking all "e-cycles” «c

which satisfy (a) only, and then by minimizing the norm ”-.': " among E=

cycles”. In fact, there is the following minimizing procedure which actually
diminishes the norm of ¢ , as long as this norm i8 too large compared to
Vol(V) . Namely, if |le]l is large then alse a lift e of e to the unit
ball B(l1) c:T“{vJ at some point v EV has a large norm el compared

to WVol(B(l1)) . Therefore, one can replace ¢ by a smaller standard "e-chain”

E; in B(l) which represents the relative Fundamental class of the pair

L

(B{1), B({1l)). Wext, one can comstruct another chainm 5 which "interpolates"

between € and £, in the sense that E] equals ¢ in a small neighbour-
hood of @8(1) and such that E‘l - E‘n far from the boundary 3B(1) . This
l:-“l has smaller norm than & , and by projecting the difference 7:"]-? back
te V and by adding this projection to the eyele ¢ , we do diminish the norm
of ¢ .

A technical difficulty of this argument is the necessity to keep all

Pl

singular simplices e=small while constructing the imterpolating chain ey -
=10
This is the reason for the ridiculously small & == {Eﬂj_“ « In fact, one

gets even worse estimates for "cumtu" in the inequality |[V|| < const Vol (V) ,

10
namely something like const o {luﬂln

We shall pot pursue anymore this line of reasonning and turn to more

efficient estimates for |[V| .
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2.2 Exact estimates for hyperbolic manifolds

Let V be a closed oriented manifold of constant curvature =1 . Then
there is the following very efficient way to "cover" the fundamental class

of V by ismersed straight singular simplices o¢_ with all edges of length

i
D . Such a "covering" would yield, for D + = , the inequality [[v|l < R;IUUI{V}.
and therefore (see (B) of 1.2. ) the exact formula ||v|| = R;l VallV)

of section 0.3,

We first generalize finite singular chains in V by ademitting as a
generalized chain any family F of singular sisplices o , parametrized by
a manifold F with a finite measure, given by a form p{o)do and total
measure the norm (see [47]) [|F] = i[ |ule) | do (instead of L r.o, with

AOFm z|ri|} . Specifically we take the family F_ of all regular simplices

b
9, vith the orientations induced from V , that is each o, 1is covered by
an embedded repular gimplex EB in the universal covering hyperbolic space
H" . The isometry group Is(H") acts transitively on the simplices ;h cand
the Haar measure of TIe(i") induces a measure u(o)do on F = FD - The
generalized chain so defined is a eyele : under the boundary eperator the
contributions of two sides of any (n=1)-face o' cancel each other because
these sides are symmetric under the orientation reversing(!) reflection of
-

H" in the hyperplane spanned by 7 . This chain Fn represents the funda-

mental class im case

J ula) vol(a) do = Vol(V) '
and then

ﬁFD[l = [ plo)do = (Vol -:h}_l'lu'ul. v

By definition

i< liegh
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and since Vel(o)——R_ for D+= , we get ||V| =< H;Lunl V.

Now, we only must show that these generalized cycles F, give the same
value for |[|V]| as usual chains. First we take N points in V , cach
assigned with the weight Vol(V)/N . The resulting atomic measure in V is
denoted by by 0 and eventually for N + = | we require the sequence by
to converge, in the weak topology, to the Biemannian measure in V . Then we
consider all straight simplices, whose edges now may have any lenmgth between
D and D+& for somec & » 0 , and whose vertices must be chosen among our

N points. Next we consider the (formal) sum ¥ of all these simplices and

take the normalized chain
¢ = c(N,8,D) = ESfIZ|} .

Notice, that this ||I|| equals the number of the simplices. Now, for fiwed

D and & , one has
[fac]] =0 for N-o+w=

and theti one can construct chains o' = r'{.":.f.,n:l guch that 3¢ = 3¢  amd

le'|] =0 for X += . Finally wve take eyeles
c' = e (N, 5,D) = =g’
and observe that
lim lim " = F_/lIF_|l 3
i p''*p
and so0 the eyvcles HFn;rlr" give in the limit for N += | & + 0 and

D + = , the funcamental class of V , while the norms of these cyrles con-

verge Lo R;IUnIIF} . (8¢e [47] for more information).

Nico Kuiper suggested the following direct elegant construction of

finite singular cvcles Fa in v , for which ||Féﬂ +H;I¥01{U} ag Do=m |
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Fix a fundamental domain U in the hyperbolic space H" = ¥V for the Galois
action of the group 1 = uIcv} in the universal covering ¥V of v and

let us also fix a point u € U . Then we consider straight simplices g in
V with vertices in the f-orbit of u and we assign to each g with ver-
tices 1n{u},...,$n(u} a coefficient, wu(g) equal to the (Haar) measure

of those regular simplices Eh in ¥ = #" whose n*l vertices lie in the

translaces T¢{U}-~---TU{U1 : precisely one vertex im each set yiEU] "

i = 0,.00,n . As the family ?n of all regular simplices Eh in ¥ is a
(generalized) cycle, the n-invariant chain ?a = u(o)e also is a cycle.
Furthermore, this cycle E; projects to a fimite straight sinpular cycle

in V , called Fﬁ » which is homologous to Fp {i.e. Fﬁ is a fundamental
cycle of Vv for a proper normalization of the Haar measure in the group

1s(8™) , and also [|FSll = [|Fyll . Hence, [|F}[l~R " Vol(V) as Daw

Remark : Generalized chains F, can be defined, for D < 1, in all manifolds
V with K(V) <1 by taking equilateral geodesic simplices in balls
B({2) = Tv{“} with the metrics induced from V by the maps exp, ¢ B{2)—= ¥V .

However , no canonical measure parametrize these F_ into cycles, though

]

”“:-H"“Fn“ «0 for D +0.

It would be interesting to find a small perturbatiom of FD to a cycle and

thus obtain yet another proof of the inequality ||V]| < const Vol v .

2.3 Strﬂight invariant cochains

Consider a covering Y of manifold V with Galois group 1 and first
observe that singular cochains in V 1ift to those cochains in Y which
are invariant under the action of M . Next, we define a subcomplex, called

. .
C (Y:m) =cC (Y) of real valued singular cochains ¢ by imposing the following
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four conditions.
i -
(1) Cochaing c € C (y:n) are straight : the values c{o) for all

g ! nn + Y only depend on the vertices L PETERTS FERTETS EY of o.

The "straight" cochains are, in fact, functions in m+*l wvariables

Yor e ¥y EY .

(2) The functions c = :{yﬂ.+‘+.r_} are antisymmetric, that is

:{-:Irnl-‘*'l-}ril"|lrjil'l"lym:'—-cirﬂl'l-lyjirrp-:lrip*-'-|rm]

for all pairs of variables ¥g and 3j "

{3) The functions ¢ are Borel in the variables ¥iv that is pullbacks
m

of Borel subsets in R are Borel in the Cartesian products ® Y .
0 ]

{4} The functions ¢ are [f-invariant.

Remarks : The condition (3) is purely technical. We could equally well require
continuity (or even smoothness) of ¢ , without changing the homology of

¢ty .

The condition (2) will be quite important in the further calculations
but again it does not affect the homology of our complex. Indeed, there is
the natural (anti)symmetrization operator which projects all functions to

the antisyvemetric ones, namely

1
g(yp—= W E IEJE{GET}} ®

where £ runs over all permutations of the variables y = (fn....,yu}
and where [&] =1 for even permutations & and [4) = -1 for odd & .
This operator induces an isomorphism onm the (real !) homology. In fact, it

15 a8 chain homotopy eguivalence.

Without the condition (&) our complex would be acyeclic (in fact, chain-
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contractible). Only the action of 1 makes the story interesting. In fact,

as we shall see in 3.3,

0, (C*(rim) o BB 4 B

where K(0,1) denotes the Eilenberg MacLane space.

E‘:EEIJ t We constructed in the proof of the homotopy theorem of section 1.2
a cocycle ¢ = [ w , which lifts to the universal covering ¥ -V —y

Ll

o
with the properties (1),(3) and (4). In fact, this ¢ is a continuous Ffunc-

tion in Yorer ¥y and it even extends to the ideal boundary of V . One also

can make, with the (anti) symmetrizatiom operator, this cocycle ¢ anti-
symmetric, without changing its cohomology class and keeping it bounded with

the norm < cunnl:m::nuaa{u:l

New simplicial volume : The ¢ "-norm on functions ¢ = l.‘:l:].rﬂ.....,]r-] induces

a norm in cohomology H.[‘f;rl} dgf H_{E-H:ﬂn . Furthermore, the inclusion
1:‘('!': m— c*{V) induces a homomorphism H‘{'i':ﬂ',l—" H-["nl'] . Now let us

take for Y the universal covering V— Vv with N = TIW,’I and let us
denote by F the homomorphism H (Vil)— H (V) . For all & € H'(V)

we put |8l 'i“ = igf]ln]i_, where a runs over the pullback F-ll‘.E:ll c #" (V:n).
In particular, [|[g]|_ == if g does not come from H'E‘T;nj « Then, by dualirty,

ve define the fellowing new norm for all v E Hn{\r}

llyIPe* = m;pﬂlﬂiﬂ“l'l 180 |

over all g € H (V) .
It is clear that ||v|™*¥ < ||~-.rH"_'llli and in particular, for closed manifolds
v we have |[v|™¥ i"‘n’ﬂ'allrl . In fact, with the remark above, the new norm

|,|"r]|““ equals the old norm of the image of y under the natural homomerphism

H, (V)—— H(K(N,1)}) , for n= tlﬂl']l . In particular, the new norm (and

thus the new simplicial volume) vanishes for sisply connected manifolds.
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We shall prove im section 3.3 an equivalence theorem claiming the equality

| Ir"“"' = | |fld + but even without this theorem (which requires a bit of
abstract machinery) one can use the new norm as efficiently as the old one.
Indeed, the principal estimate from below for || |r1d , namely Thurston's
theorem (C) of 1.2, delivers, in fact, the same estimate for the new nerm,
because the (anti-symmetrized) cocycle ¢ -_|' u is contained im the complex

1)
E-I{'l':n] « Moreover, the functorial property for maps f : V — V' ,

e ol < livll o

also holds for the new norm and so our main geometric applications in section
0.4 will not suffer if the old norm there, is understood in the new sense.
In any case, since the new and the old norms are equal (see 3.3) we do not

bother to distinguish them anymore.

Finally, a word of caution : the new simplicial volume has not been
yet defined for open manifolds V and se ||V|| must be still understood

for such V in the old sense. We return to open manifolds in sectiom &.

L]
Now, let us observe that the new norm on cohomology H (Y:II) also
makes sense for an arbitrary locally compact group of homeomorphisms (instead

of n) of any space ¥

Examples : Let [ be a discrete group of isometries of a Riemannian manifold
Y . By taking a subgroup of index two we always can make [l orientation pre-
serving. Then the space Y/ is a psevdo-manifold (in fact it is a ratiomal
homology manifold) and if Y/I is compact of dimension n we have the n-
dimensional fundamental class 8 € H (Y/MR) . We represent this & by a
singular coeyele b € E.{"l'f[l} and take its pull-back b in the complex
E;ﬁ} of 0 -invariant cochains in Y . Finally we consider all cocycles

aE E‘{T}n} :'E;{Y} which are cohomologous to b (in E:{T}] and put

ligll = inf ”q”_ . In particular, we may define in this way the simplicial
L
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volume of an orbifold V (see [47]) by taking the "universal covering"

Y=Y— v =¥/l and by putting ||V]|| = q|ﬂ||d?“1 . For instance, if V¥ has

constant curvature =1 then H?l!w R;l Vol(¥) , as in section ©.3.

Now, let © be the full group of isometries of the manifeld Y and
let FE(E} denote the de Rham complex of G-invariant forms en Y . By
integrating formsover singular simplices in Y we get a homomorphism of
ﬂE - EE{T} inte the complex EE{T} . Let @€ E;{T} denote the image of
a form w € ﬂ; , and let us define ”“”u as the infimum of l:u—nnrnn of
cocycles a € c'{vzc} which are cohomologous (in EE{¥]} te @ . Next we
take a discrete subgroup (<G and for simplicity we assume that [ acts

freely on Y . Then w also defines a cohomology class in H*(Y/1) , called

[m]]I , and one has
Ll ll, = llall, . ()

Assume furthermore that the subgroup 0 is cocompact in G . Then every
M-invariant coecycle a E E.'..{'f: M} can be averaged over G/ ks a G-
invariant cocycle o € E.E‘E:G} with "Ell_: ||u||* , and thus the inequa-

lity (*) becomes an equality :
I Ted gl = lleell, . (=*)

In particular, || [u]nH. does not depend on 1 as long as 1 is cocompact

in G .

If ¥Y/0 is a compact manifold, them the equality (*=) , when applied
to the volume form « onm Y , yvields Thurston's proportionality theorem of

section 0.3. Indeed, with this w we, by definition, have

Iv = vl = vorew) )l .

(See [4] for a "dual" proof in the language of "smeared homology").
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2.4, Emunthinﬁ of Borel cochains

Our main estimates from above for the simplicial volume are based om
the following averaging (smoothing) construction, which is first explained
in the geometric language of straight chains. Let, for example, V be an
n-dimensional manifold of non-positive curvature which is triangulated into
small straight simplices A . Then we continuously move the vertices of
this triangulation, called v EV,i=0,...,k , into new nomitions,

?i E V , and we cbserve that any such move e vi uniquely extends to
amap f of V into itself such that f sends every simplex A with some

vertices v, onto the straight simplex 4A' with vertices vi . The result

i
of any move  a— vi = f[?i} can be obtained by going along a geodesic
between vy and vi and s0 the space F of maps f : V—— V¥V iz para-

metrized by the Cartesian product of k+l copies of the universal covering

V of V.

Next we take the fundamental class ¢ =F A E cn{u} of our triangulation
and then we have a family of cycles f_(c) € EH{U} For all f E V . Bow,
with some positive normalized (probability) measure py on F we averapge
this family to the generalized cycle :p -J; fy(c)dy . (Compare
2.2). As all maps f € F are homotopic to the identity, the cycle c, is
homologous to ¢ , while its simplicial norm clearly sacisfies :
e Il < li<ll IF dy = |le]| . In fact, the norm |[jc || may even become
strictly less than lle]| - Indeed, a simplex & may be sent by twe differen:

maps f in F onto the same geometric simplex A" but with opposite orien-

tations and these simplices algebraically cancel.

Example @ Let & be the oriented (1) wnit interval in HI ., A =[0,1]

™

' and vi are points in R and with the

Then the moving pairs of ends v,

normalized Lebesgue measure u in the square fu; E [=p.p] and v;Eﬂ-u.lisl
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=5 B 1+p
- ] i L] L] 3
= J d"n I I$1"'1 "u'“l]
=0 ‘-p

This chain e is understood as a measure on ordered (!) pairs of points
[?;,vil , and this measure vanishes at the pairs of points '-f:: and vI
in the interval [l-p,p ] , since there are exactly two opposite moves
of the interval 4= [0,1] onte A' = [v ,v;] with equal y-probabilities,

It follows, that indeed ||cu||-:|[t =all =1 for > % .and furthermore,

||i:u||-'- 0O as por= .,

We shall return to the averaging (or diffusion) of chains in section
&.3. but now we shall develop a more flexible language of smoothing of
of eochains in manifolds W . To do that we consider a covering ¥ — V
with Galois group 1 and we construct the following averaging (smoothing)
in the subcomplex of bounded cochains in c*(¥:m) , called E'{f:n} . We
denote by M = M(Y) the Banach space of finite measures p on Y with
the norm ||u]| = [ |u] ., and we denote by MW" = M the cone of positive
measures. We nhuzrze that every bounded Borel m-cochain ¢ = l.".":.l'n..uu}l'm]l
uniquely extends to a (m+l)-linear function om M ,

RPN B %{_1, LIS TS A ¢ 8 T CHb

This extended cochain is again denoted by ¢ . We observe that

BUp |-|:I'un...,,ui...,u-'}lf -”E”.- BUp ||:{3ru,,..,,ji,.h,}lm}| "

[l yEY
Let us call a smooth [M-invariant map S: Y—— M* a smoothing ope-
rator. We consider the induced cochains S. (c) on Y for ¢ = t{un,++.uu}
and we normalize them to

[ ]
Sac= (See) (¥ 0ea¥y) = STedly s oeuy )/ 1 ISty -

1=g0
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Remark : If we assign to each y €Y the Dirac G&-measure at y , then for
this map ﬁ:‘t—-ﬂ.ﬁ:r-—-—-dy.wn take -ﬁ.‘{c}iﬁ-nr-c for all
c € E‘ﬁtﬂ} . However the map § is not smooth and not even continuous

relative to our norm Im M

At the map S: ¥Y— = .l.r i [-invariant the smoothing operator
g——= S#%c sepnds the complex E‘{T:rj} into itself. Furthermore this ope-
rator C¥(y:n)&® is a chain homomorphism comsuting with boundary operators,
and due to our normalization this operator induces the identity homemorphism

on the cohemology H (Y:m) .

Bow let ¥V be a Riemannian manifold. Then for each ¥y E Y we define

the nora of the differential of S5 .,

lInsil = = eS| .

where ¢ runs over the unit tangent sphere 5-!|r o~ T_',r”] . Then we put

1
(81, = IS lInys i

and

[S] =sup [S.]
yEY ’

PrnEEitiun : Let S be a l-uuthiqﬁ_ui.th [S]<= . Then any bounded co-

eycle ¢ € CP(¥:N) is De Rham cohomologous to a clesed [-invariant form

on Y for which

comass(u) < m! ||| (IS])"

Proof : First we take ¢ = Ssc and then we define informally = "*“l" sy

for tangent vectors tl'E T'.'F”} ., YEY , as the linit for t = 0 of

e |

m
m! :{:.r.:.ri-tl. P .:Hl.u.'p .I’i:rll
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We put the normalizing factor m! to make the integral of w over the
infinitesimal simplex with vertices y,y+t1,+++,y+tn equal

EEF'F*LI' & ""l?*t-} -

Now, to be precise, we first identify, by parallel translations in
M , the tangent spaces TUIH} for all yeM with Tn{H} = | . Then we

introduce the differential m-form ¢ on M. whose value at the frame of

tangent vectors Mpse ey in Tu{l-l] = W by definition equals
m!:{u,ul.....u-] . This form ¢ 1is uniquely characterized by the property

that its integral over every linear simplex in M with vertices

Malgneonaliy in M equals “”‘”1’””"'1:1} .

Observe, that comass ¢ , that is the upper bound of the values of

¢ on the frames of unit vectors, does not exceed mq|c||.

Now,with the map S: ¥ —— M we take the induced form ¢ =5 (@)

and we define the required form w by
wltyseennt) = T ne ) IS .
for I:i'ET,E‘I'.'I s TYETX

Remark : Since the form ¢ wvanishes on the radial tangent field in M one

could take first
Ty =Sl s
and then the form o is induced by § ,
u=S @ .

Let us slightly sharpen the Proposition for the important case of
m=n=dimV , by introducing a new quantity, ES]. < [8] . Namely, we

take the average of |Eﬂf5{1}" over 1 € 5? [ T,{E} , called ]|D}$1r ;
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and then we put

L 1 "
81, = [1s» Ir lIo s
and

[$1% = sup [S1]
yeY

Example : Let the smoothing S(y) be given by a function S({y,y') , such
that
Seciy') = S(v.y') cly")dy' ’
T

for all functions e(¥') , ¥ ' € Y . Then

ISty) || =f Sly.y")dy’ \ and
Y

IIﬂ,SIIEI llgrad, Sty.y")l|dy" .
Y

Furthermore, for symmetric functions, S(v.¥') = S(v'.v) .

oSl <f llerad,, Stray™)dy'
¥
and

-
e, =S 4" | |« vograd _, Sy,y")>|dr i
y v § ¥

y'
where the interior integral of the scalar product is taken with the norma-

lized measure in the sphere S?I , and so

[|H'1,5lr' Col llsrad,, SCy.y"Nidy'
¥
n+l

for 'E“ = r{nf2) T rlf—-z—-} <1 ,n=4dimy .

The Integral Inequality : If m=n = dim ¥ , then the form , above satisfies
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for all fundamental domains U = UM} = ¥

£ ol <nilellf (IS1)%y < atllc] £ 181 vorcermy

Proof : Indeed, by the geometric arithsetic mean inegquality,

- e .
comass_S(C) < comass uﬂ|ﬂ S!I}n i
Y o u ¥
for all n-forms ¢ on M and for all = S5(y)

Corollary : Every smoothing S in the universal covering Y of a closed
Riemannian n-dimensional manifold V satisfies

[ oas’tyCay > || vii/mr . *)
U ¥

Remark : If we introduce the quantity

vt = infl (BI% .
$ v ¥

for £ running over all smoothing operators § in the universal covering
. .
Yo———s ¥ , then (*) reads : ||'I|I'||: n! V] . Notice that the "norm" [V]

is a conformal invariant of the Riemannian manifold WV .

Let us sketch a geometric explanation of (*) . First observe that
the cone M =M projects to a convex body p* , call it a "simplex",
in the projective space P(M) = [M~ {0})/R . Our comass in M induces
a comass in P~ and then we also have the induced comass in the quotient
space ptym as well as the dual mass on chains ¢ in P'/0

masslc) = sup I [ .
LI
where @ runs over all forms of comass < 1 . Next, by assigning Dirae

5F-eulur¢: to the points y € Y we get a canonical map & : Vv = ¥/ .
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*
Now, one can show that mass(5,[V]) = ||v|lfn! where §,Iv] € HH(P /ny
denotes the image of the fundamental class of V whose mass is defined as
the lower bound of masses of the cyeles in En{P+Iﬂ} which are homologous

.
to G‘[U] . On the other hand, the "norm" [V] is the lower bound

[(vl' = inf [ [0SO 41
s 8

Here § = 5(V) denotes the unite tangent bundle of V and S5 runs over

the smooth maps V- — P /n homotopic to &

Observe that one could equally well wse the space of measures on the
group 1 , rather than the space M of measures on Y . Another interes-
ting space of measures lives on the Furstenberg boundary of N (see [14])
and it would be nice to find cycles of least mass im the corresponding

space i .

2.5, OCrowth functioms and Ricci curvature

Let V be a complete Riemannian manifold and let Y- — V be the
universal covering of V . For each point v € V we take a point y € Y

over v and then we consider balls ly(ﬂ} =Y . Put
Lvtﬂi = log Vol by{ﬂ} . for R E [0,=) .

and

d:vtnl
dR

1;{EJ = = Vol EB?[H}fUnl nyiai

Warning : In some exceptionally "irregular” cases the topological boundary
HB?{H} does not coincide with the sphere SF{HI and then the derivatiwve
L' is not well defined. To avoid any ambiguity we can use the all-purpose

definition
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1;{31 98 15 sup E'iuw{m—:"{n—en
WY
0
Finally, let

g' = ' (V) = inf sup ¢’ (R) .
R:0 wEY

Theorem : Every cohomology class g8 € HY(V) satisfies

comass(8) < -!{t'}-|[ﬂ”_ : (=)

Therefore

lvll < =t (') mass(y) , for any y € H_(V) . (hn )

In particular, for closed n-dimensional manifolds V :

Iv]] < nt(a")™ vol(v) .

Moreover, for C_ = rin/2) T rtE%lJ % 1,

Vil < €, nt(e")® vo1(v) ' (s5a)

Proof : First we consider the smoothing 3§ = SH which assigns to v € Y

the Riemannian measure dy' in the ball BE{H} c¥ 1

1 for dist(y,y') < R
S(y.y') =

0 for dist(y,y") > R :
Then, in the "regular" case we have
1Sl = ver B(R)

L]
J|D#SE" * €, Vol 3B_(K)

and
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linSpll < vou a8 () .

Therefore,

* P
Inf [S§.] =C_ 1
R0 % n ’

L 3
Inf } = &' v
g Pal =
and the results of the previous section apply.

To handle possible "irregularities" we slightly refine the definition
of the smoothing Sﬂ. . Namaly we take a small positive function
g i V—= (0,R) = B and eventually we send this @ to zero in the fine
cl-topology. (Becall, that fundsmental neighbourhoods of zero in this topo-
logy U=U. , are sets of functions @ for which |@(v)] < cf{v) and
I|grﬂd W{v}lli e{v) for all positive functions ¢ = c{v) on V) . Then we
define SII:..u: by the following averaging

R

S =)t | S (n)aR’ .
Hr'm' R“m{“}

for the points y € Y—— V over all points v EV . As 9= 0 we have

lim sup [S 1* «ca' :
o0 R,p° = m
and lim sup I‘SR ] <t . Q.E.D.

w0 9=
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Corollary : An estimate for Ricei > -’I. If Ricei ¥ >1/1-n then

comass(g) <m! [[B]_ (+)
l¥]] < m! mass(y) 8 [++)
vl = cnn! Vol (V) 3 [oes)

Froof : Bishop's inequality [ 5] for Ricci » 1/l implies lim Iupt'tH]l I
| -

This corollary yields all estimates of section 0.4 for closed manifolds
V with the exception of the isolation theorem. We have moreover the follow-

ing generalization of the product inequality of 0.4 .

1f [V | < 1 , then an arbitrary product p of Pontryagin classes

of W satisfies
(pu@ (V] < const |[g]| Vel(v)

where £ is an arbitrary cohomology class.

Indeed, this follows from (pwE){V] < cunnt; comass(p) comass(@)Vel V

with the estimate by Chern-Weil for |Ki <1 ;

comassip) < C; H
and for Ricei = l-n "

comass(p) < (m=-1)" ntllell, « by (+) above.

We now can prove one result for open manifolds, namely the asymptotic
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estimate of 0.5 . To see this observe that the boundary of the bhall B(R)= V¥
will, for increasing R , eventually suppert the cycles homologous to
EIH ; izﬂ , and so on. Therefore (++) above yields
lim inf Vol 3B(R) > {||51H|H132H|F-,..}Hn—13! s
]

while asymptotically for R + = |
R

Vol B(R) =] Vol 3B(R)dR ~ R Vol aB(R)
0

Estimates with the entropy : Let the manifold. V¥V be compact. Then there

exists the limit lim H'IEU{E} , called Ent ¥V , which does not depend on
j
v EV . Dne can modify the theorem by substituting this entropy for '

in the inequalities (*)-{*** ). To do this, fix a number J} > Ent V and

use the following smoothing 8§ = SR y
B
exp(-3 disc(y,y'p-exp(-2R) , for dist < R ,
S(y.y')=
(i} ;, for distl(y,y") = R %

IfF R+= _ then [SH 1]-* ' and also the nmorm [S] 1is asymptotically
L]
bounded by 1. Hence, the inequalities (*)-("**) hold with any 3 > Ent in

place of t' and so with 1 = Ent as well.

Recall that Ent V bounds from below the topological entropy of the

geodesic flow of V (see [12],[24],[37]) and sc the modified inequality

(***) implies
(Top Ent)” > [W|l/c_ n! vol(¥) ;

This inequality for n = 2 with the sharp constant 1/2v < C, = 2/ is du

2
to Katok [36] .

Finally, if ¥ hLaw negative curvature, then l;{H} *Ent = Top Ent  as
B o+ = (see [IB][37]) and so the modified version of the theorem Mol lows rom

the original one.
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3. Bounded cohomology of simplicial multicomplexes

3.0 Medendteby C =& (X) €C (X) the complex of the bounded real-
valued singular cochains of the space X . A continwous map f : X =+ ¥
induces a homomorphism ; H E‘{T}-— E.{IJ which is bounded relative te the
i -norms. Indeed f is even bounded by one as HE{E}'LH: ”=1L_ for all

ce€C (Y) .

We dencte by ﬁ-{l} the homology of the complex E*{I] . Dbserve
that the space ﬁ’{x] carries a natural pseudo-norm wvhich is also denoted
by || [I_. ("Pseudo” means that for a non-zero a € #*(X) one can have
”ulL_- 0 . This might happen when the image of the coboundary operator

51 C'(X)—— C*(X) is not closed. I do not know if this actually occurs).

A homotopy between two maps f,g : ¥—— Y provides a chalpn-homotopy
h between f and i . The standard construction {see [40] for instance)
gives an h which is bounded in each dimension relative to the Lﬁznurm.
and hence the homomorphlisms E' and E* H ﬁ.{Y}—ﬂn— ﬁ*flﬁ are equal.
In particular, ﬁ*{x} depends only on the homotopy type of X . We shall

see below that H*(X) depends only on the fundamental group rl{x] :

Observe, that ﬁlfﬂ} is always zero. This is clear, because each
real-valued l-cocycle = determines a homomorphism = (X)—— R (we
aggume X o be path-connected). When 2 is bounded this homomorphism is
also bounded, and hence trivial. It follows that z 1is the coboundary of o

D-cocycle.

The results of Milnor-Sullivan and Thurston provide many examples of
nontrivial groups H* . In fact, Thurston's theorem says that the homo-
morphisms B (X)— H (X, R) are surjective for m >2 if X iz a closed

manifold of negative curvature. These homomorphisms are in general not
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injectiva. We shall see below for example that the groups it and H® of

the infinite wedge of circles do not vanish.

Bounded cohomology first appeared in the group theoretic context.
I learned this notion from Phillip Trauwber who explained te me his (unpu-

blished) version of the Theorem of Hirsch-Thurston [33] .

1f a group 1 is amenable then the bounded cohomology vanishes :

wio %8 Algg(n1)) =0 for is>0 .
Recall (see [19]) that a group 1 is called amenable if its action
on the space of bounded functions [—= R has a left invariant mean

{average), that is a T-invariant projection A of norm one from the

space L?{H} onto the (one dimensional) subspace of constant functions.

Examples (see [19)) Abelian groups are amenable. Finite groups are amenable.

If a normal subgroup T = N as well as the quotient group NJ/T is amenable,

them f 1s itself amenable.

Unions of increasing families of amenable groups are amenable. In
particular, if I is locally solvable (i.e. all finitely generated sub-

groups in 1 are solvable) then it is amenable.

It is unknown whether all (discrete) amenable groups are built out
of Abelian and finite group by taking extensions and "increasing unions".

Also notice, that subgroups and factor groups of amenable groups are amenable.

The simplest examples of non-amenable groups are free non-abelian

groups. All known finitely presented non-amenable groups contain free non-

abelian subgroups.
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If N is the fundamental group of a closed Riemannian manifold
¥ , then noo—amenabilitv can be expressed geometricallv im terms of the
universal covering V——= V , by requiring all bounded domains 0 eV
to satisfy the inequality Vol(Q) < const Vol(30Q) for some positive
"const" = const(V) . According to Aver (see [2]1[21]) this inequality holds,
for example, if V is a non=flat manifold of non-positive curvatura,
E(V) « 0 , and then the fundamental group 0 = L (V) is non amenable. It is

unknown whether every such group 1 contains a free non-abelian subgroup.

One can also express the amenability of rlﬁﬂ} in terms of the
smoothing operators S5 of section 2.4 ! the group I = m (V) is amenable
iff for every ¢ > 0 there exists a M=invariant smoothing
S: V——— M(V) for which [S] < € . The existence of such operators 3
implies Trauber's vanishing theorem, but the original argument of Trauber

is shorter and also it wields the following more general fack.

Let f @ Yo X he a r:ﬂulnt covering with an amenable Galois

group [ . Then the induced map £ : H (X)- — 0°(Y) is injecrive
and isometric relative to the norm || || .

Proof : The Galois group 1 acts om Y and thus on IZ-:‘(‘I'} . Then the
complex ¢*(X) can be identified with the complex of f-invariant cochains
in E.{‘l’j . Fix an averaging A on [ and consider the corresponding
averaging in E'{'!'} - f=invariant projection E!.{T.In- - E*IH} + This
projection, call it A , commutes with differentials amd satisfies

o 5 .
Aof = Id , where f : C'(X)- —=C (¥) is the cochain homomorphism induces

L1

by [ . Now, by the very definition of the averaging, we have ||i|| = 1
and so ||;:"||: 1 for A": I]-ET}——* H.{H} . Then with the identity e
noa

(Asf) = Id we get ||?*|’.|:‘.I||_1 ||u|[_ for all a € B*(X) and since also

[]Hl: "E l= 1, the map E‘ is isometric as well as injective.
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Examples of non-vanishing H' . Let X be a closed surface of genus > 2

and let f : Y=—== X be an infinite Abelian covering. Since X supports
a metric of negative curvature, the fundamenmtal class g of X is bounded,
a € ;12(1} . and since Abelian groups are ameénable the pullback E'(uj E ﬁzi‘r}l
is non-zero. Notice that Y is homotopy equivalent to the infinite wedge

of circles.

Also the wedge of two circles has a nen-trivial group ﬁi « In fact,
this group HE{EI W 51} is infinitely generated (see [G6]) . Here is a geo-
metric construction of a nom-trivial bounded 2-cocycle. Take a complete
surface V of constant negative curvature such that Vol(V) = 27 < = and
':rlﬁf]l = % = & . Let w be the volume form and let the cocycle =z € Ezl['-’]

= V¥ the integral of w over straight(o)

assign to each simplex o : &
as we did it in (C) of 1.2 . Then we have V = Int V where the boundary
#V has self mappings of all degrees and for the tl-::.hrlp ¢ constructed

in section 0.2 we observe that z(c) #0. Therefore z is nota coboundary of

a bounded cochain, as well as ¢ is not the boundary of an tl-:huin.

Jorgensen [34] constructed a closed 3I-dimensional manifold ¥V of

constant negative curvature which admits an infinite cyclic covering

v V such that V is homotopy equivalent to a surface. The pull-back
of the fundamental class of V gives a non-trivial element in ﬁjﬁj and

thus a non-trivial element in the infinite wedge of circles.

3.1. ?Inishiq;_lheutens for bounded :nhnnnlqlz

Trauber's theorem implies the vanishing of the bounded cohomology of
K(",1) spaces with amenable groups I . In particular, the simplicial
volume of solv-manifolds is zero. By using another averaging procedure in
simplicial models of arbitrary spaces X we prove in section 3.3 the follow-

ing generalization.
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The Mapping theorem : Let f : :‘.'1—-—'~ 1{2 be a continuous map such that the

induced homomorphism f, : II{III'—- II{IE'_I is a surjection with am

L]

amenable kernel. Then the homomorphism f=|I H ﬁ‘{!‘.‘z}-.—.—- L:E‘[!l',l} 18 an

isometric isomorphism.

Corollaries : (A) If f, is an isomorphism then f is also an isomor-

phism. In particular, if F : X— K{(f,1) is the classifying map for

o= 'l[}l} ; then E" is an isometric isomorphism.

(B) Let X be a closed oriented manifold with fundamental class [X] and

Ef:h‘.

x| = |l £ IX2]| .

E(,1) , M = 11{!{] » denote the classifying map. Then

(C} If the fundamental group of the manifold X above is amenable, for

example if ﬂltH] =0, them [|X[l=0.

Observe that (A) =(B) = (C) .

The proposition (C) is gemeralized in section 3.3 as follows.
First, a subset ¥ é X is called "amenable" if for every path connected
component ¥' of Y the image of the inclusion homomorphism

i, 1 ﬂl{‘l"}-—-'- 11{!{‘] is an amenable subgroup of w0

The Vanighing theorem : If a manifold X can be covered by some open amc-

nable subsets such that every peint x € X 1is contained in no more than

m subscts, then the homomorphism H'(X)—— H'(X) vanishes for i > m

Corollaries : (1) If a closed manifold X can be covered by m < dim X

"amenable" open sets then [|X|| =0 .

(2) 1f the manifold X above can be mapped into a manifold Y Ei,_;_h

dim ¥ < dim X such that the pullback of every points in ¥ 1Lﬁun:'nmun.3_ble'

neighbourhioed in X , then ||X||=0 .
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Indeed, one can cover Y by 1+dim ¥ open subsets, such that each
of them ia a union of small disjoint subset. Then the previous corollary

applies to the pullback of this covering.

(3) (Koichi Yano [49]) . If X admits a nontrivial eircle action then

x|l = o .
Indeed, (2) above applies to the quotient map X —-= xrsl "

Remark : If the action is free, then the mapping theorem also yields

||x]l = 0 . Purthermore, if the action is locally free, then not only ||X|l = 0
but also Min Vol ||X|| = 0 , (see Appendix 2). Finally, if the action is

not locally free, thenm the classifying map X-—— K(I,1) sends the fun-
damental class [X] to zero (see Appendix 2) and again by the mapping

theorem, |[X||= o0 .

3.2. Simplicial multicomplexes and the iscmetry H —- ﬁ:

A simplicial multicomplex (for short multicomplex) is defined as a
set K divided imto the union of closed affine simplices ﬁi-ﬂ o EET,
such that the intersection of any two simplices -I'.'li n ﬂj . is a (simplicial)
subcomplex in ﬂi as well as in ﬁj . The set K with the weakest topo-

logy which agrees with the decomposition K = U ﬂi is denoted by x| .
i
The union of all m-dimensional simplices in K 1is called the m-skeleton

of K and denoted by ek .a map between two multicomplexes,

K = ';l ﬂi —t L o= j‘u A, , is called simplicial if it maps each -ﬁi linearly
onto some ﬂj .

Examples : (a) Every simplicial complex is also a multicomplex. The simplest

multicomplex which is not a simplicial complex consists of two one dimen-

sional simplices, K = 4!:1 u £|.1

: 3 which intersect over their cossmon boundary,
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1 1 1.1 :
Bal = 3"‘: = ﬁ.lﬂﬂz « (See fig. 1. )

Fig. 1.

Also observe that the first barycentric subdivision of any sulticomplex is
an ordinary simplicial complex.

(b) Every simplicial sulticomplex K = y K can be built inductively

a =0
starting from the discrete set K , and then each K" is obtained from

m=-1

K by attaching m-simplices .ﬁ: by some simplicial embeddings of the

boundaries iﬁ:-- gL,

{c) Our important example is the following. Take a topological space X

and consider the set f of all those singular simplices o : hm S

m=0,1,... , which are injective on the vertices of ,:.m « Then we take

one copy of .ﬂ.n for each g , call it ﬁ: , and put K(X) = y ,-,"
o€ °

This union has in a natural way the structure of a multicomplex such thar

the canonical map 5 : |[K(X)|—— X defined by the condition

m m
slﬁu = q.aﬂua——-x » forall o€z,

is continuous. Moreover, by the standard argument (see [40 ]) , this map

S is a veak homotopy equivalence.

A multicomplex K 1is called complete if every continuous map

f : A"——= K whose restriction to the boundary f!aj_u,. sap @ R

iz a simplicial imbedding, is homotopic relative to The s to a simplicial
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Examples : (a) The complex K(X) is complete.

(b) If K is complete and connected then for amy finite set of vertices
{kq.....kl} c k® there is an i-dimensional simplex a.P' c K with vertices

kﬁ""‘hl

(c) If a connected l-dimensional complex is complete them it consists of

a single l-simplex.

(d} If a connected simplicial complex K is complete as a multicomplex

then it equals the simplex spanned by the vertices of K .
The role of the completencss is explained by the following simple fact

{e) Let K be a complete multicomplex Hith_fg least n+l gerti:e: iE EVETY

connected component. Let f bhe a continuaus map of an n-dimensional multi-

complex L into K . Then there is a simplicial map f"' of the first

e | —

barycentric subdivision of L inte K , homotopic to f and injective on

every simplex of the subdivision of L .

Call K large if every component has infinitely many verticeas. Then

wa state the following relative versiom of (e) .

Homotopy Lemma : Let K be large and complete. Then for any two homotopic

simplicial maps £, fp ¢+ L— K, both injective on each simplex in

L , there exists a simplicial map f of a canonically subdivided cylinder

L = [0,1] inte K such that ftﬂﬂ' En and [t-l = El and again f is

injective on each simplex of the subdivision.

The completeness property is reminiscent of Kan's property in the

theory of semi-simplicial sets. Since multicomplexes have no degenerate
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gimplices they are, from the algebraic point of view less convenient than
semi-gimplicial sets, but they better serve our geometric applications.In
any case the standard techniques of semi-simplicial sets (see [40]) apply
to multicomplexes with minor changes. Qur exposition is essentially inde-
pendent of [40] as we only need simple facts which can be easily proved

directly. For example we consider simplicial m-cochains on K . They are,
by definition, antisyemetric Functions of oriented m-simplices of K .

We take only bounded functions and get the complex of bounded antisymmetric

cochains, called C3(K) . We denote by HY(K) the homology of C%(K) with
the %"-porm. If the complex K and the maps Eofy i L— + Kk are as in

the humotopy lemma, then the cylinder f : L = [0,1] —— K provides a

chain homotopy equivalence between the induced maps f;

® ¥l oL

if.l : C.'nl:l"-} —+ C_{L).

E:" (K) | is bounded
i=0,1,...

in every dimension 1 . Therefore the corresponding homomorphisms on homo-

This chain homotopy equivalence {E:{L}

~* e

logy, £, and I} of ﬁ:{n} to H:{H] are equal.

Next we identify Fl:f!!'} with the bounded singular cohomology
E‘{Ill} . To do that ve start with a natural homomorphism
h : E‘HKH—- E;{KI , defined as follows. For each ¢ € E:i'li|.'rL|]| and
for every oriented i-simplex A = K we consider all affine isomorphiss
& of the standard i-zimplex ai‘ onte A . Then we define &' = hic)

by the forsula

¢'(®) = ropyr & i8] cC®
&

where we sum over the affine maps 6 : A'—— A K with [6] = 1
for the orientation preserving maps and with [£] = -1 for the reversed

orientation. The desired identification is given in the
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Isometry Lemma : For a large complete complex K the induced homomorphism

on_the bounded cohomology,

Y e

is an isometric isomorphism.

Proof : Fix an integer N * 0, take the standard simplex .!nH  and let
o+ B'—— " dencte the isomorphisme of the standard simplex 4" onto

u
) #1531
the i-faces of A , for i =0,...,8 and y= ""”"E:-Hi :

all those singular simplices ﬁi——-* || ht.!nH which project to isomorphisms

We consider

.;; . These singular simplices ﬂ.I 1 1 h'.ﬂ.ﬂ form in a4 natural
way an N-dimensional multicomplex, called ‘KH . Motice that each i-
dimensional simplex 4 in EH is canonically isomorphic to 2" and thus

all AeE EH come with canonical osrientations.

Now let us construct a chaim homomorphism A E::HI_"EH] & EH-HHEH

by first considering for every singular simplex o 1 A  — |k| the (orien-

. . a o (n+1)! 8 3 .
ted !) simplices !l.u '~ e TR WRSREER . | D7 which lie im

N
- N
K| = 4" over o .

Then for c E E:m'“} we define ¢' = A{e) according to the formula

-I_ H
c'(o) = 4 I eld)
p=l L
Next we take the natural map f : Ipﬁl'.l-— -+ |k| . With our assumptions
on K we can replace it by a simplicial map T : 'KH—-r K which is hemo-

topic to f and injective on all simplices A in iu .
We have now Ewo maps :

h: c*(K])

=%
{:EH{}

and
g = At 8N o) — Nk,
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both chain homomorphisms of & -norm < | . The homotopy lemma implies that
the composed maps hesg and geh are chain homotopic to the identity (in

dimensions below N), and so the homomorphism h* is an isomorphic isometry.

An application : the abstract version of the theorem of Milnor-Sullivan-

Smillie.

In order to estimate the norm of a characteristic class B € H*(X) ,
we may pass to the multicomplex K = K(X) . Then we only need the geometric
version of the theorem, but now for the multicomplex K rather than for
the simplicial complex P as in 1.3. The arguments of 1.3. immediately apply
to all countable multicomplexes (we need “countable™ to have a good notiom
of generic piecewise linear sections). The uncountable case however only

requires the following simple lemma.

If for every finite subcomplex K' of K aclass B E H;{H] can be

represented by a cocyele ¢ € Hn{b{}l which is bounded on K' by a given

constant b , then |[[B][_ <b .

3.3. Minimal multicomplexes and thelr automorphisms.

A simplicial multicomplex K is called minimal (compare [40])
if each continuous map of a simplex A inte K whose restriction to the
boundary is a simplicial embedding is homotopic relative to the boundary

to at most one simplicial embedding &4 — K .

(A) Lemma. Let a multicomplex K be large and complete. Then there is a

subcomplex [4 in K which is complete, minimal and such that the inclusion

Kck isa homoteopy equivalence. Furthermore, one can take ¥ with countably

many vertices in every connected component. With this last property the complex
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K is uniquely determined,up to simplicial isomorphism,by the homotopy type
of K.

Proof . Two i-dimensional simplices 4, and '!"1’#1 in K are called

homotopic if they have a common geometric boundary, 234, = 34, = 4 N A

1 2 l - i

and if the sphere 5 = J:.I U b= K is homotopic to zero.

Mow, take countably many vertices in each component of K and denote
this set of vertices by K* c K" c K . Then define ¥ inductively, starting
from the zero skeleton &° . and then by taking for ' 4 maximal sYSLem

of pairwise non-homotopic simplices in K with boundaries in R'i-l .

To prove uniqueness, let Et and '1-‘:1 be two minimal complete complexes

and lec [ : 'E'I —-Tfi be a homotopy equivalence which is bijective on the

zero skelerons, 'f'.' :r'E:, » Since ri:"l is complete there is a simplicial

map f ! rfl *"*EI which is homotopic to f and equal to £ on Ttr;' » Now,
the uniqueness of K follows from the following

Sublemma : If a simplicial map f : EI _EE i5 a4 homotopy equivalence and

if it is bijective on the zero skeletons, then 1 is bijective.

Proof : Let us assume, by induction, that T is bijective on the (i-1)-

skeletons and let us first show that T is injective on the i-skeleton

{ o

of 'i."i . Indeed, if two i=-simplices, say Ay and by in T:'IEI:] , Are

sent onto the same simplex in E; = EFI s Ehen they have a common boundary,

ah, = MI = ﬂj n ':"2 » Thie map T of the sphere g - .|!|| 1] .I‘l.E E‘i'1 into

E? is contractible. Since T is a homotopy equivalence, the sphere

5 'L"l is also contractible and so the simplices A and 4, are homo=

tepic. Them &, and A, coincide by the minimality of ¥

| 2 [ [
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To prove the surjectivity of T , we take an i-dimensional simplex

AC R‘; with boundary El_rl

El_l = TI{SL_II -:T]'*l . Since the sphere Sl-t is contractible in i"z p

= 34 ':?;“l and we consider

the sphere EI'-I L= HI is also contractible, and by the completeness of

EI wi have a simplex A c i:‘ii‘ with 24 = E‘i.-i « Then we consider the
sphere Ei -T@) vac E'I « 8ince f is a homotopy equivalence and as EI
is complete, there is a simplex A' = 'f"i with boundary Ei-l » such that
the sphere fAuay 'Ez is homotopic to Si‘ relative to & . Finally,

by the minimality of EI we conclude that T(A') = &4 . Q.E.D.

Corollary : Any space X is weakly homotopy equivalent to a large complete

minimal multicomplex.

Indeed, take ¥ in the multicomplex KE(X)} defined in the previous

section.

Now, denote by [ = F(K) the group of those simplicial automorphisms
of a multicomplex K which are homotopic to the identity. Let :‘i oI hbe
the subgroup which keeps the i-skeleton of K pointwise fixed. Observe

that each rs is a normal subgroup im T .

i+l

Take an (i+1)-dimensional simplex A, & K and denote by w(a )

the set of all (i+l)-simplices 4 c K for which aa = M, -

(B) Lemma : 1f K is a complete minimal multicomplex then the group r

is transitive on every set 1{&.“} s

Proof : Take any (i+l)-simplex A c n{.ﬁ.n} and a linear isomorphism

fn H .n.n == f which keeps fixed the vertices of 'ﬁ-: . Then, while keeping

fixed the i-skeleton K g Wi extend [n to a map T:r'u hﬂ —+ K
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which isomorphically sends Ki U ﬂn onto Ki UA . This map T is homotopic
to the inclusion Hi [ ﬂﬂ-: K . In fact, for any multicomplex K there is

a homotopy of Ki ] nn to Ei U & which keeps fixed Hi minus one i-face
of hu' and moves that i-face owver A U ﬁu back to its original position.
Now, we extend T to a continuous map f : K—K which is homotopic to the
idencity by an extension of the above homotopy. Since K is complete, this

f can be chosen simplicial. Finally, as K is minimal, we apply the sub-
lemma and conclude that f is an automorphism.

(C) Lemma : If K is minimal, then the quotient groups T /T, are amenable

for all i =23 ....

Proof : It suffices to show that the groups ri_ifri are abelian groups

for i » 2 . Take one i-simplex , say A = ﬁn m EJ , in every orbit of
i #

. The ri-l

g0 for every v E ri.-] » W& get a sphere S: = A U y(A) €K that represents

Fen -orbit of every A is contained in the set n{ﬁa} and

an element of the homotopy group, [5.;] 3 :i{l:.pu',l » for some base point

Py E A= L - As all ¥ E ri- are homotopic to the identity, the maps

|
H :y — [S_:] are, in fact, homomorphisms T,

u 1=
L (1) (i)

T :i[H..pn}l . Denote by

: ri-l || = ;:L Hi{ﬂ,p } the direct product of the hpnulntphisur
H and observe, ag K is mimimal, that the kernel of the homomorphism Hil}
equals Ti . Thus the group riﬂlfri is embedded into the abelian group

1) gor i » 2 . Therefore, the groups [ /T, are solvable and so amenable.

{(One can even show that they are nilpotent).

(D) Corollary : If K is large then the homomorphism I* : H"IIHJ'I'IZI—-H*{HI

induced by the quotient map K — K/T, is an isometric isomorphise.

Proof : The chain complex C;(EIFII is canonically isomorphic to the
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subcomplex of rl-inuarinnt gochains in EE{E} and hence by averaging over
the group FIIr. wi get a chain homomorphism A Eifptﬂj — Eiﬁpttfrll
guch that AelI = id for I : E:{EIFI} — E;{E] . How, since K 1is large
as well as complete and minimal, the transformation of E:{H} induced by
any ¥ E T is chain homotopic to the identity by the homotopy lemma. There-
fore, we aleo have I1*A ~ id | and so the homomorphis= A is a chainm

homotopy equivalence for all = . §.E.D.

(E) Remark : The quotient complex Kfrl is a K(M,1)-complex for

N = 1I{K} and the map K — KITI induces an isomorphism of fund;meﬂ{il

ETUUEE-

Proof of the mapping theorem of 3.1. : Since every space X is weakly

homotopy equivalent to a large complete and minimal multicomplex, we obtain,
with (D) and (E) above, the cerollary (A) of the mapping thecrem,first for
maps of the kind f : X — K(I,1) , and then for all maps f : H] - KI

for which £, : 1]tx|1 - “I{HE} is an isomorphism. The mapping theorem

itself comes from the following considerations.

Take a large complete and minimal multicomplex KI of che EK{0,1)

type, T = w (K1) , choose a vertex x € R: < K, and let the fundamental
group tl{HI.xj act on RI as follows. For every edge e which joins =
with another vertex x' , and for each ¥y E rI{HI,n} + We compose the path
¢ with a loop which represents ¥ and then we take the (unique) edge in

K, , called y(e), which is homotopic to this composition. Thus the direct

1
sum of the groups n]{Ki,:j, over all =x € H: s dcts on the one=-skeleton

of Kl « AB KI is a K(f,1)=complex this action uniquely extends to all

of Hl i

Hecall, that the direct product of groups tﬁ s over j E J , congists
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by definition of all sequences {gji » 8 € Gj » vhile in the direct sum
the sequences only have finitely many non-identity entries. The important
point is that direct sums of amenable groups are amenable, while direct

products may be not amenable (see [19]).

Now, with a normal amenable subgroup N' = N1 , we have isomorphic
normal subgroups H; E wi{KI.:] for all x € K: and the direct sum of these
subgroups, called T' , acts on HI « The guotient complex Klfﬁ' has

K{n/n",1) type and the guotient map K, — E]fﬁ' induces the guotient

1
homomorphism of the fundamental groups I — M/N' . As the group T is

amenable, we conclude as before that this quotient map induces isometric

isomorphism of the bounded cohomology groups,

HE (K, 1"} — HE (K . Q.E.D.

Iﬂ
Proof of the vnninhing_thenrem of 3.1. : Take a subset :ﬁ = X and consider

all continuous in t paths of (possibly discontinuous) maps Hu =K

called ‘.Lt -1 Hn — X , t € [0,1] , with the following three properties :

(n lt-ﬂ - Iﬂ H Kn cX.

{2) For almost all points x € X (i.e. only with finitely many

gxceptions) I;{;} - IQE:} for all t € [0,1] -

{3} The map It- sends Hu bijectively onto itself.

Denote by H{H,Kﬂ} the group of homotopy classes of the paths [t 3
Observe for a single point x, € X that n{x,:n} = ':‘”-“nj ; in general,
there is a natural homomorphism of the group R{H.Hﬂ} to the group of
permutations of X with finite supports,and the kernel of this homomorphism

is the direct sum of the fundamental groups, & -![x.:] .
wEX
=]
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Hext, we take a complete minimal multicomplex K and a homotopy
equivalence h : K — X which bijectively maps the zero-skeleton Kn c K
onto X . Then the group N(X,X) acts, by compositions of paths It with
edges of K sent by h to X , on the one-skeleton RI of K, and the
actions of all vy € MN(X,X) extend (not uniquely) to automorphisms of K .
Therafore, the group N(X,X} acts on the complex E;{EIFII-: E:{EJ of

bounded Fl—invariunt cochains.

Then, for all subsets Uc X and Ve U , the group 0O{U,V) also
acEts on HI via the natural homomorphism MN(U,V) — O(X,V) < N(X,X) and if
the subset Uc X is "amenable" (see 3.1) then the image of this homomor-
phism is an amenable subgroup in 0O(X,V) and so the resulting action of

n{u,v) on the complex E‘{HITI} is amenable.

Now, let Uj =X, JjEJ , be some amenable open subsets and let
V. o U, be arbitrary sutually disjoint subsets. Then the direct sum of the
- S
groups n{uj,uj} over j EJ also acts on the complex E;{HIT]} and

with the averaging process we conclude to the following

Proposition : Every bounded cohomology class £ € H*(X) can be represented

by a cocycle b E Eﬂ[ﬂfrll = E:{K] which is alsoc invariant under the action

of the direct sum of the groups ﬂIUj,?jJ

How, we prove the vanishing theorem for the covering {Uj} of X as
follows. We taoke a sufficiently fine triamgulation L of the manifold X
and we divide the vertices of L into disjoint subsets called ?i ; such
that the stars of the vertices v E ?j are contained in the sets ”j
Then, we choose the sulticomplex K and the map h such that L becomes the
homeomorphic image of a subcomplex L' im K , h(L') = L . As no m+| sets

Hj intersect, every simplex in L of dimension > m has an edge, #ay



.

¢ © A, which is contained in some set I.;I:i and vhose two vertices are in
'u']. . Now, there is a transformation by the group n{uj,vj} which permutes
the corresponding two vertices of the simplex A' = L', h{A'") = & , while
keeping fixed the other vertices of A' . Moreover, there is such a trans=-
formation which also sends the one-skeleton of A' onto itself. Therefore,
every (anti=-symmetric !) cocycle b in K , which is invariant under che
RLOUpS I'I and ﬂ{llj.'-fj}l s vanishes at the simplex A" . According to the
Proposition, the bounded cocycles can be made invariant under all groups
DEUj,?j} + and then they vanish at all simplices of the complex L' = L .

Therefore, these cocycles are cohomologous to zero. Q.E.D.

The proof of the identity [ [|"" = Il of section 2.3. : Let firstr X

be a K(I,1) space and let ¥ — X be the universal covering. Then the
complex E-{x1 is canonically iscmorphic to the complex of bounded I -invariant
singular cochains in Y . Next, we take the complex E‘{?:H} whose i-cochains
are bounded functions c = -:I{].'n....,z.ri} and observe the natural embedding

- E*{T:H] — E*{HI = E*{?} « Then, as the space ¥ is contractible, we

can [l-equivariantly assign to each (i+1)=tuple of points, {:ru....,y'i]l "

a singular simplex o : e‘ti — ¥ with vertices Vororeo¥y » such that the
subszets of lya....,?ii go under this assignment to the corresponding faces

of @ . Thus we get a chain hosomorphism 5 : ::*I:}::I — E'ﬁ:n) . Both
homomerphisms, 1 and 5 have norms < | . Furthermore, Se1 = id and

also 1#5 ~ id ., Indeed, the standard construction usually applied to
anbounded cochains (see [40] for instance) gives, a chain homotopy equivalence
125 ~ id which is bounded in every dimension. Therefore, the homomorphism

I induces isometric isomorphisms on bounded coliomelogy

o HAYID) e HR ()



-7 =

Next, we extend the definitions of E*{E:H} and of E*f?:ﬂ} to any
action of N on an arbitrary set Y . In particular, for Y = 1 we get
for E‘{ﬂ:ﬂ] the subcomplex of the bounded cochains in the usual complex
of (homogeneous) real cochains on [l . More generally, for any set X we
may consider the natural action of N on the product 1 = X , and we observe
for coverings Y — X the canonical isomorphism E'ﬁ?:ﬁ} = E'[{Dxx}:n} .

Maps between sets, :-:I — Kz , induce chain homomorphisms,
€ ((MxX,) 1) —> C*CIxX,) M)

of norm < | , and again, by the standard argument, we conclude that these
maps induce isometric isomorphisms on cohomology. As a conclusion, we obtain

an isometric isomorphism
H*(X) = H*(0) ,

where X is a K(N,l1)-space and H*(ll) denotes the cohomology of the

complex C*(N;R) = C*(N:A) of bounded real cochains :l['r“.....-ri}, 15 E Nl .

Finally, we denote by -::{n:- c C*(N;R) the subcomplex of antisymmetri
cochains, and then with the (anti) symmetrization over the permutations of

[Tn""'TiJ we again obtain an isometry of cohomologpy groups,
e o
Hﬂiﬂ] H*{m .

Now, let X be any path connected space with tjnt} = 1 and let
Y — X be the universal covering. We represent I by an orbit of a point
in ¥ oand then we take an arbitrary [-equivariant map r : Y —= jlc ¥ .
With the discussion above the mapping theorem for maps X — K(N,1) now

claims an isomeiric isomorphism
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r* ﬁ;{n} = ':r*{xl

With this isomorphism the proof of the inequality || ":E" = || ||m is
immediate. Indeed, we take first the complex C*(Y:N} of bounded Borel
cochains, that is the intersection of the complex C*(Y:ll) of sectiom 2.3.
with E"{Y:Irl . Then we have a natural homomorphism ¥ : We(Y:n) — ;l"‘{:'l:}

(compare with F of 2.3), and with a Borel map r we also have
T : H2 (1) — He(y:m) ,

such that * =FaT , as ||Fll_<1 and r is an isometry, the homomor-
phism ¥ is surjective and such that for any £ € H*(X) we have

||f.,”" = infli;”ﬂ ; where a runs over the pullback 'i-"'_ll‘,u.} c He(v:n) .

Now, by the definition of |[[8]|7"" of 2.3., we ger || ||™™ < || ||, and

since the opposite inequality is obwvious, we get the required identity

“ IETItI'H' 3 ” ”ﬂld

3.4. The proof of the isolation theorem of section 0.4,

For a metric ball B of radius R in a Riemannian manifold V , we
denote by AB , & * 0 ; the concentric ball of radius AR . We denote by
B a ball of radius R in the universal covering V — v which projects

onto B .

(A). Lemma. For any given positive numbers C and d there is a constant

u = p(C,d) =such that the inequalities

Vol (AB) /Vol(B) < cd |, for all 2 € [1,4]
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imply "amenability" (sea 3.1.) of the ball Bc Vv .

Proof: Let FeV beaball over BcV and consider all those deck
transformations y € 1 = n (V) for vhich the intersection B N y(B) is
not empty. Denote these transformations by "_I”"'Ti"""'mi I and
observe that the subgroup N' = N generated by Y » i® 1,...,m , oquals
the image of II(B} in II{?ﬁ = | . Then we associate for every 3' > 1

the ser MN'"(A") = N'" of all those ¥ € I which can be represented by words

in LITEET of length < 1" , namely
¥y = T.,I‘ ......"rik for ipllﬁ'..."'Jphl : h N

For avery v € T'(1') , the ball ﬂi}i is contained in the ball 3B for

4 = 23"+#] and therefore, the mumber of elements in " (1') satisfies

W'ty < Vol (3F) /Vol (B) .

Finally, if #1'(") « o

= n:{n'-ud for all L' E [|,2-'~ u=1] ., then, for
a sufficiently large u = u(C,d), thegroup 0', being of initial polmomial groweh,
contains a nilpotent subgroup of finite index (see the end of [23]) and so

n' is amenable. Q.E.D.

Let us call an open ball in V extremal if it is "amenable" and if all

larger concentric balls are not “"amenable™.

(B} Lemma: For any Ei\rm nusber p > 0 cthere exists a system of open balls

Bl...,.ﬂ in an arbitrary complete manifold V such that the following

e

four properties hold.

{1} Each hall Bj has radius atmost p and each concentric ball “’j is
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"amenable". Furthermore, if some ball Bj has a radius strictly less than

p , then the concentic ball #ﬂj is extremal,
(2) The balls Ilﬂjc ¥ are mutually disjoint.

(1) The balls %le: Y cover the manifold V .

(4) If two balls Hj and B, intersect then their radii 2y and

satisfy,

Proof : Observe that around each point in V there is exactly one ball which
sacisfies (1). Furthermore, if two such balls, B of radiuse p and B' of
radius p' < p , intersect,then the ball B" = %% B'" of radius 2p is
contained in the ball 4B . As the ball 4B is "amenable", so is the ball

B" , and since the ball &4B' 1is extremal it contains B" . Therefore

o i'%p and ao the property (4) holds for our balls.

Now, let us take a maximal systems of balls which satisfies the proper-
ties (1) and (2} and prove the property (1) for this system of balls E’j .
Indeed, take an arbitrary point v € V and the ball B around v which
sactisfies (). As the system [Bj} j*lyees, 1is maximal, the ball %B inter-
1

gects some ball ?Bj and then by (4) the concentric ball %Bj contains

v . Q.E.D.

(C) Lemma : Let V be a complete n-dimensional manifold with Ricci(V) > ~I

and let B and B' be some balls in V of radii p and p' respectively.

}E :h“-Eﬂllﬁ B and B' intersect and if their radii p and p' are less

than one, then

Vol(B)/Vol(B') < cunat“pu{n']_" .
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In particular, Vol(B) < const o

Proof : This is a special case of Bishop's inequality (see [5 ] and [22]).

Corollary : Balls B of radius p < | contain no more than :unll:n:a"l',.:-'f“

of disjoint balls of radii p' and therefore, B can be covered by a

nusber not more than {:nnnl:;lpnl;..n of balls of radius ¢ , for any given

Euitiw E<fp .

Now, let :E]. =V of radii By j=1,...., be balls which satisfy the proper-
ties (23, (3 and (&) of lemma (B) and let us take the following functions
9y V— R with supports in Bj . j=1,2,... . Every function I'pi is zero

%
Wj{“} - ﬁn-lil-dhtw.%ﬂj] . Observe that the functions *ﬁj are Lipschitz

outside Ej s Lt equals one on %Bj and for w E Bj"-zﬂj wi define it by

with |[|grad l.pj” < I‘ip-1 . Then, we assume the covering {Ej] to be locally
finite and we take the functions fj = {I.Lr.-:i,'l_li.pj which send V into the unit
simplex A= {:I-!I ¥ }‘.jxj =], :tj > 0 ¥j} in the Euclidean space with
coordinates II""':j"" . The map f = ”I"""Ej““} sends V into
the nerve of the COvering {le s which is realized as a subcomplex P in
A& . The dimension of P at any point v € V equals the multiplicity of the
covering Bj « If a point v € V is covered by at most = balls H-j

then the norm of the differential of f satisfies || f|| < cnnump_l where

p denotes the minimem of the radii of the = balls Bj .

Now, let Ricci(V) > =1 and let all balls Hj have radii < | .
Then by lemma (C), there are at most N = N{n) balls Bj which intersect
any given fixed ball Ej » and in particular dim(P} * N . Furthermore, if

o
a point v € V 1is contained in some ball Bj then

o g <2 ﬂ:mul:HpEI < mnnt;n;l
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where pj denotes the radius of Bj .

(D) Lemma : There exists amap g of V into the n-skeleton P" c P with

the following two properties :

{a) The norm of the differential Dg is bounded on every ball Bj

1 "
f L= t &
by :ﬂnitpj Or Some CcOons COns o

{b) The pullback under g of the star of every vertex in P is

contained in the union of some balls Bj which intersect a certain fixed

ball B,
la

Proof : The map [ : V —+ P satisfies (a) and (b). Let us first construct

H=1 N=-2

E, 2 Y — P s Ehen E. : W —P  and so on until we eventually get

I 2
g = EH*n « We obtain the map ft by choosing a point x inside each N-
dimensionsl simplex A = FaB., x = x(d) € Int.8  but oot in the beags
f{(V) = P, and then by projecting the intersections £(V) N & radially
from x to the boundary of A . In order to guarantee the property (a),

we choose the points x € Int &4 with dist (x,£(V)) > ¢ = ¢ >0 . This is

possible since the numbers

c = cf{A) = sup dist(x, f({V)
xEN

are bounded from below in terms of N . Indeed, as dim A = N there are at

least k i_nunal{llc_ﬂ digjoint e-balls in A with centers in E(V) N &

for some cunuttl] - :nnﬂtti]{HI . By the property (b) of the map £ the

W

pullbacks of these balls to V , called IEI""'Ei""'Bk.c V , are contained

in the union of some balls Hjl,...,ﬂjn with non-empty intersection, and by
the property (a) all sets B, contain balls of radii > cunst{z]ia;] . where
(2}

e is the radius of lj] and again const ] :unﬂttz}{H} . Now, by
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(3) =

lemma (C) we have Kk > const and thus

(1 {3}}1111-11

£ > (const” " fcomst > c(N) . Q.E.D.

Coroll : If all balls B, tisfy
rollary a 8 i satis

Vol EHjJ s ﬁl'.n}p;'

for some gufficiently esmall &(n) > 0 , then, there is a map g’ cya+p" ! ep” k

which satisfies property (b) of lemma (D).

Proof : Indeed, with the small 'H'nltlj,'l wie conclude according to {(a), that
no mn-simplex in P"  is covered by the image g(V) and so this image can

be pushed further to the (n-1)-skeleton B" |

Now, we can prove the Isolation theorem. First, choose a sufficiently
large constant C=Cin) in lemma {A) and take d = n . Next, take p of
lemsa (B) equal to -‘,';u" . Then, we get Vol(B.) < 8(n)o , such that §(n)
is small if C is large. For ,pj = p = ppi{n) this follows from the assumption

Vol(B(1)) < e{n) . Then, if the ball 431. is extremal and so larger concen-

tric balls are not "amenable”, we pget according to lemma (A)

i

Vol(B.) - Vol(48,) 38 :““vuln:-unj} for some A < u .

Now, by lemma (C} we have

Vol(4}8,) < const (41p)"

and a0

Vol(B,) < 4"¢”' const’ .

]

Finally, we obhtain with the property (h) of lemma (D) that the pul Thack
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under g' of every point x € k""" is contained in some ball iﬁj ¢ that
iz an "amenable" subset of V , and so the corollary (2) of the vanishing
theorem applies, provided V 1is a closed manifold. The open case will be

treated later in sectiom 4.2.

Final Remarks : Some complications we met above would disappear if we could

prove that balls of radius < ¢ = ¢{n) imn V with Ricci(V) > =1 are
"amenable". As the matter stands now, we only have lemma (A) and so we must
be careful in choosing the covering {Bj'l . However, if |K(V)| < 1 , then
by Margulis' lemma small balls are amenable and the proof of this section
can be simplified for manifolds V with |[K(V)]| < 1 . In fact, we prove

in (C) of section &.3. the sharper Injectivity Radius estimate of 0.4.

31.5. The proof of the identity ”'.I'l#\l'E” = ||'I|1I|| * ”“E“ and some generaliza-

tions.

As the manifolds FI and "E are assumed of dimension > 3 (sea 0.2.)

the (pinching) map V. K # V, — V v '.I'I yields an isomorphism of fundamental

2 1
groups. If the manifolds are closed, (the open case is studied in section

[

5.2.) then, by the mapping theorem (see 3.1.) we can replace the connected

sum V, # V, by the wedge V, v V, . The homology of this wedge is
Ho(V) v Vo) =H, (V) @ H,(V,) ,

and we must show that "[?IJ+[?I]" = HUI” +||?2|| for the fundamental

classes [U!] and 1“2] . Observe that the inequality
v, 3o tv, 2l < Qv Il + llv,

is immediate from the definition of the norm. To prove the opposite inequality
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we first pass to cohomology and then we construct a homomorphism
g : E"‘W.:F & l:""l."ll'i_]' - 'E"WI 'ﬁr"i?} . such that P+ = id for the obvious

homomorphilsm
P [‘.'*'["F. H"ll'i:l — ':*ﬂ’l'.' & l:'l:'-l'z'.l '

and such that ]|QE|_:=__ | , with the convention || e ©Oc,ll_ = M:IHEI!L,”:JH_I}.
Given such a homomorphism @ , we have, for every cohomology class
h = {hllhE} (3 HI'{‘.I'I W ?I} » the inequality ||h|!_: H:[“hI”b,HhJ[_] » and

by duality we get the required relation in homology.

We start the construction of ¢ with the following combinatorial
considerations. Call a simplicial complex K tree-like, if it is simply
connected and if it can be decomposed into the union of closed simplices,

called 4, , j € J , such that any two of them have at most one common

i
vertex. A plecewise linear path in K built of some edges in K is called
straight, if it has at most one edge in every simplex 5j « Such a path

is topologically a closed interval divided into edges, and any two vertices

in the (tree-like !} complex K cam be joined by a unique straight path.

Now, take mn+l wvertices in K , called e s ea®y o and join every
two of them by the straight path called [Eh‘nt] w for kit = O,...4n and
k # 1 . Let us intersect all [“1'111 with a fixed simplex nj . Observe,
that if two paths, call them [:ku.ltﬂ] and [:kl.xlll , intersect ﬂj
along the edges Irkﬁ,yﬂn] and Ijkl+3tll for some vertices ¥hn‘ylu. th
F*l of ﬂj . then the path fmkn.tkll intersects aj in the edge
[ykb,ykll and therefore the total intersection equals the one-skelceton of
gomeé m~dimensional face of hj for m < n . Furthermore, if men , then
the union of all patha [uk,:II consists exactly of this one=skeleton

spenncd by some vertices Yoeeeea¥y in hj plus the paths I"w*"n] .
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k=0,....,0 . Moreover, there is at most one such "n-dimensional" one-
skeleton in K for mn > 2 . If there is no such one-skeleton at all, we
gsay that the "simplex” {xn,...,:n] is degenerate, and our construction
asgigns to each non-degenerate "simplex", an actual n-dimensional simplex

{Iu,--.|tu}_"' t}'ﬂ:-i-!-lyu} .

How, wé returnm Lo “I and ?E with the fundamental groups ﬂl and

i, « We may replace the complexes G'{?II and E'[?zl by E;{ﬂl} and
CH(1,) , as shown in the proof of the identity || [|™* = | ||°' in

gection 3.3.

We consider the (infinite dimensional) simplices E{ﬂli and ﬂ{ﬂzj

spanned by the groupa N and 0 as the sets of vertices, and then we

1 2

interpret our complexes as the complexes of HI- and Hz-invnrinnt simpli-
cial cochains in ﬁ{n]] and ﬁinj} . The group Il = N, *n, = HI{UI W UE}
acts on a tree-like complex K built of infinitely many copies of ﬂ{nlj
and h{nz} » as seen by looking at the universal covering of the wedge
VvV, ,a tree-like union of copies of the universal coverings of Vi and
“2 + The zero=-skeleton of K is identified with the zero-skeleton of the
aimplex A(N) and so every n-face of A(N) becomes an n-dimensional
"gimplex" A = {“n"‘*'"nj . Now, every pair of cochains,

{tl‘ﬂj} € Ea{ﬂll EHEEIHEJ , uniquely defines a simplicial T-invariant
cochain & on K . Then with our correspondence A —= A" = Eyn,.‘.,yn}

we define ¢’ = Qlc) by putting c'(A) = c{A'") in case A is a non-

degenerate "simplex", and otherwise c"{a) = 0 . Q.E.D.
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A _generalization : amalgamated products.

Let a space V be divided into a union of two closed oriented manifolds,

V= 1l.|':I u 1-'2 , where it is assumed for simplicity that LT and the

intersection 1-";’I - 'l-'I n 'fn"2 are connected and, V_ is supposed to be a

subpolyhedron in vl. as well as in 'U'E

assume the inclusion homomorphisms 0 — 1

. We denote 1 = n (V) and we
o I1* o

- 11|l’.'|.|'l‘.| and ITn - HE = “I{“?}

injective. Then the group 0 = :I{#} is called the amalgamated product of

m, and N, . The fundamental homology classes of U1 and V., define a

1 2 2

class in ¥V called
['.rjj * I?I] € H,(V)

Theorem : If the group 0 is amenable then ”“L] +[1'|2”| 'H'"':H + ||1.|'E||.

Corcllary : Let |:i.i:|:|‘l.l'1 = v:l:i.:l‘nT2 and take away from V¥V, and V¥, open regular

2
neiihbuurhnudl of 'l."*:II , assumed of codimension > 3 . Glue the tnauilin_ﬁ

manifolds by some diffeomorphism (if such exists) of the boundaries. Then the

I.'EﬂllltinE manifold ¥Y' satisfies

vl =div If = (vl

Indead, as in the case of the connected sum when “n is only one point,

we can apply the mapping theorem since

'Il{'lul"] = [ = ':rll’.'.l'} i

The proof of the theorem : Look at the universal covering ?."*I —_ ‘I.r:I and

observe chat H’n c 'Iu‘l lifrs to infinitely many disjoint copies of the

universal covering of '.I'.:I . These copies correspond to the cosets in rlfl.l'.'lu .
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In terms of the simplex ﬂ{ﬂl] we have some faces ﬁifﬂnj-: h{ﬂll for
some set of indices, 1 E 1 = Elfﬂn - The same applies to ﬁ[ﬂzl . where we
have simplices dj{ﬂn} for jEJ = Hlfﬂﬂ and then we form in a natural
way a "tree-like" union of infinitely many copies of ﬁ{nll and E{HE},
such that any two copies may intersect along at most one copy of the simplex
h(ﬂuj . The group N acts on the resulting "tree-like" complex K' whose

rero-skeleton is identified with the zero-skeleton of the simplex A(N)

Mow, as the group nn is amenable, we can average the bounded cocycles
over the group H{?;,#E} (see the proof of the vanishing theores in section
3.3) and then we interpret the averaged cochains in E*{ﬂ]] as ﬂl-invlrian:

cochaing on the quotient H]!ﬂﬂ 3

In other words, we may work with the cochain complex of bounded
ﬂt-invlrilnt cochains on the simplex ﬂ(ﬂifﬂnj ¢ Which may also be obtained
by pinching to peints the copies bi(ﬂD]-E d{ﬂl} « Finally, by pinching
to points all copies of d{ﬂn] in K' we get a tree-like complex K , which
is built of some copies of a{n];nuj and h{ﬂzfﬂn} by glueing these sis-
plices at some vertices. Furthermore, the zero-skeleton of this K is
identical to the zero-skeleton of d{ﬂfﬂﬁ} and the argument we used above

for free products applies.
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4. Simplicial volumes of complete manifolds.

If V is an open manifold, then, as was shown in section 1, there
are several non-equivalent notions of simplicial wvolume. For complete
Riemannian manifolds one can also take into account the geosetry of V
at infinity as well as the topology of V , and then more simplicial wvolumes

emérge.

4.1. Relative bounded cohomology.

For a pair of topological spaces X and X' < X , one has a natural
Ll-nnru in the relative chain complex C,(X,X") = C,(X}/Cy (X"} . Omne also
has the dual £ =norm on relative cochains in C*(X,X") induced from the

i“=norm in C*(X) by the inclusion C*(X,X') = C*(X) . The bounded coho-

mology groups H*(X,X') with the pseudo-norm || [ . dual to the
tlnorm Il || on the relative homelogy H,(X,X'), then follow as in
section 2. Furthermore, for every 6 > 0 , one defines norms ]

on Ly (X) by putting

llell 8 = [lell + e ]jac]]

Then with the quotient homomorphism q : Cu(X) = C,(X,X') one gets the
norm ||c']| (8) for all o' € C (X,X') by taking all ¢ € q-I{n'} = C,(X)

and setting

lle* || (&) = inf [le]| &) .
c

The dual norms on relative cochains are denoted by |I ” _{ﬁ} - Dbserve
that all norms || || (0) are equivalent, but mot equal to the usual
¢ -nors 1= |l || (0 and the dual norms || || _(9) are all cquivalent

ko [l ||n . How with these norms on relative chains and cochains we have
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the corresponding norms || || (8) om M (X,X') and the dual norms

| || (8} on the bounded cohomology H*(X,X') . Finally we define these
norms for all & in the clesed interval [0,=] by passing to the limits.
Observe that the limit "norm” || ||(=) may be not equivalent te || || (@)
for @ < =, For example, ||h|| () = = for those h € H (X,X") for

which the boundary &h € H (X') has non-zero t-norm, llan|] = o .

Remark. Our norm || [[(=) equals Thurston's norm || llﬁ defined in [47]

Warning : Thurston's approximations || ||E in [47] are different from our

=1
Il li¢e ™) .
Thurston proves in [47] the equality || || = || |[(=) for the funda-

mental classes of compact J-manifolds whose boundaries are tori. This

result generalizes to the following

Equivalence theorem. If the fundamental groups of all path-connected

components of the space X' are amenable, then the norms || ||_{&} on

the groups B (x,x') , for i > 2, are equal for all @ € [O»] , and

$0 the dual norms || || (e} on the homology groups Hi{}[,}t"} for i>2

are also equal.

Proof. With the averaging technique of section ] one gets first the following

Relative mapping theorem. Let f be a map of pairs of spaces,

f : (X,X') + (Y,Y') which is bijective on the sets of path-connected

components, IH{H} :1n{1} and .al',!{'} o nn{'!"} » Furthermore, let g

be surjective on the fundamental groups of all these components and let the

kernels of these surjective homomorphisms be amenable groups for all compo-

nents of X and of X' . Then the induced homomorphism

Fo : HS(Y,¥') = H®(X,X")
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is an isometric isomorphism for the norms |||]"{E} for all @ € [0,=] .
In particular, if the fundamental groups of all components of X and of

X' are amenable, then the groups ﬁi{I,I'} =0 for i >2 and the norms

|| litey on W, (x,x') , for i > 2, vanish for all & € [0,~] .

Remark. The group ﬂl{x,x'} vanishes if and only if the inclusion map

nufx*i -+ tu{I} is injective.

Now, by averaging over the amenable group MI(X',X") , as in
section 3.3. , one makes all bounded cochains vanish at all those singular
simplices A + X which have an edge contained im X' . In particular, the
values of such cocycles on relative cycles ¢ of dimension > 2 does not
depend any more on their boundaries, dec < X' , and thus the equivalence

theores is escablished.

4,2, Diffusion of chains in open manifolds.

For a sequence of subsets of an open manifeld, Uj c V¥V ; we write
Uj + = if only finitely many of these scts Uj intersect any given compact
subset of V . A subset Uc V is called large if the complement V ~ U
is relatively compact. Then we have a canonical homomorphism of the homo-=

logy defined with locally finite singular chains {(see 0.2}, E;{?] -

to the relative homology H,(V,U) . For a sequence of large sets Uj = V

we denote by hj E H*{¥,Uj] the values of these homomorphisms on elements

h € H,(V) . Then we have for Uj + = the limits lim ||hj|| (&) for all
=

A € [0,=] , which depend only on h € ﬁ;{v} and are denoted by ||| (8)

Furthermore, we also have the 11vuuru called || || on H , which satisfies

Iu|| =|Ib]] (83 for all & € [0,=] .

Hortice that
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Observe that for interiors of closed manifolds, V = Int V , the canmonical
isomorphism Hy (V) ~ He(V,3V) is isometric in all norms || ||(8) and
in particular, the simplicial volume ||V,3V]| of section 1.1. equals

| [v]]| (0) for the fundamental homology class [V] of WV .

The proofs of the following three theorems are given at the end of

thiz gection.

First, let us call the manifold V "amenable™ at infinity if every

large set U c V contains another large set, U' <= U , such that U" is

an "amenable" (see 3.1.) subser of U .

{1} Equivalence thecrem. Li ) isﬁblendhle'at infinity then the norms

on ﬁl!U} for i > 2 3iti3fr, |I|[{B} = ” || for all @8 € [0,=]

Next we consider closed subsets V' in V and for all h € H,(V)
we denote by h' € H, (V> V') the values of the canonical homosorphism
H (V) =+ H (V~ V') . Then we say that a sequence of subsets viev is
"amenable"™ at infinity if there is a sequence of large open sects Ui =V
which goes to infinity, Hj + m . guch that V! E.Hj and such that for

j

all sufficiently large j each ?} is an "amenable" subset of Hj .

(2} Cutting of theorem. Let V' =V be a union of disjoint compact sub-

manifolds (with boundaries), V' = U ?E s+ J* 1l,..., . 1f the set V'

is "amenable"

in ¥V and if the sequence U} is "amenable"” at infinity

then for all h € Eii?} + 1> 2 ., one has the inequalities

b1l = ol and |[6*[f ¢o) = [In]] Co) ,
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for all 8 € [0,=] . Furthermore, if also all U} are closed connected

orientable manifoldas of codimensionm ome in YV and if the inclusion homomor-

phisms :1{?}] + wlfﬂ} are_injective for all j = 1,..., then

[I* )| = |Iufl and ||n']| (&) = ||n]| (o) ,

for all @ € [0,=] . For example, for dim V > 2 , the simplicial volume

does not change if V' is deleted from V .

Corollary (Thurston [47], Soma[43]). Simplicial volumes of 3I-manifolds do
not change if the manifolds are cut along spheres and incompressible tori.

Finally, we consider a cover of V by relatively compact open

subsets, Uj = V ., such that Uj + m (l.e, the cover is locally finite).

(3) Vanishing-Finiteness theorem. If the sequence Uj is "amenable" at

infinity and if there is a large set W whose every point, v E W , is

contained in at most m subsets Us g fOor some m= ],..., then the norm

I || is finite on the group Eicv: for i > m . Furthermore, if also

the subsets “i in V are "amenable" for all j = 1,..., and if every

point v € V is contained in at most m subsets Uj » then |(h]] =0

for all h € ﬁ%(?} and for i *m.

Corollaries fA) If m = dim V , then under the first set of assusptions

one has ||V| < = and in the second case ||V[| =0 .

(B) The proof of the Isolation and Geometric finiteness theorems of section 0.4

With the covering technique of section 3.4. one satisfies the requirements

of (A) above.

{(C) Let P be a piecewise smooth subpolyhedron in V and let us consider

small round spheres 5"-1 eV, o= din V , around all points v E P .

v



We say that P is locally “"coamenable” if the fundamental groups of

the differences,

n=-1

=1 n-1
S\r ‘HP-S“ *"-i_'l"!"|$,||II

are amenable for all v E P .

Ex les. If codim P :_-_'i then P is "coamenable".

A one dipensional polyhedron P in El is locally "coamenable"

if and only if P is a manifold.

If P is the image of a properly immersed manifold 'l.'u + ¥ with

normal crossings then P is locally "coamenable".

Let P be a locally "coamenable" polyhedron in V of

dim{P) < m2 for m < n = dim V . Then the homology of a small regular

neighbourhood U of P has zero ll-*nn:"m in the dimensions * m , that

is ||h|| =0 for all h Efim{P} . Furthermore, if the manifold V is

compact, then the al—nnml are finite on the homology groups En.“ - F) .

Indeed, for small round balls Bv =V for all v € P cthe comple=
ment s IE|1'r ~ F have amenable fundamental groups. Thus we have an “amenable"
covering of U~ P by small subsets with smltiplicity m1 and then there
are finer coverings of U and of V~ F which satisfy the assumptions of

the vanishing and of the finiteness theorems respectively.

Examples. (a) Let V be the Cartesian product of three open manifolds.
Then V can be realized by a regular neighbourhood of some P < V with

codim P « 3 and so ||v|]] = 0 . In particular the proportionality theorem
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(see 0.3) fails for products of open hyperbolic manifolds of Finite volume.
{We shall rescue this theorem in section 4.5. by introducing yet another

simplicial volume).

(b) Algebra-geometric finitencss theorem. Let V be a non-singular complex

quasi-projective algebraic variety. Then the simplicial volume of V is finite.

In particular, the interiors of compact manifolds, V = Int ¥V , admit no quasi-

projective structures if |[aV|| # 0 .

Proof. By Hironaka's theorem [30) , V can be realized as the complement

to a subvariety with normal crossing in a non-singular variety.

Remarks. For singular varieties ¥V one also has the fundamental class,
[v] € Hi_(v) , and non-singular resolutions V=V are maps of degree one.

Therefore l|['||’]|| ‘_”Trl[ .

Birational maps between mon-singular projective varieties have
degree one and also they are isomorphic on fundamental groups. It follows

that the simplicial volume of such varieties is a birational invarianc.

The proof of the theorems (1), (2) and (3). The norms || ||{8) on the

group ﬁ;{?} are limits of the corresponding norms on relative homology
groups, amd with the dual morms on the bounded cohomolopy one can use the
averaging techniques of section 3. However, for the most interesting

¢ cora Il || + there is ne apparent bounded cohomology theory and so we
pust apply the averaging operators to llﬂchaina rather than to bounded
cochains. Unfortunately, there are no such operators for infinite amenable
groups. Indeed, the only invariant ll—functinn on an infinite group is

ZeTo.
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This problem can be reasclved by adding to llwfunntiunu on an
infinite group T all linear functionals on the space of bounded functioms
I +® . These functionals are, in fact, measures on the Cech-Stone compac—
tification of T . In particular, positive TI=-invariant measures of total

mass one are exactly our old averaging operators on T

There is an elementary alternative to the Cech-Stone compactification.

Namely one can replace averaging operators by locally finmite diffusion

operators which we define below.

First, we consider a probability measure u on a group T , that
is a non-negative function, u = pu(y) for y €I for which
||uﬂtl - ?lu{y}l =1 . For all 9 €T we define the following "derivatives"
TR B by secting u'{y) = ulyw)-uly) , and for subsets & in T we

put HD u|| = aup||ﬂ u"
' gEn e

Hext we let ' act on a set X and then we have the following

(diffusion) operators, f + py=f , on Ll—fun:tiunﬂ E{x) »

(ueE)(x) = £ uiT)f{T-l#} .
r

Lemma. Let T be transitive om X and let a subset ® = ' be transitive

on the support of a function §£(x) , that is for some point X, E X the

d-erbit ﬂ‘b = |J L contains the support of £ . Then
=

llwsfll . <| £ £Cx)]| + |Iogull 1€l , -
gt = xex "o il

Proof. Let q : '+ X be the quotient map, q(y) = X, and let q,

denote the push-forward operator on functiom g = g(y) ,
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(qug)(x) = L . gly) , for x € X .
YEq (x)

Observe that q, commutes with the diffusions ue ,
Qe lusg) = uslg.e) .

where (psg)i(y) = E pli) g,i."r-lh.} . Now, for the functiom £ = £{x) ,
JET
there is a function g = g(y) with support in @ , such that q.g = [ ,

and so |[uetl] - || quiegll k- | usg]| | - Next,
[} 1 £

-1
fuegll | = 2 | 2 wCdgly W) =
L Y¥EI JET

= L | utyddg()] £ T (] L CulyD)=udy)g()|+]| £ ulydg(n)| «
yET MET vET 1D MET

< L g limyull y+1 2 g < liogell Hell (+] 2 &) . q.E.0.
WED ) JET [ AET

(A) Corollary : Let the group T be amenable. Then for an arbitrary finite

get S X and for any Ei‘I.I'EI.'I. £ * 0 there exists a probability measure

on I with a finite support, u on T, such that all functions f(x)

—

with support in § satisfy

llwetll , 2 |2 E)] + ¢
L xES

Proof : As I is amenable, one can find, for every finite set ® <= T and
for any given ¢ > 0 , a finite measure 1 on © for which E[“u”“ “

(see [19]) and so the lemma applies.

(B) Example : Let K be a simplicial multicomplex and let T be a group
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of simplicial automorphisms of K . Then I also acts on finite simplicial

chains ¢ = £ r,0, in K ,
g 1d

e = L r, YO,
T i:|.1|rl.

and we write

puwe = I uly) ye .

vl

Suppose that for each simplex o4 in some chain ¢ = % 404 there is a
transformation Ti E ' which sends ui onto itself u;th the reversal
orientation, Y9 "~ ;} . Then, if the group I is amenable one can
“diffuse” ¢ by some measure u on T , that is one makes |[|uec] <
for some u = ul(c,e) . Indeed, we can write ¢ as a cochain ¢' on K

which is supported on the set of the simplices [di,nil and

e’ o) = *r‘{Ei} - % r; - Then the sums of ¢' over the T-orbits of the
oriented (!) simplices oy Aare zero. According to (A), we have a finite
measure i on I such that ||c"= utr'|]llf_z » and since

usc = £ ¢'{ado , where 0 runs over all oriented simplices o c K , we
also h:vn |wscll ;= ¢ . In particular, if c is an n-disensional cycle
whose homelogy nltuu [¢] is invariant under T then |[[c]||l = © . Thus

we get an alternative proef of the vanishing theorem of section 3.].

{compare with 3.3} .

Let us generalize (B) to locally finite chains. We start with an

arbitrary action of T on X with countably many orbits, called

Kj =X, 3=1,..., . We say chat the action of T on X% is "locally

finice" if there exist subgroups Tj =T, §=1,.0., with the following

two properties :



(1) Every group [, is tramsitive on the set Hj for J = lysees

(2) The actions of Fj are "asymptotically disjoint" : for every

j.o= l,su.y there is an index k = k{jn} such that the supports of Tj

@ o

and Fj do not intersect for j > k , that is every point x € X is either

kept Fixed by all y € Tj or x is kept fixed by all ¥ € l'j .

o

Now, we define locally finite diffusion operators om X that are given

by sequences of finite probability measures, uj on Fj for all
j=1,... . Namely, for a function £(x) we inductively define

EI = ul.f....,f. - ujqf . According to (2) above,the value f(x) for

i j-1
every fixed point x does not depend on j for large j and so we put

pef = lim f.
jo

for up = {pj} j=ls.e. » Obgerve that this diffusion separately acts on each

orbit Hi . Hamely

E (pef)(x) = I f£(x) , for all j=1,...,

xEX. xEX

j i
and
psf | X, < ||E|X.
lwselxgll 5 < Neixll

where

lelx |l | 8 1 jeeo) .
171 *EX,

Suppose that f is a "locally finite" functiom, that is its supports

on all orbits Hj are finite sets. Then, clearly, the diffused function

wef iz also "locally finite". Furthermore, if L[ f(x) =0 for j > ju

:Exj



- P =

and the groups rj are amenable for j > jn s then for an arbitrary positive

BEQUENCE ©. ,E y-2ay Chere is a locally finite diffusion y such that
jo' Jor!

for 3 i_ju .

5 L E.
luselgll § <

Indeed, this follows from (A) above.

Now, we are ready to extend the techniques of section 1 to open
manifolds V . The modifications needed for the proofs of the theorems
(i1}, (2) and (3) are quite similar and so we discuss below only the last

Casa.

The proof of the Vanishing-finiteness theorem : To each set uj =V, ve
assign 4 large set Hj c V which contains Uj guch that for j » jn each

U, is an amenable subset in Hj and ﬂj — = , We conatructed in sectiom 3.2.
a canonical sulticomplex K(V) which consists of all those singular simplices

gt A =V which are injective on the sets of the vertices of A . This set

of wertices is sent by @ into the union of some sets Uj , call them

Uj .....Ej s and we say that o is an admissible simplex if the image

a = e

o(Ad) & ¥V 1is contained in the union Hj U...u Hj + Then, we congider &
o m

subcomplex K< E(V) with the following four properties :

(1} All simplices in K are admissible.

(2) K is complete : for every admissible simplex @, : & =V with boundary
in K there is a homotopy by admissible simplices with fixed boundary,

: A — V¥V for t € [0,1] , such that o is contained in K .

I

{3) The vertices of K lie in the union of some fixed disjoint sets

St % | TN, Ky (N
4 1
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(4) K is minimal : it containg no proper subcomplexes, which satisfy

(1) and (2) and which hawve the same vertices as K .

As every such K is built of some singular simplices o : A — V |
it comes with a canonical map 5 : K — V . Furthermore, the direct product
of groups ﬂ{"u*j.tij} (see 3.3) acts on the l-skeleton of ¥ and every such
action extends (not uniquely !} to an automorphism v : ¥ — K , such that
the maps 5 : K—= V¥V and Se¥% 2 K=V can be joined by an admsissible
homotopy, that is a homotopy of maps which are admissible on all simplices

in K . We denote by T[(K) the group generated by all these automorphisms

T o

Mow, let L be a triangulation of ¥V such that ecach star of L 1=
contained in one of the sets l.lj , and let K be a sulticomplex which
contains L and which satisfies the properties (1}-{4). Denote by K' = K

the [r(K)-orbit of L ,

K'= U y(L) .
yET
The actiom of T = F{K) is locally finite on the set of all oriented simplices
in K' . Indeed, with every set Uj one First considers the union of all
those U]u which intersect Hj ; call this union T%, and then one takes
for I, =T , for all j=l,...; the groups of the transformation which arec

J
fixed on those simplices A< K' whose images in V do not intersect Ej

Now, under the assumptions of the vanishing theorem, every m=simplex
in L has an edge in one of the sets Uj and so some automorphisms
reverse the orientation of o , that is yo = o . Therefore, for every

m-chain

¢ = Ir.o. E C,(L) = C(K")

i
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the corresponding cochain c¢' , given by n'{aij - EI £y and :'l.'ui_j -—%ri :

has zero sums over the orbits of [ . Next, for the proof of the vanishing
theorem, one may assume all =I.I-,i to be "amenable" subsets of I-‘J and then
the groups I'j are amenable for all j=1,..., . Finally, locally finite
diffusions make the ll-nutm of e , or rather of wec , as small as one
wishes, and now one must only show that the diffused cycles usc with

|| ee ] | £ & are, in fact, homologous to ¢ , in the sense that ¢ = pec=3c

i
for some locally fimite (m%l)-chain © . Recall that the diffusion uec for

T !uj} is the limit of chains ‘:j - sl where cach operator ujt is

b Sl
obtained by combining some cycles ch—l for ¥ E rj . The transformations
Tj are homotopies which are supported in some sets ﬁj such that

tﬂ — 0 for j — = , Therefore, one has fj-l = Ej = ﬁgj for some locally

finite chains Ej with supports in the sets ﬁj and then one takes

[

o~ ]

c= I e. .
-

I ]

]
Thus the vanishing theorem iIs proven.

To prove the finiteness part of the theorem, one also applies diffusion

operators but now only with the groups E‘j for § » 1¢ « This makes chains

¢ as small outside a fixed compact subset in V , as one wishes.

4.3, Diffusion of chainsg in Riemannian manifolds.

We prove here the geometric inequalities announced in section 0.5. by

combining the diffusion of chains with the smoothing operators of section 2.

For a singular simplex in & Riemannisn manifold, o:A — V , and an

open set U S ¥V , we denote by mags (oNU) the mass of the “intersection"

_J{L'r] : nhltl.l} —+ = ¥ . For a singular chain ¢ = Lr.o. , we put

1

map ala
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mass{cNU) = ;Irilmu{ainul .
i

HWe denote by Hu[H] the R-neighbourhood of U for any R * 0 and we

abbreviate,
dif
magsf{c N U+R) = MSS{EHBU{E” ?

Next, we restrict chains ¢ = Lr;o, te subsets Uc V by taking the sum
i
Etiui only over those indices 1 for which the images ﬂiih} = ¥V intersect

the seat U , and we denote these restricted chains by c¢|U .

Finally, for the growth function E“{H} of section 2 . we put

[er(r}|U) = sup 2'(R) .

vEBUEH}

{A). Theorem : Let V be a complete Riemannian manifold of non-positive

gectional curvature and let ¢ = :ridj be a locally finite m-cycle in V .

Then for arbitrary positive numbers, R > 0 and € > 0 there exists another

locally finite m-cycle e' = e'(R,e) = zria; in V with the following
]

four properties :

(1) e¢' is homologous te e .

(2) ' is a straight cycle : the lifts ?j

of simplices uj to the univer

gal enuaring v of V are straight geodisic simplices (see 1.2.) and
—~

each uj is contained in a ball of radius R+c .

' satisfies for all subsets U of V ,

(3) The cyele e

le*| ul| & Clec)mt[2' (R) |U)"mass (e N U+R+e) .
i
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(4) Furthermore, if ¢ represents the fundamental class of V then the

last inequality can be sharpened as follows

l!-"IUIIE. £ €_(l+€) { (11 (®) v , for B = By(Rec) ,

and for C_ = r:nrz:-f-m't%l:n ¢l ynmdin ¥ .

Proof. Let first 5 : ¥ — H+ be a N=-invariant smoothing operator (see 2.4.)
on the universal covering Y= V—=V for NI = ﬂI-UF} « Suppose furthermore,
that the smoothing 5 1is locally finite ! there is a discrete subset in ¥
which supports the measyre S{y} for all y E Y , and let also each measure
5(y¥) be supported in the ball By{ﬂ} =Y . With such an 5, we have the
following diffusion operator of straight M-invariant chains ¢ in Y that
i6 the dual to the smoothing operator on cochains (see 2.4.). Recall

{see 1.2. ) that every straight simplex 3 in Y is uniquely determined

by the ordered set of its vertices, Ygretea¥y E Y , and so0 finite chains of

ordered simplices are interpreted as finite measures In the Cartesian product

T XY ®,, "l!'l

e |

Now, we assign to the simplices L. I{}rn,....fnj the normalized Cartesian

products of the measures S{yﬂ},...,ﬂ{yﬂ} , Ehat are the chains

m
=1
Seb = 1 || Sy )| Sdy.) .
La) i lt i

Then, this diffusion extends by linearity to the chains of straight ordered

simplices,

Cmir, A, = Sec = r. Seh. .
1 ] o -:;: 3
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L

Finally, for oriented simplices & , we take the (m+1)!/2 ordered simplices

which have the same vertices as 4 with orders compatible with the orienta-

km+1)!

5 » and we put

tions of & ; called Eu,u L .

Sed = 2/(m+1)! E Sud,

W
From now on, we only deal with locally finite chains ¢ of oreinted simplices

and the diffusion is denoted by e =+ Sec .

A small straight wm-dimensional sikplex & is Y is called fat if
masss > ::nnal:{dinn?}n ; where for "const" ome may use an arbitrarily chosen
small positive number which only must be kept fixed as the diameter, diam 1 .

EDBEE (D ZETO.

Now, the proposition of section 2.4 . implies the following dual

Proposition : For any E‘uen 8 > 0 all sufficiently small fat m-dimensional

simplices T satisfy

I3 || = (1+6)[51%n! mass & .
i

Furthermore, with the integral inequalicy of 2.4 . one has for m = n = diaV |

l|seall | = (1+6)([51*)"n! mass T .
£

Remarks (a) : For non-fat small simplices of diameter < ¢ , we only can

claim the inequalicy
| So2]| | = C1+8 [51% " .
L

(b} The inequalities of the Proposition and of the remark (b} are
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purely local : if the simplices 4 are supported in a subset Y' =Y , then
one may replace the "norms" [S] and [5]*®* above by the supremums

sup [S(y)] and sup [S(y}]* .
yEY" yex"

Now, the theorem is reduced to a locally finite approximation of the
smoothings sﬁ.w in the theorem of 2.5 . We construct such an approximation
with a discrete sufficiently dense subset 2 in V , for exapple with
a set Z = E-w which intersects the balls B“W'{\r}} cV forall vEV .

We take the pullback of Z £ V under the covering map Y — ¥V , called
Tec¥ and we assign to every point :E % the measure of the set of those
points y € ¥ for which dint[y.;:l idiat{y,?‘}l  fFor all points T éz

in Z . We call this measure u(z) and finally, we send the points y € ¥
to the meagures called yﬂ-'ﬂw] vhich are supported in Zc= Y for all y € Y
and whose weight at the points z € £ equal uﬁlsﬂ-nﬁy.?] for all 2 € Z .
This smoothing y - ERNE;.T} satisfies in the limit for ¢ = 0 the sane
relation as our old $ and so the corresponding diffusion of chains of

R,
small fat simplices satisfies the requirements (2)=(4).

Next, we modify the original cycle ¢ = .1Ir.1|:|i as follows. First, we
i

make all simplices a; 14— V smooth by a small perturbation of e . Then,

wi subdivide the smoothed oy into very small simplices o, such that
J

after straightening up these O, almost all of them become fat :
J
"non-fatness” is allowed only to those e, which are adjacent to the
]
boundary o, of 9y The mass of the straightend chain f FLh is close
i

1
to mass{c) and the lifts of non-fat simplices to ¥ — V , called Fil'. .

have

E{di.lwui_]- < €y massgo, ,
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where the numbers Lk 0 can be made arbitrarily small with sufficiently
fine subdivisions of the chain ¢ . Therefore, in the diffusion of the
straightend chain I €40,

1 J
to the t]-nnrl and thus our theorem is proven.

only the fat simplices substantially contribute

(B) A Generalization to K{V) < Hz .

2

Let the sectional curvature K(V) be

bounded from above, K{(V) < K~ . Thea, for every point v € V the exponential
map exp : T — V is an ismersion on the ball uﬂn:"-} < T (V)

({see[I0]) and we equip this ball with the metric induced from V . The resul-
ting (non-complete !) Riemannian manifold is denoted by 'gv . The exponential
map locally isometrically sends this Ev to V and the center v of Eﬂ

is sent co w .

Now, every pair of points in the ball B_(R)c B for R < _;,,;",T :
L

can be joined by a unigque geodesic in B_(R) (see[10]) and so one has straight
v
=1

geodesic simplices in the balls B _(R) for all v E VY and Ri—;il i
L)

The projections of these simplices te V are called straight simplices of

radius < R.

Hext, we modify the definition of tq:r{HJ by taking the balls B_(E)
"
and by putting ?;{RJ = log Vol %H{H} . Then, we have the corresponding
w

functions E;{H} and [L'(R)|U] .

Finally, we claim that the theorem (A) holds for all manifolds V as

1~ X .
long as R = 'i'k 7 . Mamely, there is a eyele & which is built of stcaipgh
gimplices of radius < R and this c¢' satisfies the properties (1),(3) and

(&) with ' in places of L' .

Proof : The smoothing we used in (A) is, in fact, a map which assigns to

the points v € V measures in the balle B (R) in the universal covering
v
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Y =V — Vv, for some lifts v of v . With this new interpretation, the
smoeothing makes perfect sense at the points v € ¥V , with the maps
exp,, 3 E‘r — V instead of the universal covering. Finmally, as the estimates

we used in (A) were local; they extend to the balls 'B; s Q:E.D.

(C) Manifelds with |K| <1 : If K(V) > 1 then Ricei V> l-n and

B0 ?:lﬂﬁ < cnnulnﬂ-l for all R<m and for all « € V . Therefore, (B)

above implies the estimate Min Vol(V) < const Iv]l eclaimed in section 0.5.

Huext, wa Lurn Lo

The proof of the inmjectivity radius estimate of sectiom 0.5.

Lerma : For every n=1,..., there exists a positive constant ﬁ1E (0,1} ,

called Margulis' constant, such that the balls Bvitj in n-dimensional

manifolds V with [K(V)| < 1 are "amenable" subsets in the concentric

Eﬂjtu balls H“EI} = Bv{:} for all ¢ fe, and for all veE WV .

Proof : Indeed, the image of 'I{E“{ﬂ}} in ililv[l]} containg a nil-

potent subgroup of Finite index (see [7]) .

Mexr, for EH{U}|1_1 y the exponential map exp,, Bﬂtl} —= ¥V covers
cach point im the ball Bv{]I!] S V approximately n;l times for
. =]
o, = Inj Rudvf?l and so C Pt Vol H“(I} il - A for all v € ¥V and

for some universal constant € = C“ *0 (see[ll]).

Finally, for manifolds V with [K(V)| <1 and for all e>0 ,
the set U €V of those points v € ¥V for which Py 2 E contains the
c=pneighbourhood of the sot U, for g < E'nl and for another universal
constant E; =0 ., (see[11]) . We apply with these remarks, the covering

technique of section 3.4 and we find for some universal positive
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c = cfn) € {ﬂ.:n} a cover of V by small open subsets Uj,j = J,.004 with

the following twe properties

1y all le are "amenable"” subsets in their respective %-nnighbnur'hnnd:

E'LE{”“ > lJj i

{2) The inequality Pt € implies, for all v € V , that the ball

B?{J-E}I =V iz contained in one of the sets I.Ij and that at most mn=dim V

sets U, intersect B (3e)
] W

We represent the fundamental class of ¥V by a cycle ¢ of
the theorem (B) with R= £ and we observe that with (1) and (2) above

this ¢ gplits imto a sum, c'

where the chain ¢ has its

= ¢ 40
12 * [

support in the set :U': and ":1" < const '.I'-utl_'UE} for some universal
const = constle,n) , while cach simplex o of the chain e, intersects m
more than n subsets !.Ij and each ¢ 1is contained in one of the scts
Therefore, the locally finite diffusion of section 4.2 makes the t'-norm
of ¢, as small as ve wvish and so the norm of the diffused eycle ' is

bounded from above by comst 'l.?u]',{lJt]I + 0.E.D.

(D) HManifolds with Ricci(V) » l/l-n, We start with another generalization

of the growth function 2'(R) . Take a ball in V of radius K > R , called
Eﬁ(}ﬁ.] =V, and let rﬁ.‘rm —_ B“fﬁ.} be the universal covering. Take a point
vE i;fﬁ} over v and consider the radius R ball around ¥ , called

B(R) ¢ B (®) . Put

1] W
¢ (R,E) = log Vol B_(R) .
v v

3 - & - - = r L "
Obgerve that this function 15 decreasing in R but it is not contlnuous :

the jumps may happen as the topology of the ball E“fi}-:.v changes .,



- |06 =

Hext, we define the following "regularized" (compare with 2.5.)

di

derivacive T

L' (R,H) = Llim sup [L, (R,E+E) -2 (R-¢,H2E)]
L £+, 0 u "

o —

1f RicciV> |/Il=n then Bishop's inequality gives an universal upper
bound for E;{R.'I't'] . Namely, L;[H.F. < L;{R} where 1; is the corresponding
function in the hyperbolic space. In particular, l;{ﬂ,i} hud ::l:mal:nﬂ:-l for

R<1 and lim sup 1;(3.'&'} <1.
Robm

Then (compare with (A)), we put

[2'(R,B) V] = m% l'.;{ll.ﬁ} .
v,

where w runs over the R-neighbourhood Bu{H}Eﬂ of the set U and R

L g
runs over the interval [R,R] .

Finally, for a singular simplex o : A + V , we write length(o) < }
if all edges of o have length < A . Furthermore, we write Rad o < p

if the image ofA) =V is contained inm a hall !’v{ﬂ} =V for some v E V .

How, we comé Lo our most general relation between the growth function

i' = i'{F..'ﬁ') and the l‘.]-nunl on the homology of locally finite chains

cwm Fr.o, in W,
g &

Main Technical Theorem. Let V be a complete Riemannian manifold and let

¢ = kr.o. be a locally finite m-cyele in V . Then for arbitrary positive
i
numbers, . * 0, R>0 and H>n » Ehere exists another locally [inite

m=cycle ' = “H in V with the following four properties :
i
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{1} e' is homologous to ¢ .

(2) length o) < 2R+c and Rad o} < R+2R+e For all j = 1,...

J_

Riti

(3) For all open sets Uc V we have with the notations c¢'|U and

c N Uskec of (A) and with &' = [L'(R,R)|U]

lle*[ull ;< (1+e)m! (1" +4 (B=R) " Jmass (c N U+Fe2Ree) .
i

(&) f c© represents the fundamental class of V , then we have for

I =T (R = _sup_ '(R,B)
S 4 mERE) ¥

and for the {EEE*rE}'-uzighhnurhunds B = B“(E'ﬂ‘il-lﬂ of the sets U ,
le'lu]l | < Geednt f (¢ T +a®-m)™H" dv
L T

for

¢ = M/ ”E_;!_l,, ¢l ., nmdlnV.

Proof : First, we formalize the local conception of smoothing (sce (B))

as follows
An étale meaguge ¥ over V is defined by the following data :

(i} A collection of Etale domains {'I..!'.F] over V¥ . These are n-dimensional

—

manifolds U for n = dim V and immersions p : U — V .

(ii) There are maps between some pairs of domains {ﬁ.;} and {'ﬁ"ﬁ"'} s that

i~ L

are immersions q : U — U' such that p =p'eq . If such a map q exists,

we say that U 1lies over U' . We assume that for any two domains [fl and
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L[2 there is a third domain U which lies over both “l and 1.I'2 .

(iii) Finally, each domain U carries a positive measure, called 3 on

T . We require the measure §' in all domains U' over U to be 1ifts of

W . that is 3 = H*?‘ » where E';, denotes the push-forward map on measures
T

for the immersions i;:i"’ : U' = U . Observe that I?- | qu: and so for
o~ o "y u
pesitive measures p the Ll"ﬂﬂ-l'll J |u| are Fndependent of the particular
-~ U
domain U . Then, one may speak of the Ll-num lull of étale measure u

over V.

An étale smoothing S5 = S(v) over V is a map which sends points

v £EV to étale measures S(w) over V . An instance of that arc measures

defined in (B) on exponential balls E"{R} - Y .

We assume furthermore, that for every points Y. E V there is an &tale
domain U — V such that the measures g{v} = 5{w) rﬂ' are simultaneously

defined on U for all v in some neighbourhood unr'"'r of W

The map ¥ sends points of IJn to ordinary measures on i} » and
if this 3 is smooth, then we define as in section 2.4. the quantities
[T(v)] =[8(v)}|U] and [S(v)]* = [S(v) [U]* for all v E u, - We call these

T domsins of definition of 5 near v, and we finally define [S{vﬂ}l]

and li-:l:u-“ﬂ' as ipﬁ![ﬂhnlm] and iﬁf[ﬂ{?ﬂ]fﬁ]' where U runs over
all domains of definition.

Noxt, we assign to each point v € V a neighbourhood of v , say
W,c V, and then we call a singular simplex o : 4 — V admissible if it
has distinct vertices, ?ﬂ,...,uﬂE V and its image o(A) =V is contained
in the union H“ U...u '-'” » We take a subcomplex K in the canonical sim—

a -]
plicial sulticomplex K(V) (compare with the proof of the vanishing theorem
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in 3.3.) with the following three properties :

(1} All simplices in K are admissible.

{2) K is complete : every admissible simplex with boundary im K is
"admissibly" homotopic to a simplex in K .

(3) K is minimal : it contains no proper subcomplexes with the properties

(1) and (2) .

Every such complex K 1is uniquely determined, up to an admissible
isomorphism, by its zero skeleton K°® o V : an isomorphism 1 : K — K'
is admissible if the canonical map § : K — V (see 3.2.) is "admissibly"
homotopic to 5' : K' — V with the zero-skeleton kept fixed. Observe, that
the group l'l of those admissible automorphisms of K which keep the one-

skeleton fixed, is amenable on all skeletons of K (compare 3.3.) .

Finally, we associate to &tale smoothings § over V diffusions of
small simplices to chains in K . To do this, we need all domains of defini-
tion of the Etale measures 5(v) to be connected and simply connected, for
all v €V and also, we require the images p(U) =V of all these domains

to lie in the intersections MW for v running over PO .
w

Let & be a small straight simplex in ¥V and let Tel bealift
of A to an &tale domain, such that the measures S(v) = Stujlﬁ are
simultaneously defined for all w € A . Then thevertices :;u-"“:‘;m of B are

diffused to the points :;.....1.?* in T weighted with some measures accor-

m
ding to 3 . Each vertex :;k v k= 1,...,m is joimed with ;'Iull: by a path

called :h and every edge [';k':i'.] of B goes to the composition of paths

AL IERC CO Lo
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The projection of this path back te V , is an admissible singular one-
simplex and so there is a unique one-simplex in K , called [*r',":. v;] homo=
topic to the projected path [;;[31} . Thus, we diffused & into a measure
on the set of w-simplices in the quotient complex K/T, , that is a
"sweared chain” in K/T, . It would be an actual finite chain if the measures
Srvk} + k=0,...,m were finite. We agree to normalize this smeared chain

by dividing it by the product ﬁ ||Sivkjli and the result is denoted by

k=0
Stﬁfrl

Repark : Among the diffused simplices, there may be some with coinciding
vertices and chose do not belong te K . One could add such degenerate sim—
plices to K , but we just ignore them since their total mass is zero for
measures S({v) with continuous densities and this mass remains negligibly

small for our further approximations of continuous measures by discrete

OTes .,

Now, let ¢ = Ir.A. be a chain of small simplices b im V. Then
L

with an étale smoothing S5 over V , we have the diffusion

o — SuefT = Eriﬁmﬁi“'l i

We suppose that the measurcs F(v) have continuous densities on T
and we approximate the diffusion S5* by discrete diffusions S; . Namely,
wir consider discrete sets Z &V with the weights p(z) attached to all
z € Z as in the proof of (A) and we replace the measures T(v) on the
domains p : U = V by the measures S (v) supported on T=p el
with weights Fﬂ{v.?} - u{ﬂgw,TI for all 2z in ¥ ower =z . The diffused

chains e, Sﬂtrfr are countable chains in Hfr] and they lift (not
-

uniguely) to chains in K, as the homotopies of projected cdges l"lr.' '1'.;'[]
"



gxtend to admissible homotopies of A to simplices in K . Furthermore,

one can choose these extended homotopies such that cycles in Hfrn lift

ta cxglaa in K .

Observe that the lifted chains Ehlit in the subcomplex H? in K
spanned by the set X as the zero skeleton, H; = 7 . If we assume

H; —+ = for 2 — = , then the chains ¢, are locally finite, that is

(]
their images in V under the canonical map HE =+ ¥ are locally finite,

provided the original chain ¢ is locally finite.

Finally, for small fat m-simplices & near a point v € WV | the
total mass of the chain Sn'ﬂ in Kfrl is estimated from above by
{liﬁllsntﬂ}]mﬂ! mass &4 as in the Proposition of (A) , provided the set
ZeV is sufficiencly dense, and for all e=-simplices we have
[|Sﬂ*n||t]§r(l+ﬁ}[5{?]]'€n regardless of their fatness. We claim, that
these estimates alse hold for appropriate lifts of the chains e, te K.
Indeed, as the group rl i amenable in the dimension m (that is rlfrm*:

is an ampenable group see 3.3.) we can construct locally finite diffusion

operators in HE {see 4.2.) , which send chains ¢ = [ Ej Ej in R?
. S O T ,
over chains F rj ni in uz;rl with E rj = rj. j=ly.u., to diffused
chains ¢ = % Ej g over E r: o; such that the norms
3y dn jm : [
éla.ll := £|r, | become as close to |r.| = |Er, | Forall j=1...
17y ju : H !

A8 W wamk.

The proof of the theorem is now reduced to the constructiom of &tale
smoothing operators S whose "norms" [S] and [S]* are controlled by the

growth function I'EH,iﬁ H

We take for étale domains the universal coverings of the open balls

Hv{H'} eV forall vEY and R'E {R+E,R¥EHLIE} . We Fix, in every such
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covering i‘ytlt'!l - :Ev{:ﬂ*} a point ¥ € Evtl’l:'}l over v . Then, for pairs
of balls B (R') and B, (R") € B (R'}) for R+R < B" < R'-dist(v,v") we
allow for étale maps E‘r"{ﬂ“}l = 'f?{lt'} only those which send the point
V' EE W(R") to V' €B (R) with dist(¥',V) = dist(v',v) . We alvays

assume these distances to be so small that this £tale map is unique.

Hext, we construct the following family of measures, called
EE 7¥) = S5(v) in the &tale domains "n‘“m'} for all R € [R,E] , by

first taking the universal coverings of the balls BM{E} c ‘Eul[ﬂ'] , then by
v
taking balls B (R} in these coverings f_‘{ij with the centers v over
W L
v , and finally by considering the measure 5 on iﬁl‘.i} which is given

W
by the characteristic function ¢ of the ball B (R} Eiv (R) , that is ¢
v

equals one on the ball B (R) and ¢ =0 on E'Hl:i}"-uﬂ_{ﬁ] » The push=forward
W L v
of & to Evl’.ﬂ'} is our measure E_{?] . In order to have this § as an
R
€tale measure, we also take all its push-forwards under the &tale maps of the

coverings of the balls. Thus, we get the étale "smoothing" E__'I_ﬂ for all
R

v £ ¥ ; vet it is not smooth, not even continucus : the measures 3_{1:}
R

may jump as the topology of the balls B...{E} changes.
v

We regularize the “smoothings" 3'_ by the following averaging :
R

E e d

B
Stv) =8 _(w) = @R[ T_(v)(asbBIGE
R, R R R

for a and b chosen such that a+bR = | and a+bR = 0 . Observe

that the measures E_h.-} are decreasing in R and so the measures 35 ‘E'”]
R L

are decreasing im % (but increasing in R} . Therefore,

1L sl ,=-Lls ]
di &, R L di  RAE !
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and a straightforward calculation yvields

-Ls _wll , <47 s
dR ¥ L

-
R, R L

R,

Then, we observe that || 5 (v)|| y "Vol B_(R) , and chat
R L W

d d
s o, <=5 _taf ,+1<=5 ] ’
H 'E' LI dH H:B': LI S |

diR E.R L

L]
Finally, we conclude to the desired inequality

s _w] 4R+ T RD
R

(see (4) of the theorem for the notations), and in the same way we pet

(s w1 <a@m e TRD .
R, K N il
This smoothing only needs a miner change : a regularization in R
with a fast decaying function @{v)} (see the proof of the theorem in 2.5.)
and then we are ready to conclude the proof. We take the balls
B¥tniiiuII}1: ¥V for the secs Hﬁ and wve cake a complex K such that every
one-simplex o in K which is adwissibly homotopic to a simplex of
length R+c , itself has length « 2R+ ¢ . Then, diffusions of small
cf2-simplices 4 will have length < ZR+c and the "admissibilicy”™ of

gimplices imn K make their radii i'il- 2R+

Next, before diffusing the eycle ¢ ,we first subdivide and then
straighten its simplices, thus making the majority of them small and Ffat,

and finally we diffuse them to the subcomplex Hz-c K for a sufficiently
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densgs discrote set Zc W .

Corollary: Proof of the main inequality of section 0.5. If Ricei > 1/I=n

then lim sup ¢'(R,B) < | and if also ®-R = = , then for U = V the

inequality (4) of the theorem implies for ¢ — 0 ,
vl < ¢ n! Vor(v) < niVor(v) .

4.4, Geometric simplicial volumes.

Suppose, we have fixed a notion of "size" for singular simplices
g ¢t A = ¥ for Riemannian manifolds V . We have already met such "sizes"
as massin) , Rad{o) and 1length{o) . Furthermore, one may consider 1ifes of
4 to some covering of V (or of open subsets of V which contain of(A))
and then we have "Rad" for these lifts. Another class of sizes appears if
we [ix a metric in the standard simplex A . Then we have the Lipschitz
constant of o : A=— V , called Dit(e) that is the "sup"-norm of the
differential of o . One also has such norms of the exterior powers
.-.t Do , k= l,sus, dim & . Furthermore, there are the Dirichlet functionals
that are the integrals I ||ﬂh Du{:}llld: .

A
For a chain ¢ = E'i"i + we put "size" (c) = sup "gize" i.'ui_} and

1
for all real s>0 we define

llv]| "size" < s|| = inf ||<|| |
s i

where © runs over all locally finite cycles of "size" # 8 which represent

the fundamental class of ¥V . We aet

v |"size" « =|| = inf||v ["size" < s]|
g»0
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This simplicial wvolume is not a topological invariant any more; however
it is invariant under uniformly Lipschitz homeomorphisms. Moreover, for
proper Lipschicz maps f : V — V' for vhich

dist{£{x),f(y)) < const dist (x,y) for all x and y in V the basic

functorial inequality remains true
||"J|"ai:|:.e"-'w|| > |de3 £ | ||'|.|"' "aize"-’-H .

It is clear thac “?" < " V|"size" ¢« = || s and that for any reasonable
"size", we have the equality for compact V . However, these geometric sim-
plicial volumes may lead to new topological invariant of compact manifolds.
Mamely, fix any sequence of positive numbers, A = [} 5.} i=1,..., and
then for a compact manifold V with a metric g denote by v the disjoint
union of the Riemannian manifolds [\r,lig} « Since the Lipschitz class of
?h only depends on A but not on g , we have the wvhole spectrum of inva-

riants
||I,I"'Ii"li:¢" & _.” .

one invariant for every A and every "size". In fact, these invariants
tend to take only two values : zero and infinity, and then the actual inva-

riant is the partition of all seguences /A into the two classes.

The theorems (A) and (B) of the previous section give upper bounds not
only for the topological simplicial volume, but also for
[| v |"*size" <8 || for "size"(o) = Dit(s) while the more general theorem

(D) applies to a “weaker size", namely to length + Rad.

Now, let us consider only those [undamental cycles ¢ = Fri”i for
i

which "li:#"ul = 0 for i1-—w= ., By taking the infimum of the norms
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ell ol Elrﬂ over all these cycles ¢ we now get another Lipschitz
i i

invariant simplicial wolume, called
| v || "size" — 0 ]|i_||?| "gize" < ||

The arguments of the previous section can be extended to this simplicial
volume as well. MNamely, instead of our smoothing SH vith a fixed B , one
could take s function HR{v) with a small gradient and such that Riv) = O
for w -« . We do not need here this generalization, but we are going to
use the simplicial volume ||V|Rad — 0| for proving the existence of com-
plete manifolds V¥ of all dimensions n that are extremal in the following
sense @ extremal manifolds V = (V,g) by definition have metrics g of
Rl , <t
L

Furthermore, Vol(V) <« = and all complete manifolds V' which admit proper

class E' with measurable curvature K(g) and | K(V}|

Lipsehitz maps V' — V of non-zero degrees abide : Vol(V') > Vol(V) .
In particular, there is no bounded deformations of the metric g of V

which keep [K| < | and which decrease the volume.

Theorem : There exist extremal manifolds of all dimensions n .

Remarks. (a) It is unclear if there are compact, not just complete, extremal
manifolds of all dimensions. Wor do we know how many different extremal

manifolds there are for a given dimension.

{b} It appears more natural to define extremal manifolds with arbitrary
homeomorphisms £ : V' — ¥V rather than with Lipschitz maps. This notion

has been discussed for surfaces in section 0.1, In this discussion we omitied
surfiuces loncomarphic to I'lE . In fact, such surfaces do admit extresal

mebrics, but they are never smooth. Indeed, at every point where the curvature
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is continuous, it must be itself extremal, that is K = 21 , and so there

must be a jump from +1 to -1 .

It is unclear if there are such topological extremal metrics oRf

manifolds of dimensions » 2 . Nor is it clear how to relax the condition

Eq < 1 to Ricci > =I

Proof : The theorem is an immediate corollary of the following

Sub-theorem : For an arbitrary oumber h > 0 there exists a complete

REiemannian manifald VvV of a Eﬁven dimension n with the iulluuina threa

properties :

(a) |K(W)| <1 and Vol(V) <=,
(b} |IV| Rad = 0| = h .

{c) All complete n-dimensional manifolds V¥ with [K(V)] < 1 and with

V| rad =0l > b abide :
Val(V} > Vol(¥)

Proof : Consider all complete n-dimensional manifolds V for vhich
|K(V)| <1 and ||V| Rad —+ 0] > h

and let us show that the functiomal ¥V — Yol ¥V assumes ite minimum on this
set of manifolds. Let Uulh denotes the infimum of this functional and let
“i be a minimizing sequence, that is ?ul{?il—*vhlh for 1 = =~ , An

iH{?i}l <1 and Uﬂl[“i] < const , one may assume (by taking a subsequence
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if necessary) that the sequence vl has the "limit", that is a complete

manifold V with the following property (see [25]) :

There is an increasing sequence of relatively compact open subsets

Ei =V , such that U ﬁi =V , and a sequence of maps Ei
L

whose distortions converge to zero,

f Ui o “1

dist (g, (x),8; (¥))
diski{x,v) x

| — D

Eup
Ku ¥ Eul

-
L b

and such that the injectivity radil of the complements to the images of the

maps §; g°o to zero,

ua{uai Inj. Radvﬂl'i} -1—:-{] s for Hi - \'i'-.a_i{ui}

This limit manifold V clearly has WVol(V) < lim ?nl{“i} = ﬂnlh .
-i'm‘

and also |H{?}| < 1 , though this V may not be € -smooth, Observe that

the manifold V may be empty : this happens if 1Inj. Eld{“i} » 0 for iem.

Our sub=theorem now is reduced to the inequality

|7 |Rad + off > tim ||V, | Rad = o] - (+)

i-vm

To prove (*} , take a fundamental cycle ¢ = £ ?; E; in V for which

R&ﬂ[dkj —s 1 and let us show that all manifolds “l for 1> j= j{E}
k -+ = =

support fundamental cycles e(i) = T rtEi] ﬂt{i} » also with
L

i - — =

Rad o (i) :f such that || Efl}"‘rl < ”t”t” i’ forall E>j.

Since all manifolds Vi have Inj H!dvlvi} = 0 they admit coverings by
?“

open subsels F“{il < V., with the follewing three properties (compare with

(C) of &.3. I
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(1) Every set uu{i} is contained in a ball HH{I} in I'i of radius
H“{i} and all UH{i} are amenable subsets in Hu{i} . Furthermore, for

each i we have Hu{i]—hﬂl as p + = .

(2) Forevery i3>i_ = in[{'ﬁiji]} the multiplicity of the covering

{Uu{i]] outside the image Ei.{ui. T — ll'i does not exceed n = dimVe= dim ".I';i .
B

that is every point w € ?i“Ii{ui } 4 for all i > iD + i contained in

o

at most n subsets l.luii] .

(3) If a simplex EI: of the chain ¢ is not contained in the set

ﬁ} c V , for some large il = iI{Ej s then the maps El » for all i » il '
1

send ;k to one of the subsets llu{i.} =V, and the image Ei. {Ekj <V,

intersects at most n subsets Uu[i}

Now, take a seC El =V for some i.2 much preater than ia and
2

i] and send the restricted chaim c[ﬁiz to the manifolds "-‘i , For large
iz iE y by the maps E} « We extend the resulting chains Eit:|uiﬂ} to the
fundamentcal EEE!EE e’ (1) in “i such that all new simplices of -:'{i} -
that are the simplices o of the difference c*{i}-gi{EIﬁh} , lie far
away from gi{HiD] - ?i ., and such that every new simplex o 1is contained
in one of the sets Lrull.'i} for all i > i2 and o intersect no more than

n sets Uuil} .

We apply the locally finite diffusion (see 4.2.) to the cycle c'(i)
in Vi for each i > i2 . This diffusion "annihilates" all new simplices
of the chains c¢'(1) (compare (C) of 4.3.) while the norms of the chains
B; {c,[uizj can only decrease under the diffusion. In other words, one can

diffuse the cycles c¢'(i) to cycles c(i) such that

llt“”'u <l Eicc[uiz,ll *+ £y
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for arbitrary £ >0 and for all i > iI . Since HE{fE]ﬁiEJH i|[EW

we make |le(i)]| | £ Il ell y * gy for e, = 171 Finally, according to
] £

(1} above, we have Rv{ij =+ 0 and so the radii of the simplices of all

it
chains c(i) for 1 > 12 also go to rero. Q.E.D.

4.5, Specific simplicial volumes.

We now want to apply the results of section 4.3. to complete manifolds
of infinite volume. First, for an open subset U<V and for a positive
number R » 0 , we define the R-interior of U , denoted U-R S U , as
the set of all those points w € U for which the closed balls Eu{RI:: v
are contained in U . Observe, that this definition usges only the induced
Riemannian structure of U and sc one may speak of R-interiors of all
abstractly defined non-complete manifolds U . Im fact, if U is a complete

manifold, them U=-R = 0 for all R > 0.

Wext, manifolds U eof finite total volumes are called R=-stable if
Vol (U-R} => tI—R-I}?hl U . Furthermore, a sequence of manifolds “i' L leios

is called stable 1if Ui are Hi-ntable for Ri —-_—w pg 1 =+ W

Examples. (a} The sequences of Euclidean balls of radii - = are stable,

while such sequences of balls in hyperbolic spaces are not stable.

(b) Let V be a closed manifold and let V¥V — ¥V be a regular
covering with the Galois group 0 . Then V admits a stable sequence of
open subsets, ﬁl =V, if and only if the group N is amenable (see [21]).
Furthermore, let V be an arbitrary manifold and let the group 01 be
amenable. Them V  admits a stable sequence il and only it V does. In fact,
if U = U is an artibrary locally isometric map and if U is R=stable,

then U contains an R=-stable open subset. Indeed, let ﬁ; < U be the sets
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of those points in U which have at least k-points in their pullbacks

in U . Then ﬁi—E}k = iI:il"kﬂlit and so

£ 'l.'almk-ﬂ,': » E ?nl'[.ﬁ-lt}k =
k k

= Vol (@-R) > (1-R ol T = (1-r"") £ Vol 0o,
k

Therefore, one of the sets Hu cU is R-stable,

Now, for a given map between two n-dimensional manifolds, f: Vo=V,

we want to define "the ratioc of the volumes", Fb]{?llfﬂultﬂi} ¢ in the
case of infinite volumes, Unl{?ll and {or) ﬁuI{?z} . First, for all

relatively compact open subsets U< ?z » We put
(U,R) = Vol (£ (U-R))/Vol(U) ,

and then

?ul*{'-l'lﬂ"zif} = inf sup (U,R) .
B0 =¥

Hext, we define Unl_{?li?z;fl as the lower bound of those numbers
v » 0 for which there exists a stable sequence Ui =V of relatively

compact open subsets with the property

inf sup [Ui*H] < v
R>0 i=1,2 000

This definition is only meaningful if stable sequences do exist,
Examples : If V, and V, are closed manifolds then

Vol = Vol_= vu1:u|13vnt{v11 .
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For the identity map, V =V , one has Vol =1Vel =1 if V admits

a stable sequence of open subsets, “i = V . Ocherwise, Un1+ =0,

For linear maps f : R" — R we have Vol = Vol _ = (Det f}l-I

If f:V, =—= V. is a proper locally diffeomorphic map (i.e. a finite

1 2
covering) whose Jacobian is bounded everywhere from below by .I':I > 0 , then

Vol, <(deg H.I’Jn .

Also observe that Vol —and Vol are stable under bounded pertur-
bations of maps : if dist(f(x),f'(x)) < const for all x € 'i.fl then

the maps f and f° have equal "volumes®.

Our main purpose is to estimate Vol  and Vol _  from below in terms
of appropriate specific (simplicial) volumes, which are defined as follows :

First we define for fundamental cycles c© = I :'_1 uj of a Riemannian mani-

]
fold V the quantity (see 4.3. for the notations)

lle: '|.|u1||_|_- inf sup (|| e¢|U-R]| I{'I.I'ul 0 )
i

R=0 U<V

Then we define ||c : Vol||_ by taking only the "sup" over some stable
sequences of sets U , namely we take for thie || ||_ the lower bound of
those numbers v for which there exists a stable sequence of relatively

compact open subsets Ui-: V , such that

inf sup (fle] u-R[| | (Vo1 D™ < v

Re0 i i

L

Finally, we fix some notion of "size" (see 4.4.) and then we minimize the

above norms over all cycles ¢ with "size"(c) = sup “;izu“{dj} € om

i

]E'U:"ﬂ:l”‘_ = inf |||::l.l'n1||‘ .
c
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and

|v: vol|| _= inf |z volll_ .
c

Examples : If V¥ is a closed manifold then
v s Vo1 ||, = [lvevorll_= V]l (vor v)~' .
If ¥V is a complete manifold of finite volume, then

||'|.I':'||I'-n-].|L > llv|"size™ <= || Vol ¥ > I "|'.+'|.|'ul“__.

Specific volumes of proper Lipschitz maps f : "|’I — 'U'z hawve the

following functorial properties

[deg(f)]| I vy & Vol ||, < Vol (¥ :v36) |V, & Vol
and

[deg(£)| | v,z VoLl < vol_(v :v,if)|| V, = vol|l .

If the manifolds V., and W

2 are closed, thenm both inequalities are

1
equivalent to

|deg (Ol vy I = v, 1l -

To prove the above inequalities, we notice that Lipschitz maps f

preserve chains of "size" < = and that

e w-p) e« ) -1

for L= l.f = the lipschitz constant of £ .
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Observe that the second inequality may not hold with H "_ on the

lefr hand side.

These functorial inequalities yield,with some estimates for specific
volumes, lower bounds for Vol  and Vol . For example, if a specific
volume of a Riemannian manifold V is different from zero as well as from
infinity, then every bi-Lipschitz self-homeomorphism f : V— V with a

constant Jacoblan J = Jf satisfies |J1 w

We start our estimates of || ||, and || |[|_ with several elementary

abservat ions.

Let g : V—= V" be a locally isometric covering map and suppose
that lifts to ¥V of chaing ¢' in V' with "aize"(c") ¢ = also
have finite "size" in V . For example, this happens to "size" = dil . Then,

clearly
v :wolll, < |lv : welfl, .

Furthermore, if g is a regular covering with an amenable Galois group,

then also
| vevol]l_ < || ¥ 1 wolf|_ .

Bext, let V' be a closed manifold and let g : V — V' be a
Lipschitz map whose Jacobian satisfies for some stable sequence of subsets

. = ¥ :
1

Lim ({Vol uii" I

Lo Ui

3) =9, 0.

Then for "size" = dil we claim :
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vz vorll, > 3 [[¥'[l/ vel(v') .

Furthermore, if all stable sequences “i satisfy

L O

lim inf{Vol 1.11}'L ey
i .

i L]

B Q

then also

Ve worll_ > a3 |[v* || /¥el v

In particular, for regular coverings g : V — V' with amenable Galois

groups, we get for this "size" = dil ,

v s vol ||, = || v Vor]|_= v || fvo1cv*) .

Proof : Take a fundamental cycle ¢ = Eriﬂj of V with sup dil "jt .
J j
and then restrict it to the sets 1.Ii =R for some large B . We send thes

restricted chains te V' and call the images c'(i) . Since the sequence
Uy is stable and since all simplices of the chains «¢'(i) have uniformly
bounded "size™ = dil , we can extend these c'"(i) to cycles c(i) , also

with sup dil{c{i}) < = , such that
i

leti) =" ()] [/vollu) — o0 . (+)
. 4

1 %+ @

Now, the homology classes hi = I(I JH) -It{l}] converge to [V']1/Vol (V')
.
1

and so

lim inf]| hi"

P2 I Aver gty = vt [[/vor (v') .
Ao i ]

Finally, as
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[c{i}!ﬁuliui]] =Jh ,

and as ]]:lUiH o | e" ¢iy || j » We conclude with (+) above to
L i

lim inf [le| v, =R [| /Yol vy > || v'[| Vo1 V' ,
joren i e
and so, ||V :Uh1||* z_liﬁ'lifvul{?'} . As the same argument applies to || ||__1I

the proof is finished.

Let us indicate a generalization of the equality concerning the
amenable coverings g : V — V' . First, we call a manifold V stable at

infinity if it contains & stable segquence of relatively compact open subsets

b, =¥ .
i

Example. Let V be complete and let B?{EI be concentric balls around

a fixed point w € ¥ . If

lim inf R_I log B?[H] =0,

H-m

then V is stable at infinity. Indeed, B“{H-R'} < B (R)-R' for all

B' <« R and so some sequence of balls is stable.

Froportionality theorem : 1If the universal coverings of manifolds V and

V' are isometric and if V' is a closed manifold, then, for "size™ = dil,

| v e vorll, = [lv*|l/vercv') .

Furthermore, if V is stable at infinity then
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v : voull = || v:vol|l_=[|v'| /veL(v') .

Proof : Let G denote the isometry group of the universal covering

V=V . Then every finite singular chain in V as well as an V' can

be smeared (see [47]) with the Haar measure in G to a generalized
G-invariant cycle in V (see 2.2. ) . In particular. fundamental cycles
c' of V' smear to cycles ¢ in V and these define smeared fundamental
cycles ¢ in V wvhich can be approximated by uwswal cycles as in (2.2.)
with their tk—nur-u on all sets U c V roughly proportional to

|| e ||vol{u)/vol(v') . This proves the inequality ||V : '-f-:lEI* < || vt |l fvor v

Hext, we take a stable sequence LFE =V and a fundasental cyecle «

of ¥V for which the limirc

lim(Vol ”i:'_] llelu, -&|| |

] R
is close to ||V:Vol||_ . Then, the chains {Unl{ﬂi}}-lﬁcfuiﬂﬂj in V are
first smeared to G-invariant chains in V and then as before we have chain
e'(i) in V' whose boundaries 3c'(i) have ||3e'(i) = 0 . As the
chains ¢(i) have uniformly bounded "size" = dil{ﬂ'[i}; . ;:e can extend
them, as we did it abeve (also see 2.2.) to cycles c{i) such that
[e(i)] = [V'])/Vol V' and such that the norms || c(i)| | are close to the
norms  |je' (i) ] y Which are in their turn close to t;i norms
lle fUi'-Hll I fﬂ:i U, . Thus, in the limit, we come to the required inecquality
¥l fvel v* < || v:vol]l_ . Q.E.D.

Remarks and corollaries. (1} If the manifolds ?I and “1

at infinity and if their universal coverings are isometric, then we can

are both stahle
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conclude to the equality

Ivy £ voull, = vy s voull, =11v, = votll_= [Iv, : veu[l_ .

1

provided, there is a third manifeld V' which is closed and whose universal
covering is isometric to those of 'U'l and 'I.I'E « This last conditicn {the

existence of V') cannot be dropped but probably it can be somehow relaxed.

L L

{2) The isometry between the universal coverings, V = V' , can be replaced
by the following weaker condition : the existence of a locally isometric map
of V to F' « With this new condition,the proportionality theorem even

helds for non-complete manifolds V . Im fact, our proof for complete mani-

folds extends to the general case only with minor changes.

Digression : Euler's characteristic and signature.

For & subset U<V we denote by Hciﬂ:Pj the cohomology with compact
supports for some coefficient field F and we denote by h"{u:v;r:i the
ranks of the inclusion homomorphisms Hz{[f;l".i — H(V;F) for
m= 0,l,.0.,i = dim Vv . We denote by h-{UE'F;F} the ranks of the homomor-
phisms Hm{U;F} — H-[?:F} and we abbreviate : b"(U:F) =b(USUF) and

b (3F) = b_(Ue U3F)

How, we assume that the universal covering of the manifold V admits a
locally isometric map into a closed manifold V' and we take a stable sequence
of relatively compact open subsets ui cV,i=1,... . We assume furthermore

that the sequence l:li has bounded geometry : there is a number ¢ € (0,1)

such that Iuj.Radv{'l.l'} > e for all v € Ui-q:-l' and for all §f=101,... .

Proportionality Proposition. The "Buler characteristics"

n
(i) = © (- ((U,-R) c V;F) and yli) = ¢ (-1)" v ({U.-R) = V;F) satisfy
m=0 m=0 *
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=1
for every R > I« ;

Lim x(i)/Vol(u,) = 1lim iﬁ}f-.ruuuia = y(V')/Vol(V') .

1w vt

Proof. As the geometry of 1.ri is bounded there are compact submanifolds

L[i in ¥V such that Ili-*ﬂ = Ui L= !.Ji-li:fi y and such that the boundaries
il-Ui are smooth hypersurfaces im V whose principal curvatures are bounded
in absolute value by a constant C = C{¥',c) . It follows that

Vol( lli”Tnfnl U, =0 for i — = and we obtain with the Causs-Bonnet

theorem for manifolds with boundaries,
]{{U;H'Uﬂ-l{tli} —= ':l:'l:l!rh}f“ﬂ].{'.r'} as i

Next, we observe that the geometry of the closed manifolds uu; is
bounded and so thEIU"i;F.'I < eonst Vol I{IIUE} « Tor some constant which onls
depends on V' and O . As the images of the inclusion homomerplisms
Ilm{hl.li;?} — H“{I.Ii;F} contain the kernels of the homomorphisms

Ty Eia f
HE{IJ iF) Hn{'I.I'.F.'! ; we get
', i 1 a —
{h-{uilF’ hm'll.!i = ViF)) /Vol tuii o,

and so for every R > !qu '

[hn{Ili;F]-b-{{l.li-Ej eV ;i F))]1/Vel v, =0,
This implies lim x{i.}.uf'.l'ulﬂl'i] = w{Y"}/Wol (V') . He obtain in the same wav,

{ e

(b (U35F) = WU -R) < ViFD) Vel (U) — o .

and conclude to the second relation
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lim I{i}!vultui} = (V') /Vol(V') .

Bemark. Our proof is a slight modification of an unpublished argument of

Morgan and Phillips.

Corollaries. Let V be an infinite Galois covering of V' . Denote by
(V) the sum of the Betti numbers b (V;F) over all even numbers m
and let x"dd be the sum of the odd Betti numbers. Observe that the inequa-

lity h”{U;P} #0 for some m implies bT(V:F) = = . Moreover, for any

stable sequence Hi this inequality implies : lim h“{ui-c ?;F}Iﬂul{“i} >0 .

Lam
How, let the covering V — V' have an amenable Galois group. Then

the proposition implies,

(A). If (V') >0, then x“'(V) == ; if y(V') <0 , then

!ndd{u} S

Furthermore, with the observation above we get

(A') If x(V') =0 and x*(V) d0 then y°¥(V) w=.

The corollaries (A) and (A') hold for an arbitrary finite polyhedron
F' in place of the manifold V . In fact, the argument is even shorter in
the combinatorial case. As an application we obtain a short proof of the

following result of EaunaluE—Ptide [3].

(8} Theorem. Let an abstract group I be presented by p pgenerators and

q relations T = [Tl.rii,wp]u1.....uq} . If q < p-2 then the group T

is large : it cootains & subgroup of finite index, I''c I' , such that I

admits a surjective homomorphism onto the free group with two generators.
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Proof. Let P' be a two dimensional cell complex with one zero-cell, with

p one-cells and with q 2-cells, such that 11.{?*',! =T .As q<p, there
exists an infinite cyelic covering P — P' and as %(P') < 0 we have
hl{l";l] = @ by the corollary (A) . It follows, that some finite cyelic cove-
ring P =P possesses a pair of nom=trivial (i.e. not cohomologous to zero)
integral cocycles with disjoint supports. This pair defines a map of P to
the wedge of two circles such that the induced homomorphism

11IF] — tll[Sl v SI.'I is surjective. Q.E.D.

Next, we solve a problem posed by Baumslug and Pride in [4] .

(8') Theorem. If q < p-1 and if the word v is a proper power, Wy {"'u-"

for some prise nusber & > 2 , then the group T is large.

Proof. First, let us show that HE{P;EF_JIII' 0 . Indeed, the 2-cell in '
which corresponds to the word ¥ Eives us a Et—:ycle in P' and this
cycle lifts to P . Now, as dim P' = 2 , the translates of this lift generat.
an infinite subgroup in HE{P;EE] and so bEEP:El} w @ . Therefore,
hl'[?;ﬂtl = = by corollary (A'), and so some finite cyeclic covering P of

P possesses a pair of non trivial Ei—cntyclea with disjoint supports.

Then, we have a surjective homomorphism of 1|||{3'}| onto the free product

Z,+Z, . Q.E.D.

Remark. In the algebraic theorems above one could avoid any reference ro
infinite coverings. Indeed, let 'FI'. —= P' be a sequence of eyelic covering
of orders k = |,2,..., which converges to an infinite cyelie eovering
P—P'.If P' isa finite polyhedron and if b (FiF) — = as k — -

(for some fixed m), then all ?I: » for large k , possess pairs of non-

trivial m-dimensional F-cocycles with disjoint supports. In particular, if
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hl{PR;F} — = for gome field F ; then the group :t{EfJ is large. As a

corollary, we obtain the following

(B") Theorem. Let V' be a closed oriented 4-dimensional manifold whose

Euler characteristic x and signature o satisfy : x < |0 . Then the

fundamental group -!{v'} is large.

Proof. The inequality x < |l:|| implies x < b, (ViR) and s0 b (V;R) > 0 .

Then, we have our cyclic coverings 'fk —_ ' Ag uﬁk} = kg and
x(ﬁkl = ky , the inequality y < |o|=1 implies x{ﬁ;! < hzfﬁhﬁ B)-k , and

B0 hlwkin}i k . Q.E.D.

Hemarks. (1) This proof is similar to an argument of '-Ii.nhelken_rzer who

shows in [4B] that the group :ll{"ul'] is mon-abhelian.

(2} Theerem (B) follows from (B"). Indeed, the two dimensional
poelyhedron P' embeds into Ej and then {B")} applies to the boundary V'

of the regular neighbourhood of P' < ‘5;5 .

The major dravback of our proportionality proposition for the Euler
characteristie is the bounded geometry assumption. In the following special

cage this assumption can be omitted.

Let the manifold V be complete and let {u.Ll be a stable im:reauinﬁ

sequence which exhausts V , that is T.rl = 1.rz ey — Ui_-': and l.II.Ii =y,
1

We assume as before that the universal covering of V is isometric to the

universal covering of a compact manifold V' .

(C) Theorem. The proportionality relation lim g{i'_lﬂ"u-l{ﬂi} = (V') Wol(V')
e

holds if the fnl}ﬂuin; twoe conditions are satisfied,
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{i} the manifold V is homotopy eguivalent to a finite polyhedron,

{ii) the fundamental group 1I{v} is residually finite.

Femarks and Corollaries. (a) It is unclear whether the conditions (1) and

(ii) are essential.

(b} The theorem is equivalent, because of (i)}, to
VI /Vol(V) = lim x{?)fﬂul{ﬂi} = (V"3 /Vol(V') . If Wol(¥) = = , then the
i

theorem only claims that x(V') = 0

Example. Let V be a complete manifold of constant negative curvature which

satisfies the following three conditions :

(1) V is homotopy equivalent to a finite polyhedron.

{(2) V has sub-exponential growth : balls HH{HJ c V around a fixed

1

Enint v EV ultiuf: lim inf R log Vol viR} -0 .

o

(1) The dimtqliﬂn of ¥V is eveon.

en Vol(V) < =
Notice that none of che conditions (1) = (3) ecan be dropped.
{c)} 1IE the universal covering V of V is homogencous, then the

condiction Vol(V) <= implies (i) and (ii) (see [41]) and so we conclude

to the following result of Harder [28] ,

{C') Theorem. If V is a locally homogeneous Riemannian manifold of

finite volume, then (V) = [G(v)dv , where G(v) is the Gauss-Bonnet
L)

integrand.

The proof of (C). According to (ii) there is a sequence of finite coverings
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V(i) = v for which the corresponding coverings ﬁi{i} e V(i) of U, =V
have Bounded geometry. Then the proportionality propositiom applies to cthe
BEqueEncae {Ul{i}} and with (i) we get !im ;fﬁ{i}fvul Ui{i} = g (V'Y Vol ¥ .
Therefore, !im ¥(V}/Vol Ui = y(¥V")/ Vol ;T.. Q.E.D.
j-em
The proportienality propositionm and its corollaries prebably heold for
the signature which is understood for open 4k-dimensional manifolds U as

the signature o of the (possibly degenerate) intersection form on the

hosology szEU;E} . The following fact supports this conjecture.

Proposition. Let V' be a closed &4k-dimensional manifold with non-zero

signature and let V — V' be a regular covering with an infinite amenable

Galois group 0 . Then the homology HEEEU;HJ is infinite dimensional.

Proof. By the index theorem For infinite coverings (see [ 1 ]) there exists
a harmonic Lz-fﬁrn on V of degree 2k . Since the group 01 is amenable,
there also exists a non-exact closed 2k-form on V¥V with compact support.

2k

As the group N is infinite, it follows that b™ (V:R) = = ., (.E.D.

The Ricei curvature and volume provide the following upper bound for

the signature and for the Euler characteriscic.

(0} Theorem. Let YV be a closed Riemannian manifold with Ricei V 2w=] 3

Let V' be a closed manifold with contractible universal covering,

dim V' = n = dim V , and lext Ff : V— V' be a map of degrec d ¥ 0 . If

the fundamental group 0° = = (V') is residually finite then
[x(v*)| < const_ Vol ¥

as well as
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lo(v*)| < const_ Vol V ,

for some universal constant cnnltn .

Remarks. (a) The "residually finite" condition probably is unnecessary.

{b) The topological assumptions of (D) isply, for all known exam—
ples, |x(V')| +|aqv")| < mnu;.li'.r'll , and so all (known) specific applications

of (D) also follow from the main inequality of 0.5.

Proof. Since Ricei V > =1 , there exists (see 3.4), for every positive

§<1,amap h= hG of V into some n-dimensional polyhedron @ = Qe
iwhich is in fact, a subpolyhedron of the nerve of some cover of ¥V by c-ball

for ¢ %ﬁ} with the following two properties :
r . =] .
(i) The pullback of every point, h (x) eV , x € @ , has diameter « !

{ii) The ctotal number of n-dimensional simplices in Q@ is at mos:
Eﬂﬁhn Vol V , for some universal constant €, « Moreover, the image
g IV] € anﬂ;ﬂ.} can be represented by an integral eycle with

¢ -norm < C 8 " Vol V .

These properties imply the following

Sublemma. If all closed curves in V of length < 6§ are sent by the =map

f =V —V" into contractible curves then the Betti numbers of V' satisiy

n
L b (V'iR) < const & Vol V .
o

Proof. Let us first show that the map [ cextends to the cylinder V= Th =1
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of the map h . Assume without loss of generality that the map h : V = (
is simplicial in some subdivisions of V and @ and then we triangulate

¥ into very small simplices. Next, we send each vertex y €Y to the
"nearest” point in V and then, for every edge in Y , the corresponding
points in V can be joined, acecording to (i), by a path of length < 24 .
Thus, with the map £ : V —» V' |, we obtain a map of the one-skeleton of

Y to V' . As the boundary of every 2-simplex in Y pgoes through a curve
of length < 66 in V , this map extends to the 2Z-skeleton of Y . Finally,

as the manifold V' is aspherical, we get the extension to the all of ¥ .

Now, with (ii), we represent the d-times fundamental class of v

by an integral cycle of norm < Enﬁ-n Vol ¥V and by Poincaré duality
I b (V',R) < z“c:ua'“ Vol V .

Remark. If a prime number p does not divide d then this inequality also

holds for bi{\f';ﬂpl :

To prove (D), we take a sequence of subgroups Elj c ' whose intersec-

tion is the identity element and by applying the sublemma to the correspon-

ding finite coverings F":I'.i — V' and V., = V we get

i
lim sup [I biﬁj;m}] FATY ‘iFi < Inﬂnﬁ-n for & = | . Finally, as the numbers
; i =

_'|-||-|n-

(V') and o(V') are multiplicative for finite coverings, they are cstimated

from above by z“-':I1I Vol V . Q.E.D.

There is yet ancther characteristic number, the A-genus A(V) , which
also can be estimated from above if Ricei V > -1 , but now with the diameter

of V rather than with the volume (compare [15],[16],[17]).

(E} Theorem. Closed spin-manifolds V (i.e. the Stiefel class 'HI-H:I'.I' with
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Riced Vv > =1 satisfy

A < 2% (Diam)® (const y ' *PIO” (+)

for some universal constant cnnttn p

Proof. By Lichnerowicz formula (see [26] for more derails) the square of

the Dirac operator is

i* . n*+%s ’

where A' is the Laplacian on the spin bundle and S is the scalar curva-
ture of V . Therefore, the index Ind D = EIU} is bounded from above by
the number of those eigenvalues of the operator &' which do not exceed
=inf S(v) . These eigenvalues ii are related to the eigenvalues Ay o

vEY
the ordinary Laplace operator by Kato's inequality (see [29]) .,

I exp=Alt < Enﬂ E n:p-ll t,
i i i

for all t > 0, and the application of the following inequality of [22]

concludes the proof

A2 l’.niu:l'th:"'ni“}i”“

Corollary. For m = dim V = & the uliggture of a spin manifold V with

Ricei V > =1 gatisfies

lo (V)| < 32 +(Diam) " (const) *PIO®

Remark. The argument above when applied to the Hodge-Laplace operator on
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forms gives a lower bound for the eigenvalues in terms of Diam V and of

the lower bound on the curvature operator (compare [15],[16],.[17]) .

Finally, let V be a clesed d4-dimensional Einstein manifold with

Ricci ¥V = =1 (and so with S{v} = =2) . Then by a formula of Berger-Thorpe-—

Hitchin (see [32]),
x(V) > g|a(V)| + 8" Vol V ,

for every 0 in the interval [0,3/2] and for 0' = 1/4Bx° - 82/10Bw>

Therefore, the main inequality of 0.5. isplies the following

Theorem. All closed é-dimensional Einstein manifolds satisfy for above @

and @' ,

x(V) > 8low)| « 8'||v]l/216

Example. Take a Cartesian square X x* X of a closed surface of genus
q > 2 . Delete p open ball frem X = X and take the double, say V ,
of the resulting manifold with boundary. This V has (V) = B{q“l}z—zp

and ofV) = 0 , while by Milnor-Sullivan-Thurston inequality of section 0.3.,
2
vl = 2llx=x]|| = 32¢9-1° .

[t follows that for B{qwl}zvip “ {q-l]zIEE#Hz the manifold V admits no

Einstein metric.

Now, we return to our main topic and we extend Thurston's inequality of

section 0.3. to the specific volume || ”_
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{A) Let V be a Riemannian manifold with sectional curvature < -1 .

If V is stable at infinity then it satisfies for "size" = dil ,

Iv ¢ vol||_ :-_cntut;l > (a=1)1/s .

Proof. With Thurston's straightening argument (see 1.2.), we obtain for
all stable sequences 1.1i =V and for all fundamental cycles ¢ with

dil{c) < = ,

}im inf ‘I.I'nll_'[fi””c |IJ1—E|| > const_
i

for all R > 0 , where const is the constant of section |.2. Observe, that

the manifold V does not even need to be complete.

Next, we observe the following estimate for || ||, from above :

(B) All n-dimensional manifolds V with Ricci(V) > I/l-n satisfy

for "size" = length+ Rad ,
v : voull, <c nt, (+)

for the constant .c:“ <]l of (D) im 4.3.

Proof. For complete manifolds V this follows from (D) of 4.3. and Bishop's
inequalicty [5] . If V 1is not complete, we just extend the induced metric
in VY-R for some R >0 to a complete metric in V= V¥V-K and then (D)

of 4.3, applies

(') Remark. If V has non-positive sectional curvature, them according

to (A) of 4.3. the inequality (*) holds with a sharper "“size" , namely
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with "size"(o) = dil(o) , that is the Lipschitz constant of singular sim-
plices o . Furthermore, the inequality (*) for "size" = dil holds for all
manifolds V with |[K(V)| < 1 , but now with another constant €, > ¢, in

place of C_ (see (c) of 4,3.}.

Finally, we come to the following

Volume comparison theorem. Let vi and “2 be n-dimensional manifolds,

such that Ein¢i{vljgzlfl-n and K{vij < =1 . Suppose furthermore, that the

manifold V_ is stable at infinity. Then all proper Lipschitz maps

2

£ '|.|'| —_ "u"z uul:iufr

Vol _(V, : V,3f) > A deg(f)

=] =]
for hn = {cuﬂntn C“ ni) > [nw)

Corollaries and examples.

{1y If V. is a complete manifold of subexponential growth, then

2
the pullbacks of BE-balls B(R) c \’E around a fixed point satisfy for

H—ill.l.

lim sup Vol [_]{B{H}H\rnl B(R) > Vol_ >(deg f)¥nn

Blome

In parcticular, if “E has finite volume, then

Vol lf'l.l':I ) val {\‘2} »(deg f) fnx

{2) If both manifolds ul and V, are hyperbolic manifolds of

F 4

sectional curvature =1 , then with the exact estimate of section 2.2.

one gets the sharp inequality




- 1§51 =

Vol _(V, : V,if) > deg [ .

It would be interesting to analyse the case of equality in the spirit
of Thurston's rigidity theorem (see [47),[25]) . Recall, that by a theorem
of Sullivan [46], a bi-Lipschitz homeomorphism between hyperbolic manifolds
of subexponential growths (in fact, between manifolds for which

lim sup lelﬁg Vol B(R) ¢ n=1) is hometopic to an isometry.

Proof. Let first H{'\FI] < 0 . Then, by (B') we have the upper bound for

(L]

”H’I '|-|"I:I-'l”"r with "size" = dil , while (A) gives the lower bound for
Iv,

of these specific volumes yield the theorem.

8

"hl"_ with the same "size"™ . Therefore, the functorial properties

Now, if V), only has Ricecd Vy > =1, this argument does not work
since the theorem (B) applies to the "size" = length + Rad which is
"weaker" then dil . In order to close the gap, we first state the following
sharpening of the main technical theorem of section &.3. Namely, for singular
gimplices o : A = V we introduce a new "size" called rI-l:-dJu : a simplex
g has %&i g <p if, firsc, ic has Rad o0 < p and so it is contained in
ball Ev{n} = ¥V . We require furthermore, that the 1ift of o0 to the wniver-
sal covering Fidv(p] ; of B“{p} call it @ : A v-l-Eﬂl{n} . has its image
a(4) in the ball B‘-‘.-‘m ::Evcp} with the center v in B (p) over vE V.

The minimal p for wvhich o 1ifts to such a ball !._‘[p} 18 OUE Bew

ot v
"size" = Rad{g) .

. . . . S
(1) Claim. The main technical theorem of (D) in 4.3. holds with Rad subs-

tituted for Rad.

We shall prove this later. Now, we sharpen the theorem (A) for manifolds
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V of negative curvature. If such V is complete, we denote by Rad o for
gt A=V the radius of a 1ift of this simplex o to the universal cove-
rings V . If V is not complete, we only take into account the simplices
contained in V-R for large R and then lift them, whenever possible, to
exponential balls exp“-:htn] = ¥ for v€ V=R and for p < R . The mini-
mal p for which such a lift exists is called Rad o . Then for a chain

c = ir.o, ve write Rad ¢ < p if all simplices a. which are contained
i

in the R=interior V=K for a sufficiently large R , have Rad o < p

{2) Claim. Thurston's theorem (A) holds for this weaker “size"(c) = i;i{c}.

Indeed, simplices in exponential balls can be straightened as before,

while the simplices cutside V-R do not matter anyway.

Now, let UI be a complete manifold. Them, for maps f : ?l — Uz

with the Lipschitz constant Ly we have Rad (f,(c)) < L; Rad(c) for all

chains ¢ inm V¥, . Thus our theorem for complete manifolds v, is reduced

to the first claim, We postpone the treatment of non-complete manifolds

until the very end. Now we come to

The proof of the Claim (1) . We must diffuse all simplices |:|:i of the chaln

c=Ere .07 rather the small fat simplices A of a subdivision of ¢ ,
1

: . e
te some simplices of Rad < R + 2R + ¢ (compare with proof in (D) of 4.%.).

To do that, we modify the complex K only by admitting those simplices o

with the wvertices “q"'*'"m in V , whose 1ifts § to the universal

covering of the union of the balls B =B (R+Hee/2) , k=0,....m , are

k
contained in the union of the balls 3?_{H+ﬁ4¢12} in this covering ’E‘ﬁ; .
] k
where the centers $; of these new balls are exactly the vertices

e

;;1---."m of o . With these new admissible simplices o we build a new
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complex, called K with the properties (i) - (iii) of (D) 4.3. and this

K has the same formal properties as the old K . But now, we have a problem

with the operators SR 7} thesa operators when applied to the edges of
Ll

simplices &, are only defined up to homotopies in the coverings 3;{3‘} N
rather than within some balls in these coverings, and so these homotopies
may not be admissible in the new sense. Therefore, we must replace the étale
domains ﬁ;{ﬂ'] by some new domaims which simultanmeously enjov the two
properties : they are simply connected and they are "balls" of radius R'
Here is the construction. For an arbitrary open ball B“{H} in a Riemannian
manifold, we first take the universal covering E;{H] of BUIH} and then

the ball B (R) < B (R) around some point vV E E;{H] over v , called
v
B;{E} - EH{H] — B“{H} « Then by theiteration, we get the following projec-
W
tive system of balls and of locally iscometric maps

Py

B Pi g
B, (R) — B! (R) =2 p(R) = orn ot gll)

R —++1
o (R)

This projective system converges over all balls B?{HQI-E:BU{H] for

B < R . Namely for all i = iu - iutah} the maps Pi become bijective

o
=Dy which

projects on Bv{Rn} , there is only one point in the pullback Epil_liz}

on the concentric Hﬂ"halli , that is for every point e B

Therefore, the projective system {Fi: Hilj — BEI'I}} hae a limit, called

E E Ev{H} —_— HulRl + where E?[H] is a simply connected Riemanmian manifold

and p is a locally isometric map. Furthermore, this B is a ball relativ
to a unique 1ift ; EB of vEV as the center. Namely the exponential
map at v is defined on the Euclidean ball BDIE} = TG{E} and the map
eXPs : Ba{R} —_ BH{E} is surjective. Now, we substitute the domains ﬁ;;n'*
by the halls.'ﬁL[H'] and the rest of the proof of the technical thenrem

goes without any problem . Thus the volume comparison theorem is estahlished
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for complete manifolds ?2 ’

How, let vz be an arbitrary manifold of negative curvature. Over

all points v E ?z-—R s we have the exponential (Etale) balls, call them

P, = exp i;[p} — ”2 for p « R , and with the map f : U1 = Vz y WE

life ¢this (ftale) system of the balls i;{p] to & system of ftale domains

B: over V, for all w €V, . Namely, each domain B* is defined as the

set of those pairs (w',v') € v, =B, for wvhich f(w') = p“{v'] for all

w in the pull-back f_livj c vV while the ftale map p? : E;-*v is induced

1 ? 1

by the projection V,  x i; =+ ¥ ., Furthermore, all ftale maps between the

£ T * T ]
domains H“ lift to étale maps between BH :

Next, we take a fundamsental cycle e = I T ﬁi of "t which is builrc
1

of small fat simplices ﬁi and we directly diffuse this ¢ into a funda-

mental class of V., . We do that with an &tale smoothing S5 im V, owver

1
are lifted to simplices

2

the domains E;_ as follows. Simplices & in ?I

4 in i: and then the smoothing $ sends the vertices of [ to some

points ;E.+.,,i; in BY , assigned with certain weights. Next, with the

mip f we have a unique map of E: to an exponential hall Ew ovoer ?I

for w = f({w) and thus we send ;l,....;: to some points, called

et | ¥
¥V jeaas¥

& = & | — -
3 R B” which carry the same weight as {un.....u;} . Finally,

these points in Bu avEr ?2 span unique straight simplex whose projection

on vz is exactly what we need. So, we have sent & to a straight chain in
f ¥

Vz , called S =4 , and the chain ¢ is sent to the fundamental ecycle

51 ag = I F Sr-th

in ¥
i i i

5
How, we choese the ftale smoothing 5 = S5{w) for all wE Ul in
the same way o did it before . Namely, we use balls in the domains

Be over V, & if E; is sent by f to an expontential ball B (s) over



v for v = f(w) , then we take the point w = (w,v) E"i: . where

2 L3
v E i;{p} is the center of F;inl . Next, we take the ball B (p') c f:
W

of the radius p' t{LE}-In  where L_ is the Lipschitz constant of F

f

and finally, we take our old measure with density one in B (0') and zero
1)

outside B (p') . This measure is regularized with a fast decaying function
v

ip on V., and then it is made discrete with a subset 7 c ?I {gee (B) of

.
4.3.). We estimate the norm [S({w)]* as before and for o' + » we get

| st.c|u—nl| p £ €, o vol (£~ (1))
L

for all U= ?l and for R > p » Lf p' . This estimates combined with

(A) implies our theorem.

Final Remarks. We want to indicate possible candidates for specific wolumes

for compact manifolds. Let us start with an example. Recall, that the singular
homology theory can be bullt with singular cubes, & : o — X , rather than
with simplices, and for this cubical singular homology we define as hefore
the cubical & -norm on the homology H,(X) , called || I® . Them, for

all hE H-[x} ., we consider the ratio ||h "n11|h|f ., called ||h; o : 4

We cannot go further since we do not know the answer to the following

Question. Does, actually, the "norm" || h;o: Al depend on X and h or

Ih;oz:a|| = const = const(m)

In fact, there is a whole spectrum of norms on H, (X} . Indeed, to
each space X we assoclated in section 3.2. a complete minimal multi-
complex K . This K 1s unique 1if all its components have countably many

vertices and this K comes with a homotopy equivalence 5§ 1 K — X .

All simplices in K can be identified with the faces of the standard
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infinite dimensional simplex 4" and thus with every metric G in A
which is invariant under automorphisms of ﬂ- we obtain a mecric in K .

Now, we can speak of masses of homology classes in K and we put
Ih; G|| = mass(ST 'h} for all h € Hy(X)

and for all spaces X .

Again, we do not know if the ratio ||h :G|| /||h|] depends on h or
lin;ell/[|n]| = const(c, dim h) .

Example. Let 4" be realized by the "projective simplex" P P
(see 2.4) for M the space of measures on the set of the vertices of

8" . The tl-metric in M '
discu)yuy) = || ”|““2”lt

induces a metric in the projective space P(M) : lengths of curves in P(M)
are defined as the lower bounds of the lengths of their lifts to M . Then,
with thiz metric © on F+ {or rather with the mass defined in 2.4) one

can prove for all h E HE{E] .

WG| = [[n| /=t .
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Appendix 1. On Min Vol R’ .

Let V be a complete simply connected surface with K(V) %]

Proposition. There exist two points, x and ¥ iﬂ ¥ , with the following

two properties :

(1) distix,y) = = ,

(2) Tnj. Rad (V) ¢ Inj. 'El.ud?['l.']l 2% .

Proof. If there is some point vy € Vv , for which “u = Inj .Hldv vy s ,
4]

then the proof is finished. If R, <= , there is a simple geodisic loop,

L, in Vv, at v, such that langth{Ln}-IEh and a unigue point v; E L

o

with dlﬂ:(vn,vé] = En . The loop Ln bounds a disk Uh » and the cut=locus
of V relative to v, contains, by a theorem of Meyers (see [18]) , a
conjugate point v in Dn . Since digt{vﬁ,ul > w , there is a point

v, € Dn for which dist(vu.vlj = qx . Let R, denote the injectivity radius

1

at "I and lec L

LI intersect, then Lu-ILI - EIHD+H1] > 2n , and the proof is finished.

I be the eorresponding loop at v, - If the loops Lﬂ and
If the intersection of these loops is empty, then LI bounds a disk Bl
inside ﬂn' Then again, we have a point v, E H: with dil:{ﬂl.vzl -

2

By repeating this process, ve arrive eventually at a pair of points x = v,
and y = Viep * 1 2= for which the loops I..i and Liil do intersect

and the proof is finished.

Mow, let ¥ be a minimal geodesic between x and v and ler = € 5
be a point for which ' = disc(z,x)< Iuj-Hnd?{?} and o= discle,y) « Inj, Rad |
Then the ball B -Hﬂin} =¥ contains twe disjoinl open injective balls B )
amnd HF{“1} with p#p" =u . Therefore, Vol(B) > &= . Suppose that V is

homeomorphic to HEI amd let morcover |HlUl < 1. Take points w E V far from & .
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Then by Bishop's inequality ([ 5]) for increasing R = dist(w.B) ,

lin sup Vol B_(R)/Vol B (Re2r) > ¢ = ,

Hoe

and so Vol(V) » -!nrl‘.lﬂr-zi

} . This implies our assertion in section 0.1. :
2 =2m
Min Vol(R™) > 4n{l+e " ) > &n + 0.01 .

Finally, take the largest of the two balls inm the standard sphere 51
whose boundary circle has geodesic curvature =1 and then extend the metric
of this ball B, toa complete E1-mutric in Bz with Caussian curvature =1
outside B_ . This metric has K| =1 <1, [Kdo =20, [ do= (2evD)m ,

Kxo
J|& do] = Vol = (2+2v2)s . Therefore,

Min Vol(®’) < (242yDx .
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Appendix 2. Manifolds with Min. Vol = 0 ,

Let V be a compact Riemannian manifold with a non-vanishing Killing
field X . The Riemannian metric g of V cthen splits into orthogonal
components, g = B, * By o where the quadratic form 2 of rank = | is
zero on the nrthngunnl complement to X , while the form 51 of rank = n=|
is zero on X . Then the metrics g = nzgnﬁgl have uniformply bounded

curvatures , ik{“.gclt < const for r — 0 , while Vol(V,g) — 0,

For a compact manifold with a locally free EI-;:tinm, we have, with
SOme St-invariant matric on ¥V , such a field X and so Min Yol ¥V = 0
as claimed in section 0.1, Moreover, if ¥ 1s not compact, then the above
argument still applies to an appropriate Sl-invntlln: metric and to some

Sl—inuatiant function € on V . Then again Min Vol ¥ = 0 .

Now, we introduce a notion of a T-manifold (or a T-structure) which

generalizes manifolds with locally free Sl-attiun+ Suppose that V is
covered by open subsecs ﬂi: i=1,..., and let every manifold IJi b
endowed with a locally free Sl-lntiﬂn. called ni 4] Ui for i=1,...,
The collection EUi.ﬂii is called a T-structure on V if all intersec-
tions l.1i n...n Hi of the sets u, are invariant under the actions

| k

nll.,,..nih and these actions commute whenever they are simultaneously
defined.

Examples. (1) A 3-manifold V is called a graph manifold if there are

some disjoint embedded 2-tori Tk in V , such that the complement of

an open tabular neighbourhood of the union U Th admits a free circle

k
Action.

Clearly, graph manifolds are exactly all 3I-dimensional T=-manifolds .
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Connected sums of graph manifolds also are graph manifolds (see [40]).

Furthermore, the argument of [40] applies to all odd dimensions :

{2) Connected sums of odd disensional T-manifolds are T-manifolds.

{3} Observe that 113 is a graph manifold. As the product V = 'l-'u
for a T-manifold ¥V is also a T-manifold, we conclude that products

H3x U'n are T-manifolds for all manifolds 'I.l{_|I

(4) Let f : W — W be a proper immersion with transversal self-

intersections. If codim Hn- = 2 then the boundary of the regular neighbour-

hood of the image f(W )<= W is a T-manifold.

Indeed, local models of transversal intersections are eystems of
- 2 h
mutually orthogonal subspaces in R of codimensions 2 . Rotations around
G i 1 -
these subspaces give commuting 5 -actions on some neighbourhoods U of

our boundary, and small perturbations of these actions form a T-structure.

{5} Corollary. If the interior of a compact manifold X admits a complex

quasi-projective structure, then with the theorem of Hironaka (see [30])

one gets a T-structure on the boundary of X .

Mow, we claim that all T-manifolds V have Min.Vol(V) = 0 .

Indeed, for an appropriate metric g on V which is Ai~in?arinnt
on the neighbourhoods Ui for all 41 , there are some ci-ique&:ingi of
& in the A -directions that keep the curvature bounded and make

Vol(V) — 0 for £ = 0 .

Let us nmow exhibit T-manifolds without Sl-actinh, First, we recall

some clementary (acts (see [ 8] for more information) on actions of the group
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5' on clogsed connected manifolds V . For each point v € ¥V the orbit

slv: 5! =v gives us an element in the fundamental group, called o &= (V.v).
Clearly, this ¢ 1is in the center of -1tu} . Furthermore, it acts trivial-
ly on all homotopy groups Hi{U} + We denote by C =V the cylinder of the

quotient map q : V —= ?fEI and we observe for locally free actioms,

following an unpublished remark of Sullivan, that the pair (C,V) is a
rational homology manifold with boundary 3C = ¥V . In particular, all charac-
teristic numbers of these manifolds V wanish. (Of course, this is also

true for all T-manifolds V as Min.Vol(V) = 0) . Mext, we denote by

u; € n (V,v) the homotopy classes of the images of the orbits E: in ¥

L

and we observe that the element o is a multiple of the elements L for

all vE V.

Now, take a K(N,1) space for some group [| and consider maps

f : v — K(N,1) . The following remark is also due to Sullivan :

If all ﬂEnnnEtric orbits" n; are sent to the identity in

uI{H{R.!}} =0 ,byamsp [, then the map f : V — K(l,l} extends to

the eylinder €2 V . In particular, the fundamental class [VIEH“E?:H}

goes to zero under the map £ .

Indeed, the pullback of any point under the map gq : V = vis' is
path connected : it is just a circle or a point. Therefore, the map q is
aurjective on the fundamental groups and the kernel of this surjective
homomorphism equals the normal subgroup N spanned by the fundamental
groups of the pullbacks q-ltx} for all x € vfs' . Thig is seen by lookin

at the covering V — V which has Galois group t|f¥)fﬂ .

How, ﬂI{E} = 1]{Ufﬂl} . and so the inclusion homomorphism is surjectiv

The Kernel spanned by u; E EIL?.vJ for w € V . It follows that the homo-
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morphism f : n|{¥} =+ [ factors through “t(E} and so the map f extends

to C .

Corollary. Let the action of 5' on V be locally free. Then all Pontryagin

numbers of the map f wvanish. That is for all h € H*(K(T.I):R) and for

all Pontryagin classes p = p(V)} one has

(N E*(h) , [V])> =0 .

Indeed, Pontryagin numbers are bordism invariants for rational homology

manifolds.

Example. Let ?I be a K(l,1) manifold such that the group 7T has no

center, 1f & manifold W has a non-zero Pontryagin number , then the

2

product V = ?I ® ?& admits no locally free 5I~ac:iﬂnn.

Remark. If we only require the (multiplel) orbit o € 11{“} to go to the
idencity (rather than all n;}. then £ may not extend to C but the funda-

mental class of V goes to zero anyway, £ ([V]) =0 .

Indeed, as we work with H, with real coefficients the difference

between u; and o who is a multiple of all u;

is not essential. Geometri-
cally speaking, one does not extend the map f itself, but a collection of
lifts of f to finite coverings of §'-invariane neighbourhoods of all
Ejhnrbitn. These coverings unwrap all multiple orbits, so that we have cohe-
rent extensions of these lifts to the corresponding cylinders. These exten-

sions add up algebraically to a chain in our K(HN,1) , whose boundary is a

multiple of f_[V] .

Corellary (Sullivan, unpublished). If the Sl-n:tiun has a fixed point in
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V , then all maps f of V to K(I,1)-spaces have f,([V])= 0 .

Indeed, if there is a fixed point, then o goes to the identity.

Let us call a manifold V essential, if the classifying map
V = K(1,1) for 1 = = (V) sends the fundamental class [v] to a non-
zero element in H (K(N,1};R) . If V is not orientable, we apply the defi-

nition to an oriented double covering of WV .

For example, all K(ll,l)-manifolds V are essential. If ?Iﬂ* ?1

is a map of non-zero degree and if ?i is essential then alse V., is essen-

1
tial. On the other hand, manifolds with finite fundamental groups are not

essential.

Now, if ¥V is an essential manifold which admits an St—antinn, then

there is a (mon trivial!) element o in the center of the Fundamental group

and also the action of this o on all homotopy groups 'i{“}* ie 12,000

is trivial.

Example. A connected sum V = U! # V. . where U] is a K({l,l)-manifald
i .3 ! ¢ ¢
and V¥V iz not a homotopy sphere, has mo nontrivial S -action, as claimed

in sectiom 0.1,

There is a natural generalization of T-manifolds . Namely, instead

of a covering 1Hi] we use an &tale covering, that is a system of locally

diffeomorphic maps p; ¢ ﬁi = V (see (D) of 4.3.) whose images cover V .
The intersections of two Gtale domains, say of p, : E& — ¥ and 3 :TG-+v,
is the set of pairs (u,u') for u€E “i and u' € "j such that

piiu] - pjiu'} .

] . b .
Wi say that 5 =actions ni i+ “i diefine an  Festructurc on ¥V il
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for the intersections of all finite subsystems, Ui “*’“i , the actions
| k

"‘i "'"""'i. lift to these intersections and the lifted actions commute.
| k

Example. Let V be a flat manifold and let U — V be a covering torus.
Then any isometric Sl-actinn on U defines an F=-structure on V ,

although there is no obvious T=-structures on flat manifolds.

One sees as before, that PF-manifolds V have Min Vol(V) =0 .
Furthermore, interiors of compact manifolds V = Int ¥ , whose boundaries
aV admit F-structures, have Min Vol(V) < = . Probably, all manifolds
¥V with Min Vol(¥) = 0 admit F-structures, This is not difficult teo
show for 3-manifolds. In fact, many 3-manifolds V can be cut along some
2=spheres and incompressible tori into simpler manifolds ?i + such that

some of these V, are T-manifolds and the remaining ones admit complete

i
hyperbolic structures of finite volumes (see [47]). Let ?nlh denotes

the total volume of these hyperbolic pieces. Then one can show by an argu—
ment as above that Min Vel(V) < Vel . Observe (see 0.3.) that WV, =R,[v||
where Rj is the volume of the ideal regular simplex in the hyperbolic

J-space. Probably, Min Vol(V) = HEH v || for these manifolds V .

We conclude with a simple construction of complete metrics g on
open manifelds V , such that the curvatures Hv{g} at points v E V rapidly
decay for v — = | while the velumes of balls Ev (B} = ¥V have slew growth
o
for E—ew=
We start with an arbitrary complete metric g on V and we indicate

two closely related modifications of g . The first modification makes curva-

tures small at infinity, and the second takes care of Vol H" (B} .
o

(1) Conical telescope. Fix a reference point . EV and let 51""'5i"'
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be smoothed spheres arcund M of radii l,;...3i... . Then by a small percurbation of

g we make small tubular neighbourhoods, l.!i = [ﬂ.r.i] * Si of §. , conical,

i

g" unchanged. Recall, that conical metrics are characte-

keeping the name
rized by the following property : the maps [0,c./2] = S-i — ['D.z.i] = Si
given by (t,s) — (2t,s8) are expanding homotheties with factors we choose
to be 2 for all i = |,... . Now, take the region in V outside some

S, =0xS, and multiply the metric g by a number J'i * 0 ., This metric
.‘-.].L £ can be jolned with the old g inside Si over the homothetic cone
[E,lici] * §; . Then we apply this operation to all "“joints" Si with large
numbers :"i , first making the sectional curvature K outside e, * 5,
as small as we wish, then even smaller outside 12c2 s 51 and s0 om.

Observe, that this operation also makes Inj Rad (V) — = for v — = . The

fastest decay of 1:'.“ one gets is

2

1!?| < const {dint{v,vﬂ}j_ , for v — =

and for some const = :nnttn s b= dim ¥V ,

Hotice, that necessarily, Vel B1||r (R) = const" R" for these metrics.
o

{(2) cCylindrical telescope. Now, let the metric g be the product metric

in the neighbourhoods [ﬂ,{i] b Ei . Then, by just making the cylinders

longer, {H,Ei] —_ [ﬂ,hi] , for large Ay we obtain Vol B (R) < C(R)R
5]
for any given function C(R) — = , without changing the curvatures of V .
B+ =
Furthermore, if the ¢ylindrical telescope is preceded by a conical ene, then

(RE(RYY ™) ol B, (R) — 0, for R =0,
[ 8]

k(W) — 0, for v— =,

Inj Eadv{'-l'}—- w  for v —= = .
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Finally, observe that the argument of the example of 0.1 also shows

for topological products V = vn x B

If the sectional curvatures at all points v € V satisfy

[k, (3] = cnnl:{&lst{v.vﬁ}}-E-E

for a fixed point v EV and for some ¢ > 0 , then all Pontryagiu nusbers

W ish.
of . vanish
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Appendix 3 : Manifolds of non-pesitive curvature.

First, let V be a complete Riemannian manifold of strictly negative curva-
ture K(V) , and —Iln2 < K(V) = -1 . If the manifold V has Vel (V) <=, then the geo-
metry of V at infinity is fairly simple. The complement of some compact sub-
manifold \Fn with boundary is a union of finitely many cusps. These are des-
cribed as follows. First one shows that the manifold V only has finitely many ends.

Furthermore, the distance between any two rays going to one end is bounded. To

get a better plcture,we pass to the universal covering V — ¥ and lift

a ray corresponding to an end of YV , to a ray vy < V. Then, we consider
the horofunction correspending te vy , called hiv) = h"r“] defined for
all veEV by hiv) = lim {dla:(v,:]“disl{un,u}} , where x are points

on y and v, denutenx::e initial point of ¥y . There is a unique maximal
subgroup .y in the fundamental group of V which keeps this function h
invariant. This group :IT'.|I necessarily contains a nilpotent subgroup of
finite index whose rank equals n=-1 for n = dim V . Next, we consider

the sets h-i{—n,-r.‘.i , for t € R, called horoballs H(t) = V . These horo-
balls are geodesicly convex and invariant under HT . Ome shows that for

a sufficiently large t the quotient H{E)/O{y) i!EEﬂE isometrically

inte V under the covering map V — V and this is exactly the cusp which

corresponds to ¥ . It is clear mow, that V is indeed concave at infinity

as we claimed in section 1.2. For proofs of the properties above see [13].

Mow, letc “hz < K{V) =« 0 ., Then, the geometry at infinity may be more
complicated, even for products of manifolds of strictly negative curvature.
However, if the volume WVol(V) is finite, and if the Riemannian setric in
V is real analytic, then the manifold V has “finite topological type" [20] :
it is homeomorphic to the interior of a compact manifold with boundary,

Ve Int V ., Furthermore, if ¥V is o locally symmetric space, then the
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boundary ¥V has a natural F-structure, as is clear from the analysis

performed in [41].

Finally, if V is real analytic and the universal covering ¥V of
¥ has no Euclidean factors in the De Rham decomposition, V¢ tp ® EJ,
then

1]

E by (V) < const k" Vol(V) ,
i=0

for Bettl numbers bi with arbitrary coefficients. The proof will appear

elsevhere.,
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