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Abstract

The string bracket introduced by Chas and Sullivan is reinterpreted from the point of
view of topological quantum feld theories in the Batalin-Vilkovisky or BRST formalisms.
Namely, topological action functionals for gauge fields (generalizing Chern-Simons and
B F theories) are considered together with generalized Wilson loops. The latter generate
a (Poisson or Gerstenhaber) algebra of functionals with values in the §'-equivariant co-
homology of the loop space of the manifold on which theory is defined. It is proved that,
in the case of & L{n, C) with standard representation, the {Poisson or BV) bracket of two
generalized Wilson loops applied to two cycles is the same as the generalized Wilson loop
of the string bracket of the cycles, Generalizations to other groups are briefly described.



1 Introduction

In this paper we study the “string homology” defined by Chas and Sullivan [1] (see also [2])
and its algebraic structure from the cohomological point of view of topological field theory
[3, 4]. String homology provides new topological invariants for general, oriented d-dimensional
manifolds without boundary. The topological field theory underlying our analysis is a gener-
alization of three-dimensional Chern-Simons theory, [5]. It can be defined over an arbitrary
differentiable, oriented, d-dimensional manifold, M, without boundary. Its formulation requires
the data of a Lie group & and a connection, A, on a principal G-bundle, P, over M.

In the main body of this paper we focus our attention on the example where G = GL(n, C),
P is the trivial bundle, P = M = &, and where A is a flat connection on P. But, in the last
section of this paper, we sketch the necessary extensions of our arguments to cover more general
situations.

We shall study the classical version of our “topological field theory™; but a few remarks on
its quantization are contained in the last section.

Our topological field theory is constructed by making use of the Batalin-Vilkovisky formal-
ism or the BRST formalism, depending on whether d is odd or even; see eg. [8]. For the
convenience of the reader we recall some key features of these formalisms.

The BV formalism has been invented as a tool to quantize field theories in the Lagrangian
formalism with a large (infinite) number of (infinitesimal) symmetries, for example gauge the-
ories. The space, Cy, of classical field configurations of such a theory is first angmented by
introducing ghests, and second by introducing anlifields for fields and ghosts in equal num-
ber as the fields and the ghosts. The extended configuration space, €, thus obtained can be
viewed as an (odd-symplectic) supermanifold, the fields, ghosts and antifields for fields and
ghosts being local even or odd (Darboux) coordinates on it. The superfunctions on C form the
supercommutative algebra of “preobservables”, denoted by O. This algebra is equipped with a
natural Zz-grading, | - |, and is furnished by construction with a non-degenerate, odd bracket,
G {:}: OxO0 — o (1)

(OnO2) = {004}
satisfying graded versions of antisymmetry, of the Leibnitz rule, and of the Jacobi identity.
This is equivalent to saying that (O, {;-}) is a Gerstenhaber algebra. Choosing local “Darboux
coordinates”, $°, ¢! on C, for example interpreting the ¢*'s as “fields” (fields and ghosts) and
the ¢!'s as “antifields” (antifields for fields and ghosts),! the bracket can be expressed as

‘_

(0,0} = ﬂa.;.wﬂtﬂ G:*a':#ﬂ , (2)

In classical theory, one attempts w construct an action functional § of degree zero satisfying

the elassical master equation
{5;:58}=0 . (3)
Such an action functional equips O with the structure of a differential algebra. The differential,

4, is given by
l d0={5;,0} (O0) . (4)

Ig and irl are assigned opposite Grassmann parity.
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Because the bracket is odd and |S] =0,
60| = |O] +1 . (5)

The classical master equation for S and the graded Jacobi identity imply that 4 is nilpotent,
1B,

=0 . (6)

The cohomology of 8, Hj, is called the algebra of “observables” of the theory. Thanks to
the graded Leibnitz rule it is indeed an algebra. The master equation and the graded Jacobi
identity can be used to show that the bracket descends to cohomology, and K thus has the
structure of a Gerstenhaber algebra.

The structure described above is well suited to formulate a topological field theory yielding
the cohomological version of the results of Chas and Sullivan, provided the dimension d of the
underlying manifold M is add. When d is even we must actually follow the (Hamiltonian) BRST
formalism. The latter was developed to quantize theories with (frst-class) constraints. The
classical phase space, Gy, is augmented by introducing ghosts and antighosts in equal number,
The extended space, C, thus obtained can be considered as a supermanifold, the fields, ghosts
and antighosts being (even or odd) coordinates on it. The algebra, @, of precbservables is
defined to be the algebra of superfunctions on C. By construction, @ is furnished with a non-
degenerate, even bracket. Thus the algebra O has the structure of a super-Potisson algebra. The
action &, now more appropriately called BRST generator, is odd (|5| = 1). The differential
4 on the algebra of preobservables is still defined by (4), it has degree 1 and is nilpotent.
The cohomology Hj of § now has the structure of a super-Poisson algebra. (Observe that HY
describes the algebra of functions on the reduced phase space, but in general other cohomology
groups may be nontrivial, too.)

The Lagrangian BV formalism and Hamiltonian BRST (or BFV) formalism are related to
each other: after gauge fixing of the BV master action, which requires the elimination of the
antifields by expressing them as appropriate functions of the fields, one finds an action for
which the Legendre transformation to pass to the Hamiltonian formalism can be pursued; the
Hamiltonian so obtained has BRST symmetry, and the BRST generator can be constructed.
For more details we refer the reader to Appendix D, where the connection between the two
formalisms is illustrated for our topological feld theory.

In this paper we start directly from an erlended field space C and a master action (BRST
generator) S satisfying the classical master equation, see Section 2, without asking whether the
theory comes from a classical Lagrangian (or Hamiltonian) theory.

Field configurations of our theory are differential forms, €, on M with values in the tensor
product of a supercommutative algebra, £, with the metric * Lie algebra g of the Lie group .
For simplicity, we suppose that the metric on g is given by the trace in a representation py.
The forms ¢ have total degree || = 1, where the mod 2 grading | - | takes account of both
the form degree and the £-degree. The space of field configurations, C, can be considered as a
supermanifold with a natural odd (even) bracket; this gives the space of (£-valued) superfune-
tions, @, the structure of a Gerstenhaber (super-Poisson) algebra. The action functional, S, is

?A Lie algebra endowed with a non-degenerate, Ad-invariant inner product is called metric, In particular,
semi-simple Lie algebras with the Killing form are metric. But so are abelinn Lie algebras with any non-
degenerate inner product.



chosen to be the “Chern-Simons” action
sici= [ w [lr:.arm+ 1.—;:] : ™
M 2 3

where d, is the covariant exterior derivative (w.r.t. the flat connection A) over M. OFf course,
in the integrand of (7) only the part of total form degree d contributes. It is not hard to show
that the action is even (odd), |5| = 0, (|S]| = 1), and that it satisfies the master equation,
{$;5}=0.

Observables of these theories can be constructed as follows. Let LM denote the space of
marked, parametrised loops in M. It carries an obvious circle action. String space, SM, is
defined as the quotient of LM by this circle action; see Section 3. From the connection A and
the forms C one can construct, using Chen's iterated integrals (“Dyson series”), generalized
holonomies, holy(C), in a fairly obvious way explained in Section 4. The trace, hy4(C) =
tr hol 4 (), also called generalized Wilson loop, then defines a (generalized) preobservable with
values in £ @ I*(SM), ie., a differential form on SM whose components take values in a
supercommutative algebra £. If a represents a cycle in string homology, H. M, as described in
(1], then one can pair a with h,.4(C) by integration,

[natc) (8)

We shall see in Section 4 that L hy.a(€) is an observable of the theory, ie., e'FJ'_ hzalC) =0,
for arbitrary [a] € H M.

The main result of this paper, proven in Section 7, is the following theorem.
Theorem. Let & = GL(n,C), n=1,2,3,..., and let p denote its standard representation (as
matrices on C"). Let A be a flat connection on M x . Then

W g

where {a;a} is the Chas-Sullivan bracket, see [1], defined on string homology, and h is a
shorthand notation for h, 4(C).

The definition of the Chas-Sullivan bracket on string homology and some of its properties
are explained in Section 5. The special role played by the groups GL(n,C) is explained in
Section 6. As sketched in Section 8, more general Lie groups can be accomodated by replacing
the string space by a “space of chord diagrams” on the manifold M. Section 8 also contains a
sketch of various other generalizations (e.g. to nontrivial principal G-bundles).
Acknowledgements.

B. Pedrini thanks Carletto Rossi for useful discussions about generalized holonomies.

A. 8. C. acknowledges a three-month invitation at Harvard University during the Fall Term
2001, and thanks Raoul Bott and David Kazhdan for stimulating discussions.

2 A TFT with generalized gauge fields

In this section, we introduce the topological field theories described in the Introduction in a
mathematically precise fashion. We first describe the space of field configurations, then we
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introduce algebras of preobservables and define the bracket between two precbservables, and,
finally, we define an “action functional® satisfying the classical master equation.

2.1 Field configurations

The field theory is defined over a differentiable, oriented, d-dimensional manifold M.

Let P = M x G be a (for simplicity trivial) principal bundle over M with structure group
. Denote by g the Lie algebra of G, by Ug the corresponding universal enveloping algebra,
and by x(-, ) an invariant bilinear form on g, which, for notational simplicity, we suppose to
be given by the trace in some representation py: s(+, <) = tr[ <.

Let A be a flat connection on P, i.e., A € Q'(M, g) with dA + 1[4, 4] =0.

We require the following mathematical objects and concepts. A superalgebra X (over R) is
an algebra furnished with a mod 2 grading |- |, such that, as a vector space, it has the structure
X = Xo @ Xy, with |z;| =i for z; € X,, and such that |z z;| = |5;| + |x2). A superalgebra is
supercommutative if ryry = razy(—1)Flwl,

Next, let £ be a supercommutative algebra (e.g. the algebra of supernumbers [11]). A
superalgebra X is an £-bimodule if £ acts on X from the left and the right, with ez = z=(—1)/=ll!
and |ex| = |g] + |z|, for arbitrary £ € £ and = € X. £ is clearly an £-bimodule.

Any superalgebra X can be turned into an E-bimodule by considering Xy = £ @z X and
defining the grading | & z| = || + |z|, the left action £y(g3 @ £) = (£,£3) @ z, the right action
(e2 @ x)ey = (£122) @ =(—1)"] and the product (g, @ 1)(e2 ® 13) = 5162 @ 3y w2 —1)I50lleal,
For notational simplicity, one writese=e® l, r= 1@z and ez = e @ 1.

Given two superalgebras X, and X; which are £-bimodules, one may define a tensor product
bimodule X, - X; = X, &¢ X;, which becomes a superalgebra by defining the grading as
|21 @ 23| = |z1| + |z2| and the product as (z; ® 23)(1 @ 1) = T ® 2apa(-1)=I0], For
notational simplicity one writes 5y =2, 8 1, z; = 1 @ z; and 1,73 = 7y ® 15. Clearly one has
that £- X = X,

Let C% = O*(M)e - pe. The space of field con figurations is defined as

cf ={Ccecqc|=1} . (10)

We note that the components, C3 _ (z) € £, of a field configuration C' € CF, are bosonic for
odd k and fermionic for even k; (a labels a basis in g).

2.2 Preobservables

A generalized preobservable is a functional on the space of field configurations with values in a
superalgebra X which is also an £-bimodule; i.e., it is an element of

O%(X) = 0°(cF, X) (11)

O%(X) is clearly an £-bimodule, the grading being given by the grading on X. We shall not
indicate the group @ if not necessary. The space of {ordinary) preobservables is @ = Q(£).
Though not strictly necessary, the concept of generalized preobservables turns out to be very
convenient in the following.



The (tensor) product of two preobservables is defined as a map from O(X,) = O(X;) to
(X, - X2) in the obvious way.

2.3 Bracket between preobservables
We begin by defining the two operators

5 4 ;
E.E-ﬂ{ﬂr]‘—?ﬂfa‘f'ﬂ[”}a'ﬂc] (12)
as follows:
d § i
— - | = (=100 b
G| oc+m Ltr,,, [ﬂma] (~1) futr,., am.;] : (13)

for O € O(X) and arbitrary nn € C;. The signs are chosen in such a way that these two operators
act from the left/right as operators of degree d + 1, i.e., such that the Leibnitz rules

=k i = 3

2(010) = (G501)0: +(~1)00,(2.0,) (14
b _ el 8 A

{G:Gﬂﬁg = (-1) I{GIEG}G!'E'UI{GHES} (15)

hold. Moreover, one has = =

b i_pyenioierg 8
Jcﬂ -{. l:l' * o Dﬁc 4 {lﬁ‘:l

Mext, we define the bracket, {-;-}, by
{-}: O(Xy) x O(Xz) — O(X, - X3)

(0,0) = (00} = (-0 [y [0k F0)] - 07

The signs are chosen in such a way that, for d even, {-;-} is an even bracket, while for d odd it
is an odd bracket. In fact, {-;-} has the following properties:

(1) Antisymmetry,
{0, [j} = _{_uﬂﬁlﬂﬁilﬂhﬂ{ﬂ: o} (18)

a consequence of (16);
(2) Leibnitz rule
{01;0:05} = {04; 02} 05 + (—1) %1090, {01; 05}, (19)
a consequence of (14);
(3) Jacobi identity
{0 {0505} } = {{01; 05}; 03} + (-1)1ONSEEI G, (004} |, (20)
which can be checked by using (16), (14) and the definition (17) .
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We observe that, for a manifold A, for multivector fields v; € {1,(A) and for generalized
preobservables O; € Q(f1"(A)¢) the contraction (= infinitesimal integration of chains with given
orientation) can be understood as an operator, ¢, acting from the left and of degree |v|, namely

w {0100} = {,01:02} |, 1y {01; 02} = (1)1 O,;4,,00) . (21)
An explicit calculation on O reveals that
{G:n--u-{r};ql.ﬂ...m{ﬂ} . {_llk‘im{: s ﬂ}";ﬂ*—m-..mnﬂ-..“ ‘ (22)

2.4 BRST/BV generator and observables
We define an “action” functional, S, by

5lc] = f £ [1cdjf::+1c* €0 . (23)
Pl 3

This functional has total degree d + 1 and is constructed so as to satisfy the BV /BRST master
equation,

I1S;8)}=0 . (24)

It is thus to be thought of as a classical master action in the Lagrangian formalism, for d odd,
or as a clossicel BRST generator in the Hamiltonian formalism, for d even. Being independent
of the choice of a metric on M, the field theoretical model is called topological *. One can check
that, in a situation where M!**Y = M « R d even, S is the BRST generator corresponding
to S after gauge fixing; (see Appendix D).

& defines an odd differential, §, on the algebra of preobservables by

§: O(X) — OX)
0 ~ {50} ° (25)

We wish to mention another important property of 5 The bracket between 5 and a feld
component C is given by

{8:C} = (-1)"(daC + C) (26)

or, more explicitly,

{S:C5, (D)} = (1) {daC + C*)5, . (2) (27)

iy
This is a key equation for proving the fundamental identity (39), below.

The cohomology of 8, H}, defines the algebra of generalized observables of the topological
field theory. Because of (19) and (20), respectively, product and bracket descend to cohomol-
ogy; the generalized observables thus have the structure of
a super-Poisson algebra (even bracket), for d even,

a Gerstenhaber algebra {odd bracket), for d odd.

"There is a sigma-model construction of S and {-; -], obtained by considering the fields C as maps [ITM —
Mg (see [9]), where [1 reverses the parity of the fiber in a vector bundle



3 The String Space of a manifold

In this section we define the loop space of a manifold, and, subsequently, the string space as the
quotient of the former by a circle action. Moreover, we describe how to define local coordinates
on loop- and string space.

One may define the loop space of & manifold M as
LM = {4(:) : §' — M, -+ piecewise differentiable} . (28)

Observe that 5! has a marked point, 0, if we interpret 5! as R/Z. Therefore a loop can be
thought of as a parametrized closed curve in M with a marked point and a tangent vector in
almost every point, the parameter { ranging from 0 to 1.

Let (£")u=1. 4 be local coordinates on a coordinate patch Y € M. Then (7"(1)) =1 .40e5
are corresponding local coordinates on the patch LU © LM. (For loops which extend over
different patches, there is a similar construction of local coordinates; but it is not needed for
the purposes of this paper).

Loop space carries an obvious circle action

NxlM — LM

29
(,7()) — A-+s) 29
The string space, SM is defined as the quotient of LM by this action *
S < LM
lmey . (30)
SM
A string can thus be thought of as a closed curve in M with a tangent vector in almost every

point.

Local coordinates on SM can be constructed by choosing a local section SM — LM and
then using local coordinates on LM. More precisely, let & € SU < SM be a string and p a
point on it. Let ¢ be a function on M defined in a neighbourhood of p such that ip) = 0
and {7(p); dy(p)) # 0. A local section sy, : SM — LM in a neigbourhood of & is uniquely
defined by the requirement that ¢(sy,(&)(t = 0)) = 0, for any string & that is a sufficiently
small deformation of &. The functions (o(f)),=1._drcsr, defined as a¥(t) = 4*(t) o 54, are
then local coordinates on SM in a neighbourhood of .

We denote by M. M the string homology, properly defined as the 5'-equivariant loop space
homology. We denote by d the differential on both loop- and string space.

4 Generalized holonomies and Wilson loops

In this section we define generalized Wilson loops as generalized observables with values in string
cohomology. As such, they can be paired with cyeles in string homology, yvielding observables
of the topological field theory.

“The string space Is a singular manifold, with singularities arising at the constant loops/strings, which are
fixed points of the circle sction.




We introduce standard simplices A, = {{t;,... L) ERL <t < ... <t, < 4}, A, =
Aulb, and define the evaluation maps

evoy: HpgxlM — M

(bryeeesbniy) — y(te) 1<k<n (31)
The n-th order generalized parallel transporter is given by
huﬂ{ﬂ‘]l:;’ =f " (hnl,ll:: ev, O hul,.l:: hﬂlﬂl::_: ev, .C I:mt,ql::) : (32)

Bl

In this definition the parallel transporter, hol,|**' = Pexp _,'1'“ tyin A, of the flat connection
A is a function &, x LM — Uge; (P denotes path ordering). For an expression in local
coordinates, see Appendix C.

Thus, I'mi*jl:f is an element of O (LM ):-Uge ). We define generalized parallel transporters,
holali/, by

= 5}
hola(C)fi/ = 3 hol3(C)! (33)
n=0
and generalized holonomies by
hola(C) = hols(C))} . (34)
Furthermore, generalized *Wilson loops™ in a representation p are defined by
hpa(C) = trphol 4 (C) . (35)

It is worth remarking that the degree of generalized parallel transporters and generalized Wilson
loops is zero, ie.,
[hola] = [hyal =0 . (36)

Under a gauge transformation, g : M — &, one finds that
‘hol4(C) = g"'hnlﬂ,..,m-nfgﬂy"}g v hpalC) = hpgasag-1(9Ca7") . (47)
The tangent vectors, ¥, that generate the circle action on LM define a section of TLM. The
contraction 3h, 4 clearly vanishes. Moreover, one finds [6] that

dhya = fnl drtr, [hola(C)g sevi(dal + C?) hﬂia[ﬂ}u] ' (38)

where ev, : LM — M, v — (7). This implies that the Lie derivative Lih, 4 = tsdh, 4
vanishes, too. The form h,, 4 is thus horizontal and invariant with respect to the circle action,
and thus defines a form on string space.

Comparing (38) and (26), we find the fundamental identity [6][7]

(=1)% +d)hya=0 | (39)



which implies that the trace of the generalized holonomy is an observable with values in string

cohomology ¥,
haa € HyO(H'M) (40)

and, for a eycle [a] € H. M in string homology, the pairing
{8, D) = fh,,. € H;O (41)

defines an observable.

5 The String Bracket

In this section we recall how to define a bracket

{i}:HMxHM— HM (42)
on string homology. This definition is taken from the article of Chas and Sullivan [1], but we
give a slightly simplified exposition.

Define SM* ¢ SM x SM as the space of pairs of strings which intersect transversally at
at least one point. This space is a eyele of codimension d — 2, with n — 1-fold self intersections
when the two strings intersect n times. We propose to construct the current corresponding to
SM*. The d-form

w® =&z - 2Y)...8(z" — #)(dz' - dz*)...(dz* — d2?) € QUM x M) (43)

is the current for the diagonal in M = M. We define
cx =f (evi, x evi w™ | (44)
51 h:_s-l.

which is a (d — 2)-current on LM x LM. It is closed, since w” is closed, and the integration
domain, §' x 5', in the above formula has no boundaries. In local coordinates, it reads

d-1
s [_l}d-l-l 1 =l ¥
©C E[k—ll‘.{d—k—l}lf./:.n d’j:.u 43 89(1(8) - (5)) Ernmsrionr

P ()Y (s) ...y (s (A FH2(5) ... 45(3) . (45)

From this expression it is easy to see that it is horizontal, and thus also invariant with respect
to the two circle actions on the two factors of LM x LM. Hence, C* defines a closed (d — 2)-
current on SM x SM. In suitable coordinates on M (o,8) be a point in SM*™, with p the
(single) intersection point. Let &(p) = dy(p) and a(p) = dy(p). We define local coordinates on

*There are no problems connected with the singularities of string space, since the form vanishes at constant
strings.

10



SM using ¥() = £'(-) = 2'(p) and ¥(:) = 24(-) — £(p), as explained in Section 3. At (o,a),
we then find the local expression

® d=1 =1*
(o8] = k=1 [F=T)NE-F=17C 1¥3- #aPupy Pyl

da*2(0)...da* (0)d a1 (0)...45%1(0) (46)
§(o(0) = a*(0)) ... d(o*~(0) = a-1(0))

We must check that this is the current corresponding to SM™; (see Appendix A).

(a) € is localized on SM ™, since, as one can see from (45), it vanishes when the two strings
do not intersect.

(b) A tangent vector, v + i, at (o, &) is parallel to SM™ iff there exist real numbers a and &
such that

v(0) + aa(0) = 9(0) + aa(0) . (47)
A simple calculation shows that CF is transverse to SM*, i.e., for all vectors T =v + 0
fulfilling (47), one has
Clgy=0 . (48)
(¢) Comparing (46) to equation (99) in Appendix A, we see that the regular part of C* at
(o, &) is given by
o d= -
nl.a,d:l . J.-=: {L_u:.;:_:;_u!f'“‘:l by Py g Py gl (49)
do”(0) ... d e (0)d ™+ (0)...da%-1(0) |

and the localization functions are given by

fi=00)=3%0) ... fia=0"N0)-3*'(0) . (50)
It is easy to see that at [, &)
3G =101 (@O - 2(0)...a @O - )] . 6
Let
d:SM* — SM (52)

be the map that associates to two intersecting strings their concatenation, with an appropriate
scaling of the velocity vectors, as shown in Figure 1. This map is nearly everywhere well-defined,
namely on pairs of strings with one self-intersection, but n-valued when the two strings intersect
n times,

The string bracket is defined on string homology by ® (see also Figure 2)

{-:}: HexHy — Hisiea-a
(53)
(a,d) +— {aa}= (-1 ((a x &) Ncx SM*)

The réle of C* is to orient the cycle obtained by intersecting an appropriately transversal
representative a x @ with SM*; see Appendix A. The sign factor appearing in (53) is chosen
in such a way that the bracket is even, for even d, and odd, for odd d: in fact, it then satisfies:

*Our definition differs from that described by Chas and Sullivan by a sign given by {a;d) = {#; 0} chas—Sullivan-
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®(o, &)

-
| o I i
Figure 1: The map .
1) Anti 4
(1) Antisymmetry {a;d} = —(=1)lel+tialtd iz 0y (54)

as can be checked by exchanging the factors in (53), and using Ex*C* = (-1)'*C*, with
Ex the map that permutes the factors in SM x SM.

(2) Jacobi identity
{a; {bic}} = {{a; b}; c} + (—1)0+DDLY far e}} (55)
(see Appendix B for a proof).

Here the degree | - | of a cycle is its dimension.
Consider the symmetric algebra S(H.M) over H. M, with the grading given by |- |. Ex-
tending the bracket as a superderivation, namely in such a way that the

(3) Leibnitz rule
{a,be} = {a, b+ (—1)Mi+dpla o} (56)

is fulfilled, one finds that S(H. M) is

a super-Poisson algebra (even bracket), for d even,

a Gerstenhaber algebra (odd bracket), for d odd.

6 A peculiarity of GL(n,C)

In this section we highlight a property of G L(n, C) which will be needed in Section 7.

Let & = G L(n,C), and let p denote its standard representation. We define an invariant bilinear
form x as the trace in this representation:

Kat = K(To, Ty} = tr[p(To)p(Th)] - (57)
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It then follows that
(x*p(T) @pT))v@w=0w@v , (58]

where v and w are vectors in the representation space of p. In components with respect to a
basis in this space the above identity reads
("o(Ta), @ p(Th)}) = 6,67 . (59)

To prove this identity, we define a basis {E;|i, j = 1..n} of gl(n, C) by setting p(E;;)7 = 87,
For this basis, one finds that x(Ey;, Ey) = dyd,.. Equation (59) then follows immediately.
In the following, expressions of the form

trp 1:..-""“1:..‘[:] Hﬂu, I_.E] TLH:] {E-D}

will appear, where p is a representation of G, {T,} is a basis of g, and A, B are elements of
Ug. For & = GL(n,C) and p the standard representation, such expressions can be simplified
using (59), as pictorially represented in Figure 3:

ir, [.."hﬂ..l‘!g-] ﬂn‘tl', [B|T|. H:-I = t-'l'i| l..""l] B:B[A:] ; {ﬁ-l}

7 An algebra homomorphism from S(H.M) to H;O
In this section we show that the map

Sh: S(H.M) — H;O

ay ...@p =k {ﬂl.hhﬂ},,_{m.hﬂ_ﬂ ¥ {EE}

which associates to a cycle in string homology the corresponding observable of the topolog-
ical field theory, based on the group GL{n,C) in the standard representation, is a super-
Poisson /Gerstenhaber algebra homomorphism. This is accomplished by establishing the fol-
lowing properties:

) lal =l(abl (63)
i) {{e;a} hea) = {{a, hgali (3, ha)} - (64)
Property i) follows from (36). Property i), is proven in several steps:
Step 1
Applying (21), one finds that
{(a,h); (a,h)} = (=1)1MR0{a x &, {h;h}) . (65)
Step 2

We derive a local expression for {h,h} on LU % LU. First one verifies that

£ o MC +tn) =
= 54 [l [hni{ﬂ‘]lia e (s)dsd ™2 (s) ... Y (8) M, 0s 0 (7(5)) hul{(}'ji:]
(66)
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Using (13), one ﬁm.‘]3 the local expressions for b, hik € O(2°(LM x M) - Uge), namely

[_l}tk-p {1} =]

E{k l]" d- L}' e ds "5 {1{3] o IIEHH LT PN T

drtvet | de?3 (s)d 4" (s). .. Ay (s)
tr [hol(C)[} To hol(C)|}] @ x=*T;
and

h

dz*t ., . de 4 (s)d 73 (s) ... d 74(s)
tr [hol(C)[3 Ta hol(C)[;] @ & T3

Equation (17) :i'ieldﬂ the local expression for {h; h} € O (LM x LM);)

§ (=1) " g
— = ds 5% (y(s) — z)e T ST
5C Emrm—k— nrf:..u e

(67)

(68)

R AT =l i=1
(hh} = Z{k S L 4 4896 = 50) i

=0
P (s)E 2 (s) .. Ay () (B F(3) .. T F(E)
tr [holly T, hol[}] x**tr ol 7, b}
We see that the latter can be written using the current C*, i.e
{h;R} = € te [holly T, holl}] wtr [ol|; 73 hall}]
which, for & = G L{n, C) in the standard representation, is equal to

(hih}=C*-H ,
where e
H = tr [holly holl} holl holl}]  ;
see (61).
Step 3

{h; h} defines a form on SM x SM. jFrom (71) and (103) one finds that
{axa,{hh})=(axacC” H) =(laxa)Ne SM* H)
Moreover, one has that
{{a; &}, h) = (—1)ld+lall (g l:{n ® i) Mex EM“} Jh)
Thus, to prove (64), we simply have to show that
{(a x @) Nex SM™ H) = {'llll'll[u ®* 8) Nex SM“) N ) I
which holds, as described in (104), if

(I1, tr [huu; hol|} hol|; hnllf] Naay = (BTl h) g m)

(69)

(70)

(T1)

(72)

(73)

(74)

(75)

(76)

for any (o, &) € SM™ and any parallel multivector IT € AT, 5 SM*. The validity of the latter
follows immediately from the reparametrization invariance of hol. The theorem is thus proven.
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8 OQOutlook

In this section we outline various extensions and generalizations of the results proven in this
paper.

8.1 Generalizations to other groups

We start by describing some ideas about how to generalize the results of this article by replacing
G L{n,C) with an arbitrary Lie group. Inspiration is taken from [10].

A chord diagram (see Figure 4) is a union of disjoint oriented S'-circles and disjoint arcs,
with the endpoints of the arcs on the circles, A chord diagram on a manifold M (see Figure
4) is a (continuous) map from a chord diagram to M such that each are is mapped to a single
point in M (that is, each arc is mapped to an intersection of strings in M), modulo the obwious
action of S' on any circle. Let ch(M) be the space of chord diagrams on M. It can be viewed
as a “manifold” with singularities when a circle is mapped to a single point (just like for SM),
and boundaries when two different crossings between circles approach one another along one of
the circles (see Figure 5).

One then defines a boundary operator, #™) on cells in ch{A) in such a way that the so
called 4T -relation, represented in figure 6, is respected.

The chord homology H=™M is the homology of ch{M) with respect to g™,

In analogy to SM* C SM % SM one defines ch(M)* C ch(M)x ch(M) as the space of pairs
of chord diagrams on M whaose strings intersect at least once. Similarly to @ : SM* — SM
one defines the (generally multivalued) map

& ; ch(M)* — ch(M) (77)

which associates to a pair of chord diagrams on M with one intersection point the union of the
two chord diagrams with a new are corresponding to the intersection (and in an analogous way
for multiple intersection points).

As in equation (53), one defines a bracket

{';'}: ‘H? :"':‘ii‘lutli--.l:|I — Hﬂi.q.;..

(a,d) — L‘—”m"’ﬂﬂ'&‘{{ﬂ. % i}"[—]c" ch(M)=) (78)

which is a bracket/antibracket for d even/odd; the current ©* on ch{M}* can be constructed
in a similar way as in section 5.
Similarly to S{#, M), it is possible to define a super-Poisson-/Gerstenhaberalgebra S{H M),
In analogy to (62), we define a map

S(h*™C) . S(HPM®) — H;O°

ay...op — (a,h®) .. (ag, A (79)

where H* M denotes the homology of chord diagrams with circles labelled by representations
of . The form h™ is defined as explained in Figure 7.
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The map(79) is a super-Poisson- /Gerstenhaber algebra homomorphism. This can be proved
by the same reasoning as that in section 7 and in [10].

The content of [10] concerns the special case of the above construction for manifolds M of
dimension d = 2 and for H'M C HOM.

The symmetric algebra on string homology, S{#M. M), is obtained by taking the quotient of
S(HIM) by the ideal [ generated by the diagrams of Figure 8.

One then sees that the following diagram is commutative:

§({hhGLn

S(HSM) H;o%Un0

LY

S(H.M)

8.2 Generalization to nontrivial principal bundles

In this subsection we explain how to extend methods and results of this paper to the situation
where P is a non-trivial bundle with base space M and thus not necessarily admits a flat
connection.

A principal bundle is determined by its “transition functions”

l.j:U,:nt —}G {Eﬂ}
defined on intersections of two coordinate patches of M, and with the property that
iﬂ‘jl’ = i on U.' B Uj M Uk . {Ell

Two sets of transition functions ¢, f describe the same bundle iff there exist “gauge transforma-
tions"

gy — G (82)
such that .
tl'.'l‘ — Qif-'jﬂ';' ” amn U.' | U; . {Eﬂ}
A connection on P associates to every patch a g-valued one-form
Aet(Ui)es | (84)
such that
A=t At +tydtl! omUinly . (85)

The curvature, F, of the connection A is given, on every patch, by a g-valued two-form
1
F, =dA; + E[ﬂ“ ﬂi] i ﬂg{{-ir;;l @g . {Eﬂ}
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such that

Fi=tyFag' . elUinl; . (87)
The forms O are ge-valued forms. On every coordinate patch, C is given by
Ciet"(Ui)®pe (88)
with the property that
Ci=t;Ct5 + emlinNU; . (89)

A principal bundle is trivial iff one can choose trivial transition functions: &; = 1, for all U, U;,
with U; N U; # 0. The connection, the curvature and the forms C' are then globally defined on
M.

We now turn our attention to the master action and the bracket of the topological field
theory. The forms on the patches

5=t [C:.-{ﬂ + 540G+ %c.?}] € ' (U5)e (90)

satisly s; = s; on U; N Uy, and thus yield a globally defined form s on M. We may therefore
define a master action, S, by

5 =f 8 :] r, [{Z‘{F + ld,l:'_':' + 1:‘;"}] e(M)e . (91)
M M 2 3
The bracket is well defined, since one has
{CiiCi} = {CsiC;} (92)

a consequence of the invariance of the bilinear form & under the adjoint action of & on g. The
master action still satisfies the master equation {5; 5} = 0. Furthermore,

{5:C)} =6C; = (-1 (Fi+dasCi+C) . (03)

We now address the task of defining generalized parallel transporters and generalized Wilson
loops. They can be defined as elements of A*T, LM, for each loop y € LM. Let 0 =ig <) <
vi. < teq < & = 1, and let Uy,..., Uy = U, be patches on M such that ¥(t) € U;, for
t € [ti-y, ). One then defines the trace the generalized Wilson loop as

hia(C) = tr, [ hola (LI s holay(Cal - bolay_, (Cut)[i”) tior hola, (Gl |+ (94)

The factors holy, {E',-]II::_ are defined as in (33). It is easy to see that this definition does not
depend on the choice of the charts and is invariant under gauge transformations. One then
shows that

i
Ahya= [ drts, [hola(C)g sev:(F + 40+ C) hou(O)] (95)
o

where the r-integral has to be split, as in (94), if the loop crosses different patches. Comparing
(94) and (93), one finds that the fundamental identity (39) is fulfilled:

(=1)% +d)hpa=0 . (96)
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8.3 Hemarks on gquantization

The construction we have described in this paper yields, in the case of an even-dimensional
manifold M, a Poisson algebra of observables (related to the string topology of M if we choose
(G L{n} as our Lie group). It is then natural to ask il and how this Poisson algebra may be
quantized. We sketch in this Section a few approaches that might help understanding this
problem.

B8.3.1 Path-integral quantization

If d = dim M is even, our approach describes the BRST formalism for a field theory in the
Hamiltonian formalism with the functional S as the BRST generator. If we want to quantize
this theory using path-integrals, we must first move to the Lagrangian formalism. As explained
in Appendix D, the corresponding action functionalon N =M = [ is Sla+i],

In the case d = 2, this is the BV action for Chern-Simons theory, and this is in accordance
with the fact that Chern-Simons theory provides a quantization of the Goldman [12] bracket
(the 2-dimensional version of the string bracket), see [13]. In higher dimensions, 9+ defines
new topological quantum field theories (TQFT), among which we have the so-called BF theories
[3, 4] which can be obtained by particular choices of the metric Lie algebra.

Owur observables for strings on M have then to be lifted to the corresponding observables on
N = M = I (or, more generally, on a (d + 1)-dimensional manifold V). The formulae we have
given in odd dimensions describe this algebra of observables. Notice however that, in order
to avoid singularities in the computation of expectation values, one has to restrict oneselfl to
imbedded strings in N (and possibly also to introduce a framing). In the particular case of BF
theories, the expectation values of these observables correspond to the cohomology classes of
imbedded strings considered in [14], as shown in [6, 7]. As a consequence, the quantization of
the string topology of M must be related to the homology of the space of imbedded strings in
M = I. This space must then be endowed with the structure of associative algebra in such a
way that its commutator yields, in the classical limit, the Poisson bracket of the projections of
the strings to M.

8.3.2 Deformation quantization

For d = 2 and M non-compact, the ideas described above have an explicit realization in terms of
deformation quantization (i.e., working with formal power series in i), as described in [13]. The
construction is based on the Kontsevich integral for link invariants [15] which is the perturbative
formulation of Chern-Simons theory in the holomorphic gauge studied in [16].

The higher-dimensional generalization of this approach should be obtained by considering
perturbative expansions, in a suitable gauge, of the corresponding TQFTs.

8.3.3 Geometric quantization

In some cases (e.g., BF theories), the Poisson subalgebra of functionals commuting with S
is the algebra of a reduced phase space of generalized gauge fields on M. This space inherits
a symplectic structure and one may try to quantize it using deformation quantization and
produce a TQFT in Atiyah's sense. In the 2-dimensional case, when the reduced phase space
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turns out to be the space of flat connections on M modulo gauge transformations, this program
works (at least for compact groups). One may regard quantum groups as one of its outcomes.
It would be very interesting to understand if the higher-dimensional case produces interesting
generalizations thereof.

A Intersection of cycles and currents

In this section we explain some concepts and manipulations used in the proof of eq. (64) in
Section 7.

Let A be a manifold and A* an oriented immersion of codimension n, which defines an
element of the homology, H. A, of A. Let C* be the current that localizes on this immersion,
i.e., a singular n-form on A with the following properties:

(a) The form localizes on A*, i.e. for any point p not in A* one has
Cy=0 . (97)

(b) The form is transverse, i.e., for every point p on A® and an arbitrary parallel tangent
vector Plp) € T,A™ one has
tppCpy =0 . (98)

(c) Let A® be defined, locally, as the zero-set of functions fy,..., f,, with dfy...df, £ 0.
Then the current &' is given by

GE =E:.:'£{.f1}"'£{.fﬂ} 1 {gﬂ]
where C* is a regular form, and for every point p in A* and every multivector V' € T, A,
|(V,€%)| = 1o .. dfall (100)

In particular, C* defines an orientation on the normal bundle, N{A*), of A* in A. Given an
i-cycle @ € Hi(A), one can define a new cycle by considering the intersection

afNex A® € Hi_n(A) . (101)

As a set, it is obtained by intersecting an appropriate representative of a with A*. The
orientation is defined as follows: Let p be a point in this intersection, P € A;_.Ty(an A™) the
multivector that is the infinitesimal version at pof an A*, T € A,T,a the multivector in the
normal bundle to A* such that T A P is the infinitesimal version of a at p. Then one defines

'I:lrmn_,q_'-:{.P} =DlﬂtT.l"'l. F'J~nr,.-{,;-,tT} i :'1[!2}

where ory 4= is given by the current €.
For any closed form H on A, one has that

{0, C"H) ={aNg= A", H} . (103)
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Next, let & be a map from A* into some other manifold B, and h a closed form on B. If for
an arbitrary point pin A® and any parallel multivector P € A, T, A", one has that

(PHY, = (®.P.K) gy (104)

then
(anex A*, H) = (®(aNgx A*),h} . (105)

B The Jacobi identity for the string bracket

In this appendix we show how to prove the Jacobi identity for the string bracket of section 5.
We first rewrite the Jacobi identity as

(=1)™) {{a: b} ¢} + eyel.(abe) =0 (106)
where the sign factor is nglabe) = (|a| + d)(|e| + d). We can define the first term as
(=)ot {{a; b}; c} =

=y [._.1}"!{““:'1'5['“*“: ilm}
['I'“'H:' E{HE“ x b3 % E“:'} Mgnam) 4o i1n) (SM”“] N SA=(13) ] -+
+¢|:!‘.1:|- {{u’ = b! Y L-"]} Fl':-:ql::_ﬂcaqnl {S.ﬂ-‘f-“j] (it S.l’rf'l:ﬂ'l'}}

Let us first explain the objects that appear in the above definition. The sign factor is o{abc) =
(Ib](d + |al) + |el(la] + |b]), which follows from the definition of the string bracket, (53). a''! x
b2 % ¢ g a cycle in SMM x SM® « SMP). A point in SM*Y) js a triple of strings,
(o, 3, 03) € SMWV 3 SMP) x SM¥* guch that the i-th and the j-th intersect at least once.
C*li7) is the corresponding current. $%/*) is the map

Blidk) . car=li) o gag=lik) __, opr= {108)

which opens the intersections between the i-th and the j-th and between the the i-th and the
k-th string, in the same way as the map ¢ in (52) does.

Now consider the two terms appearing in (106) corresponding to the cyele a intersecting
both the cycles b and ¢. The first term corresponds to the first term in (107). The second one
appears in (—1)™***}{¢; a}; b} and reads

(—1)mlcsbh+a(cat)
B () x a® x b)) Agepmpgran (SM*12 A SM*EN)) (109)

To prove that the Jacobi identity holds, we only have to prove that two such terms add up to
ZET0

We first write the second term, rearranging the indices and bringing the cycles into a
convenient order, i.e.,

(- [}'il{ﬂlb]ﬂ'l:“ﬂ"]{_l]lﬂ{lﬂl +|H)
$032 (@ x B x ) Aguonpgron (SM*UD A SM*E)) (110)
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then we bring the currents into a convenient form

(—1)nlcabl+oicab) o (7 )leillal+br+i

i1 {:(a“:' x bl x r:m} Mgnnm pontim I:SH”“H nSMi‘[m” v

using that |C*0)| = d and €*1) = (=1)# Ui What remanins to be shown is thus that

nlabe) + o(abe) + nlcab) + afcab) + [e|(la] + B) +1=1 (112)

which is easily seen to hold.

C Local expression for the generalized
parallel transporters

In local coordinates (y#(t))ics: the generalized holonomy reads

i[ﬂ]l:: = z:.....n.nl I'L----J-]'E-l:"ﬂ:f
holfi 441 (t)dtsd 4 (1) ... 4 %41 (6)Cpug.n, (¥()) L]

holali?_, 77 (ta)dtnd 73 (tn) . . . 1= (ta) Cup s .0z, (1{tn)) holafs!
(113)
where d is the differential on LM.

D BV/BRST

In this Appendix we explain the relationship between S and S where d is an even number.
We follow [8].

Let N 3 x be an oriented manifold with dim N = d even, and M = x N 3 (¢, x) with the
product orientation. Let us write the fields on M as

d d
C=diCi+ D= dtde" .. dz"Cy,, + Y dz".. . dz2"D; 4, . (114)

kewml) k=il

i From (22) it follows that, in the BY-formalism, one can choose as fields and corresponding
antifields, respectively, _ _
D-].. o e E.I|...l. I‘.‘.l...l.‘{:lﬂi-'-: ___i' i {115}

After choosing a gauge in which the connection A has vanishing time component, 4, = 0, the
master action in the Lagrangian formalism reads

E"'“][C".D]=£dt [L(dﬂﬂ+ﬂll¢’,+%ﬁﬂﬂ] : (116)
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A gauge-fixing functional ¥[D] (|¥] = 1) defines a gauge-fixed action

-8

41 WP TREET P
sl p) = fm Gl = er-snrtezl 9, (117)
For a gauge-fixing functional adapted to the “space-time” split M = [ x N of the form
¥[D) = —fd't K(D] | (118)
]
where K is some functional of D, with D interpreted as a form on N, one finds that
sl p) = j:d: [{Sl‘],K}N + % /; f.!ﬂ] : (119)
with | 0
SH[D] = ‘f DD+ =D* . (120)
2 JSn 3

We remark that the gauge fixed action (119) is already in Hamiltonian form, since it is of first
order in time derivatives. Since

(S D, (8, ’*:’H.-., o= (=1)*(dD + D*),, .0, (¢, %) (121)

-
A
# L

and

[SY. Dy, (%) = (-1)*(dD + D?);, . (x) (122)

59 can be interpreted as the BRST-generator in the Hamiltonian formalism, and (119) is the
gauge fixed action for a theory with vanishing Hamiltonian: the first term is the gauge-fixing
term, while the second term can be written as

1 %
E fd'lf {_”l‘!u...ullﬂ--.‘i Bi..,.....i.i{t'- :I:] ;_Dl'l---l':{'ll x’_ . {lﬂ}
'} N . o d W
'{!ﬁ? m‘lll}

which is exactly the desired expression (considering ® and IT as conjugate variables), as can be
inferred from (22):

{Cjiu (x); (—1)' et | L (3)} =89x-y)é}... 60 . (124)
Mix) *(y)
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Figure 2; The definition of the string bracket.

Aa By Az
Ta 1y =
Ay B, A

Figure 3: Pictorial representation of (61).
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Y

Figure 4: A chord diagram on M.

Figure 5: Approaching a boundary on ch(M) .
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Figure G: 4T-relations.

i t try, [+ boll® T, holly, ....]
ok K
c hol|"® T} holl
P2 T ey, [ . hol| T; hol],_ .. ]

Figure 7: The form h associated to (a part of) a chord diagram; ¢; and {3 refer
to a S'-parametrization of the circles.

J L

Figure 8: The “GL(n, C)"-ideal I.
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