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Abstract 
It is shown in detail that the dynamics in the vicinity of a spacelike 

singularity of the G-dimentional Einstein-dilaton-p-form system can 
be described, at each spatial point, as a billiard motion in a region 
of hyperbolic space. This is done within the Hamiltonian formalism. 
A key rôle is played in the derivation by the Iwasawa decomposition 
of the spatial metric. We also comment on the strong coupling/small 
tension limit of the theory. 
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1 Introduction 

1.1 BKL analysis in four and higher spacetime dimen-
sions 

The non-linearities of the Einstein equations are notably known to prevent 
the construction of an exact, general solution. Only peculiar solutions, corre-
sponding to idealized situations, have been explicitly derived. From this per-
spective, the work of Belinskii, Khalatnikov and Lifshitz [BKL70, BKL82] – 
known as “BKL” -, which describes the asymptotic, general behaviour of the 
gravitational field in four spacetime dimensions as one approaches a spacelike 
singularity, appears to be quite remarkable. As argued by these authors, the 
spatial points decouple in this regime, in the sense that the dynamical evo-
lution of the spatial metric at each spatial point is asymptotically governed 
by a set of ordinary differential equations with respect to time involving only 
the metric and its time derivatives at that point. These differential equations 
are the same as those that arise in some spatially homogeneous cosmolog-
ical models, which provide therefore invaluable insight into the qualitative 
features of the general solution. 

In the vacuum case, the spatially homogeneous models that capture the 
behaviour of the general solution are of “Bianchi types” IX or VIII (homo-
geneity groups equal to SU(2) or SL(2,R)). The asymptotic evolution of 
the metric can then be pictured as an infinite sequence of oscillations of the 
scale factors along independent spatial directions [BKL70, BKL82]. This 
regime is called “oscillatory” or “of mixmaster type” [M69a] and exhibits 
strong chaotic features [LLK71, CB83]. The coupling to matter fields does 
not change the picture, except if one includes a massless scalar field (equiva-
lent to a perfect fluid with “stiff” equation of state p = p), in which case the 
relevant homogeneity group is simply the abelian group of translations in R3 

(“Bianchi I” model). The chaotic evolution is replaced by a monotone ex-
pansion or contraction of the scale factors [BK73], mimicking at each spatial 
point the Kasner solution. This behaviour is called “Kasner-like”. 

It is natural to investigate whether the BKL analysis remains valid in 
higher dimensions. The study of this question was started some time ago 
in the context of pure gravity (with no symmetry assumption) in [DHS85, 
DHHST86], where it was shown that the general BKL ideas remain valid: 
spatial points decouple as one approaches a spacelike singularity, i.e., the dy-
namical evolution at each spatial point of the scale factors is again governed 

1 



by ordinary differential equations. However, while the general behaviour of 
solutions of the vacuum Einstein equations remains oscillatory for spacetime 
dimensions D ≤ 10, it ceases to be so for spacetime dimensions D ≥ 11. 
where it becomes Kasner-like. Furthermore, just as in four spacetime dimen-
sions, the coupling to a massless scalar field suppresses the chaotic behaviour 
in any number of spacetime dimensions (when it is present), and makes the 
solution monotone. 

The authors of [DHS85] did not consider the inclusion of massless p-forms, 
which are part of the low-energy bosonic sector of superstring/M-theory mod-
els. This task was undertaken in [DH00a, DH00b], with the finding that these 
p-forms play a crucial role and can reinstate chaos when it is otherwise sup-
pressed. In particular, even though pure gravity is non chaotic in D = 11 
spacetime dimensions, the 3-form of 11-dimensional supergravity renders the 
system chaotic. Similarly, the bosonic sectors of all ten-dimensional super-
gravities related to string models define chaotic dynamical systems, thanks 
again to the p-forms. 

The best way to grasp the asymptotic behaviour of the fields as one ap-
proaches a spacelike singularity is based on the qualitative Hamiltonian meth-
ods initiated by Misner [M69b]. These naturally lead, in four dimensions, to 
a billiard description of the asymptotic evolution, in which the spatial scale 
factors define a geodesic motion in a region of the Lobachevsky plane H2, 
interrupted by geometric, reflections against the walls bounding this region 
[C72, M94]. Chaos follows from the fact that the billiard has finite volume2. 

It turns out that this useful billiard description is quite general and can 
be extended to higher spacetime dimensions, with p-forms and dilaton. If 
d = D – 1 is the number of spatial dimensions, the billiard is a region of 
hyperbolic space Hd in the presence of the dilaton, or Hd-1 if no dilaton is 
present. [If there are k dilatons, the dimension of the relevant hyperbolic 
space is d + k – 1.] Besides the dimension of the hyperbolic billiard, the other 
ingredients that enter its definition are the walls that bound it. These wails 
can be of different types [DH00a, DH01]: symmetry walls related to the off-
diagonal components of the spatial metric, gravitational walls related to the 
spatial curvature, and p-form walls (electric and magnetic) arising from the 
p-form energy-density. All these walls are hyperplanes and the billiard is a 

2Throughout this paper, the word billiard used as a noun in the singular will denote 
the dynamical system consisting of a ball moving freely on a “table” (region in some 
Riemannian space), with elastic bounces against the edges.' Billiard will also sometimes 
mean the table itself. 
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convex polyhedron with finitely many vertices, some of which are at infinity. 
The fact that the asymptotic dynamics admits a billiard description was 

announced in [DH00a, DH01], where it was derived using the somewhat 
heuristic arguments standard in BKL-type discussions. The purpose of this 
paper is to provide a more complete derivation of the billiard picture, in the 
general (inhomogeneous) D-dimensional situation, with dilaton and p-form 
gauge fields. For that purpose, we shall rely on the Iwasawa decomposition 
(see e.g. [H78]) of the spatial metric. This provides an efficient derivation 
of the symmetry walls in any number of spacetime dimensions, which we do 
by working out explicitly the Hamiltonian that governs the dynamics in the 
“BKL” or “small volume” limit. 

1.2 Organization of the paper 
After fixing the conventions, we discuss in the next two sections the Kasner 
(= invariant under spatial translations) solution in D spacetime dimensions, 
with a dilaton. This solution plays a particularly important rôle because it 
turns out to describe the free motion between collisions. First, we consider 
diagonal metrics and develop the geometry of the scale factors (section 2). 
Next, we do not assume that the spatial metris is diagonal and show, us-
ing the Iwasawa decomposition of the spatial metric, that the off-diagonal 
components induce “symmetry walls” in the BKL limit (section 3). In fact, 
many of the billiard ideas can already be introduced in this simple context. 

In section 4, we derive the billiard picture in full generality, without 
imposing any homogeneity conditions on the metric and the matter fields. 
We show how the gravitational and p-form walls emerge (in addition to the 
symmetry walls) near a spacelike singularity when one takes the BKL limit. 
We also prove that Yang-Mills or Chern-Simons couplings do not affect the 
billiard picture. 

In section 5, we relate the BKL limit to other limits that have been 
considered in the past (“strong coupling limit” [176], “zero velocity of light 
limit” [T78]). We also discuss the connection with the so-called “velocity-
dominated” behavior [E72]. The last section (section 6) provides a brief 
conclusion as well as a short survey of some related developments (emergence 
of Kac-Moody algebras for specified models, lists of chaotic and non-chaotic 
models). , 

Four appendices illustrate and discuss further some aspects of the prob-
lem. Appendix A analyzes the Iwasawa decomposition and the asymptotics 
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of the off-diagonal Kasner metric in the case of three spatial dimensions. 
Appendices B and C shed further light on the freezing off of the off-diagonal 
components and of the electromagnetic variables (in a sense made precise in 
the text) as one goes to the singularity. Finally, appendix D is devoted to 
the Hamiltonian reduction of the system in the general case. 

We should stress that our analysis is purely classical and is accordingly, 
as it stands, valid only up to the Planck scale. We also drop the fermionic 
fields. It is reasonable to expect, however, that some of the ideas discussed 
here will remain relevant in a more general context, at least qualitatively. 

The subject of Hamiltonian cosmology has a long history in the context 
of four-dimensional, spatially homogeneous spacetimes and provides useful 
insight on the general discussion presented here. Excellent reviews on this 
subject, with an extensive bibliography, are [R72b, RS75, J01]. 

1.3 Models and Conventions 
We consider models of the general form 

ϕ, A
(ρ)] = ∫ dDx √–(D)g R - ∂

μ
ϕ∂μϕ 

“more” (1.1) 

where we have chosen units such that 16πG = 1. The spacetime dimension 
is left unspecified. We work (as a convenient common formulation) in the 
Einstein conformal frame, and we normalize the kinetic term of the “dilaton” 
ϕ with a weight 1 with respect to the Ricci scalar. The Einstein metric gμν 
has Lorentz signature (–,+,···,+) and is used to lower or raise the indices. 
Its determinant is(D)g, where the index D is used to avoid any confusion with 
the determinant of the spatial metric introduced below. The integer p ≥ 0 
labels the various p-forms A(p) present in the theory, with field strengths F(p) 

equal to dA(p) 

F(p)μ1…μ
Ρ+1

 = μ
p+1

 ± P Permutations . (1.2) 

In fact, the field strength could be modified by additional coupling terms of 
Yang-Mills or Chapline-Manton type [BRWN82, CM83] (e.g., Fc = dC(2) – 
C(0)dB(2) for two 2-forms C(2) and B(2) and a 0-form C(0), as it occurs in 
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ten-dimensional type IIB supergravity), but we include these additional con-
tributions to the action in “more”. Similarly, “more” might contain Chern-
Simons terms, as in the action for eleven-dimensional supergravity [CJS78]. 
If there are many p-form gauge fields with same form degree p, we use dif-
ferent letters A, B, C, ... to distinguish them, as we just did. The real 
parameter measures the strength of the coupling to the dilaton. When 
p = 0, we assume that ≠ 0, so that there is only one dilaton. This is done 
mostly for notational convenience. If there were other dilatons among the 
0-forms, these should be separated off from the p-forms because they play 
a distinct rôle. They would appear as additional scale factors and would 
increase the dimensions of the relevant hyperbolic billiard (they define ad-
ditional spacelike directions in the space of the scale factors: see Eq. (2.13) 
below, in which (dϕ)2 should be replaced by Σi(dϕi)2, where i runs over the 
dilatons). 

Our work applies both to past and future singularities. In particular, 
it applies to Schwarzschild-type of singularities inside black holes. To follow 
historical usage, we shall assume for definiteness that the spacelike singularity 
occurs in the past, at t = 0 (t → 0+). 

2 Kasner solution – Diagonal case 

2.1 Diagonal case 
One of the basic ingredients in the asymptotic description of the fields as 
one goes to the singularity is the Kasner solution (generalized to include the 
dilaton, in D spacetime dimensions). 

The Kasner solution is the general solution of the Einstein-dilaton equa-
tions (no p-form) in the spatially homogeneous context, where all the fields 
depend only on the time coordinate (“Bianchi I” models). Assuming the ini-
tial data (spatial metric and extrinsic curvature of initial slice) to be diagonal 
(“diagonal case”), one easily finds that the metric and the dilaton are given 
by 

(2.1) 

ϕ = – ρϕ In t + C (2.2) 
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where pi ρϕ and C are integration constants subject to the conditions 

(2.3) 

and 

(2.4) 

(the minus sign in front of ρϕ in (2.2) is included for the sake of uniformity 
in the formulas below). The second condition is the Hamiltonian constraint 
G00 – (l/2)T

00
 = 0. The (ρ\ρϕ) are known as the Kasner exponents. In 

the absence of the dilaton, one must simply set ρϕ (and C) equal to zero 
in the above expressions. In this latter case, there is at least one Kasner 
exponent pi that is negative, so that at least one of the scale factors blows 
up as t → 0. In contrast, the scale factors associated with positive Kasner 
exponents monotonously contract to zero. In the presence of the dilaton, 
however, all the pi can be positive simultaneously. In all cases there is an 
overall contraction since the determinant g of the spatial metric tends to 
zero, 

g = t2 → 0 for t → 0. (2.5) 

It is convenient to redefine the time coordinate t as 

t → τ = – In t. (2.6) 

This puts the singularity t → 0+ at τ → +∞. Similarly, as t → +∞, we 
have τ → – ∞. In terms of τ, the logarithms of the scale factors 

βi = – In ai (2.7) 

and the dilaton behave linearly, 

βi = ρiτ, ϕ = ρϕτ. (2.8) 

The Kasner exponents appear therefore as the τ-time velocities of the βi, ϕ. 
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2.2 Geometry of the space of the scale factors 
2.2.1 Supermetric and Hamiltonian 
The Kasner solution can be viewed as a null geodesic in the “superspace” 
coordinatized by the metric components and by ϕ. Indeed, the action that 
governs the time-evolution of spatially-homogeneous models of type I, which 
is obtained from the action (1.1) by setting = 0 and assuming the other 
fields to depend on time only, reads, in terms of an arbitrary reparametrized 
time x0 = x0(t), 

S[gij, ϕ, N] (2.9) 

where we have set 

ds2 = – (N√g)2(dx0)2 + gijdxidxj (2.10) 

and F ≡ dF/dx0. We have adopted matrix notations in which G stands for 
the d x d matrix with matrix elements (gij). The use of the rescaled lapse 
N = N/√g makes the subsequent formulas simpler. We assume that x0 

increases as one goes to the singularity, i.e., we take the minus sign in the 
relation dt = –N/√gdx0 relating the proper time to x0. 

The action (2.9) is the action for a free particle with coordinates (gij,ϕ) 
moving in a curved space with metric 

dα2 = 1/4 [tr (G -1dG)2 – (tr G 1dG)2] + dϕ2 
(2.11) 

Observe that we designate by dα2 the line element in superspace to distin-
guish it from the line element in physical space time, which we denote by ds2. 
The first two terms in the right-hand side of (2.11) define what is known as 
the De Witt supermetric in the space of the s, considered first in [D67]. 
Furthermore, because of time reparametrization invariance, the velocities are 
constrained by 

1/4 (tr (G_1G)2 – (tr G– 1G)2) + ϕ2 = 0 (2.12) 

as follows from extremizing (2.9) with respect to N. Thus, the motion is 
given by a null geodesic of the metric (2.11), as announced. 
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For diagonal metrics, the supermetric (2.11) reduces to 

dσ2 = tr (dβ)2 – (tr dβ)2 + dϕ2 (2.13) 

The action becomes therefore 

S[βμ,N] = ∫ dx01/NGμυβμβν (2.14) 

where we have used the notation β0 ≡ ϕ for the dilaton (if it is present) 
and defined through dσ2 = Gμνdβμdβν (μ, v = 0,1, · · ·, d with a dilaton, 
μ, v = 1, · · ·, d without dilaton). It is natural to collect together the scale 
factors and the dilaton, since the dilaton can be viewed as a scale factor in one 
extra dimension. Although the metric (2.11) has a non-vanishing curvature, 
the metric (2.13) induce 1 in the space of the scale factors (including the 
dilaton if any) is flat. The diagonal Kasner solution is thus just a lightlike 
straight line in the space of the scale factors. The Hamiltonian form of the 
action is 

|πμβμ – N /4 
dx0 πμβμ –N/4Gμνπμπ

ν 
(2.15) 

with 

(2.16) 

where (πi,πϕ) ≡ (πμ) are the momenta respectively conjugate to βι and ϕ, 
i.e., πμ = 2Ν- 1Gμνβν. 

The metric (2.13) has Minkowskian signature (–,+,+,···,+). The mi-
nus sign is due to the presence of gravity, and more specifically to the con-
formal factor in the metric; for the other fields, the kinetic term is always 
positive definite. This reflects the familiar fact that the gravitational action 
is not bounded from below (switching to Euclidean signature will not change 
the De Witt supermetric). Conformal transformations of the metric, in which 
the scale factors are all scaled in the same fashion, make dσ2 negative. It is 
this characteristic feature of gravity which is responsible for the Lorentzian 
type of the Kac-Moody algebras which emerge in the analysis of the billiard 
symmetries [DH01]. The Lorentzian signature of the metric in the space of 
the scale factors enables one to define the light cone through any point. We 
define the time-orientation to be such that future-pointing vectors υμ have 

Σi υi > 0· Small volumes (small g) mean large positive values of Σi βi· In 
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contrast, large volumes (large g) mean large negative values of Σiβi· We 
are interested in the small volume limit. 

2.2.2 Hyperbolic space 

With the gauge choice N = 1, the solution of the dynamical equations read 

βμ = νμx0 + βυ0 (2.17) 

while the constraint is 
Gμvμυv = 0. (2.18) 

It follows from (2.18) that Σiυi ≠ 03. In fact, since g ~ exp[-2(Σi vi)x0] 
decreases as x0 increases, Σiυi > 0. The Kasner exponents pμ, which are 
normalized to Σι pi = 1, are related to the υμ through ρμ = υμ/(Σιυi)· 

Consider the trajectories that get inside the future light cone of some 
point, say the origin4. One can radially project these trajectories on the 
hyperbolic space Hd (if a dilaton is present) or Hd–1

 (no dilaton), realized as 
the future sheet of the unit hyperboloid of vectors with norm squared equal 
to – 1. This is most readily done by introducing hyperbolic coordinates, 

βμ = ργμ, (2.19) 

where are coordinates on the future sheet of the unit hyperboloid, 

γμγμ = – 1 (2.20) 

3The Kasner metric (2.1) corresponds to the particular choice of integration constants 
Σίυi = 1, = 0, which implies t = exp(–x0), i.e., x0 = τ and √g = t. These 
“initial conditions” can be reached by using the symmetries of the problem. These are 
(i) independent rescalings of the coordinates xi → x'i = kixi; (ii) redefinition of the time 
x0, x0 → x'0 = Bx0 + C, where B and C are constants, with B = k1k2 · · · kd so as to 

preserve the gauge condition dt = –√gdx0; and (iii) ϕ → ϕ' = ϕ + A, where A is a 
constant. However, if one considers many Kasner solutions simultaneously, as we shall do 
below when analysing collisions from one Kasner regime to another one, one cannot make 
these simple choices of integration constants for all the solutions at the same time - one 
can make it only, say, for the “first” one. For this reason, we shall keep generic in 
(2.17) and we shall not impose υi = 1. 

4This occurs for x0 big enough when υμβμ0 < 0 since βμβμ = 2νμβμx0 + βο μβμ
0 . The 

condition νμβμ0 < 0 can always be assumed to hold by shifting the origin of the βi’s if 
necessary. 
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In terms of p and γμ, the metric becomes 

dσ2 = –dρ2 + p2d Σ2 (2.21) 

where dΣ2 is the metric on the unit hyperboloid, 
lapse N, the Hamiltonian is 

H = N/4 [–π2ρ + 1/ρ2π2γ] 

Reinstating the rescaled 

(2.22) 

where πγ are the momenta conjugate to the (constrained) γμ. Equivalently, 

Η = N/4ρ2 [– π2T + π2γ] (2.23) 

with T = ln ρ and its conjugate momentum. In terms of these variables, 
the motion is simple in the gauge N = ρ2, since the Hamiltonian becomes 
then just (1/4)[– (πT)2 + (πγ)2]. One can view T as an intrinsic time variable 
in terms of which one can describe the dynamics. The evolution is a geodesic 
motion on Γ. 

On the solutions, x0 (in the gauge N = 1) ~ In √g, ρ ~ | ln√g|½ and 
T ~ In | In √g| ~ In | In t| (νμβμ0 < 0). Small volume is thus equivalent to 
large ρ or what is the same, large T, i.e., large intrinsic time. We shall call 
the limit ρ → ∞ the BKL limit. 

3 Kasner solution – Non-diagonal case 

3.1 Iwasawa decomposition 
In the homogeneous, vacuum context, the metric remains diagonal if the 
initial data are so. This is in general not true when matter or inhomogeneities 
are included, in which case off-diagonal components generically appear even 
if there is none initially For this reason, it is important to understand 
the rôle of off-diagonal terms already in the simpler homogeneous context, 
by examining the evolution of initial data that are not diagonal. This is 
most simply done by performing a constant linear transformation on the 
Kasner solution, which is a symmetry for Bianchi I models. If L is the linear 
transformation needed to diagonalize the initial data, it is easy to see that 
the solution is given by 

G(t) tLGK(t)L (3.1) 
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where t denotes transposition and GK(t) is the above diagonal Kasner solu-
tion. The dilaton, being a scalar, is still given by the same expression. Note 
that det G(t) = (det L)2t2. 

To understand the qualitative behaviour of (3.1), it is convenient to per-
form the Iwasawa decomposition of the metric, 

G = tNA2N (3.2) 

where N is an upper triangular matrix with I’s on un diagonal (.j — , 
Nij = 0 for i > j) and where A is a diagonal matrix with positive ( tements, 

which we parametrize as 

A = exp[-, , = diag (β1, β2, · · ·, (3.3) 

One can view the Iwasawa decompose n5 as the Gram-Schm orthogonal-
isation of the initial basis, which is ino ed a triangular process, 

ds2 = gijdxidxj (3.4) 

with 
θk = ΣNkidxi. (3.5) 

Starting with θd = dxd, one successively constructs the next 9J's by adding 
linear combinations of the dxp's (p > j) in such a way that θd-1 is orthogonal 
to θd, θd-2 is orthogonal to both θd and θd-1, etc. Explicitly, 

θd = dxd (3.6) 
θd- 1 = dxd -1 + Nd-1,idxd, (3.7) 
θd- 2 = dxd -2 + Nd-2 d-1 dxd -1 + Nd-2 d dxd, (3.8) 

(3.9) 

Note that the dual basis {ej} reads 

(3.10) 

5The Iwasawa decomposition applies to general symmetric spaces (see e.g. [H78]). In 
our case the relevant symmetric space is the coset space SL(d,R)/SO(d) since the space 
of positive definite symtnetric matrices can be identified with GL(d,R)/0(d), which is 
isomorphic to SL(d,R)/SO(d) x R+. 
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The variables βi of the Iwasawa decomposition give the scale factors in the 
new, orthogonal, basis, while the Nij characterize the change of basis that 
diagonalizes the metric and hence, parametrize the off-diagonal components 
of the original gij. 

In the diagonal case, N = 1 and the β's behave linearly with τ, 

(diagonal Kasner). (3.11) 

In the general case, N ≠ 1 and the evolution of the variables βι, Nij of the 
Iwasawa decomposition is more complicated. However, it becomes simple for 
τ → ±∞. Indeed, the β's become asymptotically linear functions of τ, as in 
the diagonal case, with coefficients that are given by a permutation of the 
pi's,s, whereas the Nij become constant. More precisely, let q1, q2, · . · ,qd be 
the ordered Kasner exponents, q1 ≤ q2 ≤ · · · ≤ qd, qi = ρσ(i), with σ an 
appropriate permutation of 1,2, · · ·, n. Then one finds (for generic L’s): 

• as τ → –∞ (t → ∞), βι ~ qd– i τ and Nij → const; 

• as τ → +∞ (t → 0+), βi ~ qiτ and Aij const. 

In both limits, one has β1 ≤ β2 ≤ · · · ≤ βd. The motion does not change 
the Kasner exponents pi, but just redistributes them among the β's so as 
to achieve β1 ≤ β2 ≤ · · · ≤ βd for both τ → ∞ and τ → – ∞. [The fact 
that one gets β1 ≤ β2 ≤ · · · ≤ βd (in that order) follows from the choice for 
the matrix N made in the Iwasawa decomposition; had we taken N to be 
e.g. lower triangular instead of upper-triangular, the inequalities would have 
been all reversed.] 

One can arrive at the above conclusions concerning the asymptotic form 
of the solutions either by direct computation from (3.1) and (3.2), or by 
using the Hamiltonian formulation of the theory. We shall derive here the 
Hamiltonian analysis and give the direct calculation (in the specific 3 + 1 
case) in the first appendix. 

3.2 Symmetry walls 
The simplest way to understand the asymptotic dynamics of the scale fac-
tors in the non-diagonal case is to use the geometric picture developed in 
subsection 2.2. 
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3.2.1 BKL limit 

Using the Iwasawa decomposition, the supermetric (2.11) becomes 

dσ2 = tr (dβ)2 – (tr dβ)2 + ½tr [A2 dNN- 1 t(N-1) d(tN)] 

+ (dϕ)2, (3.12) 

i.e., 

(3.13) 

For d = 3, this expression reduces to one explicitly given in [HPT82]. 
The Hamiltonian governing the evolution is therefore 

(3.14) 

where the Pim are the momenta conjugate to the Nim, Pim = ∂/∂Nim. 
Because the terms involving the off-diagonal parameters are positive, the 
constraint H = 0 implies that the velocity βμ is timelike or null. 

We are interested in the BKL limit, i.e. small volume (large β%) or 
large ρ. Making the change of variables (2.19) yields, instead of (2.23) 

(3.15) 

As ρ becomes large, the terms p2 exp[–2p(γj –γi)] either go to zero if γj – γi 
is positive, or explode to + ∞ if γj – γi is negative. Thus one can replace 
the exponentials by Θ[–2(γj – γi)], where Θ(x) = 0 for x < 0 and + ∞ for 
x > 06. Of course, Θ (2x) = Θ(x), but we keep the factor 2 here to recall that 

6 One should more properly write Θ∞(x), but since this is the only step function en-
countered in this article, we use the simpler notation Θ(x). 

13 



the arguments of the exponentials from which the Θ-functions originate come 
with a well-defined normalization. Since the functions γj – 7i and βj – βi 

have the same sign (ρ > 0) and since Θ(x) = λ(x) for λ > 0, one can 
replace Θ[–2(γj – γi)] by Θ[–2(βj – βi)]. The Hamiltonian governing the 
dynamics of the scale factors βμ for type-I, non-diagonal models, reads, in 
the BKL limit, 

(3.16) 

The terms Θ[–2(βj – βi)] are present for all (i,j) with i < j provided all 
non-negative terms Σm PimNjm)2 are different from zero. This is the case 
generically, i.e., for all initial data except a set of measure zero. For this rea-
son, we shall assume that it is fulfilled from now on. As a rule, we shall always 
make similar “genericity” assumptions below concerning the coefficients of 
the various potentials that enter the discussion. 

3.2.2 First encounter with billiards 

Because of the simplicity of (3.16), the dynamics is easy to describe in the 
BKL limit. First, since the off-diagonal parameters Nij and their conjugate 
drop out from the Hamiltonian, they are constant for large ρ. This is what 
we saw in subsection (3.1). The only effect of the off-diagonal components 
is to induce the Θ-function potentials for the scale factors. The asymptotic 
freezing of the off-diagonal terms is further discussed in appendix B. Second, 
the Θ-terms constrain the scale factors to be in the region 

wS(ij)(β) ≡ βj – βi≥0 (i<j). (3.17) 

In that region the motion is free, i.e., is given by a lightlike straight line (2.17) 
for some υμ fulfilling (2.18), exactly as for diagonal Kasner metrics. When 
the trajectory hits a wall βj–βi = 0, it undergoes a reflection. This reflection 
permutes two νμ'S (see below). After a finite number of collisions, the νμ's get 
ordered, ν1 ≤ v2 · · · ≤ vd, and the motion then goes on freely forever. Indeed, 
the subsequent evolution of the β's, once the υμ's are ordered, can never hit 
a wall (where two β’s are equal) any more. This is what we announced in 
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the analysis of the asymptotic behaviour of the solutions in subsection 3.1. 
We stress that this simple evolution arises only in the BKL limit. Before 
the asymptotic regime is reached, one cannot replace the exponentials by 
Θ-functions. The collisions that take place then are not strictly localized in 
time and therefore may not be clearly separated from each other. In addition, 
there is a slow drift of the off-diagonal parameters. 

The region wS(ij)(β) ≥ 0 (i < j) Σ
i
, βi ≥ 0 is a r <- region '0 the 

space of the scale factors. We shall call the hypei* ωρ(ij)(β) - ^ the 
“symmetry walls”. These hyperplanes are timelike since 

ωS(ij)μωS(ij) ν = 2 (3.18) 

and intersect therefore the hyper.. id Gμνβμβν = v ≥ 0. The 
symmetry billiard is defined to be the gion of hyperbolic spa determined 
by these inequalities. 

Among the d(d –l)/2 symmetry walls, only d – 1 are relevant. Indeed, 
the inequalities (3.17) all follow from wS

ii+1 ≥ 0. The symmetry billiard is 
thus defined by the d – 1 inequalities 

β2 – β1 ≥ ο, β3 – β2 ≥ ο, · · ·, βd – βd-1 ≥ 0 (3.19) 

and extend to infinity. It has infinite volume. 
In order to analyse the collision against the wall βi+1 – βi = 0, we make 

linear redefinitions so that βi+1 – βi is one of the new variables, 

βμ → β,μ (μ ≠ i, i + 1), u = βi+1 + βi, Z = βι+1 – βi (3.20) 

In these new variables, the potential associated with the symmetry wall βi+1 – 
βi = 0 is simply Θ(–2z). Furthermore, since z is orthogonal to the other 
variables, the sole effect of the collision is to change the sign of z, leaving 
the other velocities fixed. In terms of the original variables, this is just the 
permutation of the velocities υl and υi+1, 

υi → υi+1, υi+1 → υi (other vk unchanged). (3.21) 

This transformation belongs to the orthochronous Lorentz group because it 
preserves both the Lorentzian metric and the arrow of time (Gμυυ'μυ,ν – 
Gμννμυν, Σiυ'i= Σiνi). More generally, an arbitrary number of collisions 
against the symmetry walls will lead to an arbitrary permutation of the 
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vi,s, since the transpositions (i,i + 1) generate the symmetry group Sd in d 
elements. 

Remarks 

1. Large volume limit 
It follows from the above analysis that in the small volume limit, the 
Kasner exponents get re-ordered so that the first spatial direction car-
ries the smallest Kasner exponent, the second spatial direction carries 
the next to smallest Kasner exponent etc. In the particular homoge-
neous case considered here, one can also investigate the large volume 
limit by the same techniques. Although this cannot be extended to the 
general inhomogeneous case discussed below, we briefly indicate how 
this is achieved in the present special case. 

In the large volume limit, the β's go to the past in the space of the 
scale factors. So one sets 

βμ = –βγμ, (3.22) 

where γμ are still coordinates on the future sheet of the unit hyper-
boloid, γμγμ = – 1. Making the same transformations as above, one 
finds that all the symmetry walls come with the other sign, i.e., in the 
large volume limit, the potential reduces to Σi>j

 Θ[–2(βj – βi]. This 
forces the β's to be ordered as β1 ≥ β2 ≥ . · · ≥ βd. Accordingly, the 
collisions against the walls reorders now the velocities pi in decreasing 
order, as we stated in subsection 3.1. 

2. Are the symmetry walls a gauge artifact? 
Since the metric can diagonalized at all times by a time-independent 
coordinate transformation xa → x'a = La

bxb, one might fear that the 
symmetry walls, which are related to the off-diagonal components, are 
somewhat a gauge artifact with no true physical content. This con-
clusion, however, would be incorrect. First, the transformation needed 
to diagonalize the metric may not be a globally well-defined coordi-
nate transformation if the spatial sections have non-trivial topology, 
e.g., are tori, since it would conflict in general with periodicity condi-
tions. Second, even if the spatial sections are homeomorphic to Rd, 
the transformation xa → x'a = La

bxb, although a diffeomorphism, is 
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not a proper gauge transformation in the sense that it is generated by 
a non-vanishing charge. One should regard as distinct (although re-
lated by a symmetry) two solutions that differ by the transformation 
xa → x'a = La

bxb. Initial conditions for which the metric is diagonal -
and hence the symmetry walls absent - form a set of measure zero. 

3. Alternative description of symmetry walls 
We have just shown that the Iwasawa decomposition of the spatial 
metric leads to a projected description of the GL(d, R)/O(d)-geodesics 
as motions in the space of the scale factors with exponentiel (“Toda-
like”) potentials, i native description exists. m is based 
on the decomposition L A R of the spati vhere R  
SO(d) and A is diagonal [R72a, KM02]. One then

 0
^„: ’alogero-like” 

sinh- 2(βi – βj)·-potentials. In t ; BKL limit, these potentials can be 
replaced by sharp wall potentials but whether the system lies to the 
left or to the right of the wall βi – βj = 0 depends in this alternative 
description on the initial conditions. 

4 Asymptotic dynamics in the general case -
Gravitational billiards 

We shall now show that the same ideas apply in the general case described 
by the action (1.1). In the vicinity of a spacelike singularity, the spatial 
points decouple and the billiard picture remains valid at each spatial point. 
Inhomogeneities and p-forms bring in only new walls. 

4.1 Pseudo-Gaussian coordinates 
We thus assume that there is a spacelike singularity at a finite distance in 
proper time. We adopt a spacetime slicing adapted to the singularity, which 
“occurs” on a slice of constant time. We build the slicing from the singularity 
by taking pseudo-Gaussian coordinates defined by N = 1 and Ni = 0, where 
N is again the rescaled lapse N = N/√g and Ni is the standard shift. More 
precisely, we assume that in some spacetime patch, the metric reads 

ds2 = – g(x°, xi)(dx0)2 + gij(x0, xi)dxidxj, g ≡ det (gij), (4.1) 
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where the local volume g collapses at each spatial point as x0 → +∞, in 
such a way that the proper time dt = –√gdx0 remains finite (and tends 
conventionally to 0+). We shall make the further assumption that since the 
local volume tends to zero, the variable ρ introduced above can be used 
everywhere in a given region of space (in a neighborhood of the singularity) 
as a well-defined (“intrinsic”) time variable that goes all the way to +∞. We 
can then investigate the BKL limit ρ → ∞. Differently put, we study the 
general solution of the equations of motion in the regime met above where 
the scale factors βμ go to infinity inside the future light cone in superspace, 
βμ = ργμ, Gμνγμγν = – 1, Σjγi > 0, ρ → ∞ (at each spatial point in the 
local region under consideration). Some aspects of the consistency of this 
limit are discussed in the appendix D. 

One of the motivations for studying spacelike singularities comes from the 
singularity theorems* [HP70]. Of course, not all singularities are spacelike, 
and furthermore, there is no claim here that all spacelike singularities are 
necessarily of the BKL type. We are just interested in this regime, which, 
as we shall see, has a high degree of self-consistency and is quite general in 
the sense that it involves as many arbitrary functions of space as the general 
solution does (see subsection 4.6). 

The only coordinate freedom left in the pseudo-Gaussian gauge (after 
having fixed the hypersurface t = 0) is that of making time-independent 
changes of spatial coordinates xk → x'k = fk(xm). Since the rescaled lapse is 
a spatial density of weight minus one, such changes of coordinates have the 
unusual feature of also changing the slicing (in some determined way - the 
scalar lapse N changes in a well-defined manner). 

The fields ϕ and Α(p)μ1...
μρ

 are also a priori functions of both space and time. 
No symmetry condition is imposed. Although the equations at each point will 
be asymptotically the same as those of homogeneous cosmological models, 
this does not follow from imposing extra dimensional reduction conditions 
but is rather a direct; consequence of the general dynamical equations. 

We shall partially fix the gauge in the p-form sector by imposing the 
temporal gauge condition Α(p)0

μ2
...μp = 0. This leaves the freedom of performing 

time-independent gauge transformations. 

4.2 Hamiltonian action 
To focus on the features relevant to the billiard picture, we assume first 
that there is no Chern-Simons terms or couplings of the exterior form gauge 
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fields through a modification of the curvatures F(p), which are thus taken 
to be Abelian, F(p) = dA(p). We verify in subsection 4.7 below that these 
interaction terms do not change the analysis. The Hamiltonian action in the 
pseudo-Gaussian gauge reads 

S[gij, πij, ϕ, A(p)m1…πm1…mp

(p)
 = 

∫dx0 (∫ddx(πijg
ij

 + π
ϕ

ϕ + Σπm1…mp

(p)

 A(p)m1…mp) – H) (4.2) 

where the Hamiltonian is 

H = ∫ ddx H (4.3) 

H = L + M (4.4) 

(4.5) 

(4.6) 

The dynamical equations of motion are obtained by varying the above action 
w.r.t. the spatial metric components, the dilaton, the spatial p-form com-
ponents and their conjugate momenta. In addition, there are constraints on 
the dynamical variables, which are 

Ή. = 0 (“Hamiltonian constraint”), (4.7) 
Hi = 0 (“momentum constraint”), (4.8) 

φm1…mp-1
(ρ) = 0 (“Gauss law” for each p-form) (p > 0) (4.9) 

Here, we have set 

(4.10) 

(4.11) 

In order to understand the asymptotic behaviour of the fields, we perform, 
at each spatial point, the Iwasawa decomposition of the metric. This is a 

19 



point canonical transformation, extended to the momenta in the standard 
way, i.e., πijgij = πiβi + Σi<j PijNij. We then split the Hamiltonian in 
two parts, one denoted by K, which is the kinetic term for the local scale 
factors βμ, and the other denoted by V, which contains everything else. It is 
indeed natural to group the kinetic term for the off-diagonal variables with 
the original potential terms because they asymptotically play the role of a 
potential for the scale factors. As we shall see, the same feature holds for 
the p-form kinetic terms. In fact, this is not surprising, at least when p= 1, 
since 1-forms can be viewed as off-diagonal components of the metric in one 
dimension higher. Thus, we write 

H = K + V (4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 
4.17 

(4.18) 

(4.19) 

Vϕ = gijg∂iϕ∂jϕ. (4.20) 

We know that in the BKL limit, the symmetry potential Vs becomes a 
sum of sharp wall potentials, 

(ρ → ∞) (4.21) 

The computation that leads to (4.21) was carried out above in the spatially 
homogeneous context but remains clearly valid here since Vs contains no 
spatial gradients. This potential is “ultralocal”, i.e., its value at any spatial 
point involves only the scale factors at that same spatial point. It is quite 
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remarkable that the same sharp wall behavior emerges asymptotically for the 
other potentials. 

4.3 Curvature (gravitational) walls 

We first establish this fact for the gravitational potential. 

4.3.1 Computation of curvature 

To that end, one must explicitly express the spatial curvature in terms of the 
scale factors and the off-diagonal variables Nij. The calculation is most easily 
done in the frame θk = Σi Nkidxii in which the spatial metric is diagonal, 

ak = e– β (4.22) 

Let Ci

mn
(x) be the structure functions of the basis {θk}, 

dθi = -½Cimnθmθn (4.23) 

Here, d is the spatial exterior differential. The functions Cl

mn
(x) depend 

clearly only on the off-diagonal variables and not on the scale factors. 
Using the Cartan formulas for the connection 1-form ωij, 

dθί + Σωίjθj = 0 
j 

(4.24) 

dγij = ωij + ωji (4.25) 

where γij = δ
ij

a2i is the metric in the frame {θb}, one finds 

(4.26) 

One then gets the Riemann tensor Rkℓmn, the Ricci tensor Rℓn
 and the scalar 

curvature R through 

Rkℓ = dωkℓ+Σωkjωjℓ (4.27) 
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(4.28) 

(Rkℓ is the curvature 2-form) and 

(4.29) 

Direct, but somewhat cumbersome, computations yield 

(4.30) 

where Fj is some complicated function of its arguments whose explicit form 
will not be needed here. The only property of Fj that will be of importance 
is that it is a polynomial of degree two in the derivatives ∂β and of degree 
one in ∂2β. Thus, the exponential dependence on the ∂i’s, which determines 
the asymptotic behaviour in the BKL limit, occurs only through the a2j-terms 
written explicitly in (4.30). 

Without loss of generality, we can assume j ≠ k and j ≠ ℓ in the first 
sum on the right-hand side of (4.30), since the terms with either j = k or 
j = ℓ can be absorbed through a redefinition of Fj. Also, one has clearly 
k ≠ ℓ because the structure functions Cjkℓ are antisymmetric in k, ℓ. We can 
thus write the gravitational potential as 

(4.31) 

where the linear forms αijk(β) and μj(β) are given by 

(i ≠ j, i ≠ k, j ≠ k) (4.32) 

and 
(4.33) 

respectively. 

22 



4.3.2 BKL limit 

In the BKL limit where the scale factors βμ go to infinity inside the future 
light cone, the gravitational potential becomes a sum of sharp wall potentials, 

(4.34) 

The terms in the second sum seem to pose a problem because they do not 
have a definite sign. They are, however, in fact always zero in the BKL 
limit because μi(β) > 0. Indeed, each linear form μi(β) is lightlike and 
hence, each hyperplane μi(β) = 0 is tangent to the light cone along some 
generatrix. This means that the future light cone is entirely on one side of 
the hyperplane μi(β) = 0 (i.e., either μi(β) > 0 for all points inside the future 
light cone or μi(β) < 0). Now, the point β1 = β2 = · · · = βd = 1 is inside 
the future light cone and makes all the μi's positive. Hence μi(β) > 0 inside 
the future light cone for each i and Θ[–2μί(β)] = 0: we can drop the second 
term in the gravitational potential, which reduces to 

9[-2aijk(p)]. (4.35) 

Note that in D = 3 spacetime dimensions, the gravitational walls αijk(β) = 0 
(i ≠ j, i ≠ k, j ≠ k) are absent, since one cannot find three distinct spatial 
indices. The first term in (4.30) is of the same type as the second term: the 
only gravitational walls are then all of the subdominant type μj and thus, in 
the BKL limit, 

VG  0 (D = 3). (4.36) 

We thus see that the gravitational potential becomes, in the BKL limit, 
a positive sum of sharp wall potentials, 

Θ[-2αijk(β)] (D > 3), VG  0 (D = 3) (4.37) 

This is remarkable for many reasons. First, the final form of the potential 
is rather simple, even though the curvature is a rather complicated function 
of the metric and its derivatives. Second, the limiting expression of the 
potential is positive, even though there are (subdominant) terms in VG with 
indefinite sign. Third, it is ultralocal in the scale factors, i.e. involves only 
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the scale factors but not their derivatives. It is this fact that accounts for 
the decoupling of the various spatial points. 

It follows from this analysis that the scale factors are constrained by the 
conditions 

αijk (β) ≥ 0 (D > 3) (4.38) 

besides the symmetry inequalities (3.19). The hyperplanes αijk(β) = 0 are 
called the “curvature” or “gravitational” walls. 

4.3.3 Remarks 

1. In D > 3 dimensions, one can argue more directly that the first term in 
VG asymptotically dominates the second one in the BKL limit ρ → ∞ 
by observing that the μj,s are all positive when the are positive, 
since they can be written as linear combinations with positive coef-
ficients of the αijk (the converse is not true, one may have μj > 0 
for all j’s together with αijk < 0 for some αijk's)7. Thus, in the 
region αijk > 0, the exponentials in VG all go to zero as ρ → ∞ 
and one can replace VG by zero. Conversely, when one of the μj's is 
negative, there is always at least one αijk that is also negative. Ac-
tually, assuming without loss of generality that the βi,s are ordered, 
β1 ≤ β2 ≤ · · . ≤ βd, the most negative μi is μd = β1 + β2 + … + βd-1. 
But one has α1dd-1 = 2β1 + β2 + … βd-2 ≤ μd, in fact α1dd-1 ≤ αijk 
(for all i, j, k) and α1dd-i ≤ μj (for all j’s). Thus, as ρ → ∞ (keep-
ing the γμ fixed), the behaviour of VG is controlled by the exponential 
exp(-2α1ldd-1), which blows up the fastest. Since it is multiplied by 
a positive coefficient, we conclude that VG → + ∞ (even though the 
subdominant term with Fj has no definite sign8). If the βi were not 
ordered, it would be a different that would take over, leading to 
the same conclusion. 

7In D = 3, there is no αijk, so this property does not hold. However, when there are 
p-forms present, one can develop the same more direct alternative proof that the μJ ,s can 
be dropped because one can then express the μj as positive linear combinations of the 
p-form wall forms. 

8Note two things: (i) the exponent μd is of the same order as α1dd-1 when β1  
β2  βd-1. This corresponds to the case of “small oscillations” considered by BKL 
[BKL70, BKL82], for which they verify (in 3 dimensions) that the evolution is indeed 
controlled by the αijk-terms even in that region. (ii) For the Kasner solution, one has 
exp(–2μd)  t1-pd → 0 and so the Kasner solution never reaches the region where μd is 
arbitrarily negatively large. 
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2. The potential Vϕ = ggij∂iϕ∂jϕ of the dilaton has the same form as the 
subdominant gravitational terms that we have just neglected, since the 
exponentials that control its asymptotic behaviour are also exp[–2μj(β)] 
Consequently, we can drop Vϕ in the BKL limit. 

3. The above curvature computation involves only the Cartan formulas. 
It would also hold true if θk = ΣiNkifi where fi = fi

j
(x)dxj is an 

arbitrary fixed frame. The structure functions Cl
mn

(x) would get con-
tributions from both Nki (and its spatial derivatives) and fi. We have 
taken above fij = δij. Then, Ci

mn
 = Ci

mn
(N). The other extreme case 

is Nki = δij, in which case Ci

mn
 = Cimn(f). In fact, not all gravitational 

walls αijk appear if we make the choice fi = dxi since it then follows 
from the formulas (3.9) that Cdij = 0 (i, j arbitrary), Cd-1

i j

 = 0 (with 
both i, j ≠ d) etc. Hence, (Cdij)2 = 0 and the gravitational walls α

dij 
are absent. Similarly, only the gravitational walls αd-1id are present 
among the walls αd-1ij. To get all the gravitational walls, one needs 
a non-holonomic frame fi. The dominant gravitational wall α1d-1d

 is, 
however, always present, and this is what matters for the billiard (when 
gravitational walls are relevant at all). 

4. The coefficients of the dominant exponentials involve only the undiffer-
entiated structure functions Ci

jk. Thus, one can mimic at each point 
x the gravitational potential in the context of spatially homogeneous 
cosmologies, where the Ci

 jk are constant, by considering homogeneity 
groups that are “sufficiently” non-Abelian so that none of the coeffi-
cients of the relevant exponentials vanishes (Bianchi types VIII and IX 
for d = 3, other homogeneity groups for d > 3 - see [DDRH88]). 

4.4 p-form walls 
4.4.1 Electric walls 

We now turn to the electric potential Vel(p), which we express in the basis {θk}. 
One has 

(4.39) 
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where εij…ip are the components of the electric field πm1…mp(p) in the basis {θk}, 

(4.40) 

and where ei1...ip(β) are the electric linear forms 

ei1…iρ(β) = βi1 + … + βip + (all ij’s distinct) (4.41) 

(the indices ij s are all distinct because is completely antisymmetric). 
The variables εi1…ip do not depend on the βμ. it is thus rather easy to take 
the BKL limit. The exponentials in (4.39) are multiplied by positive factors 
which are different from zero in the generic case. Thus, in the BKL limit, 
Vel

(p)
 becomes 

(4.42) 

Note that the transformation from the variables (Nij, Pij, A(p)m1…mp, πm1…mp(p)) 
to the variables (Nij, Pij, A(p)m1…mp, lp) is a point canonical transformation 
whose explicit form is obtained from 

(4.43) 

(The momenta Pij conjugate to Nij get redefined by terms involving ε, N 
and A since the components A(p)m1…mp of the p-forms in the basis {θk} involve 
the N’s, 

This does not affect the symmetry walls in the BKL limit.) 

4.4.2 Magnetic walls 

The magnetic potential is dealt with similarly. Expressing it in the {θk}-
frame, one obtains 

(4.44) 
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where F(p)i1…ip+1
 are the components of the magnetic field F(p)

m1
...

mp+1
 in the 

basis {θk}, 

(4.45) 

and where mi1…ip+1 (β) are the magnetic linear forms 

(4.46) 

(all ij’s are distinct). One sometimes rewrites mi1…i
p+1

(β) as bip+2...id, where 
{ip+2,…id} is the set complementary to {i

1
, i2, … ip+1} ; e.g., 

b12…d–p–l = β1 + … + β d–p–1– λ(p)/2ϕ = md-p...d (4.47) 

The exterior derivative F of A in the non-holonomic frame {θk} involves of 
course the structure coefficients, i.e., of frame F(p)i1-ip+1 = ∂[i1A

i2…ip+1] + 
“CA”-terms where ∂i1 ≡ Σm1 (N- 1)m1i1

 (∂/∂xm1) is here the frame deriva-
tive. 

Again, the BKL limit is quite simple and yields (assuming generic mag-
netic fields) 

(4.48) 

Note that, just as the off-diagonal variables, the electric and magnetic fields 
get frozen in the BKL limit since the Hamiltonian no longer depends on 
the p-form variables. These drop out because one can rescale the coefficient 
of any Θ-function to be one (when it is not zero), absorbing thereby the 
dependence on the p-form variables. 

The scale factors are constrained by the further conditions 

ei1…i
P
(β) ≥ 0, (β) ≥ 0. (4.49) 

The boundary hyperplanes ei1…ip(β) = 0 and bi1…id-p-1 (β) = 0 are called the 
“electric” and “magnetic” walls, respectively. 
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4.5 Billiards 
At this point, we see that the interesting dynamics as one goes towards the 
spacelike singularity is carried by the scale factors since the off-diagonal vari-
ables (including the p-form variables) asymptotically drop out. Furthermore, 
the evolution of the scale factors at each spatial point is, in the BKL limit, 
a broken null straight line of the metric G 

μν
dβμdβν interrupted by collisions 

again the sharp walls 
(4.50) νυΑ(β) = νυ

Αμ
βμ = 0 

defined by the symmetry, gravitational and p-form potentials through V = 
ΣΑΘ(-2ωΑ(β))· All these walls are timelike hyperplanes. Indeed, we have 
found above that the gradients to the symmetry walls have squared norm 
equal to 2, see Eq. (3.18). Similarly, the gradients to the gravitational walls 
αijk = 0 are spacelike and, in fact, have the same squared norm + 2. Finally, 
the gradients to the electric wall have also positive squared norm 

(4.51) 

which is equal to the squared norm of the corresponding magnetic walls. 
Incidentally, this shows that the norm of the p-form walls is invariant under 
electric-magnetic duality. 

Because the walls are timelike, the velocity undergoes under a collision 
a geometric reflection in the hyperplane, which is an element of the or-
thochronous Lorentz group. The reflection preserves the norm and the time-
orientation (hence, the velocity vector remains null and future-oriented). 

The billiard is obtained by radial projection onto hyperbolic space. The 
billiard ball is constrained to be in the region wΑ(β) ≥ 0. Not all the walls 
are relevant since some of the inequalities ωΑ(β) ≥ 0 are consequences of 
the others [DH01]. Only the dominant wall forms, in terms of which all the 
other wall forms can be expressed as linear combinations with non-negative 
coefficients, are relevant for determining the billiard. Usually, these are the 
symmetry walls and some of the p-form walls. The billiard is in general 
non-compact because some walls meet at infinity. However, even when it is 
non-compact, it can have finite volume. 

In fact, the geodesic motion in a billiard in hyperbolic space has been 
much studied. It is known that this motion is chaotic or non-chaotic accord-
ing to whether the billiard has finite or infinite volume [Ma69, HM79, Z84, 
EMcM93]. 
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Notes: 

1. Because of reparametrization invariance – in particular, time redefini-
tions -, some indicators of chaos must be used with care in general 
relativity, see [CL96, IM01] for a discussion of the original mixmaster 
model. 

2. The hyperbolic billiard description of the (3+ l)-dimensional mixmaster 
system was first worked out by Chitre [C72] and Misner [M94]. Our 
derivation of the asymptotic expression for the potential follows [K93, 
IKM94]. The extension to higher dimensions with perfect fluid sources 
was considered in [KM94], without symmetry walls. Exterior form 
sources were investigated in [IM95, IM99] for special classes of metric 
and p-form configurations. 

4.6 Constraints 
We have just seen that in the BKL limit, the evolution equations become 
ordinary differential equations with respect to time. Although the spatial 
points are decoupled in the evolution equations, they are, however, still cou-
pled in the constraints. These constraints just restrict the initial data and 
need only be imposed at one time, since they are preserved by the dynamical 
equations of motion. Indeed, one easily finds that 

Ίϊ = 0 (4.52) 

since [Ή(x),Ή(x')] = 0 in the ultralocal limit. This corresponds simply to 
the fact that the collisions preserve the lightlike character of the velocity 
vector. Furthermore, the gauge constraints (4.9) are also preserved in time 
since the Hamiltonian constraint is gauge-invariant. Finally, the momentum 
constraint fulfills 

Ήk(x) = ∂kH ≈ 0 (4.53) 
It is important to observe that the restrictions on the initial data do not 

constrain the coefficients of the walls in the sense that these may assume 
non-zero values. For instance, it is well known that it is consistent with 
Gauss law to take non-vanishing electric and magnetic energy densities; thus 
the coefficients of the electric and magnetic walls are indeed generically non-
vanishing. In fact, the constraints are conditions on the spatial gradients of 
the variables entering the wall coefficients, not on these variables themselves. 
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In some non-generic contexts, however, the constraints could force some of 
the wall coefficients to be zero; the corresponding walls would thus be absent. 
[E.g., for vacuum gravity in four dimensions, the momentum constraints for 
some Bianchi homogeneous models force some symmetry wall coefficients to 
vanish. But this is peculiar to the homogeneous case.] 

It is easy to see that the number of arbitrary physical functions involved 
in the solution of the BKL equations of motion is the same as in the general 
solution of the complete Einstein-matter equations. Indeed, the number of 
constraints on the initial data and the residual gauge freedom are the same 
in both cases. Further discussion of the constraints in the BKL context may 
be found in [AR01, DHRW02]. 

4.7 Chern-Simons or Yang-Mills couplings, Chapline-
Manton terms 

The addition of Chern-Simons terms, Yang-Mills or Chapline-Manton cou-
plings does not modify the billiard picture and, furthermore, does not bring 
in new walls. The only change in the asymptotic dynamics is a modification 
of the constraints. 

Yang-Mills couplings 
We start with the Yang-Mills coupling terms. The contribution to the 

energy density from the Yang-Mills field takes the same form as for a col-
lection of abelian 1-forms, with the replacement of the momenta εi by the 
Yang-Mills momenta εi

α, a = 1, …, N (with N the dimension of the inter-
nal Lie algebra) and of the magnetic fields by the corresponding non-abelian 
field strengths. As their abelian counterparts, these do not involve the scale 
factors βμ. Because of this key property, the same analysis goes through. 
Each electric and magnetic 1-form wall is simply repeated a number of times 
equal to the dimension of the Lie algebra. Gauss law is, however, modified 
and reads now: 

Diεiα ≡ iεiα + fbacεibAci = 0. (4.54) 

Here, i is the standard metric covariant derivative. Similarly, the momen-
tum constraints are modified and involves the non-abelian field strengths. 
Chapline-Manton couplings and Chern-Simons terms 

The discussion of Chapline-Manton couplings or Chern-Simons terms pro-
ceeds in the same way. The energy-density of the p-forms has the same de-
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pendence on the scale factors as in the absence of couplings, i.e., provides the 
same exponentials. The only difference is that the wall coefficients are dif-
ferent functions of the p-form canonical variables; but this difference is again 
washed out in the sharp wall limit, where the coefficients can be replaced by 
one (provided they are non zero). The momentum and Gauss constraints are 
genuinely different and impose different conditions on the initial data. 
Note: although Chern-Simons terms do not generically change the features 
of the billiard (shape, volume), they may play a more significant rôle in pecu-
liar contexts where only specialized field configurations are considered. This 
occurs for instance in [IM99], where it is shown that the 11-dimensional su-
pergravity Chern-Simons term, in the case of spatially homogeneous metrics 
and magnetic fields, may constrain some electromagnetic walls to “acciden-
tally” disappear. This makes the otherwise finite-volume billiard to be of 
infinite volume. 

5 Velocity-dominance - Strong coupling/small 
tension limit 

It is sometimes useful to separate in the Hamiltonian the time derivatives 
(conjugate momenta) from the space derivatives. This yields 

H = K' + εV' (5.55) 

where ε = ±1 according to whether the spacetime signature is Lorentzian 
(ε = 1) or Euclidean (ε = – 1). Here, 

K' = K + Vs + Vεi(p) (5.56) 

and 
V' = VG + Vmagn(p) + Vϕ. (5.57) 

The reason that this splitting is useful is that for some models, the asymp-
totic dynamics is entirely controlled by K', i.e., by the limit ε = 0. This 
occurs whenever the billiard that emerges in the BKL limit is defined by the 
symmetry and electric walls, as it happens for instance for eleven-dimensional 
supergravity [DH00a], or the pure Einstein-Maxwell system in spacetime di-
mensions D ≥ 5 [DH00b, KS00]. Curvature and magnetic walls are then 
subdominant, i.e., spatial gradients become negligible as one goes toward the 
singularity. 
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If the curvature and magnetic walls can indeed be neglected, the evolu-
tion equations are exactly the same as the equations of motion obtained by 
performing a direct torus reduction to 1 + 0 dimensions. We stress, however, 
that no homogeneity assumption has ever been made. This effective torus 
dimensional reduction follows from the dynamics and is not imposed by hand. 

The limit ε = 0 is known as the “zero signature limit” [T78] and lies 
half-way between spacetimes of Minkowskian or Lorentzian signature. It 
corresponds to a vanishing velocity of light (or vanishing “medium tension”); 
the underlying geometry is built on the Carroll contraction of the Lorentz 
group [H79]. [The terminology “strong coupling” is also used [I76] and stems 
from the fact that with appropriate redefinitions, H can formally be rewritten 
as H = GK' + (1/G)V' where G is Newton’s constant.] A revival of interest 
in this ultrarelativistic limit has arisen recently [D98, LS01, A02]. 

When the billiard has infinite volume, the dynamics in the vicinity of 
the singularity is even simpler because there is only a finite number of col-
lisions with the walls. The system generically settles after a finite time in a 
Kasner-like motion that lasts all the way to the singularity. The asymptotic 
dynamics is controlled solely by the kinetic energy K of the scale factors (af-
ter all collisions have taken place). This case, where both spatial gradients 
and matter (here p-form) terms can be neglected, has been called “velocity-
dominated” in [E72] and enables a rigorous analysis of its asymptotic dy-
namics by means of “Fuchsian” techniques [AR01, DHRW02]. By contrast, 
rigorous results concerning the finite-volume case are rare (see, however, the 
recent analytic advances in [R01]). Besides the existing rigorous results, one 
should also mention the good wealth of numerical support of the BKL ideas 
[BGIMW98, B02]. 

6 Miscellany and Conclusions 
In this paper, we have shown that theories involving gravity admits a re-
markable asymptotic description in the vicinity of a spacelike singularity 
in terms of billiards in hyperbolic space. Depending on whether the ac-
tual billiard has finite or infinite volume, the dynamical evolution of the 
local scale factors is chaotic and of the mixmaster type, or monotone and 
Kasner-like. The billiard, and in particular its volume, is a fundamental 
characteristic of the theory, in the sense that it is determined solely by the 
field content and the parameters in the Lagrangian, and not by the initial 
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conditions (in the generic case; i.e., there may be initial conditions for which 
some walls are absent – and the billiard is changed -, but these are excep-
tional). Although we have not investigated the physical implications of this 
property for cosmological scenarios (in particular, string-inspired cosmologies 
[GV92, BDV98, LWC00, W02, GV02]), nor its quantum analog, we believe 
that this result is already interesting in its own right because it uncovers an 
intrinsic feature of gravitational theories. Furthermore, the regularity prop-
erties of the billiards appear to give a powerful access to hidden symmetries, 
as we now briefly discuss. 

6.1 Kac-Moody billiards 
The billiard description holds for all systems governed by the action (1.1). 
In general, the billiard has no notable regularity property. In particular, the 
dihedral angles between the faces, which depend on the (continuous) dilaton 
couplings (when there is a dilaton), need not be integer submultiples of π. In 
some instances, however, the billiard can be identified with the fundamental 
Weyl chamber of a symmetrizable Kac-Mocdy algebra of indefinite type, 
with Lorentzian signature metric [DH01]. One then says that the billiard 
is a “Kac-Moody billiard”. [See [Kac90, MP95] for information on Kac-
Moody (KM) algebras.] In [DH01], superstring models were considered and 
the rank 10 KM algebras Ε10 and BE10

 were shown to emerge, in line with 
earlier conjectures made in [J80, J85]9. This was then further extended to 
pure gravity in any number of spacetime dimensions, for which the relevant 
KM algebra is AEd, and it was understood that chaos (finite volume of 
the billiard) is equivalent to hyperbolicity of the underlying KM algebra 
[DHJN01]. The original case of D = 4 pure gravity corresponds to the 
hyperbolic algebra AE3 investigated in [FF83, N92]10. Further examples 
of emergence of Lorentzian KM algebras, based on the models of [BMG88, 
CJLP99], are given in [DdBHS02]. 

The walls that determine the billiards are the dominant walls. For KM 
billiards, they correspond to the simple roots of the KM algebra. The sub-

9Note that the Weyl groups of the E-family have been discussed in a similar vein in 
the context of U-duality [LPS96, OPR98]. 

10Note that in the original analysis of [BKL70, BKL82, C72, M94], the symmetry walls 
are not included; the KM algebra that arises has a 3 x 3 Cartan matrix given by Aii = 2, 
Aij = –2 (i ≠ j) and its fundamental Weyl chamber radially projected on Η2) is the 
ideal equilateral triangle having its 3 vertices at infinity. 
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dominant walls also have an algebraic interpretation in terms of higher height 
positive roots [DHN02]. This enables one to go beyond the BKL limit and 
to see the beginning of a possible identification of the dynamics of the scale 
factors and of all the off-diagonal variables (including the p-form variables) 
with that of a non-linear sigma model obtained by formally taking the coset 
of the KM group with its maximal compact subgroup [DHN02]. 

6.2 Chaos versus non-chaos 
We close our paper by indicating when the models described by the action 
(1.1) exhibit mixmaster behaviour (finite volume billiard) or Kasner-like be-
haviour (infinite volume billiard) (for generic initial conditions). 

• Pure gravity billiards have finite volume for spacetime dimension D ≤ 
10 and infinite volume for spacetime dimension D ≥ 11 [DHS85]. 
This can be understood in terms of the underlying Kac-Moody algebra 
[DHJN01]. 

• Gravity + dilaton has always an infinite volume billiard [BK73]. 

• Gravity + p-forms (with p ≠ 0 and p < D –2) and no dilaton has a finite 
volume billiard [DH00b]. In particular, 11-dimensional supergravity 
exhibits mixmaster behaviour, while vacuum gravity in 11 dimensions 
does not. The 3-form is crucial for closing the billiard. Similarly, 
the Einstein-Maxwell system in 4 (in fact any number of) dimensions 
has an finite-volume billiard (see [J86, L97, W99] for a discussion of 
four-dimensional homogeneous models with Maxwell field exhibiting 
mixmaster behaviour). 

• The volume of the mixed Einstein-dilaton-p-form system depends on 
the dilaton couplings. For a given spacetime dimension D and a given 
menu of p-forms there exists a “subcritical” domain D in the space 
of the dilaton couplings (an open neighbourhood of the origin λ(p) = 0) 
such that: (i) when the dilaton couplings λ(p) belong to D the general 
behaviour is Kasner-like, but (ii) when the λ(p) do not belong to D 
the behaviour is oscillatory [DH00a, DHRW02]. For all the superstring 
models, the dilaton couplings do not belong to the critical domain and 
the billiard has finite volume. 
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A Iwasawa decomposition and asymptotics of 
non-diagonal 3d Kasner metric 

The Iwasawa decomposition for three-dimensional metrics has been explicitly 
analyzed in [HPT82]. Setting 

N = 
1 n1 n2 
0 1 n3 
0 0 1 

(A.1) 

together with 

A = 
exp(–β1) 0 0 

0 exp(–β2) 0 
0 0 exp(–β3) 

(A.2) 

one finds 

g11 = e-2β1, g
12

 = n
1
e2β1, g13 = n

2
e -2β1, (A.3) 

g22 = (n1)2e– 2β1 + e– 2β2, g
23

 = n1n
2

e– 2β1 + n
3

e– 2β2, (A.4) 
g33 = (n

2
)2e– 2β + (n

3
)2e 2β2 + e–2β3 (A.5) 
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from which one gets 

(A.6) 

(A.7) 

(A.8) 

On the other hand, (3.1) yields 

gij = t2p1lilj + t2p2mimj + t2p3 rirj (A-9) 

with 

L = 
l1 l2 l3 

m1 m2 m3 
r1 r2 r3 

(A.10) 

Combining these relations, one obtains the time dependence of the Iwasawa 
variables 

(A.11) 

(A.12) 

(A.13) 

(A.14) 

with 

(A.15) 

Y = t2p1+2ρ2 (l1m
2
 – l

2
m1)2 + t2pl+2p3,(lir

2
 – l

2
ri)2 

+t2p2+2p3(m
1

r
2
 – m

2
r1)2, (A.16) 

Z = t2pl+2p2(l
1
m

2
 – l2m1)(l1m

3
 – 

+ t2p1+2p3+ (l1r2 – l2r1) (l1r3 – l3r1) 

+ t2p2+2p3(m1r2 – m
2
r1)(m1r

3
 – m

3
r1). (A.17) 
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Without loss of generality, one can assume pl < p2 < p3. If necessary, 
this can be achieved by multiplying L by an appropriate permutation matrix. 
We shall in fact consider the case pl < p2 < p3, leaving the discussion of the 
limiting situations to the reader. One then finds, for generic L’s (Ιι φ 0, 
r\ Φ 0, hm2 — hmi φ^ 0, m\T2 — m2r\ Φ 0), the following asymptotic 
behaviour: 

τ —»■ —oo : 
βι ~ P3T, if ~ p\ β3 ~ plT, 

(A.18) 

τ —y oo : 
β1 ~ ριτ, β2 ~ ρ2τ

:
 β3 ~ p3r, 

(A.19) 

It is rather clear that the ηβs should asymptotically tend to constants since 
they are homogeneous functions of degree zero in the s - in fact, ratios of 
polynomials of degree one or two in the t2pl. It is a bit more subtle that the 
scale factors exp(—2/3*), which are homogeneous of degree one in the g^s, are 
not all driven by the fastest growing term (t2p for t —» oo or t2p for i —> 0+). 
This is actually true only for the first scale factor exp(—2β1). The second 
scale factor exp(—2β2) feels the next subleading term t2p because the fastest 
growing term drops from its numerator, equal to the minor <7n#22 — (<7i2)2· 
Similar cancellations occur for the last scale factor exp(—2β3), which feels 
only the smallest term t2pl (t —> oo) or t2p3 (t -t 0+). 

We come thus to the conclusion that the asymptotic behaviour of the 
Iwasawa variables is indeed simple: the scale factors asymptotically behave 
as the scale factors of the diagonal Kasner solutions, while the parameters rii 
parametrizing the off-diagonal components approach constants. The “out-
values of the Kasner exponents differ from their “in”-values by a permutation 
such that the inequalities β1 < β2 < β3 hold both for τ —> Too and r —> —oo. 

The frame {/, m, r} where the spatial metric and the extrinsic curvature 
are simultaneously diagonal is called the “Kasner frame”. Given that the 
time slicing has been fixed, this geometric frame is unique - up to individual 
normalization of each basis vector - when the eigenvalues of the extrinsic 
curvature are distinct, if one prescribes in addition some definite ordering 
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of the eigenvalues (i.e. P1 < P2 < P3 as above). For asymptotic values of 
τ, the Iwasawa frames {θ1, θ2, θ3} (which are by contrast not unique since 
one can redefine the coordinates xi) become approximately time-independent 
and hence, the extrinsic curvature become approximately diagonal. Yet, the 
Iwasawa frames do not tend to align with the Kasner frame. To understand 
this point, we assume for definiteness that τ → +∞. In that case, one gets 
from (A. 19) that 

θ1 → λl, θ2 → μl + νm, θ3 → φl + χm + ψr (A.20) 

where λ = l-11, μ = – m1/(l1m2 – l2m1), ν = l1/(l1m2 – l2m1), and φ, χ, ψ are 
some constants. This implies that the misalignment of the Iwasawa frames 
with respect to the Kasner frame is a small effect, in the sense that it induces 
a small change in the metric – even though the coefficients Λ, μ, v, φ, χ and 
ψ are of order unity. Indeed, the change of frame {l, m, r} → {l, m + αl, r + 
βl + γm}, with α, β, γ constants11, induces changes ∆g

ab
 which fulfill the 

smallness condition ∆gab << √gaa√gbb (where g
ab

 is the metric in the frame 
{l,ra, r}). For instance, Δg11 ~ t2p2 << t2p1. Thus, it is perfectly consistent 
to find that the Iwasawa frames become asymptotically constant as τ → +∞ 
without aligning with the principal axes of the extrinsic curvature. [Note 
that the extrinsic curvature becomes asymptotically diagonal in the Iwasawa 
frame precisely in the sense that the off-diagonal components fulfill |Kij| << 
√|Kii|√|Kjj| (i ≠ j) for large τ. The mixed components tend to a 

non-diagonal matrix, however.] 

B Freezing the off-diagonal variables: a toy 
model 

We have seen in the text that the off-diagonal variables and the p-form val-
ables get frozen to constant values in the BKL limit. We provide here a more 
detailed understanding of this property by discussing a simpler model which 
shares the same features. 

Consider a system with two canonically conjugate pairs (q, p), (Q, P) and 
11 In order to preserve diagonality of the metric, there are of course unwritten additional 

small correction terms to the new vectors; for instance, the new vector l contains a term 
proportional to m with coefficient t- 2(p1-P2) 
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time-dependent Hamiltonian 

(k positive integer) (B.1) 

where ρ is ρ ≡ exp(T), with T the time. One can think of (q, p) as mimicking 
the scale factors, while (Q, P) mimicks the off-diagonal components or the 
p-form variables. In (B.1), there is only one potential wall for q (namely, the 
second term). We shall consider later the case with several walls. 

One has P = 0, hence P = P0 where P0 is a constant which we assume 
to be different from zero. In the limit of large times, the motion in q is a free 
motion interrupted by a collision against the potential wall, 

q = |T – T0| + q0 (B.2) 

where T0 is the time of the collision and q0 the turning point. We take a unit 
initial velocity. The location of the turning point is determined by 

P2
0 ρk

0e-ρ0q0 = 1. (B.3) 

The time length ∆T of the collision is roughly of the order l/ρ0: the later 
the collision, the sharper the wall. Let us evaluate the change in Q in the 
collision. To that end, we need to compute 

dTρke-ρ(|T–T0|+q0) (B.4) 

since Q = Pρk exp(–ρq). The integrand is maximum at T = T0. We can 
approximate the integral by the value at the maximum times the time length 
of the collision. Using (B.3), one gets 

∆Q ≈ 1/p0ρ0 (B.5) 

Hence, the variable Q receives a kick during the collision (which can be of 
order one at early times), but the later the collision, the smaller the kick. 

Assume now that there is another wall with the same time dependence, 
say at q = d, so that q bounces between these two walls, 

V
additional

 = ½p2ρke-p(d-q). 
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Because the speed of q remains constant (in the large T limit), the collisions 
are equally spaced in T. At each collision, Q receives a kick of order 1/ρ0. 
The total change in Q is obtained by summing all the individual changes, 
which yields 

(∆Q)total ~ Σ end 

n 

(B.6) 

(the time interval between two collisions is d since we assumed unit velocity). 
This sum converges. After a while, one can neglect the further change in Q, 
i.e., assume Q = 0. The Hamiltonian describing the large time limit is 
obtained by taking the sharp wall limit in the above Η, and reads therefore 

H = ½p2 + Θ(–q) + Θ(q – d). (B.7) 

The pair (Q, P) drops out because it is asymptotically frozen. Our analysis 
justifies taking the sharp wall limit directly in H for this system, which is 
the procedure we followed in the text to get the gravitational billiards. 

C Kasner frame versus Iwasawa frames 
In the original analysis of BKL [BKL70, BKL82], the description of the evo-
lution of the fields is not carried out in the Iwasawa frames defined alge-
braically using the Iwasawa decomposition, but rather in the geometrically 
defined Kasner frame where the spatial metric and the extrinsic curvature 
are simultaneously diagonal and the Kasner exponents are ordered (dur-
ing the Kasner “epoch” under study). Belinskii, Khalatnikov and Lifshitz 
found that the Kasner axes undergo, under collisions with the gravitational 
walls, changes of order unity with respect to time-independent spatial frames 
(frames having zero Lie bracket with ∂/dt), no matter how close one gets to 
the singularity [BKL72]; therefore, the Kasner axes generically never come to 
rest if there is an infinite number of collisions. The, purpose of this appendix 
is to reconcile this result with the above conclusion that the off-diagonal com-
ponents Nij tend to constants as one approaches the singularity. The key 
point is, of course, that Kasner frames and Iwasawa frames do not coincide 
in general. We shall treat explicitly the 3 + 1-case. 

In the Kasner frame, the metric takes the form of Eq. (A.9) with t2p1, t2p2 

and t2p3 replaced respectively by a2, b2 and c2. Far from the gravitational 
walls, the functions a2, b2 and c2 are given by t2p1, t2p2 and t2p3 where p1, p2 
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and p3 depend only on the spatial coordinates, and the frame components 
li, mi and ni are also time-independent. Neither of these properties hold in 
the collision region. The collision against the gravitational wall induces the 
familiar transition between the Kasner exponents 

(C.l) 

and also a change in the frame components given by [BKL72] 

l'i = li, m'i = mi + σ
m

li, r'i = ri + σ
r
l
i 

(C.2) 

where σ
m

 and σ
r
 are of order unity. This formula holds for pure gravitational 

collisions (far from the symmetry walls), i.e., under the assumption that both 
b2 and c2 are very small compared with a2 [BKL72] so that only one term in 
the potential is non-negligible, namely, the curvature term proportional to 
a4 (the only case we shall consider explicitly). To avoid “interference” with 
the symmetry wall b2 = c2, we impose also the condition c2 << b2, although 
this is actually not necessary for showing that the Iwasawa parameters ni are 
constant. Now, under the assumption b2 << a2 and c2 << b2, it is easy to 
see, using the formulas (A.11) through (A.17) with t2p1, t2p2 and t2p3 replaced 
by a2, b2 and c2, that n1, n2 and n3 are respectively given by 

(C.3) 

(just like in (A. 19)). It is clear that if we substitute in these formulas 
m'i and r'i for li, mi and ri according to (C.2), we get no change in the off-
diagonal variables n1, n2 and n3, as we wanted to show. There is thus no 
contradiction between the change of Kasner axes and the freezing of the off-
diagonal Iwasawa variables. The same conclusion holds for collisions against 
the other types of walls, where the Kasner axes “rotate” as in (C.2). 

D Hamiltonian reduction 
We provide in this appendix a derivation of the BKL limit through a (partial) 
Hamiltonian reduction of the dynamics, along the lines discussed in subsec-
tion 2.2 for homogeneous models of Bianchi type I. [’’Partial” because we 
only take care of the Hamiltonian constraint; the other constraints must still 
be imposed.] Our considerations are of a purely local nature. 
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We proceed as in section 4 but, to begin with, we impose only the or-
thogonal gauge condition Ni = 0, without fixing the lapse. The metric reads 
thus 

ds2 = – (N√g)2(dx0)2 + gij(x0, xi)dxidxj. (D.l) 

The action is, in terms of the Iwasawa variables, 

(D.2) 

where the Hamiltonian is 
H = ∫ d

d
x NH (D.3) 

(with H given by (4.12)). 
As explained in the text, our main assumption is that βμβμ is < 0 for 

large x0 and that ρ2 = – βμβμ monotonously tends to + ∞ as x0 → + ∞ 
(once x0 is big enough). In terms of T ≡ ln ρ and the hyperboloid variables 
γμ (constrained by γμγμ = – 1), the action is 

S[T, γμ, Nij, π
T

, π
μ

, P
ij

, A(p)m1…mp, πm1…mp
(p)

] = 

(D.4) 

with 

(D.5) 

(D.6) 

Here, πμ are the (constrained) momenta conjugate to the hyperboloid vari-
ables. The coordinate T is clearly a timelike variable in the space of the 
scale factors; large T is the same as large Σi βι or small g, exactly as in 
the homogeneous case (the formulas are the same since the supermetric is 
ultralocal). 
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Since T is assumed to monotonously increase to + ∞ as x0 → +∞, we 
can use it as a time coordinate, i.e., impose the gauge condition T = x0. The 
reduced action in that gauge is 

(D.7) 

where ΗT = – PT is the Hamiltonian in the gauge T = x0 (for which T = 1), 

(D.8) 

HT is explicitly time-dependent (through ρ = exp(T)). 
So far, no approximation has been made. We now investigate the large 

time (large T) limit, which can be taken since T is assumed to monotonously 
increase to +∞. This is similar to investigating the large time dynamics of 
a Hamiltonian system with time-dependent Hamiltonian H(q,p,t) by taking 
the → ∞ limit directly in the Hamiltonian (if it exists). As explained in 
the text, the potential becomes in that limit a sum of sharp wall potentials, 
so that one can replace (D.8) by 

(D.9) 

which is time-independent. Because the walls are timelike and the free motion 
is lightlike, the asymptotic motion of the scale factors is a succession of future-
oriented lightlike straight line segments and hence, it is indeed timelike. This 
provides a self-consistency check of the assumption that ρ increases and tends 
to infinity. 

Of course, the replacement of (D.8) by (D.9) is permissible only if the 
coefficients of the exponentials do not grow too fast, so that, as T → +∞, 
the variables Nij, Pij, A(p)m1...

mp
 and πm1…mp(p) as well as the spatial derivatives 

of the scale factors do not outgrow the exponentials. This other consistency 
check is also verified since we have shown that Nij, Pij, A(p)m1…mp

 and πm1…mp(p) 
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get asymptotically frozen. Similarly, from (2.17), one sees that, between 
collisions, ∂β ~ ln t and ∂2β ~ ln t (with a coefficient of order one which 
changes in each collision) so that the terms (∂β)2 or ∂2β that multiply the 
subdominant gravitational walls do not outgrow the exponentials. [This is 
actually a bit trickier because it is not entirely clear that the coefficients of 
ln t remain of order one during collisions. This is because the evolution is 
independent at each spatial point, so that the β’s might not remain differen-
tiable and the spatial gradients might become more singular. This has been 
argued to lead to a kind of turbulent gravitational behaviour in which energy 
is pumped into shorter and shorter length scales [KK87, B92].] 

Since the Hamiltonan does not depend explicitly on time, πT ≡ – HT is 
constant in time. On the other hand, πT = πμβμ transforms non-trivially 
under spatial coordinate transformations, so one can achieve, locally at least, 
πT = 1 by a spatial diffeomorhism. The rescaled lapse is determined by the 
gauge condition T = x0 and the equation for T, 

(D.10) 

This shows that in the gauge T = x0, the rescaled lapse N reduces to 2ρ2 and 
depends accordingly (asymptotically) only on time, which implies that the 
equal-time slices in the gauge T = x0 are the same as the equal-time slices of 
the pseudo-Gaussian gauge (N = 1) considered in the text. The difference 
between the two cooordinate systems is a mere space-independent relabeling 
of the time coordinate. [If one imposes the further spatial coordinate con-
dition that √g does not depend on the spatial coordinates, these slices are 
also the slices of a Gaussian coordinate system.] 

There are thus two equivalent descriptions of the asymptotic evolution: 

• the reduced description, in which the motion is at each spatial point a 
unit velocity “relativistic” billiard motion in hyperbolic space γμ with 
Hamiltonian (D.9); 

• the unreduced description, in which the motion is a lightlike motion in 
the space of all the scale factors βμ, interrupted by collisions against 
the hyperplanes ωA(β) = 0 ( ωA(γ) = 0). 

In the second description, the Minkowskian time βμ) between two 
collisions grows and there is, at each collision, a redshift of the momentum 
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because the walls are receding. In the first, projected description, the walls 
are fixed, so that the (average) time between two collisions is constant, as well 
as the average change in the momenta conjugate to the reduced variables. 
To be more precise, the momenta πμ conjugate to the γμ’s remain of order 
unity, while the momenta πμ ~ ρ- 1πμ conjugate to the βμ'S go to zero. 

Notes 
1. We have stressed that the symmetry, dominant gravitational and p-

form walls are all timelike. This provide an important consistency 
check of the BKL picture. The only spacelike wall that we know of 
is the cosmological constant term Λg ~ exp[–2(Σi βi)]. Depending 
on the initial conditions – which do indeed set the scales -, this wall 
either prevents the system to reach the BKL small volume regime (there 
could be a bounce like in the de Sitter solution) or does not prevent 
the collapse, in which case it does not affect the BKL picture since the 
cosmological potential Λg goes to zero as g goes to zero. 

2. Number of collisions Since the the Hamiltonian is asymptotically 
T-independent in the reduced description, the number of collisions per 
unit time T is asymptotically constant. Hence, T is a measure of the 
number of collisions. One has g ~ t2 and T ~ In ln t so the number of 
collisions goes like ln ln t. 
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