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Abstract 

We study the radiation reaction on cosmic strings due to the emission of 

dilatonic, gravitational and axionic waves. After discussing the renormaliza-

tion of the string tension induced by time-symmetric self-interactions (thereby 

correcting errors in the literature concerning the effect of the dilaton field), 

we concentrate on the finite radiation damping force associated with the half-

retarded minus half-advanced “reactive” fields. We revisit a recent proposal 

of using a “local back reaction approximation” for the reactive fields. We 

find, contrary to previous claims, that this proposal leads to antidamping in 

the case of the axionic field, and to zero (integrated) damping in the case of 

the gravitational field. One gets normal positive damping only in the case of 

the dilatonic field. We propose to use a suitably modified version of the local 

dilatonic radiation reaction as a substitute for the exact (non local) gravita-

tional radiation reaction. The incorporation of such a local approximation 

to gravitational radiation reaction should allow one to complete, in a com-

putationally non intensive way, string network simulations and to give better 

estimates of the amount and spectrum of gravitational radiation emitted by 

a cosmologically evolving network of massive strings. 
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I. INTRODUCTION 

Cosmic strings are predicted, within a wide class of elementary particle models, to form 

at phase transitions in the early universe [1], [2]. The creation of a network of cosmic 

strings can have important astrophysical consequence, notably for the formation of structure 

in the universe [3], [4]. A network of cosmic strings might also be a copious source of 

the various fields or quanta to which they are coupled. Oscillating loops of cosmic string 

can generate observationally significant stochastic backgrounds of: gravitational waves [5], 

massless Goldstone bosons [6], light axions [7], [8], or light dilatons [9]. The amount of 

radiation emitted by cosmic strings depend: (i) on the nature of the considered field; (ii) on 

the coupling parameter of this field to the string; (iii) on the dynamics of individual strings; 

and (iv) on the distribution function and cosmological evolution of the string network. It 

is important to note that the latter network distribution function in turn depends on the 

radiation properties of strings. Indeed, numerical simulations suggest that the characteristic 

size of the loops chopped off long strings at the epoch t will be on order of the smallest 

structures on the long strings, which is itself arguably determined by radiative back reaction 

[10], [11]. For instance, if one considers grand unified theory (GUT) scale strings, with 

tension μ ~ A2
GUT

, gravitational radiation (possibly together with dilaton radiation which 

has a comparable magnitude [9]) will be the dominant radiative mechanism, and will be 

characterized by the coupling parameter Gμ ~ (ΑGUT/mPlanck)2 ~ 10-6. It is then natural to 

expect that the same dimensionless parameter Gμ will control the radiative decay of the small 

scale structure (crinkles and kinks) on the horizon-sized strings, thereby determining also the 

characteristic size relative to the horizon of the small loops produced by the intersections of 

long strings: lloops = α ct, with α ~ Γkink Gμ, Γkink being some dimensionless measure of the 

network-averaged radiation efficiency of kinky strings [10], [11], [12], [13]. If one considers 

“global” strings, i.e. strings formed when a global symmetry is broken at a mass scale fa, 

emission of the Goldstone boson associated to this symmetry breaking will be the dominant 

radiation damping mechanism and will be characterized by the dimensionless parameter 

f2a/meffective ~ (log(L/δ))-1 ~ 10- 2, where the effective tension meffective is renormalized by a 

large logarithm (see, e.g., [2]). 

Present numerical simulations of string networks do not take into account the effect of 

radiative damping on the actual string motion. The above mentioned argument concluding 
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in the case of GUT strings to the link α ~ ΓkinkGm between the loop size and radiative 

effects has been justified by Quashnock and Spergel [11] who studied the gravitational back 

reaction of a sample of cosmic string loops. However, their “exact”, non local approach 

to gravitational back reaction is numerically so demanding that there is little prospect to 

implementing it in full string network simulations. This lack of consideration of the dynam-

ical effects of radiative damping is a major deficiency of string network simulations which 

leaves unanswered crucial questions such as: Is the string distribution function attracted to 

a solution which “scales” with the horizon size down to the smallest structures? and What 

is the precise amount and spectrum of the gravitational (or axionic, in the case of global 

strings) radiation emitted by the combined distribution of small loops and long strings? 

Recently, Battye and Shellard [14], [15] proposed a new, computationally much less inten-

sive, approach to the radiative back reaction of (global) strings. They proposed a “local back 

reaction approximation” based on an analogy with the well-known Abraham-Lorentz-Dirac 

result for a self-interacting electron. Their approach assumes that the dominant contribution 

to the back reaction force density at a certain string point comes from string segments in the 

immediate vicinity of that point. They have endeavored to justify their approach by com-

bining analytical results (concerning approximate expressions of the local, axionic radiative 

damping force) and numerical simulations (comparison between the effect of their local back 

reaction and a direct field-theory evolution of some global string solutions). 

In this paper, we revisit the problem of the back reaction of cosmic strings associated to 

the emission of gravitational, dilatonic and axionic fields, with particular emphasis on the 

“local back reaction approximation” of Battye and Shellard. Our results will be somewhat 

at variance with previous ones in the literature. First, we find that the results of Ref. [16] 

for the (renormalizable) infinite contributions to the string tension due to its coupling to the 

dilaton and axion fields are incorrect. Second, we find that the finite contributions to the 

axionic self-field given in Refs. [14], [15] are in error. We give below the correct results, and 

we find that the resulting reaction force leads to antidamping rather than damping as claimed 

in Refs. [14], [15]. We also investigate below the local approximations to gravitational and 

dilatonic self-forces and find zero damping in the gravitational case, and a normal, positive 

damping for the dilatonic case. These paradoxical results (which are explained in detail 

below) show the severe limitations of the “local back reaction approximation” of Refs. [14], 

[15]. However, we argue below that the meaningful (positive-damping) dilatonic local back 
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reaction force can be used, after some modification, as a convenient effective substitute for 

the exact (non local) gravitational back reaction force. 

In the next section, we present our formalism for treating self-interactions of strings. We 

describe in Section III our results for the renormalizable, divergent self-action terms, and, in 

Section IV, our results for the finite contributions to the “local” reaction force. In Section 

V we indicate how the local dilatonic damping force could be used in full-scale network 

simulations to simulate the dynamical effects of gravitational radiation. Section VI contains 

our conclusions. Some technical details are relegated to the Appendix. 

As signs will play a crucial role below, let us emphasize that we use the “mostly positive” 

signature ( —, +, +, +) for the space-time metric g
μv

 (μ, ν = 0,1,2,3), and the corresponding 

( —, +) signature for the worldsheet metric γ
ab

 (a, b = 0,1 being worldsheet indices). 

II. COSMIC STRINGS INTERACTING WITH GRAVITATIONAL, DILATONIC 

AND AXIONIC FIELDS 

We consider a closed string zμ(σa) (with σ° = τ, σ1 = σ, 0 ≤ σ < L) interacting with 

gravitational guv(xλ) = ημv + huv(xλ), dilatonic φ(x), and axionic (Kalb-Ramond) Β
μv

(x) 

fields. The action for the string coupled to gμν, φ and Β
μv

 reads 

S
s
 = - J μ(φ) dA— λ/2 J Β

μν
 dzμ Λ dzv. (2.1) 

Here dA = Vγ d2 σ (with γ = — det γab ; γab' = 9uv(z) ∂
a
 zμ ∂b zv denoting the metric induced 

on the worldsheet) is the string area element and the dilaton dependence of the string tension 

μ can be taken to be exponential 

μ(φ) = μ e2αφ. (2.2) 

At the linearized approximation where we shall work the form (2.2) is equivalent to a linear 

coupling μ(φ)  μ(1 + 2αφ). The dimensionless parameter α measures the strength of the 

coupling of φ to cosmic strings (our notation agrees with the tensor-scalar notation of Ref. 

[17]), while the coupling strength of the axion field is measured by the parameter λ with 

dimension (mass)2. Due to our “gravitational normalization” of the kinetic term of Β
μv

, the 

link between λ and the mass scale f
a
 used in Refs. [14], [15] is 2Gλ2 = π f2a. 

The action for the fields is 
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(2.3) 

where Ημνρ = ∂μ Βvρ
 + ∂

v
 Βρμ + ∂p Βμv, g ≡ — det (guv), and where we use the curvature 

conventions Rμ
vpσ

 = ∂ρΓμ
vσ

 — ... , Rμν = Rp
 μρν. With this notation, a tree-level coupled 

fundamental string (of string theory) has μ(φ) = μe2φ (so that α = 1), λ = μ and an extra 

factor e-4φ (in 4 dimensions) multiplying the kinetic term of the B field. 

More explicitly, the string action (2.1) can be written (using the Polyakov form) as 

(2.4) 

where the worldsheet metric ϒ
ab

 must be independently varied and where є01 = — 1, є10 = 1. 

The equation of motion of γ
a

b is the constraint that it be conformal to the induced metric 

γ
αb

 = 9μν(z) ∂
a
 zμ ∂b zv. In the following, we shall often use the conformal gauge Vγγab = 

Vγ γab = ηab (where η00 = —1, η11 = +1), i.e. we shall choose the (r, σ) parametrization of 

the worldsheet so that 

żμ żv gμv + z'μz'νgμυ = 0, żμ z,v ϑμν = 0. (2.5) 

Here ż ≡ ∂o z ≡ ∂ z/∂ τ and z' ≡ ∂1 z ≡ ∂ z/∂σ. Note also the expression, in this gauge, of 

the worldsheet volume density 

Vγ = 9μν z'μ z,v = -9μυ ż
μ żv. (2.6) 

Let us note that the string contribution to the energy-momentum tensor, 

2 δS
m Tμν 

’ 

(2.7) 

reads 

Tuv = — ∫ d2 σ e2αφ Uμv δ4(x– z(σ)), 
V9 

(2.8) 

where ∫ d4x δ4(x) = 1 and 

Uμv ≡ — Vγ γab ∂
a
 zμ ∂b zv = żν — z'μ z,ν (in conformal gauge) (2.9) 

is the “vertex operator” for the interaction of the string with the gravitational field 9μν. 

The corresponding vertex operator for the interaction with the dilaton φ is simply the trace 

U ≡ 9
μv Uμv, while the one corresponding to the axion Βμv is 
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Vμv ≡ -єab ∂
a
 zμ ∂b z

v = żu z'v — żv z'μ. (2.10) 

The exact equation of motion of the string can be written (in any worldsheet gauge) as 

— μ ∂a (Vγγ ab∂bzμ) = Fμ, (211) 

where the force density Fμ is given by 

Fμ
 = —μ Γμαβ U

αβ -2 μα (∂
α
φ) Uαμ + μ αU9μα (∂

α
φ) + ½ λ Vβγ 9μα Hαβγ. (2.12) 

Note that, in the conformal gauge, the equations of motion of the string are simply 

zμ - zμ" = μ , (2-13) 

but that one must remember the 9μv-dependence of the constraints (2.5). In the linearized 

approximation (i.e. at first order in the couplings to the fields) the force density reads 

Τ
μ
 = η

μμ
Γ + + ̂  , (2-14) 

where 

φμ = αμU ∂
μ
φ - 2αμ9

μα
 Uαβ ∂βφ, (2.15) 

^ = ^υαβ8
μ

Η
αβ
-

μ
υαβθ

α
Η
0μ

, (2.16) 

jzB
 =

 ^
 ν

„
β + λ ν

ο,β
 9αΒβμ 

(2.17) 

When fixing the gauge freedom of the gravitational and axionic fields in the usual way 

(9αβ Γμβ = 0; Vv B
μv

 = 0), the field equations derived from Sf read, at linearized order, 

φ(χ) = — 4π ∫ d2σΣφ δ4(x — z(σ)), (2.18) 

Οh
μμ

(x) = —4π ∫ d2σ Σh
uv

 δ4(x - z(σ)), (2.19) 

ΟΒ
μv

 (x) = -4π ∫ d2 σ Σ
μv

 δ4(x — z(σ)), (2.20) 

where the corresponding source terms are defined as 

Σφ = αG μU, Σh
uv=4GμU0

μμ
, ΣBuv=4GλVuv. (2.21) 
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Here,
 Uμν

 ≡ Uμv — ½ η
μv

 U, and, in the present approximation, the vertex operators entering 

these source terms are simply Uμυ = zμ zv
 — z'μ z'v, U = ημv Uμν, V

μν = zμ z'
ν
 — z

v
 z'

μ
, where 

we freely use the flat metric ημv to move indices. 

The field equations (2.18)—(2.20) are classically solved by introducing the four dimensional 

retarded Green function 

G
ret

 (x – y) = ½ θ(χ° - y°) δ((x - y)2) ; (2.22) 

□G
ret

 (x -y)= δ(4) (x-y). (2.23) 

This “retarded” Green function incorporates the physical boundary condition of the non-

existence of preexisting radiation converging from infinity toward the string source. The 

(unphysical) time-reverse of Gret
 is the “advanced” Green function 

Gadv(x - y) = ½ θ(-(χ° - y0)) δ((x - y)2), (2.24) 

= G
re

t (y-x) · (2.25) 

Let us consider, as a general model for Eqs. (2.18)—(2.20), the generic field equation 

□ A(x) = —4π ∫ d2σ Σ(σ) δ4(x — z(σ)). (2.26) 

Its classical solution reads 

A
re

t(x) = +4π, ∫ dσ' dг' Σ(σ', τ') G
ret

 (x - z(σ', τ')). (2.27) 

Applying the formula δ (F(T')) = Σ δ(τ' –
 το)/|∂ F(τ0)/∂ r0|, where the sum runs over all 

To 
the solutions T0 of F (τ') = 0, one can effectuate the integral over τ' in Eq. (2.27) with the 

result 

r' = Tret 

(2.28) 

Here, we have defined Ωμ (x,τ') ≡ xμ — zμ (τ'), and τret (xμ) as being the retarded solution 

(i.e. such that x° — z° (τret(x)) > 0) of ημv Ωμ(τ') Ωv(τ') = 0. In the following, we use also 

the quantity ∂μ Aret which, after using the formula 

∂μ δ(F(x,τ')) = ∂μ F δ' (F(x,τ')) = 
d,F dS(F) 

(dF/δτ') δτ' 
(2.29) 
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and integrating by parts, can be written as 

(2.30) 

The corresponding results for the advanced fields are 

Aadv(x) — (2.31) 

dμ -Tadv('ï') — J d(J (2.32) 

where τadv(xμ) is the advanced solution of ημν Ωμ(τ') Ωv(τ') = 0. Note that the scalar product 

Ω · ż is negative for τ' = τret
 and positive for τ' = τadv· 

III. RENORMALIZATION OF THE STRING TENSION FROM DIVERGENT 

SELF-INTERACTIONS 

We consider the problem of a cosmic string interacting with its own (linearized) gravita-

tional, dilatonic and axionic fields. The equations of motion of such a string contain a force 

density μ obtained by inserting the retarded fields φret(x), hret
 uv

(x), Bret

uv
(x) in Eqs. (2.15)— 

(2.17) and evaluating the result at a point zμ on the string. As in the case of a self-interacting 

point particle, the force μ(x = z) is infinite because of the divergent contribution generated 

when the source point zμ(τ',σ') coincides with the field point xμ = zμ(τ, σ). It was empha-

sized long ago by Dirac [18], in the case of an electron moving in its own electromagnetic field, 

that this problem can be cured by renormalizing the mass, thereby absorbing the divergent 

part of the self-force. More precisely, Dirac introduced a cut-off radius δ around the electron 

and found a corresponding (ultraviolet divergent) self-force μ(δ) = —(e2/2 δ) żμ +u where 
μ is a finite (renormalized) contribution. If the mass of the electron plus its δ-surrounding 

depends on δ according to 

e2 

m(δ) = m — —, (3.1) 

where denotes a finite, “renormalized” mass, the ultraviolet divergent equations of motion 

m(δ) żμ = μ(δ) give the finite result mR zμ = μR. Note that the δ-dependence of m(δ) (for 
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a fixed mR) is compatible with the idea that m(δ) represents the total mass-energy of the 

particle plus that of the electromagnetic field contained within the radius δ : m(δ2) — m(δ1) = 

+ ∫δ2 
δ1

 d3x(8π)_1 (e/r2)2. Dirac also found that the remaining finite self-force was given by 

(using a proper-time normalization of τ : ż2 = ημv
 dzμ/dτ dzv/dτ = —1) 

(3.2) 

The analogous problem for self-interacting cosmic strings has been studied by Dabholkar 

and Quashnock [19] for the coupling to the axion field (see also [15]), and by Copeland, 

Haws and Hindmarsh [16] for the couplings to gravitational, dilatonic and axionic fields. We 

found, however, that the results of Ref. [16] are in error. For completeness, let us indicate 

our results for the renormalization caused by the three fields. 

The divergent contributions to the self-interaction force come from the fact that the 

various field derivatives ∂
α

φ(x), ∂
α

 hβγ(χ), ∂
α

 Ββγ(x) blow up when the field point x sits 

on the worldsheet : xμ → zμ(τ,σ). To give a meaning to Eq. (2.30) when x → z(τ,σ) we 

introduce an ultraviolet cutoff δ in the σ'-integration, i.e. we replace the integral over a full 

period of σ', ∫σoσo dσ', on the right-hand side of Eq. (2.30) by ∫σ5-δ dσ' + ∫σo+L dσ'. We then 

need the expansions in powers of σ' — σ and τ' — τ of all the quantities entering Eq. (2.30) : 

Ω
μ
(τ', σ')  — (σ' - σ) z'

μ
 - (τ' -τ)zμ - ½ (σ' - σ)2 z" - ½(τ' - τ)2 zμ 

- (σ' - σ) (τ' -τ) ż
μ

, (3.3) 

(Ω · z)(τ', σ')  - (τ' - τ) ż2 - 3/2(τ' - τ)2 (ż · z) + ½(σ' - σ)2 (z" · ż) 

+ (σ' - σ) (τ' - τ) (z · z'), (3.4) 

ż
μ
(τ', σ')  ż

μ + (τ' - τ) zμ + (σ' - σ) ż'μ. (3.5) 

Inserting these expansions in Eq. (2.30) we get 

+ 2Σ' z'
μ

 — 2Σ żμ + finite terms. (3.6) 

The rather complicated-looking terms proportional to (z' · z")/ż2 and (ż · z)/ż2 in Eq. (3.6) 

are, actually, “connection” terms linked to the fact that the source Σ is a worldsheet density 
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(conformal weight 2) rather than a worldsheet scalar (conformal weight 0). Let us associate 

to each source Σ a corresponding worldsheet scalar defined by 

5 = -^Σ. 
s/Ί 

(3.7) 

Here Vγ = (-det γab)1/2 is the area-density dΑ/d2σ, which reads, in conformal gauge: 

Vγ = z'2 = —ż2. Then Eq. (3.6) simplifies to 

∂μ A
re

t(z) = 1/Vγ log (1/δ) -S
 zμ

 + S z" - 2 S z
u
 + 2 S'zμ + finite terms. (3.8) 

Let us also note, for completeness, the corresponding results for A
ret

(z): 

Aret (z) = 1/Vγ log (1/δ) [2 Σ] + finite = log (1/δ) [2 S] + finite. (3.9) 

As a check on the above results one can verify that the divergent parts satisfy 

∂ 
Aret(z) = żμ Aret(z) , (3.10) 

∂/∂σ A
ret

(z) = zμ' ∂
μ
 Αret(z). (3.11) 

To check these links one must use the following consequence of the conformal gauge con-

straints 0 ≡ Tab ≡ guv(z) ∂
a
 zμ ∂b zv - ½ ηab ηcd guv (z) ∂

c
 zμ ∂

d
 zv: 

0 = Vγ Vb Tba = 9μ
v(z) ∂a zμ ηcd (∂

cd
 zv + Γvaβ ∂

c
 za ∂d z

β) . (3.12) 

In a first-order contribution such as Eqs. (2.15)—(2.17) one can neglect 0(h
μv

) terms in 

Eq. (3.12) which yields simply 

- Ζ"μ) = 0 = Ζ'μ(żμ - Ζμ" 

Because of the logarithmic divergence entering Eq. (3.6) we need to introduce, besides 

the ultraviolet cutoff scale δ (which can be thought of as the width of the cosmic string), an 

arbitrary, finite, renormalization length scale ΔR. Then, we can define precisely the “infinite 

part” (IP) of ∂μ
 A

vet
(z), i.e. the part which blows up when ∂ → 0, by replacing in Eq. (3.6) 

the logarithm by log (ΔR/δ), and by discarding any other finite contribution. To apply this 

definition to the three fields φ, h
μv

, and Β
μv
,, we need to use the corresponding sources, 

Eq. (2.21). Using the easily verified identities satisfied by the vertex operators, 

10 



υ
μμ U

μv ≡ U
μv

 Uμv- ½ = ο, U
μσ

 Uvo= Ο, U
μv

 U = 0, (3.13) 

V
μv

 = —2(ż2)2, V
μv

 Vμν = —2z2 ż2 + 2ż2 ż'2 - 4(z · ż) - 4(ż' · z)2, (3.14) 

we obtain 

IP(∂
μ
φ) = - 2α Gμ (

zμ
 - z"μ) 1/ż2 log (Δ/δ), (3.15) 

IΡ(Uαβ ∂
α hβμ

) = -8Gμ (z
μ
 - z"μ) log (Δ/δ), (3.16) 

ΙΡ(Uαβ ∂μhαβ) = Ο, (3.17) 

ΙΡ (Vαβ ∂
μ
 Bα

β
) = 8Gλ (z

μ
 - z"μ) log (ΔR/δ), (3.18) 

IΡ (Vαβ ∂α ββμ) = - 8Gλ (zμ -
 z

"μ) log (Δ/δ). (3.19) 

Finally, the infinite part of the various force densities (2.15)—(2.17) read 

IP (φμ) = — 4α
2

 Gμ2 (zμ-z"μ) log (Δ/δ), (3.20) 

IP(
h
μ) = 8G μ

2
 (z

μ
 - z"μ) log (∆/δ) , (3.21) 

IP (Bμ) = — 4Gλ2 (z
μ

 — z"μ) log (Δ/δ) . (3.22) 

As in point-particle electrodynamics, the original ultraviolet-divergent equations of motion 

(where μ(δ) denotes the “bare”, regularized but not renormalized, string tension) 

μ(δ) (zμ - zμ") = μ(δ) ≡ IP (μ(δ)) + FP (μ(δ)) (3.23) 

are renormalizable. Analogously to Eq. (3.1), one must assume that the bare tension depends 

on δ according to 

μ(δ) = μR+[-4α2Gμ2-4Gλ2+ 8Gμ2] log (ΔR/δ) . (3.24) 

The equations of motion then contain only finite (i.e. δ-independent) quantities: 

μΛ(ζμ-ζ“") = η· (3.25) 

The renormalized force density appearing on the right-hand side of Eq. (3.25) is defined as 

the “finite part” (FP) of the bare force density 

μR ≡ FP (μ) = lim [μ(δ) - IP (μ(δ))] . (3.26) 
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As in the electrodynamics case, the signs (and the actual values) of the tension renormaliza-

tions due to the φ and Β
μv

 fields are that expected from μ (δ2) — μ (δ1) = + ∫δ2 
δ1

 d3x (T°°+ TB°°), 

with 

Tμv = 4πG , (3.27) 

Tμν = 1 [ Hμρσ Hv 1/6 ηuv H2] 

= 32πG Hμpσ — 1/6 ηuvH2] · 
(3.28) 

Our purely dynamical calculation agrees with the results of Dabholkar et al. [20], [21] who 

discussed a field-energy approach to tension renormalization. The opposite sign (and the 

value) of the gravitational contribution in Eq. (3.24) also agrees with their calculation of the 

(non positive definite) gravitational energy pseudotensor. As emphasized by in [20], [21] the 

latter opposite sign allows for a compensation between gravity and the two other bosonic 

fields. In particular, the couplings of the bosonic fields of fundamental strings at string 

tree level, namely α = 1 and λ = μ leads to a nonrenormalization of the string tension. 

Ref. [16] comments also on such a nonrenormalization, though they get it only accidentally 

right as their force-renormalization calculation differs from Eq. (3.24) in having a vanishing 

coefficient for the φ-contribution and a doubled one for the B-one. For what concerns the 

B-contribution to the μ-renormalization, we note that the result (3.24) confirms the similar 

dynamical calculations of Refs. [19], [14], [15]. 

One important distinguishing feature between the usual point-particle renormalization 

(3.1) and the string one (3.24) is the appearance of an arbitrary, renormalization length scale 

ΔR. Note that, by definition, the bare (regularized) quantities μ(δ), μ(δ) do not depend 

on the choice of ΔR. By contrast, the renormalized quantities μR, μR depend on the choice 

of ΔR, but in such a way that the content of the renormalized equations of motion is left 

invariant at first order in the field couplings. Indeed, 

μR(Δ'R) = μR(ΔR) + C log (Δ'R/ΔR) , (3.29) 

 μR (∆'
R

) = μR(ΔR) + C(zμ - zμ") log (∆'R/∆R), (3.30) 

with C = 4α2Gμ2 + 4Gλ2 — 8 G μ2 + O(G2). As we work only to first order in the field 

couplings, note that the quantity μ appearing in C can, formally, be considered as being a 

renormalized value, rather than the bare one, thereby leading to the renormalization group 

equation ∂ μR/∂ log ΔR = C(μR). [The nonrenormalizability of the gravitational interaction 
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makes it delicate to extend this argument to higher orders in G. By contrast, if we consider 

only a canonically normalized axionic field, with coupling VG λ = Vπ/2 f
a

, C does not 

depend on μ and the first-order renormalization result is exact.] 

IV. RENORMALIZED FORCE DENSITY AND THE LOCAL BACK-REACTION 

APPROXIMATION 

A. Reactive part of the self-force 

At the linearized approximation, at which we work here, the renormalized force density 

μ, Eq. (3.26), is a linear (non local) functional of the field derivatives. Following Dirac [18] 

it is useful to decompose any field Aret(x) in two parts: 

Aret(x) = Asym(x) + A
reac

(x) , (4.1) 

A
S
ym(x) = ½ (A

re
t(x) + Aad

v
(x)), (4.2) 

1 1 
A

re
ac(x) ≡ ½ Arad(x) ≡ ½ (A

re
t(x) A

adv
(x)) . (4.3) 

Note the definition of two fields, Areac and A
rad

, differing by a factor 2, associated to the 

difference Aret — A
adv. Both fields play a special role in the discussion below. They are both 

finite, as well as their derivatives, when considered at a point x = z of the source. Therefore 

the contribution to the self-force corresponding to Areac is finite and does not need to be 

renormalized. [Hence, we shall dispense in the following with the label R when considering 

μR(A-eac)·] 

Let us first prove why, very generally, in the decomposition of the force corresponding to 

Eq. (4.1), 

= μR(Asym) + μ(A
re

ac) ≡ μR
sym

 + μr
eac

 , (4.4) 

the term μ reac can be considered as defining the full radiation reaction force, responsible for 

draining out of the mechanical system on which it acts (the string in our case) the energy 

lost to infinity in the form of waves of the A field. Indeed, for any field (in the linear 

approximation) we can define a field energy-momentum tensor Tfuv(A) which is quadratic 

in (the derivatives of) A. The total energy tensor Tuv = + Tfuv (where Tsuv denotes 

the energy tensor of source) is conserved: 0 = ∂v Tuv. This leads to the equations of the 
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source: Tμv = Fμ(Α) where Fμ(Α) ≡ —∂
v
 Tfuv(A) represents the spacetime (rather than 

worldsheet) version of the force density acting on the source. [We work here with the bare 

force density.] Let us consider, as a formal simplification, the case where the coupling between 

the source and. the field A is (adiabatically) turned off in the far past and the far future. 

Then the energy-momentum lost by the source during the entire interaction with the field, 

Pµ
s lost = — ∫ d3x [Τsμ0(+οο) — Τsμ0(-oo)], can be written as 

Psμlost = - ∫ d4x ∂v Τuvs = - ∫ d4x Fμ(A) = pμ
f gained

, (4.5) 

where P
u
f gained = + ∫ d3x [Tμo f(+oo) — Tμ°f(—oo)] is the energy-momentum gained by the field. 

When applying this result to the usual interaction force Fμ(A
ret

) = —∂
v
 Tfuv (A

re
t) one has 

zero energy in A
re

t in the far past, so that P
s

μ lost = ∫ d3xΤμv(Αret (t = +oo)). The field 

energy momentum tensor Tfuv(A) is quadratic in the field and can always be written as the 

diagonal value of a symmetric quadratic form Tfuv(A) = Qμv(Α, A). It is easy to see that 

the generic structure Fμ(Α) ≡ —∂
v

 Tfuv(A) = SA.δA, where SA is a source term for the 

field A, and where the dot product denotes some contraction of indices, is generalized, when 

considering Qμν to: —∂v Qμv(A1, A2) = ½ [SA1. ∂ A2 + SA
2

 · ∂ A1]. We can apply this to the 

case where A1 = A
ret

 and A2 = A
ra

d = Aret — Aadv
 (for which SA2 = 0) with the result: 

½ S.∂ A
ra

d = s · ∂ Areac = Fμ(A
reac) = — ∂v Qμv (A

re
t, Ara

d) , (4.6) 

where S is the usual source, and Fμ(Αreac) the result of replacing A
re

t by Areac = ½ A
rad in 

the usual force density. Integrating the latter formula over spacetime gives 

- ∫ d4x Fμ(Areac) = ∫ d3x [Qμo ( A
ret

, A
rad

)|t=+00 - Qµ°(Aret, A
rad

)|t=-oo]. (4.7) 

Again, one has zero energy from the far past contribution (because A
re
t(-oo) = 0), while 

the far future contribution is simply, thanks to A
a
dv(+oo) = 0, Qμo(A

ret
, A

re
t) = Tμof(A ret) 

so that 

- ∫ d4x Fµ (Areac) = ∫ d3xTμo
f
 (Aret(+oo)) = -∫ d4x Fμ(A

ret
) = Pμ

slost
. (4.8) 

This proves, for any field treated in the linear approximation, that the contribution to the 

self-force due to Areac contains, when integrated over time, the full effect of radiation damp-

ing, ensuring conservation with the energy-momentum lost to radiation. The contribution 

Fμ(A
reac

) can be called the “reactive” part of the self-force Fμ(Αret). 
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Summarizing the results at this point, the renormalized self-interaction force (returning 

now to the worldsheet distributed force density) can be written as 

μ = FPΔR Fμ = FP Δ
R F

μs
ym

 (δ) + μreac, (4.9) 

where FPAR denotes Hadamard’s Finite Part (“Partie Finie”) operation [22] (i.e., in our 

case, the result of subtracting a term α log(δ/ΔR) from the ultraviolet-cutoff integral 

µ (δ) = ∫σ-δσo dσ [...]+∫σo dσ'[...]). Note that only the symmetric contribution, obtained 

by replacing A
ret

 by A
sym

 = ½ (A
re

t + Aadv) in the force density, needs to be renormalized, 

and thereby acquires a dependence on the arbitrary scale ΔR. This symmetric contribution 

does not contribute, after integration over time, to the overall damping of the source. The 

finite (ΔR-independent), reactive contribution μreac ≡ μ(Areac) embodies (on the average) 

the full effect of radiation damping. 

The advantage of the above decomposition is to isolate, very cleanly, the radiation damp-

ing force from the other non cumulative, self-interactions. Its disadvantage is to write 

the nonlocal, but causal self-force FP μ (Αret) as a sum of two acausal (meaning future-

dependent) contributions. In principle one can work directly with the full, causal μR (as 

done, e.g., in Ref. [11]), but this is computationally very intensive. [A simplification, used 

by the latter authors, is that the self-force μ(δ) becomes, as is clear from Eq. (3.23), finite 

as δ → 0 when evaluated on free-string trajectories, satisfying zμ — zμ" = 0.] We shall follow 

Refs. [14], [15] in working only with the (finite) reactive force μreac and in trying to define 

a simple approximation for it. 

B. Local back-reaction terms in dimensional regularization 

The reaction force μ
ac

 is linear in ∂μ Α
reac

(z), which is itself given by the following 
integral 

∂μ Areac(z) = ∫L

o
 dσ' Β

zμ
(σ') , (4.10) 

with 

(4.11) 
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The integrand Βz
μ(σ') is the finite difference between two terms that blow up when σ' → σ 

(σ being such that z = z(σ,τ)). When σ' is well away from σ (say, for long, horizon-sized 

strings) Βzμ(σ') is expected to decrease roughly as the inverse spatial distance |Ω · ż|, i.e. 

roughly as |σ' — σ|- 1. In other words, a very rough representation of the typical behaviour of 

Βμ(σ) is Β(σ') ~ (2(σ' — σ))-1 [f(τ — (σ' — σ)) — f(τ + (σ' — σ)], where the “effective source 

function” f(τ) is expected to oscillate as τ varies. If we think in terms of one Fourier mode, 

say f(τ) = fw e-iwt, these considerations suggest that the field derivative ∂ A is roughly 

given by an integral of the form 

(4.12) 

The latter integral is equal to π, so that one can finally replace the oscillatory and decreasing 

integrand Β(σ') by an effective δ-function, Βeff(σ') = B(0) Δδ(σ'-σ), with (in our example) 

B(0) = —f0) = iω fω and Δ = π/ω, or, in other words, ∂ A = ∫ dσ' Β(σ') is replaced by 

Δ B(0). The analogous proposal of replacing the complicated, non local integral (4.10) giving 

∂μ Areac
 simply by the local expression 

[∂
μ
 A

reac
]local = Δ Bzμ (0), (4.13) 

where Δ is some length scale linked to the wavelength of the main Fourier component of the 

radiation, was made by Battye and Shellard [14], [15] (see also [19]). In effect, this proposal 

is equivalent to replacing the σ'-extended source Σ(τ',σ') by the σ'-local effective source 

ΔΣ (τ',σ) δ (σ' — σ). One of the main aims of the present paper is to study critically the 

consequences of this proposal. 

Though this “local back reaction approximation” drastically simplifies the evaluation 

of the reaction force μ
reac

, there remains the non trivial analytical task of computing the 

σ' → 0 limit of the difference between the two complicated (and divergent) terms making 

up Βz
μ
(σ'). We found very helpful in this respect to use dimensional regularization, i.e. to 

use, instead of the normal (singular) four dimensional Green’s functions (2.22), (2.24), their 

analytic continuation to a spacetime of (formal) dimension n = 4 — є. This technique is well 

known to be quite useful in quantum field theory, but it (or, at least, a variant of it) has 

also been shown long ago to be technically very convenient in the classical theory of point 

particles [23], [24], [25], [26]. 
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Riesz [23] has shown that the retarded and advanced Green’s functions in dimension 

n ≡ 4 — є read 

G (n)
ret

(x-y) = 1/Hn(2) (-(x-y)2)2-n/2 θ (-(x-y)2) θ(±(x°-y0)), 
adv 

(4.14) 

with H
n
 (2) = 2πη-2 Γ (4-n/2) and 

G(n)(x-y) = -δn(x-y). (4.15) 

Note that, when є = 4 — n → 0, the coefficient appearing in Eq. (4.14) becomes 

(1 + O(ε)). (4.16) 

To save writing, we shall neglect in the following the factor 1 + O(ε) in Eq. (4.16) which 

plays no role in the terms we consider. Then, we write the retarded solution of our model 

field equation (2.1) in dimension n = 4 — ε as 

Aret (x) = ε ∫ dσ' ∫ dτ'Σ(Ω2) 2-n θ(Ω2), (4.17) 

where Ω2 ≡ —(x — z(τ', σ'))2. (Note the inclusion of a minus sign so that Ω2 > 0 within the 

light cone). Again neglecting a factor 1 + O(ε), the field derivative reads 

∂μ Aret(x) = 2ε ∫ dσ' ∫ tret

 -∞

 dτ' Σ Ω
μ
 (Ω2)-n/2θ(Ω2). (4.18) 

Using some efficient tools of dimensional regularization (which are explained in Appendix 

A) we get our main technical results: the explicit expressions of the reactive field, and its 

derivatives, in the local back reaction approximation 

[^eac(z)]'°Cal (4.19) 

(4.20) 

Some simplifications occur if we introduce, instead of the worldsheet density Σ, the corre-

sponding worldsheet scalar S ≡ Σ/Vγ. We find 

[Areac(z)]local = Δ (4.21) 

[∂
μ
 Areac(z)]lοcal = 

-
zμ

S - ż
μ
 S}. (4.22) 
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Note that Eqs. (4.19), (4.20) and Eqs. (4.21), (4.22) satisfy the compatibility condition 

żμ ∂μ A = A, but because of the lack of worldsheet covariance (broken by the introduction 

of Δ) the analog condition for z' is not verified. 

C. Dilaton radiation reaction 

Let us first apply our results to the case of the dilaton field φ, which has not been 

previously studied in the literature. The corresponding (worldsheet scalar) source is then 

simply 

3
φ
 = ±Σ

φ
 = ±αβμυ = -2ααμ. (4.23) 

being a constant, the preceding formulas simplify very much: 

fVreac(z)l'°Ca' = 2«GuA (4.24) 

;4.25) 

Inserting these results in the dilaton self-force (2.15), we get 

3^=^α20μ2Α (4.26) 

Consistently with our choice of conformal gauge (which, in the case of the dilaton coupling, 

is the same as in flat space, see Eq. (3.12)), we see that the reaction force (4.26) is orthogonal 

to the two worldsheet tangent vectors, żμ and z'μ: 

żμ Fφμ ≡ 0 ≡ z'μ φμ . (4.27) 

Let us now show that the putative, local approximation to the dilaton reaction force, Eq. 

(4.26) conveys some of the correct physical characteristics expected from a radiation damping 

force. In particular, let us check that the overall sign of Eq. (4.26) is the correct one. First, 

we remark that we can work iteratively and therefore consider that the reaction force (4.26), 

and its integrated effects, can be evaluated on a free string trajectory. In other words, when 

evaluating the total four momentum lost by the string under the action of μ = φμ + Fhμ + FBμ, 

Plost
 s

μ = - ∫ dσdτ Fμ, (4.28) 
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we can insert a free string trajectory on the right-hand side of (4.28)1. This being the case, 

we can now further restrict the worldsheet gauge by choosing a temporal conformal gauge, 

i.e. such that t = z°(τ, σ) = τ. Geometrically, this means that the τ = const. sections of the 

worldsheet coincide with x° = const. space-time coordinate planes. [The choice z° = τ is 

consistent for free string trajectories because for them zμ — zμ" = 0.] In this gauge, we have 

z° = 1, -z2 = 1 - v2 = z'2, z · z = v · v z'-z= z'v, (4.29) 

where we have introduced the 3-velocity v ≡ ż. The zero component of Eq. (4.28) then 

reads 

(4.30) 

Assuming that the scale Δ is constant, we can integrate by parts and write for the total 

energy lost by the string 

Elost = 4/3 α2Gμ2Δ ∫ dσ dr (4.31) 

The integrand of Eq. (4.31) is positive definite, ensuring that the reaction force (4.26) has 

the correct sign for representing a radiation damping force. 

We can further check that the total 4-momentum lost by the string is, as it should, 

time-like. First, let us note that the relation 

Upμ ∂pφ = -∂ (Vγγab ∂bzμφ) + φ ∂
α
(

V
γγab ∂bzμ), (4.32) 

shows that, as far as its integrated effects are concerned, the dilaton reaction force (2.15) is 

equivalent to 

φμequiv. = αμ U ∂
μ
 φ

reac
 = 1/G Σφ ∂

μ
 φ

reac

. (4.33) 

Inserting Eq. (4.20), or better, Eq. (4.22) into Eq. (4.33) yields, after integration by parts, 
a total 4-momentum loss 

1Strictly speaking the integral in Eq. (4.28) is infinite because free string trajectories are periodic. 

The meaning of Eq. (4.28), and similar integrals below is to give, after division by the total 

coordinate time span τ, the time-averaged energy-momentum loss. 
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P
lost

 φ = 4/3 α2 Gμ2 Δ ∫ dτ dσ πμ (4.34) 

with integrand 

(4.35) 

The square of πμ reads 

πμ πμ = [
12

ż
2 +

 (ż2)
3
 (

z2
)

2
 —

 4z2
 (ż

2
)

2 (ż . z)2] · (4.36) 

This is negative definite in the temporal gauge t = τ, showing that |Plost| < Elost, as 

physically expected. 

D. Gravitational and axionic radiation reaction 

We are going to see that the generalization of the dilaton results to the case of the 

gravitational and axionic fields is nontrivial, and leads to physically nonsensical results. Let 

us first generalize Eq. (4.33). The relations 

υαβ ∂
αhβμ

 = - ∂
a
(Vγγab hαμ ∂bz

a) + hαμ ∂
a

 (Vγγab ∂bz
a), (4.37) 

Vλv ∂λΒv
μ
 = ∂b (ε

ab ∂
a
zv B

vμ
) - ∂b(εab ∂

a
zv) Β

νμ
 , (4.38) 

show that, as far as their integrated effects are concerned, the gravitational and axionic 

reaction forces (2.16), (2.17) are equivalent, respectively, to: 

Fh equiv = ½ μ Uαβ ∂μ hreac 
μ αβ (4.39) 

^flequi”.
 = I λ ν

α/3

θμΒ

τ

'^. 
ù (4.40) 

It is important to note that, as in the dilaton case Eq. (4.33), these equivalent reaction forces 
are simple bilinear forms in the vertex operators and the derivatives of the fields. They can 
both be written as 

equiv. = 1/8G ∑.∂μ Areac (4.41) 

where, as in Eq. (2.26), Σ denotes the source of the field A = hjβ or Bαβ, and where the dot 
denotes a certain symmetric bilinear form acting on symmetric or antisymmetric tensors. 
With the normalization of Eq. (4.41) these bilinear forms are, respectively, 
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U
α
β = υβα :

 U-U ≡ U.Uall-l-U2 = U
a0

 ϋαβ, (4.42) 

ν
αβ

 = -νβα·. ν·ν = ν
αβ

ν°β. (4.43) 

One can recognize here the quadratic forms defined by the residues of the gauge-fixed prop-

agators of the h and B fields. Note that if we wish to rewrite the scalar reaction force (4.33) 

in the same format (4.41) as the tensor ones we have to define the dot product for scalar 

sources as 

Σ
φ
 ·Σ

φ
 ≡ 8Σ2

φ
. (4.44) 

Using this notation, and the results above on the reaction fields, it is possible to compute in 

a rather streamlined way the total 4-momentum lost under the action of the local reaction 

force: 

Plost=-1/8G ∫∫ dσ dτ Σ · [∂
μ

 Areac]local. (4.45) 

The calculation is simple if one uses the form (4.22). Let us note that the worldsheet-scalar 

sources (S = Σ/Vγ) for the three fields we consider (φ, h and B) satisfy 

S · S = const., (4.46) 

S.S = 0. (4.47) 

Indeed, if we introduce the scalarized vertex operators (with conformal dimension zero) 
Û ≡ U / Vγ, Uaβ ≡ Uαβ/Vγ and Vαβ ≡ Vαβ/Vγ, it is easily seen that 

φ: Û.Û ≡ 8Û2 = + 32, 

h: D
a0

-G^ = 0
αβ

0^ -\02 = 0, (4.48) 
B : V

a
β · Vaβ = —2. 

The relations (4.46), (4.47) simplify very much the evaluation of Plost. In particular, the 
constancy of S.S allows one to integrate by parts on zμ, etc ... without having to differentiate 
the S · S factors. By some simple manipulations, using also the consequence 

S · S + S · S = 0, (4.49) 

of Eq. (4.47), we get 

(4.50) 
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Here we introduced a special notation for the conformal factor (Liouville field), 

ds2 = eϕ (—dτ2 + dσ2), = Vγ = z'2 = —z2 , (4.51) 

and we defined the unit time like vector uμ = e zμ, and its first derivative 

(4.52) 

Let us now prove the remarkable result that the contribution proportional to S.S in Eq. (4.50) 

vanishes for all three fields when evaluated (as we are iteratively allowed to do) on a free 

string trajectory: 

∫ ∫ dσ dτ ż
μ
 (S · S) = 0. (4.53) 

Indeed, for the scalar case Û = — 2 and Û = 0, while for the other fields a straightforward 

calculation gives 

Λ χαβ 1 Λ 2 
U

αβU
 -½ U =-πηϕ, (4.54) 

χ χ αβ 
Vϕβ V = +η ϕ, (4.55) 

when taking into account the vanishing of terms proportional to the worldsheet derivatives of 

□η zμ = — zμ+ zμ". [These results have a nice geometrical interpretation linked to the Gauss-
Codazzi relations.] Integrating by parts, we see that the contribution (4.53) is proportional 
to ∫ ∫ dσ dτ (Ώ

η zμ) ϕ which vanishes, again because of the free string equations of motion. 
Finally, remembering the constancy of S · S, we get the very simple result 

'f-5Δ
1ΖΓ//■*’*'■· 

(4.56) 

where the integrand 

πμ = Ζμ (u
2
 + 1/4 Φ

2
) + zμ ϕ (4.57) 

is easily seen to coincide with the one which appeared above, Eq. (4.35), in our direct 

calculation of the dilaton reaction. Let us recall that the present calculation applies uniformly 
to all three fields if we define the dot product between dilatonic vertex operators with an 
extra factor 8, see Eq. (4.44). 
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The conclusion is that the local approximation to back reaction for the three fields φ, 

h and B leads to energy-momentum losses which are proportional to the same quantity 

∫ ∫ d2 σπ
μ
 with coefficients respectively given by (using Eqs. (4.48) above) 

(4.58) 

(4.59) 

(4.60) 

The result (4.58) coincides with Eq. (4.34) above (for which we have verified that the overall 

sign is correct). We therefore conclude that the “local reaction approximation” (4.13) yields: 

(i) a vanishing, net energy-momentum loss for the gravitational field, and (ii) the wrong sign 

(antidamping) for the axionic field. The latter result disagrees with Refs. [14], [15] (see the 

Appendix) which claimed to obtain positive damping. It is for clarifying this important sign 

question that we have presented above a streamlined calculation showing that the overall 

sign can simply be read from the contraction of the vertex operators of the fields. Indeed, 

finally the physical energy-loss sign is simply determined by the easily checked (and signature 

independent) signs in Eqs. (4.48). 

E. Gauge invariance and mass-shell-only positivity 

Why is the “local back reaction approximation” giving wrong answers in the cases of 

gravitational and axionic fields but a physically acceptable one in the case of the dilatonic 
field? The basic reason for this difference between hμv and Βμν on one side, and φ on 
the other is the gauge invariance of the former. Indeed, a gauge symmetry (here hμv → 

+ ∂
μ

 Ɛv + ∂
v
 ξ

μ
, Β

μv
 → Β

μv
 + ∂

μ
 Α

ν
 — ∂

v
 A

μ
) means that some of the components of h

μv 

and Βμv are not real physical excitations. This is associated with the fact that some of the 

components of hμν and Βμν (namely h0i and Boi) have kinetic terms with the wrong sign, i.e. 

that they (formally) carry negative energy. Therefore, approximating radiation damping is 

very delicate for gauge fields. A slight violation of gauge invariance by the approximation 

procedure can lead to antidamping (the literature of gravitational radiation damping is full 
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of such errors, see e.g. [30]). A more precise way of seeing why the local back reaction 

approximation is dangerous in this respect is the following. 

We have proven above that an exact expression for the 4-momentum of the source lost 

to radiation is given (for φ, hμν and Βμv, and more generally for any linearly coupled field) 
by an expression of the form 

Plost = -k ∫ d4x J(x)· ∂
μ

 Αreac (x), (4.61) 

where J(x) is the source of A(x) 

□ A(x) = —J(x), (4.62) 

and where k is a positive coefficient which depends on the normalization of the kinetic terms 

of A(x) [4πk = 1/8G when using the above normalizations, the extra factor 4π compensating 

for our present way of writing the field equation (4.62).] The spacetime source J(x) is linked 

to our previous string distributed sources by J(x) = 4π ∫ d2σ ∑δ4(x — z). The dot product 

in Eq. (4.61) is the symmetric bilinear form defined in Eqs. (4.42), (4.43), (4.44) above for 

the three cases h, B and φ. Introducing Fourier transforms, with the conventions, 

J(p) = ∫ d4x e-ipx J(x), (4.63) 

(4.64) 

the energy loss (4.61) reads 

P
lost =

 -
k
∫ -§γ ipu G

reac
 (p) J(-p) . J(p) . (4.65) 

To see the positivity properties of Plost we need to insert the explicit expression of the Fourier 
transform of Greac· 

The Fourier decomposition of the retarded and advanced Green functions (□ G = — δ4) 
read 

(4.66) 

where η is any positive infinitesimal. Using the formula 
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(4.67) 

where P denotes the principal part, one finds 

Greac(p) = ½ [Gret(p) _ Gadv(p)] = ιπ sign (p°) δ(p2) . (4.68) 

Inserting (4.68) into (4.65) one gets 

Plost = + kπ ∫ d4p sign (ρ°) ρ
μ

 δ (p2) J(—p) . J(p) 

= +k ∫ dρρ
μ
 J* (p) . J(p), 

∫ V+ 
(4.69) 

where V+ denotes the positive mass shell p° = + Vp2 and dp = (2π) 3d3p/2p° the natural 

integration measure on, V+. Here, we have used the reality of the source: J*(x) = J(x) => 
J*(p) = J(-p). 

As in the case of Eq. (4.28) and its kin, the meaning of Eq. (4.69) is formal when 

evaluated on a (periodic) free string trajectory. However, it is, as usual, easy to convert Eq. 

(4.69) in a result for the average rate of 4-momentum loss by using Fermi’s golden rule: 

[δ(p° — nω)]2 = ½π δ(ρ° — nω) ∫ dr . 
2π 

(4.70) 

One then recovers known results for the average energy radiation from periodic string motions 

[2], [9]. 
The integrand in the last result has the good sign (i.e. defines a vector within the future 

directed light cone) if the dot product J*(p) · J(p) > 0. This is clearly the case for a scalar 

source, but for the gauge fields huv and Βμv one has integrands 

J*huv. J
uv
h

(p) — ½ |Jhλ (p)|
2 . (4.71) 

and 

rB,Àp) m (4.72) 

which are not explicitly positive because of the wrong sign of the mixed components Joi. 
As is well known this potential problem is cured by one consequence of gauge invariance, 

namely some conservation conditions which must be satisfied by the source. In our case the 

gravitational source Jh
u
(x) α Τ

μv
(χ) must satisfy ∂v Jh

μv
 = 0, while the axionic source must 
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satisfy ∂v JBuv(x) = 0. In the Fourier domain this gives pv Jh
μν

(ρ) = 0 or pv JB
uv

(p) = 0. These 

transversality constraints are just enough to ensure that the integrands (4.71), (4.72) are 

positive when evaluated on the mass shell V+. What happens in the “local back reaction 

approximation” is that one replaces the Green function Greac(x) by a distributional kernel 

Gloc(x) with support (in x space) localized at x = 0. Its Fourier transform G
loc

(p) is no 

longer localized on the light cone p2 = 0, and therefore the delicate compensations ensuring 

the positivity of the integrands (4.71), (4.72) do not work anymore. 

V. IMPROVED DILATONIC REACTION AS SUBSTITUTE TO 

GRAVITATIONAL REACTION 

As the main motivation of the present study is to find a physically reasonable, and 

numerically acceptable, approximation to gravitational radiation damping, the results of 

the previous Section would seem to suggest that the local back reaction approach fails to 

provide such an approximation. However, we wish to propose a more positive interpretation. 

Indeed, both the direct verification of Section IV C, and the argument (in Fourier space) of 

Section IV E shows that the local back reaction approximation can make sense when applied 

to scalar fields. On the other hand, Damour and Vilenkin [9] in a recent study of dilaton 

emission by cosmic strings have found that, in spite of their genuine physical differences, 

gravitational radiation and dilatonic radiation from strings are globally rather similar. For 

the samples of cuspy or kinky loops explored in Ref. [9], the global energy losses into these 

fields turned out to be roughly proportional to each other. Even when considering in more 

detail the physically important problem of the amount of radiation from cusps, it was found 

that (despite an expected difference linked to the spin 2 transversality projection) both 

radiations were again roughly similar. 

Let us also recall that this similarity, or better brotherhood, between gravitational and 

dilatonic couplings is technically apparent in the similarity of their vertex operators (which 

are both subsumed in the form ζμν ∂a zμ ∂a
 zv with a generic symmetric polarization tensor 

ζμv) and is a very important element of superstring theory. This leads us to propose to use, 

after a suitable normalization, the physically acceptable local dilatonic back reaction force 

as a substitute for the gravitational radiation one. In other words, we propose to use as 

“approximation” to gravitational radiation damping a local reaction force of the form (in 
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conformal gauge) 

(5.1) 

We note also that, though there are more differences between axionic and gravitational 

radiations than between the dilatonic and gravitational ones, they are still roughly similar in 

many ways (as witnessed again by the brotherhood of their vertex operators ζ
μv ∂a zμ ∂

a
 zv 

with now a generic asymmetric polarization tensor) so that one can hope to be able also to 

represent in an acceptable manner axionic radiation damping by a force of the type (5.1) 

with the replacement Gμ2 → G λ2 and another, suitable choice of Δ. [Actually, due to their 

sign error, this last proposal agrees with the practical proposition made in Refs. [14], [15].] 

As mentioned above, the algebraic structure of Eq. (5.1) makes it compatible with the 

standard (flat space) conformal gauge conditions. It remains, however, to precise the choice 

of Δ in Eq. (5.1). Up to now we have implicitly assumed that Δ was constant. There 

are, however, several reasons for suggesting a non constant Δ. The first reason concerns 

energy-momentum losses associated with cusps. To see things better, let us use a temporal 

gauge t = τ and concentrate on the energy loss implied by Eq. (5.1). One finds simply 

Elost (5.2) 

where ν (σ, τ) ≡ ż(σ, τ). At a cusp ν2(σ, τ) = 1. As ν2(σ, τ) ≤ 1 everywhere, near a cusp 

one will have ν2(σ, τ) = 1 — (aσ2 + bσr + cτ2) + 0((σ + τ)3) where the parenthesis is a 

positive definite quadratic form. This shows that, if Δ is constant, the integral Elost -

∫ ∫ dσ dτ (1 — v2)-1 is logarithmically divergent (as we explicitly verified on specific string 

solutions). As the real energy loss to gravitational or dilatonic radiation from (momentary) 

cusps is finite, this shows that Eq. (5.1) overestimates the importance of back reaction due to 

cusps. In other words, if one tries to complete the equations of motion of a string by adding 

the force (5.1) with Δ = const, this reaction force will prevent the appearance of real cusps. 

As the calculations of Ref. [11], using the “exact” nonlocal gravitational radiation, find that 

cusps are weakened but survive, it is clear that one must somehow soften the “local” force 

(5.1) if we wish to represent adequately the physics of cusps. At this point it is useful to note 

that the proposal (5.1) lacks worldsheet covariance, which means that Δ has introduced a 

local coordinate length or time scale on the worldsheet, rather than an invariant interval. 

As the ratio between coordinate lengths and times and proper intervals is locally given by 
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the square root of the conformal factor = z'2 = — ż2 (= 1 — v2 in temporal gauge), it 

is natural to think that a better measure of the coordinate interval Δ to use in Eq. (5.1) 

might vary along the worldsheet because it incorporates some power of eϕ. This might (if 

this power is positive) prevent the logarithmic divergence of the integral (5.2). At this stage, 

a purely phenomenological proposal is to take Δ in Eq. (5.1) of the form 

Δ (σ,τ) = f (-ż2)ηλ, (5.3) 

where f is a dimensionless factor, η is a positive power, and λ the wavelength of the radia-

tively dominant mode emitted by the string. We introduced a factor two for convenience 

because, in the case of loops for which the fundamental mode is dominant, the wavelength 

is L/2 where L is the invariant length of the loop. On the other hand, if we consider a loop 

carrying mainly high-frequency excitations, or an infinite string, it is clear that Δ should not 

be related to the total length L, but to a length linked to the scale of the principal modes 

propagating on the string. 

A first check of the physical consistency of the proposal (5.3) consists in verifying that, 

despite the nonconstancy of Δ, the integrated energy loss (5.2) will be positive for all possible 

loop tranjectories. Integrating by parts Eq. (5.2) one finds 

Elost = 4/3 G μ2 f (2λ) ∫ ∫ da dr (1- v2
)

η (5.4) 

This is manifestly positive (and finite) as long as 0 < η < 1. Assuming this to be the case, 

the question is then: Are there values of f and η (after having decided on a precise definition 
of λ) such that the corresponding damping force (5.1) gives a reasonably accurate description 
of the “exact” effects of energy loss to gravitational radiation? We did not try to answer this 
question in full generality. For simplicity, we fixed the power η to the value η = ½ (which 
seems intuitively preferred as it evokes a Lorentz contraction factor arising because we look 
at string elements “moving” with relativistic speeds). Then we compared the energy loss 
due to (5.1) to the energy radiated in gravitational waves as (computed (using Eq. (4.69)) 
in the literature. As a sample of loop trajectories we consider Burden loops [28] 

(5.5) 

(5.6) 

(5.7) 
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where 

2π 2π 
u = /L (τ-σ), v = 2π/L (τ + σ), e'1 = cos φ e1 + sin φ e2 . (5.8) 

This family of solutions depends on the overall scale L, which is the total invariant length 

of the loop (Μ = μL), on two integers m and n, and on the angle φ. Our parameter φ 

coincides with the angle φ in [28], denoted φ in [2]. The actual oscillation period of the loop 

is T = L/(2mn) which leads us to choosing 2λ = 2T = L/mn in Eq. (5.3). With this choice 

we computed the energy loss (5.2). The calculation is simplified by noting, on the one hand, 

that, for this family of loops, v · v = — (2π/L) (m2+n2/2)

 v
2 and on the other hand that the 

worldsheet integral in (5.2) can be rewritten in terms of an average over linear combinations 

of the two angles 2πm(τ — σ)/L and 2πn(τ + σ)/L. This yields simply for the average rate 

of energy loss 

(5.9) 

where 

γ = 4 ∫ dx dy 
Jo Jo 

(5.10) 

with 

1 
v2 = ½ 1 — ½ (1 + cos ψ) cos x — — (1 — cos ψ) cos y . 

2 
(5.11) 

We plot in Fig. 1 Γ
m,n

 as a function of the angle ψ, for the nominal value f = 1 and for the 

two cases (m, n) — (1,1), (m, n) = (1,3). [As said above there is a simple scaling law for the 

dependence on m and n.] If one compares this Figure with the figures published in [28], [2] 

(Fig. 7.6, p. 205 there) one sees that they give a roughly adequate numerical representation 

of energy losses to gravitational radiation if 

f  0.8. (5.12) 

The fact that our present “best fit” value of the factor f leads to values of Δ which are 

numerically comparable to L (when (m,n) = (1,1)) rather than to a smaller fraction of L 

should not be considered as physically incompatible with the idea of using a local approx-

imation to back reaction. Indeed, on the other hand, the rough justification of the local 
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FIG. 1. Dimensionless energy loss rate Burden loops with (m, n) = (1,1) and (1, 3). 

approximation given in Section IV suggested Δ~π/w~λ/2, i.e. something like L/4, and, 
on the other hand, numerical computations show that the energy lost to dilaton waves (with 
coupling α = 1) is smaller than that lost to gravitational waves by a factor of order 3 or 
so (part of which is simply due to the fact that there are two independent tensor modes 
against one scalar mode). Therefore, as we use Δ only as an effective parameter to model 
gravitational damping it is normal to end up with an increased value of ∆/L. 

Clearly, more work would be needed to confirm that the modified local dilaton reaction 
(5.1) can be used as a phenomenological representation of gravitational reaction. Our main 
purpose here was to clarify the crucial sign problems associated to gauge fields, and to 
give a first bit of evidence indicating that Eq. (5.1) deserves seriously to be considered as 
an interesting candidate for mimicking, in a computationally non intensive way, the back 
reaction of gravitational radiation. We are aware that several important issues will need to be 
further studied before being able to use Eq. (5.1) in a network simulation. Some numerically 
adequate definition of λ will have to be provided beyond a case by case definition, which 
in the case of long loops decorated by a regular array of kinks, as in Ref. [11], would be 
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something like 2λ ~ L/N where N is the total number of kinks. We note in this respect 
that a Burden loop with m = 1 and n  1 provides a simple model of a long, circular 
loop decorated by a travelling pattern of small transverse oscillations. However, the local 
approximation (5.1) cannot expected to be accurate in this case, because the radiation from 
purely left-moving or right-moving modes is known to be suppressed [2]. This suppression 
is not expected to hold in the more physical generic case where the transverse oscillations 
move both ways. The accuracy of the local approximation (5.1) should therefore be tested 
only in such more generic cases. 

The explicit expression (5.1) must be rewritten in the temporal, but not necessarily con-
formal, worldsheet gauges used in numerical simulations, and the higher time derivatives in 

μ
 must be eliminated by using (as is standard in electrodynamics [29] and gravitodynamics 

[27]) the lowest-order equations of motion. [These last two issues have already been treated 
in Refs. [14], [15].] Finally, we did not try to explore whether η = 1/2 is the phenomenolog-
ically preferred value. To study this point one should carefully compare the effects of (5.1) 
on the weakening of cusps and kinks with the results based on the exact, nonlocal reaction 
force [11]. [The facts that the curves in Fig. 1 are flatter than the corresponding figures in 
[28], [2] suggest that a smaller value of η might give a better fit.] 

VI. CONCLUSIONS 

In this paper we studied the problem of radiation reaction on cosmic strings caused by 
the emission of gravitational, dilatonic and axionic fields. 

We corrected errors present in the literature regarding the contribution of the dilaton 
and axion field to the renormalization of the string tension and we analyzed in detail the 
proposal of Battye and Shellard [14], [15] to treat the back reaction of cosmic strings in 
a local approximation, based on an analogy with the Abraham-Loientz-Dirac treatment of 
self-interacting point-charges. For this purpose we found very convenient to use dimensional 
regularization, a well known technique in quantum field theory. Our results can be easily 
summarized: 

• The local back reaction approximation gives antidamping for the axionic field and a 
vanishing net energy-momentum loss for the gravitational one. We argued that these 
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physically unacceptable results ultimately come from a violation of gauge invariance 

(and/or mass shell conditions) in the local back reaction method. 

• Up till now the radiation reaction for the dilaton field had not been studied in the 

literature and we found that in this case the local reaction force has the correct sign 

for describing a radiation damping force. Hence, taking into account the similarity 

between gravitational and dilatonic couplings [9], we propose to use, after a suitable 

normalization of the length scale Δ, Eq. (5.3) (which includes a “redshift” factor im-

portant near the cusps), the local dilatonic back reaction, Eq. (5.1), to mimic the 

gravitational radiation one. 

It will be interesting to see what are the consequences of considering the effective reaction 

force, Eq. (5.1), in full-scale network simulations (done for several different values of Gμ) 

of gravitational radiation. Until such simulations (keeping track of the damping of small 

scale structure on long strings) are performed, one will not be able to give any precise pre-

diction for the amount and spectrum of stochastic gravitational waves that the forthcoming 

LIGO/VIRGO network of interferometric detectors, possibly completed by cryogenic bar 

detectors, might observe. 
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APPENDIX A : 

In this Appendix we will give some details on the derivation of Eqs. (4.19), (4.20) using 

dimensional continuation. 

A nice feature of analytic continuation is that it allows one to work “as if” many sin-

gular terms were regular. For instance, the factors (Ω2)(2_η)/2 and (Ω2)- η/2 that appear 

in Eqs. (4.17), (4.18) blow up on the light cone (Ω2 = 0) when n = 4. However, if we 

take the real part of ε = 4 — n large enough (even so large as corresponding to negative 

values for Re(n)), these Ω-dependent factors become finite, and actually vanishing, on the 
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light cone. This remark allows one to deal efficiently with the Ω-dependent factors ap-

pearing in Eqs. (4.17), (4.18). We are here interested in the contributions to A
re

t(z) and 

∂μ A
ret

(z) coming from a small neighbourhood z' = z(τ', σ') of z = z(τ, σ) on the world-

sheet. Let us, for simplicity, denote ω ≡ Ω2. We first remark that when (τ', σ') → (τ, σ), 

ω = — (z(τ, σ) — z(τ', σ'))2 admits an expansion in powers of τ' — r and σ' — σ of the form 

ω = ω 2 + ω3 + ω4 + ..., (Al) 

with ω2 = —ż2 [(τ' — τ)2 — (σ' — σ)2], and 

ω3 = O ((τ' - τ)3 + (τ' - τ)2 (σ' - σ) + (τ' - τ) (σ' - σ)2 + (σ' - σ)3), etc... (Α2) 

Then we can formally expand the Ω-dependent factors of Eqs. (4.17), (4.18) in powers of 

τ' — τ and σ' — σ as follows 

Τ [ωα θ(ω)] = [ωα2 + αωα2 -1(ω3 + ω4 + ···) + α (α-1)/2 ω
α

2

-2
(ω3 + ···)

2
 + ···] x 

θ (ω2) + δ (ω2) (ω3 + ω4 + ···) + δ' (ω2) (ω3 + ...)2 + ···]. 

Here and below, the symbol T will be used to denote a (formal) Taylor expansion of any 

quantity following it. This expansion is valid (at any finite order) when Re(α) is large 

enough, and is therefore valid (by analytic continuation) in our case where a = (2—n)/2 or 

—n/2. A technically very useful aspect of the above expansion is that all the terms containing 

δ (ω2) or its derivatives give vanishing contributions (because ωα2-k δ(l) (ω2) vanishes if Re(α) 

is large enough, so that, by analytic continuation, ωα2-k δ(l) (ω2) = 0 for all values of a). The 

net effect is that the contribution coming from a small string segment — ∆/2 < (σ' — σ) < ∆/2 

around σ (with Δ being much smaller that the local radius of curvature of the worldsheet) 

can be simply (and correctly) written as the following expansion: 

Here, we have introduced an arbitrary upper limit τ1, submitted only to the constraint 

T
re

t < τ1 < T
adv

 (for instance τ1 could be τ), and which replaces the missing theta function 
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θ (z° — z'°) by selecting the retarded portion of the other theta function θ(ω). As above, the 

symbol T denotes a formal Taylor expansion. The expansion Τ(Σωα) is simply obtained by 

multiplying the expansion (Al) of ω with that of Σ(τ',σ'), namely 

T [Σ(τ', σ')] = Σ (τ, σ) + (τ' - τ) Σ + (σ' - σ) Σ' + ... (A3) 

Similarly we have 

(A4) 

as well as corresponding expressions for the advanced fields 

(A5) 

(A6) 

As a check, we first computed the ultraviolet divergent contributions to A
ret

(z) and ∂μ
 A

ret
(z). 

We find 

(A7) 

(A8) 

As it should, Eq. (A8) yields exactly the same divergences as we found in Sec. III by 

introducing a cut-off δ in the σ' integration in four dimensions. More precisely, Eq. (A8) 

coincides with Eq. (3.6) if we change 2/ε → log 1/δ. Let us note that, in the present 

approach, the renormalization scale ΔR would enter by being introduced as a dimension-

preserving factor in the dimensionful coupling constants, like Newton’s constant G, say 
GQ(n)

 =
 G(n=4) ΔαR. 

Our main interest is to compute the “local approximations” to the reaction field 

A
re

ac (x) = 2 (Aret (x) A
adv

(x)) , (A9) 

and its derivatives. Dimensional continuation gives an efficient tool for computing these. 

Indeed, combining the previous expansions we can write 
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(A10) 

(A11) 

where T(τ'-τ)
odd

 denotes the part of the Taylor expansion which is odd in τ' — τ. Moreover, 

as we know in advance (and easily check) that the σ'-integrands in Eqs. (A10) and (A11) 

are regular at σ' = 0, we can very simply write the result of the local approximation (4.13) 

(with a corresponding definition for Alocal
 reac(z)) by replacing σ' = σ in the integrands of Eqs. 

(A10), (A11) 

(A12) 

(A13) 

Here,
 odd

 denotes the operation of replacing σ' by σ and keeping only the odd terms 

in the remaining Taylor expansion in τ' — τ. This simplifies very much the computation of 

the reactive terms (making it only a slight generalization of the well known point-particle 

results, as given for a general source in, e.g. [26]). Indeed, inserting the following expansions 

Ωµ (τ', σ)  - (τ' - τ) z
μ
 - ½ (τ' - τ)2

 zμ
 - 1/6 (τ' - τ)3 z

μ
 , (Α14) 

Σ (τ', σ)  Σ (τ, σ) + (τ' - τ) Σ + + ½ (τ' - τ)2 Σ, (Α15) 

Ω2(τ', σ)  -ż2 (τ' - τ)2
 1 + (τ' - τ) (ż.z) + 1/4 (τ' - τ)2 (z.z) + 

(Α16) 

in Eqs. (Α12), (Α13) we get our main results 

(A17) 

(A18) 

These results were also obtained (as a check) from Eqs. (A10), (A11) without using in 

advance the simplification of putting σ' = σ in the integrand. 
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We have also performed a direct check on these final expressions by comparing them to 

the well known point-particle case [24], [25], [26]. Indeed, we have seen above that Alocal 
reac 

and ∂
μ

 Αlocal
 reac could be thought of as being generated by the effective source Σeff·(τ',σ') = 

δ (σ' — σ) Δ Σ (τ', σ), i.e. a source along the world-line L
σ

, defined by σ' = σ. For any given 

value of σ, by transforming the coordinate time τ' into the proper time s = ∫ eϕ/2 dτ' along l
σ 

and by renormalizing in a suitable way the source Δ Σ (τ', σ) ≡ eϕ/2 S(s) ( so that the stringy 

spacetime source ∫ d2σ'Σeff.(τ', σ') δ4(x — z(σ')) transforms into the standard point-particle 

source ∫ ds S(s) δ4(x — z(s))), we recovered from Eqs. (A17), (A18) known point-particle 

results [26]. This check is powerful enough to verify the correctness of all the coefficients in 

Eqs. (A17), (A18). 

In order to compare directly our expressions with what derived by Battye and Shellard 

in [14], [15], let us write Eq. (A18) for the axion field. We get 

(A19) 

where K[λµv] = Κλμν + Κμνλ + Κvλμ. Note that, when identifying the basic contravariant 

tensors zμ and Vuv, the tensor Ηλμv (and the force density μ) must be identical in our 

conventions and in the ones of Refs. [14], [15] (who use the opposite signature). However, our 

result Eq. (A19) differs, after the substitution Gλ → f
 a
/8, in many terms from the second 

Eq. (31) of Ref. [15]. Whatever be the corrections we could think of doing on the second 

term in their Eq. (31) (which is dimensionally wrong, probably by a copying error leading 

to a forgotten overdot on one of the two terms), we saw no way of reconciling their result 

with ours (even after expanding explicitly Vμν = żμ zvi — żv zμ'). 
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