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NON COMMUTATIVE GEOMETRY
AND PHYSICS
Alain Connes

Notes by David A Ellwood

This set of lectures is an introduction to non-commutative geometry, a theory which is
fully developed in the forthcoming book [Co]. The general purpose of non-commutative
geometry is to adapt the traditional tools of geometry such as measure theory, topology,
differential calculus and Riemannian geometry to spaces X which can no longer be com-
prehended as point sets because of their intrinsically quantum nature. As it turns out this
adaptation of traditional tools also leads to some remarkable improvements. In particular,
the new quantun calculus, when employed in the context of an ordinary space, turns out
to be significantly more powerful than distnbution theory.

The purpose of this course however, is not only to provide an introduction to non commu-
tative geometry, but also to survey the interplay between a selection of the latest develop-
ments with theoretical physics. In particular, we shall see how experimental physics leads
us to accept not only the quantisation of phase space, but also that of the Brillouin zone
in solid sate physics and even of space-time itself! Whereas the former is tied up with the
remarkable work of Bellissard on the quantum Hall effect, the latter involves the present
day phenomenological conclusion of particle physics. The achievements to date have been
succinetly encapsulated by theorists in a form known as the standard model of particle
physics. Based on nothing more than this experimentally driven model, we will discover a
certain fine structure for space-time which is neither continuous or discrete, but a subtle
mixture of both. Moreover, in the new arena a certain duality becomes apparent between
the strong and eleciroweak sectors of the model. We shall see in the last section that this
duality is precisely that required by the definition of a manifold in the quantum setting.

Whereas the discovery of a quantum structure to space-time already at the electroweak
scale might seem surprising to most physicists, it was largely expected—and considered
by many to be inevitable—that a radical rethinking of space-time structure is necessary
at the Planck scale. Indeed, one of the major points of debate in quantum gravity has
always been whether the construction of a successful theory is possible within the general
framework of existing physics, or whether it necessarily entails a radical reappraisal of the
fundamental concepts of space, time and matter. Because of the specific mathematical
structure of general relativity, many physicists believe that the inherent limitations of our
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current conception of a geometric space lie at the root of some of the most serious technical
and conceptual difficulties encountered in its quantisation. As a first step towards the
resolution of these problems, we examine in detail the natural notions of metric space
and Riemannian manifold offered within the framework of non commutative geometry.
Whereas Riemann's conception of a metric space seemed at loggerheads with the basic
principles of quantum mechanics from the outset, its new operator algebraic replacement
appears well adapted to the quantum regime. This is clear from the computation of the
distance between points which now involves functions on the space rather than paths.
Moreover, it becomes natural to split up the conformal and metric aspects of the geometry
of a space in a way already found essential by string theorists. To take up this suggestive
route, we first formulate the Polyakov action of string theory in the framework of non-
commutative geometry. Very remarkably, and quite distinet from the classical versions,
this reformulation continues to make sense as a conformal action in higher dimensions. In
particular, we discover that in dimension four the resulting dynamical theory is closely
related to Einstein's theory of gravity. Full details of the involved calculations which led
to this tantalizing result are explained within.

[ would like to acknowledge my debt to David Ellwood for his help in the writing of these
notes, to Dennis Sullivan for numerous discussions concerning section seven, and to J. Lott
for bringing Ref. [B-0] to my attention.

We shall now list a few basic principles of non-commutative geometry which will be devel-
oped and tied dp with examples from physics in the course of the lectures.

1) A space X corresponds to a (not necessarily commutative) involutive algebra A.

The algebra should be thought of as the algebra of complex valued functions f: X—=C,
with involution f — f, where - —

flz) = f(2)
for all = € X. Equivalently .4 is the algebra generated by the coordinates on X. The need
for allowing the coordinates to fail to commute was discovered by W. Heisenberg, whose

motivation drew from the experimental results of spectroscopy. In this case the space X
under consideration is the phase space of a simple atomic system.

2) The measure theory of @ space X i1 understood through the unitary representations of
the associated algebra A in Hilbert space.

In the classical case a measure p on X gives rise to the Hilbert space L( X, i) of square
integrable functions on X and to the representation = of the algebra of functions f € A

given by:
(r{f)E)(z) = f(z) §(z) Vz€X.

In other words each function f on X is represented as a multiplication operator in H =
L3(X, ).



3) The topology of a space X is given by the C* algebra norm f — ||f|l, ¥f € A. Such a
norm satisfies the fundamental equality:

WA =0 YieA
and, when A is completed, is given by the algebraic formula:

IflI* = Spectral radius f* f = Sup {|A|,A € C, f* f — A is not invertible} .
The prototype of such a norm for a classical space X is:

Ifll = Sup{|f(p)l.p € X} , VfeC(X)
where C(X') is the algebra of continuous functions on the compact space X.
Note that a unitary representation = of A defines a corresponding norm by:

Ifll= =M=l ¥feA
where the right hand side is the operator norm:

. T = Sup {|[T¢]I; £ € H, [I€]| < 1}.
One has [|f*fll= = Iflz  ¥f€ A

4) Complez vector bundles over X are given by finite projective modules £ over A.
In other words £ is a C-vector space on which A4 acts linearly by (£,a) e Ex A —fa e £
and which after addition of another such module £ becomes isomorphic to the following
“trivial n dimensional module”:

E" = A" = {(&,....La)i€; € A},

with action

(E1ys:s:Enla = (Eya...., Ena) VEj,aE A
If X is a classical space and E a complex vector bundle over X the corresponding projective
module £ over the algebra of functions on X is the module of sections of E.

3) The differential caleulus over X is quantized by the following redefinition of the diffe-
rential df of a function f € A:

df = |F, f}.

Here the involutive algebra .A is represented in the Hilbert space H and F is a selfadjoint
operator of square one, F? = 1, in M. The differential df is thus an operater in H, given
by the commutator [F, f] = Ff — fF.



Let for instance A be the algebra of functions of one real variable. Take H = L*(R) in
which .4 acts by multiplication, and let F' be the Hilbert transform. Then [F, f] is given
by the kernel:

k(z,y) = 2210

With the new calculus one can perform operations, such as raising |df| to some power,
which are not available in distribution theory.

¥,y €R.

6) The dimension of X is governed by the growth of the characteristic values of the differ-
entials:

e =n'" eigenvalue of |df| , f € A
With p a positive real number, X is of dimension p means

pn=0(n""?) forany fe A.

Thus for instance one recovers the usual dimension of manifolds, but the Julia sets of
iteration theory inherit their natural fractal dimension.

With p as above, we say that X is of dimension p_ when

M
Zﬂ;{ﬂl

We shall get examples of spaces X C R? with positive 2 dimensional Lebesgue measure
but of dimension 2_.

7) The characteristic classes of X, are obtained from the homotopy class of F. There i1s
a choice involved in the quantization 5) of the calculus. One chooses a Fredholm module
(K. F) over the algebra A. The knowledge of the homotopy class of this Fredholm module
is governed by a group K*(A), the K homology group of the C*-algebra A completion
of A. The knowledge of this group is essential in the construction of (H, F'). Similarly
one forms the group K.(A) generated by stable isomorphism classes of finite projective
modules over A and the Fredholm index gives a painng:

KoAd)x K*(A) = 1

which allows in many cases to detect non zero elements of either groups.

8) The Chern character computation of characteristic classes is done thanks to eyclic
eohomology.

Thus for instance the following formula gives a cyclic cocyele on the algebra A, with
p<2k+1: (pasin6))

(.., %) = Trace(f* dft...df**') Ve A
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Here the ordinary operator trace is applied to the product of the operators df’ = [F, f]
in H.

This cyclic cocycle computes the index pairing with K theory by formulae which, because
they yield integers, are remarkably stable under deformations. Let X be an n-dimensional
manifold and .4 be the algebra of smooth functions on X. Then any cyclic cocycle r of
dimension g on A is, up to trivial cocycles called coboundaries, of the form:

where Cy is a de Rham current of dimension £ viewed as the associated multilinear form
on A. (Recall that a de Rham current C is a linear form on the space of differential forms
of degree £, it thus defines a multilinear form:

CfP P F)=(C L AP AL AdfY) V€A
In the above formula the operator 5 is a periodicity operation which associates to a eyelic
cocycle of dimension g another one St of dimension g + 2.
9) The meiric aspect of the geometry of X is given by the formula:

dw,¥) = Sup {|lp(f) —¢(f)l; f€ AD Al 1)

where o, ¢ are states on the algebra A and in the simplest case, i.e. when .4 is commutative,
can be specialized as points of X, i.e. as characters of A. (A character y of a commutative
algebra is a homomorphism x : A —+ C, the characters of A = C(X) are exactly given
by the maps f — f(p) where p is & point in X.) In the formula 9) the operator D is a
selfadjoint operator in M, with sign equal to F: Sign(D) = D|D|™" = F. The knowledge
of F only gives the conformal aspect, the full knowledge of D is required for the metric
aspect. When X is a Riemannian manifeld D is the Dirac operator associated to a Spin
structure, and the above formula gives the geodesic distance:

d(p,q) = Inf {Length v , v a path from p to g} .
The passage from F to D = F|D| is in general given by the formal equality:
1DI7% = L1 % "(dz")* g, dz*

where p is the dimension, dz = [F,z] V¥r € A, the ¥ are generators of .4 and the matrix
[9us] 15 & positive element of My(.4), the algebra of matrices over 4.

10) The Lebesgue measure, or volume form of a Riemannian space, is replaced by the
following trace on .A:

feA—=Tr(flD|I"").

Here Tr,, is the Dixmier trace of operators in Hilbert space which belong to the following
ideal:



il
Llles) o {T compact operator , E.ﬂn{ﬂ = O{log N]'}
L

where pn.(T) means the n-th characteristic value of T. Applying this formula for D the
Dirac operator, in the Riemannian case, one gets the measure

f'-'f_fd'tr

where dv = /g d=' A... A dz" is the volume form. The above formula however makes
sense when the space X is a fractal such as a Julia set of Hausdorff dimension p € ]1,2[.
It yields in that case the following formula for the Hausdorff measure du on X':

j f du = e, (F(2)dZ1?)

where £ is the variable in C O X, while the Fredholm module (M, F') on the algebra A of
functions on X, is defined using boundary values of holomorphic { differentials.

11} The gauge group of second kind is the unitary groupd = {u e A ; w* =v'u=1}.
In the presence of a “vector bundle over X", i.e. of a finite projective module £ over A

(cf. 4) it becomes:
U = {u € Enda(f) ; vu* =u"u =1}

where End4(£) denotes the (involutive) algebra of endomorphisms of the module £, i.e.
of linear maps T : £ = £ which commute with the right action of 4.

12) Gauge connections are given, (in the simplest case of the module £ = A), by selfadjont
operators in ‘H, of the form:

V=D+) ai[D.h] aibi€A
They form an affine space on which the gauge group I{ acts in an affine manner.

A similar notion is defined for arbitrary hermitian finite projective modules, In the special
case of a Riemannian manifold X, with D the Dirac operator, one recovers the usual notion
of gauge potential.

The curvature of a gauge connection is given, with the above notations, by the operator:

6= [D,allD.b)+ (3 ai (D, a.-}): :

It varies covariantly under gauge transformations, i.e. the latter replaces # by the operator
ufu®.

13) The Yang-Mills action functional is given by
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YM(V) =T (8 D7)

where p-is the dimension of X and # the curvature of V. As above Tr, is the Dixmier
trace.

The action functional of electrodynamics is given by the following & invariant expression
where V is a gauge connection and ¢ € H is a vector:

I(V,9) = Tru(6* D?) + (Ve,4).

The above theory makes sense for many spaces X in which the ordinary concepts of
Riemannian geometry do not apply. In particular it applies to the non commutative
Brillouin zone of the quantum Hall effect as shown by J. Bellissard. It also applies to
spaces X which are mixtures of continuum and discrete spaces, such as products:

X = Continuum x Discrete.

The action of electrodynamics on such product spaces, (with a discrete space formed of 2
points) gives the Glashow Weinberg Salam action of the standard model of particle physics.
The strong forces appear from the understanding of the fundamental class of X in the K
homology of the product X x X', with X' Poincaré dual to X.

14) The notion*of a manifold is given by the fundamental class in K-homology which is
represented by a specific unbounded Fredholm module over the algebra of coordinates.
This is discussed in great detail in section seven of these notes.

Finally the action functional for gravity is simply given by

Tr.(D*~P).

For the special case of dimension 4, i.e. p = 4 we shall use the above formula, D™? =
I(dz*)* gy, dz*, and compute the following action for a map X of a 4-manifold £ in RY
with the metric n,,:

Tro(nee dX* dX").

As we shall see this action, which reduces to the Polyakov action in dimension 2, will be
conformally invariant and intimately related to the Einstein action of gravity in dimension
4.

We shall now review the above points in more detail, neglecting technical or historical
matters which are discussed at great length in [Col.



1. The involutive algebra of coordinates on a quantum space X.

We shall begin with our favorite example, that of Heisenberg's discovery of matrix me-
chanice. Despite the long history of this result, the impact of Heisenberg's message is still
not fully appreciated. The real power of this example lies in the intimate relation it ties
between experimental results and the need for abandoning the commutativity of coordi-
nates on the phase space of an atomic system. The later discovery of the Schrodinger
equation and the illusory relation between the latter and space coordinates for the case
of the Hydrogen atom considerably weakened the strength and novelty of Heisenberg's
message., With a few exceptions such as Heisenberg's or Tomonaga's book, the courses
of quantum mechanies have always emphasized the Hilbert space aspect of the theory in-
stead of the non commutative nature of the phase space. Let us now review in modern
terminology, how the experimental results of spectroscopy forced Heisenberg to abandon
the commutative for the non-commutative, and thereby drove him to his theory of matrix
mechanics. (¢f. also the deformation theory aspect of quantization [Li]).

In classical mechanics the observable quantities are just functions f on the phase space X,
Each point in X corresponds to a pure state of the system and an observable f takes a
definite value f{p) at any such point. The fundamental equation is Hamilton's evolution
equation:

df
. T m.1)
which gives the time evolution of any observable quantity f. This equation involves a
specific observable H which measures the energy, and the Poisson brackets { } which are
derived form the structure of the phase space X.

In the simplest possible case the model obtained is totally integrable. This means that
there are sufficiently many constants of motion so that on their specification, the dynamics
is reduced to an almost periodic motion. One can thus perform a canonical transformation
to a set of action angle variables in which the description of the system is considerably
simplified. This yields an invariant torus on which the solutions appear as winding orbits
and the algebra of observable quantities as the commutative algebra of almost periodic
series

o)=Y gn,..na exp(2rifn,v)t).

Here n; € Z, (n,v) = ¥ n; v; where the v, are positive real numbers called the fundamental
frequencies.

Let our system X describe a simple atom. Thanks to spectroscopy we know how to
analvse the light emitted by such an atom in interaction with the electromagnetic field.
The classical model for this interaction will however, as we shall see, vield results which
are contradicted by the experimental results of spectroscopy. Indeed with the classical
model, the interaction of the atomic system with the electromagnetic field generates an
electromagnetic wave whose radiative part is a superposition of plane waves W,,, with

frequencies:



(n,v) = Em v
and whose intensity can be computed from the coefficients

q:.-.-l. L q=|,,,,,n. t q:h-..rﬂl

of the three components ¢ = (¢*,¢¥,¢*) of a vector valued observable called the dipole
moment of the atomic system. The formula for the intensity [, = dE/d! is:

I, = 3% fer(v,m)l* (Igal” + lo2l* + laal")

Now this formula implies that the subset of R given by the emitted frequencies is the
subgroup

F:{En.—:.r.-: n.EI}CH,

In particular note that the sum of emitted frequencies is still allowed, as well as all the
integral multiples or harmonics of a given frequency.

The experimental results of spectroscopy were different however. One of the most im-
portant observational rules that emerged from this study is the Ritz-Rydberg combination
principle which gan be stated as follows.

1. The rays of a spectrum can be labelled by pairs of indices (1,7) (these letters “i"
should not be thought of as numbers but mere indices).

2. The set of rays (or spectrum) is naturally endowed with a partially defined law of
composition; given three indices (1, j, k) the frequencies v;; and 14; combine to yield a new
frequency Mij = Uik 4+ V.

This experimental fact, the Ritz-Rydberg combination principle, was the guiding force
behind Heisenberg's discovery of matrix mechanies. In particular this result completely
contradicts what one would predict from the above naive planetary model of the atom
based on Maxwell's theory of electromagnetism and the dynamics of classical mechanics.

Indeed the emitted frequencies are not parametrized by the group I' but rather by the set
A of pairs of indices (i, ). This set is almost a group since we can compose certain pairs:

(i, k) o (k,7)=(1,))

and every element (1, ) € A has an inverse (j,¢). Such a set A with a partially defined law
of composition that is associative. and for which every element has an inverse, is called a
groupoid.

Hence from the examination of atomic spectra we see the set of observed frequencies is
not a group, but rather the groupoid specified by the Hitz-Rydberg combination principle.
That is to say the set A of pairs (1, ) of indices used above in labeling the spectral rays
does not form a group, but is nevertheless endowed with a partially defined associative law
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of composition in which every element (1, j) has an inverse (j,i). Heisenberg's great insight
was to call into question the theory of classical mechanics to account for this discrepancy.
In particular he proceeded to derive from the Ritz-Rydberg combination principle the
precise modifications it entailed for the algebra of physical observables.

To recover his results one must first understand how the commutative algebra of observ-
ables of classical mechanics 1s obtained from the abelian group I'. Afterall an observable
in this case is just a function on the torus and as we have seen can be expanded as an
almost periodic series

at) =Y gny..ns exp(2ri(n,v)t).

The coefficients gu,,... s, are labelled by the elements n = ny ...ni of the group I'. This
Fourier transform takes the ordinary product of functions into the convolution product,
and hence one recovers the algebra of classical observables as the convolution algebra of
the group I of frequencies. Since [' is commutative, this algebra is also commutative.

In quantum physics however I is not a group but rather the groupoid

A={(i,j):1,jel},
whose composition rule is specified by experiment to be given by the Ritz-Rydberg com-
bination principle
[ ]
(,4) e (J, k) = (i, k).

To recover the algebra of physical observables we must therefore construct the “convelution
algebra™ of this groupoid. To see what this means, consider the ordinary convolution
product abstractly for a moment

(ab)g) = ) alg1) Hg;" - g).

fLED

By setting gz = g; ' - ¢ we may rewrite the formula as:

(ab)(g) = 3 alg1) blga).

nn=y

From this form, one can make a straightforward generalization to the case of our groupoid
A,

@an= 2, o bisy

(igdel g ki=(i.k)

In our case it gives exactly the product of matrices and in particular fails to be commu-
tative. Hence, from nothing but the results of experiments, Heisenberg had derived the
product of observables to be non commutative. In replace of the classical formula

Pruy .oy (t) = LT T exp(2xi(n, v)t)
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the evolution law in matrix mechanics is given by

gi. () = g exp(2mivy; pt)
or equivalently:

d 1
a0 =3 [Ha  (h=h/2m)
where H denotes the diagonal matrix

Hun=hy (vi=wvij+w;i0,5€l),

which replaces the Hamiltonian observable in the guantum theory. By analogy with clas-
sical mechanics one requires the observables, ¢ of position and p of momentum, satisfy

[p.q] = ih

according to the general rule of replacing Poisson brackets of functions by commutators of
matrices. Henee Heisenberg's analysis shows the first concrete instance of a (phase) space

turning non commutative.

We shall now p;ve two more examples from physies. The first is the work of J. Bellissard
on the Quantum Hall effect.

Let us describe the experimental facts pertaining to the Quantum Hall effect, starting with
the classical Hall effect which goes back to 1880 ([Hal]). One considers a very thin strip
S of pure metal and a strong magnetic field B, uniform and perpendicular to the strip.
Under these conditions elementary classical electrodynamics shows that particles of mass
m and charge ¢ in the plane 5§ must move in circular orbits with angular frequency given
by the “cyclotron frequency”

we.=¢ Bfm,

Let us view the charge carriers in 5§ as a two dimensional gas of classical charged particles
with density N and charge e. Then if an additional electric field E is applied in the plane 5,
there is a drift of the above circular orbits with velocity E /B in the direction perpendicular
to E. The resulting current density j perpendicular to both E and B is such that, in the
stationary state the resulting foree vanishes, i.e.

NeE+jAB=0.

In practice however, the charge carriers are scattered in a time which is short with respect
to the eyclotron period. Thus the observed current is mostly in the direction of the electric
field E. Nevertheless, a small component in the perpendicular direction called the Hall
currend remains, and is given using the above formula by:

j=NeBAE/|B?
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which shows that

lil = (Ne/B)|E|.

In other words the Hall conductivity og, i.e. the ratio of the Hall current to the
electric potential is to first approximation given by a linear function of N:

oy = Ne/B.

As early as 1880 Hall observed the above drift current j and showed that the sign of the
charge carriers may be negative or positive depending on the metal considered. This was
the first evidence of what is now understood as electron or hole conduction.

In the regime of very low temperatures, T ~ 1° K the effects of quantum mechanies
become predominant and can with a gross oversimplification be described as follows. First
the two dimensional gas of charge carriers, say of electrons, has a one particle Hamiltonian
given by the Landau formula:

H=(p-eA)}/2m

where p is the quantum mechanical momentum operator and A is a (classical) vector
potential solution of rot(A) = B. Also m is the effective mass of the charge carrier. It is
immediate that the operators K; = p; — eA; satisfy the commutation relation:

K, K3 =ihe B

while H = K?/2m. Thus the energy levels of the charge carrier have discrete values which
are all integer multiples of Planck's constant times the cyclotron frequency:

Ey=nlw,.

Each of these “Landau levels” is highly degenerate, due to the translation invariance of
the system, and can be filled by ~ eB/h charge carriers per unit area.

A naive argument combining the filling of Landau levels with the drift velocity E/B thus
allows one to expect that the Hall current density should be given in the quantum regime
by

T Eoand
J s xcan—n:ﬂiE

where n is the number of filled Landau levels and j is in a direction perpendicular to the
electric field. In particular this implies that the Hall conductivity o is an integer multiple
o =n e [h of */h provided the Fermi level is just in between two Landau levels. This
argument however does not, in any way, account for the existence of the plateaux of
conductivity which were discovered experimentally by K. von Klitzing, G. Dorda and M.
Pepper ([KI-D-P]). In their paper the above three authors exhibited the quantization of
the Hall conduetivity thus giving the possibility of determining the fine structure constant
a= i-;- with an accuracy comparable to the best available methods.
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A first explanation for the integrality of o on the plateaux of vanishing direct conductivity
was given by Laughlin in 1981 using the gauge invariance of the one electron Hamiltonian
and a special topology for the sample. Then Avron and Seiler put the argument of Laughlin
in rigorous mathematical form assuming that, on the plateau, the Fermi level (ef. below)
belongs to a gap in the spectrum of the one particle Hamiltonian. This approach is however
unsatisfactory in that it not only uses the special topology of the sample, but also fails
to account for the role of localized electron states, which are tied up with disorder, and
imply that the plateaux cannot correspond to gaps in the spectrum of the one particle
Hamiltonian. To explain this more carefully we need to introduce another parameter
besides the charge carrier density N, it is called the Fermi level y and plays the role of a
chemical potential. In the approximation of a free Fermi gas, the thermal average of any
observable quantity A at inverse temperature § = 1/kT and chemical potential u is given
by:
; 1
(A)as = fim 7 Tracev(f(H)A)

where Tracey denotes the local trace of the operators in the finite volume V C § and
where f is the Fermi weight function:

f(H) = (14 :“”-F})" ;

-
In general the Fermi level y 1s adjusted so as to give the correct value to the charge carrier
density:
. 1
N= vh_?; Vi Tracey( f{ H)).

Note that the right hand side N(3, u) of this formula is in the limit of 0 temperature, i.e.
3 — +o0, dependent only on the spectral projection E, of H on the interval | — oo, u] and
is thus insensitive to the variation of u in a spectral gap.

In our lectures we shall explain the results of J. Bellissard [Bel| on the existence of the
plateaux of conductivity and the integrality of 5. For the time being we shall just explain
why the Brillouin zone becomes non commutative and restrict our discussion to the case
of a periodic erystal.

In their paper [Tho-IK-N-dN], Thouless, Kohimoto, Den Nijs and Nightingale investigated
the ease of a perfectly periodic erystal with the hypothesis that the magnetic flux in units
h/e is rational, an obviously unwanted assumption. Their argument shows clearly that the
origin of the integrality of oy is not the shape of the sample but rather the topology of
the so called Brillouin zone in momentum space. When the magnetic flux is irrational this
Brillouin zone becomes a non commutative torus T3.

Let us take as a model of the metallic strip 5 the plane R?* with atoms at each vertex of
a periodic lattice ' C R?. The interaction of these atoms with the charge carriers, let us
say the electron, modifies the one particle Hamiltonian to:
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H=Hy+V , Hy=(p—eAP/2m

where the potential V' is a I'-periodic function on R*. The whole set up is invariant under
the group I’ of plane translations belonging to I' so that we should get a corresponding
projective representation of I' on the one particle quantum mechanical Hilbert space H.
We should normally write H as the space of L? sections of a complex line bundle L on R?
with constant curvature, but this just means that viewing H as L*(R?) the correct action
of the translation group is given by the following unitaries, called magnetic translations:

U(X)=exp i[p—ed)- X VX eR.

For X € T this unitary commutes with H, but due to the curvature the U/{ X') do not
commute with each other. For the generators e;,e; of ' we get the commutation relation:

U =AU ; A=exp 2xi8

where U; = U(e;) and where # is the flux of the magnetic field B through a fundamental
domain for the lattice I, in dimensionless units. The role of the rationality of & in the
Thouless et al paper thus appears clearly since we know that when # is irrational the von
Neumann algebra W in M of operators which have the symmetries Uy, £ € I':

W={TeL(H); U:TU'=T ¥VLeTl}
is the hyperfinite factor of type Il namely Ry (cf. below, measure theory).

In other words if we investigate the operators which obey the natural invariance of the
problem we are not in a type I but in a type Il situation. From the measure theory
point of view the Brillouin zone is of type II. Moreover the canonical trace  on the factor
W is given, using an averaging sequence V; of compact subsets of R? by:

(1) "(T)= Jim

i, T reid)

so that this part of the thermodynamiec limit has a clear interpretation.

Since we need to understand the topology of the non commutative Brillouin zone we need
(ef. below, topology) a C*-algebra A C W of observables for our system. By construction
any bounded function f{H) belongs to W and in view of the formula giving the statistical
average of observables it is natural to require that A contains f(H) for any f € Co(R). The
obtained algebra so far is commutative and is too small to perform the computation on
the Hall conductivity. For that purpose we need another observable which is the current
j associated to the motion of the charge carrier. This current is a vector, given classically

by
j=e X

14



where X is the position of the charge carrier. Thus in quantum mechanics we have:

@ J =i/t [H,X]

where it is understood that both sides are pairs of operators; i.e. given by their components
on a basis of R?:

J;=eifh [H.X;]
with X; the multiplication operator by the coordinate.

To understand clearly why J is invariant under the symmetries Uy, £ € I' we can rewrite
the formula (2) as:

(3) J = e/hd ay(H))seo

where the group (R*)* dual of R* acts by automorphisms a,, s € (R*)* on the von
Neumann algebra W by:

a(T)=e"X T X YTeW

We thus can take J as an observable (except for the trivial fact that sinee J is unbounded,
as for H we need to use f(J), f € Co(R?)).

But in order to compute the Hall conductivity we also need to turn on an electric field
E and see how our quantum statistical system reacts. This means that we replace the
time evolution given by H, o¢(a) = ¢"H a ¢="*H by the time evolution associated to the
perturbed Hamiltonian:

H=H+eE-X
or equivalently by the differential equation:

% oi(a) = i/h [H,a) + e/h % are(a).

This makes it clear that the smallest C*-algebra of observables appropriate for the compu-
tation of the Hall conduetivity, besides containing f(H), f € Co(R) and f(J), f € Co(R?),
should be invariant under the automorphism group a, of W. In fact (cf. [Bel]) it is not
difficult to see that the C*-algebra A generated by the a,( f{ H)) does contain the functions
of the current and is thus the natural algebra of observables for our problem. On A C W
we have the (semifinite semicontinuous) trace v coming from the von Neumann algebra W
(formula (1)) and the automorphism group (a,) with generators the derivations:

§j = (0} au)sme-
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We shall come back to this algebra later on but we already mention that it corresponds to
a very nice and simple non commutative space: the non commutative two torus T3,

We shall now pass to an example of a somewhat different nature. Rather than phase
space or the Brillouin zone coordinates, we now consider a modification of the algebra of
coordinates of space-time itself. For reasons of convenience it will be better to deal with
imaginary time, i.e. with Euclidean space time. In many parts of quantum field theory
the space time points r € X only play the role of labels or indices for the quantum fields
w(z). This is not so however in two fundamental instances:

a) The actual local form of the Lagrangian

8) The invariance of the theory under the group G of gauge transformations of second
kind (local gauge transformations).

We shall discuss a) in more detail below, but let us concentrate on ). Here the group G
appears as a natural symmetry group of the quantum theory, the question we shall answer
15:
Given § as an abstract (topological) group, what information do we have about space time
X

Now recall that G is the group of local gauge transformations, i.e. of maps from X to a
fixed compact group G, (the global one):
L
G = Map(X,G) G compact Lie group.
In particular the constant maps give us a natural inclusion:

GCg.

We shall now show that if G = U(n), n > 2, then the knowledge of the above inclusion of
groups: G C § gives back in a natural manner the algebra A of functions on X, from which
(as we shall see later) the space X is uniquely recovered. We shall ignore the technical
details on which exact smoothness is assumed on elements of § = Map(X, &) and proceed
as follows. We take n = 2 for simplicity. The Lie algebra Lie(G) = L is a linear space
which contains by hypothesis the Lie algebra L of U(2). Thus £¢ O Lc and we identify the
complexified Lie algebra Le with the Lie algebra of 2 x 2 complex matnices with bracket
[X.¥] = XY = YX. In particular we let e;; € Ma(C) be the natural matrix units, thus

u‘ELc- Then one checks that the linear

0 1 z 1
-:u:{n ﬂ] for instance. Ltt.‘]'—[u -1

space
A={f€Lc; [1.£]=2)
with the product given by the equality:

&1 §2 = [[[§1, €], enn ], 62
is an algebra isomorphic to the algebra of functions on X with the pointwise product:
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(f1f2)p) = filp) falp).

Thus the gauge group of second kind contains a great deal of information about the struc-
ture of space time, since the latter can be recovered as the spectrum of the algebra A.
Now a group (or equivalently a Lie algebra) 1s a mathematical object quite different from
an associative algebra. For instance given two representations my, w2 of a group G (or of
a Lie algebra) we can form their tensor product 7y & w3 given by

(ri@m)lg) =m(g)@mig) Voel

and this yields a representation of G.

On the contrary, if A is an algebra and =, 7; are two representations of A then =, ® m;
is a representation of A @ A but not in general a representation of A4 itself. There is a
natural manner of converting an associative algebra A into a group, one replaces A by the
group

GLi(A) = {a € A; ais invertible}.

When A is involutive its unitary group is given by:

. U(A)={ue A; ue*" =v"u=1}.

More generally, using the algebra M,(.4) of matrices over .4 yields the groups GL,(.4) and
Un(A) for every integer n. Of course not all groups & are of the form GL; or i for some
algebra .4. When they are they inherit a lot of interesting properties from .4 as shown by
algebraic K theory.

It is the above relation between the gauge group of second kind and the algebra of coordi-
nates on space time which will, together with the very specific Lagrangian of the standard
model, dictate the following modification of the latter algebra:

A = algebra of functions on 4 dim continuum & (C & H).

Here C @ H is the algebra of pairs (A, ¢) where A € C is a complex number, g € His a
quaternion and where the product of two such pairs is given by:

(A1) (A2, 42) = (A1 A2, uga).
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2. Measure theory and representations.

Let X be a quantum space and .4 the involutive algebra which plays the role of the algebra
of coordinates on X. The first step in the analysis of X is the understanding of its measure
theory which as we shall see, is intimately tied up with the involutive representations of A
as an algebra of operators in Hilbert space.

The notion of a probability measure on X carries over to the non commutative case as

follows:

Definition 1. A state on A s a linear form ¢ : A — C such that
a)pla*a) >0 Yac A
B)e(l)=1,

The first condition is called positivily and the second is just a normalization condition,

As a first example take 4 = C(X) the algebra of continuous functions on a compact
space X with the pointwise multiplication and the involution defined by f*(z) = f{z)
¥z € X. Then the states on .4 correspond exactly to the probability measures p on X by
the equality:

¢ olf) = L fdu VfeC(X).

As a next example take .4 = My(C) the matrix algebra as obtained in matrix mechanics
from the discovery of Heisenberg. Then the states on A correspond exactly to densily
matrices p, i.e. to selfadjoint matrices with positive eigenvalues and trace 1, by the equality:

o(T) = Trace(pT) VT &€ Mn(C).

A state is called pure iff it cannot be written as a non trivial mixture ¢ = Ay + Ageeg,
Ai > D of two distinct states. Thus in the first example A = C(X) the pure states
correspond to the points of X, to each z € X one assigns the Dirac mass §; = p at this
point. They are already more interesting in the second example: A = My(C). In this
case they correspond exactly to the rays in the Hilbert space CV in which My(C) acts.
To any such ray C£, £ € C¥, £ # 0, there corresponds an orthogonal projection e of rank
one with range C£. The operator ¢ is a density matrix of trace one and hence a state ¢
on A:

W(T) = Trace(eT) = (T§,§)  (with [I{]l =1).

In the formalism of quantum mechanics the rays in Hilbert space correspond to quantum
mechanical states of the system. The more general mixed states (i.e. not pure) correspond
to quantum statistical mechaniecs.

We shall now explain first what to do once one has a state on A and then how to choose
interesting states on a given involutive algebra.
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The GNS construction.
Let A be an involutive algebra (with unit) and ¢ a state on .A. Then the poaitivity condition
a) immediately gives us a Hilbert space M, namely the completion of the linear space .4
for the inner product:

(z.¥) =¢ly’z) VryeA
Next every element a € A defines an operator x(a) in M, where the domain of x{a) is
A C H, and where

x{a)r = az Yze A

The equality:

{w(a)z,y) = (z,x(a" )y) Yr,yc A

follows from {y*az) = p((a"y)"z). It shows that the densely defined operator x(a) has a
densely defined adjoint: =(a*) and hence is closable. We could then already define a von
Neumann algebra M = =(.A)" in M, as the commutant of the group I/ of unitaries in M
which commutes with all the operators x(a), closures of ={a).

But in fact it is a natural hypothesis that the operators =(a) are all bounded in H,. This
is implied for ifstance by the following condition:

Vaec A, 3be A such that a"a + b"b = Al,
for some A € R.
This condition means that we are dealing with bounded observables or equivalently bounded
functions on our space X. There are simple general formulae such as

f — et f—rf[1+f'ﬂ“l"r=

which allow to pass from a selfadjoint unbounded element to a bounded one.
We shall thus let x{.4) be the involutive algebra of operators in M, of the form ={a) for
some a € A.

Definition 2. Let H be a Hilbert space. A von Neumann algebra M in H is an involutive
subalgebra of L(H), the algebra of bounded operators in H, closed in the weak topology.

We refer to the lectures by O. Lanford in Les Houches 1970 for a thorough introduction
to this notion. We just recall that a net T, of operators converges weakly to T iff

(Ta &m) = (TE,n) VEREM.

The bicommutant theorem of von Neumann characterizes von Neumann algebras as those
sets of operators in H which obey a given symmetry group If:
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M={Tel(K), VIV*'=T VVel].

When I varies among subsets equivalently (subgroups) of the unitary group one obtains
all von Neumann algebras in H.

Now any involutive subalgebra B of L(H) generates a von Neumann algebra M, the latter
is equivalently the weak closure of B or the double commutant of B:

B"={TeL(H); VIV*=T ¥V unitary such that VzV* =z Vr € B}.
Passing from B to B", one looses some information.

Proposition 3. (GNS) Let M = =(A)" be the weak closure of =(A), then M is a von
Neumnann algebra, = : A = M a » homomorphism with dense range, and one has a vector
Ep € Hg = H auch thal:

wla) = (x(a)o,bo) VYa€eA

Now on M we can define a state & by the equality

P(T) = (T, &) YTEM.

This state is by construction continuous in the weak topology. We shall now show that in
the commutative case we are back to the set up of the Lebesgue measure theory, a necessary
step in order to understand the meaning of the general non commutative case.

The commulative case.

Let us assume that A is commutative. Thus M = =(.A)" is also commutative and we need
to understand all the triples (H, M, £a) where

a) M is a Hilbert space
b) M is a commutative von Neumann algebra
¢) £ is a unit vector in H such that ME;, = H.

We assume for simplicity that M has a couniable basis. The classical result (cf. [Digy])
describes all triples satisfying the conditions a) b) ¢') where the weaker condition c'),
implied by ¢) using the commutativity of M (i.e. M C M') is:

') M& =H.

Theorem 4. Let [ = [0,1] be the standard Borel space. Then any such triple (H, M, %)
is of the following form:

H=LIpN) , M=12(1Lu), G=1
where p is a Borel probability measure on I and N @ measurable map from I to0 {1,2,...,}.
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We need to explain the meaning of our notations. We denote as usual by L*(I,u) the
Hilbert space of square integrable functions on I for the measure u, but we use the integer
valued function N to introduce multiplicity. In other words on the subset E, = {t €
I: N(t) = k} we replace L*( Ey, jt) by the direct sum of k copies of L?(Ey, ). Equivalently
H = L*I,u, N) is the space of measurable sections of the measurable bundle of Hilbert
spaces whose fiber is constant on Ey and equal to £%({1,...,k}). One only takes square
integrable sections, i.e. such that:

eI = j; NECz)? dulz) < oo.

The bounded measurable functions f € L™(I, u) act by multiplication:

(féNz) = f(z) &(z) VEeH,z€l
Finally £ is any measurable section such that |[£s(z)]| = 1 for any z € [, thus:

feabo)= [1du Ve L=(Ln)

In the statement of the theorem one can replace the interval I by any standard Borel space
X, which shows that measure theory gives very little information about a space X.

The multiplicity function N appears algebraically from the commutant M’ = {T €
LiH) ; Tf = fT ¥f € M} and one easily checks that over E; the commutant of
L=(Ey,u) is L=(Eg, p) ® Mi(C) (with £(£?) instead of Mi(C) for k = o). Thus the
commutant M’ of M is the direct sum of von Neumann algebras:

M'=& L®(Ew,p) @ Mi(C).

Under the stronger hypothesis c¢) one has M' = M and the multiplicity function N is equal
to 1.

The above classical result has many corollaries such as the spectral theorem, the Borel
functional calculus i.e. the (unique) definition of f(T') for any Borel function f : C — C
where T is a normal operator: TT* = T"T. It also shows that the von Neumann algebra
M generated by such an operator T is:

M = {f(T); f Borel bounded) =
{5 € L(H) ; USU" = § for any unitary [ such that UTU* = T}.

The modular theory.
Let us now pass to the general case. We let M = =(A)". It is a von Neumann algebra in
H, and the triple (M, M, &) satisfies a) b) ¢) except for the commutativity of M.

Let M' be the commutant of M and consider the subspace Hy = M'¢; spanned by the
vectors Tég, T € M'. It contains & and by construction the orthogonal projection P on
Ha belongs to the commutant of M', i.e. to M, The state:
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wla) = (afo,bo) VaelM

vanishes on a = PaP for any a € M and thus, to understand it, one can focus on the
reduced von Neumann algebra My

My={aeM; aP = Pa=a}.

One then lets M act in Mg, in which the original vector £ is eyelic and separating:
eyelic means M, & is dense in Hy
separating means (M, )'Eq is dense in Hp.

For notational simplicity we now drop the suffix P and the 0. The theory starts with the
following kev result of M. Tomita ([T;]):

Theorem 5. Let M be a von Neumann algebra in H and & a cyclic and separaiing vecior
for M. Then the operator with domain MEy which transforms zfy to z*5y Vr e M,
is closable. Its closure S has a polar decomposition § = JA'? with A positive and J
antilinear of square 1 and one has:
1) A" M A-*=M ¥teR
2) JIMJ = M'.
-

The operator A = 5°5 is called the modular operator and the one parameter group of
automorphisms of M given by

olz)=A"zA™ YreM,teR

is called the modular automorphism group of M. It only depends upon the state ¢ and
makes sense for any faithfull normal state on M where:

faithful means that p(z"z) > 0if z £ 0

normal means that the restriction of  to the unit ball of M is weakly continuous.
Equivalently it means that if e, € M is an increasing net of projections, ¢, = e:=eh EM
one has ¢(Ve,) = Sup ple,) where Ve, is the least projection ¢ € M, ¢ = ¢, for all a.

One then lets &7 be the modular automorphism group associated to p.
The next result, due to M. Takesaki and M. Winnink characterizes the one parameter group

o as the unique time evolution of M satisfying the Kubo Martin Schwinger condition
(KMS) as formulated by Haag Hugenholtz and Winnink ([H-H-W]):

Theorem 6. Let M be a von Neumann algebra, » a faithful normal state on M then of

is the unique one parameter group of automorphisms of M satisfying the KMS condition
relative fo 2.

We have used the following notion:



Definition 7. Let A be an involutive algebra, v a state on A and a; € Aut A a one
parameier group of aulomorphisms of A. Then the pair (a,) satisfies the KMS condition
iff for any a,b € A there ezists a bounded holomorphic function Fo4(z), 0 € Imz < 1
such that:

Fou(t) = wla aelB)) , Fuslt +i) = p(as(bla) VteR.

We shall come back later to the role of the KMS condition in the choice of states on A.

The next key result is the analogue, in this general non commutative measure theory
context, of the classical Radon Nikodym theorem. In the usual Radon Nikodym theorem
the derivative du/dv of one measure with respect to another is a, generally unbounded,
positive function h. If moreover both g and v are equivalent the function h does not vanish
so that the one parameter group of unitaries

g = A" VieER
is well defined and characterizes h uniquely.

The non commutative case is more subtle and involves the following 1-cocyele condition:

t.lg.|+h, = ‘Ilh ﬂ':.: [H;j} 1'1'!]1:'1 E ﬂ.

Theorem 8. ([Co|) Let M be a von Neumann algebra and o, 1 be faithful normal states
on M. There exists a canonical unilary 1-cocycle us € M, such that

e¥lz)=uw of(z)u! YVIER, ¥ze M.

This canonical cocvele is denoted by uy = (D : D).

Moreover, /=1 (J u),_, coindices
1) in the commutative case. with the logarithm of the Radon-Nikodym derivative
(du/dia);

2) in the case of statistical mechanics. with the difference of the Hamiltonians cor-
responding to two equilibrium states, or the relative Hamiltonian of H. Araki [Arg].

It follows that, given a von Neumann algebra M. there exists a canonical homomorphism
4 of R into the group OutM = AutM /IntM (the quotient of the automorphism group by
the normal subgroup of inner automorphisms), given by the class of ¢ independently of
the choice of >, Thus, Keré = T{M) isan invariantof M, asis Spéd = S5(M) = I;I Sp A,

Thus von Neumann algebras are dynamieal objects. Such an algebra possesses a group of

automorphism classes parametrized by R. This group, which is completely canonical, is a
manifestation of the non commutativity of the algebra M. It has no counterpart in the
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commutative case and attests to the originality of non commutative measure theory with
respect to the usual theory.

The classification of factors.

We now have a complete classification of hyperfinite von Neumann algebras. [ refer to [Col
for a detailed history of this work. [ shall just give here the relevant notion and a drawing
of the result.

A von Neumann algebra M is of type [ iff it is isomorphic to the commutant of
a commutative von Neumann algebra. Thus Theorem 4 gives us the list of type I von
Neumann algebras. namely the algebras M’ of this theorem.

The class of hyperfinite von Neumann algebras is obtained by monotone closure from the
type L. In other words, the class of hyperfinite von Neumann algebras is stable under:

a) Decreasing intersection N M,

3) Inereasing union UM, (weak closure)
and it is the smallest such class containing type I. Moreover all representations of nuclear
C*-algebras, of connected locally compact groups, of amenable discrete groups generate

only hyperfinite von Neumann algebras. The commutant of a hyperfinite von Neumann
algebra is hyperfinite.

Moreover, the classification of hyperfinite von Neumann algebras reduces to that of the
hyperfinite factors on writing M = [ M, du(t), where each M, is a factor, that is, having
center equal to C. Finally, the list of hyperfinite factors is as follows:
In M = M,{C).
l.e M = L(H), the algebra of all operators on an infinite-dimensional Hilbert space,
II;, R = Clff{ E). the Clifford algebra of an infinite-dimensional Euclidean space E.
e Roy=RE .
III, R, = the Powers factors ( A € [0, 1]).
III; Ra = Ry, ® Ry, (YA, Az N /A2 & Q). the Araki-Woods factor.
Il Rw. the Krieger factor associated with an ergodic flow W.
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Since we are in a region of great mountains [ shall try a drawing of the results as follows:

The KMS condition and Quantum statistical mechanics.

A cubie centimeter of water contains a considerable number of molecules of water agitated
by an incessant movement. The detailed description of the motion of each molecule is not
necessary, any more than is the precise knowledge of the microscopic state of the system,
for determining the results of macroscopic observations. In classical statistical mechanics.
a microscopic state of the system is represented by a point of the phase space, which is
of dimension 6.V for .V point molecules. A statistical state is described not by a point of
the phase space but by a measure g on that space. a measure that associates with each
observable f its mean value:

For a svstem that is maintained at fixed temperature by means of a thermostat, the
measure y is called the Gibbs' canonical ensemble: it is given by a formula that invokes
the Hamiltonian A of the svstem and the Liouville measure that arises from the symplectic
structure of the phase space. One sets

1) dy = ~1- e~ " | Liouville measure.
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where § = 1/kT, T being the absolute temperature and k the Boltzmann constant, whose
value is approximately 1.38 % 10=* joules per degree Kelvin, and where Z is a normalization
factor.

The thermodynamic quantities, such as the entropy or the free energy, are calculated as
functions of J and a small number of macroscopic parameters introduced in the formula
that gives the Hamiltonian H. For a finite system, the free energy is an analytic function
of these parameters. For an infinite system. some discontinuities appear that correspond
to the phase transition phenomenon. The rigorous proof, starting with the mathematical
formula that specifies H, of the absence or existence of these discontinuities is a difficult
branch of mathematical analysis.

However, as we have seen, the microscopic description of matter cannot be carried out
without quantum mechanics. Let us consider, to fix the ideas, a solid having an atom at
each vertex of a erystal lattice Z*. The algebra of observable physical quantities associated
with each atom z = (z;,z3,23) is a matrix algebra @, and if we assume for simplicity
that these atoms are of the same nature and can only occupy a finite number n of quantum
states, then Q: = Ma(C) for every z. Now let A be a finite subset of the lattice. The
algebra Q4 of observable physical quantities for the system formed by the atoms contained
mis E‘.\"I!ﬂ h}' the tensor ]Jl'ﬂduﬂl- Qﬂ, = E:E_ﬁ_ Q:.

The Hamiltonian H, of this finite system is a self-adjoint matrix that is typically of the
form

Hﬁ_ = z H; + -',I-Hill.u
€A

where the first term corresponds to the absence of interactions between distinct atoms and
where ) is a coupling constant that governs the intensity of the interaction. A statistical
state of the finite system A is given by a linear form ¢ that associates with each obser-
vable A € Q, its mean value 2(4) and which has the same positivity dnd normalization
properties as a probability measure . namely,

a) Positivity: (VA € Qu )

b} Normalization: (1) =1.
If the svstem is maintained at fixed temperature T, the equilibrium state is given by the
quantum analogue of the above formula (13

|
saldl = 7 trace! e~ 4) (VA EQu),

where the unique trace on the algebra @, replaces the Liouville measure.

As in classical statistical mechanics. the interesting phenomena appear when one passes
to the thermodynamic limit. that is. when A — Z%. A state of the infinite system being
given by the family | = ) of its restrictions to the finite systems indexed by A, one obtains
in this way all of the families such that

a) for every \. 7 is a state on @4;



b) if A; C A; then the restriction of ¢y, to @y, is equal to wy,.

In general, the family ¢, defined above by means of exp(—gH, ) does not satisfy the con-
dition b) and it is necessary to better understand the concept of state of an infinite system.
This is where C'*-algebras make their appearance. In fact, if one takes the inductive limit @
of the finite-dimensional C*-algebras @, one obtains a C*-algebra that has the following

property:
An arbitrary state p on () is given by a family (4 ) satisfying the conditions a) and b).

Thus, the families (24 ) satisfying a) and b}, that is the states of the infinite system, are in
natural bijective correspondence with the states of the C*-algebra Q. Moreover, the family
( Hy ) uniquely determines a one-parameter group (a;) of automorphisms of the C'*-algebra
@ by the equation
d 2xi
E a(A) = hﬁ_“%, 5 [Ha, 4]

This one-parameter group gives the time evolution of the observables of the infinite system
that are given by the elements A4 of Q, and is calculated by passing to the limit starting from
Heisenberg's formula. For a finite system. maintained at temperature T, the formula gives
the equilibrium state in a unique manner as a function of Hy, but in the thermodynamic
limit one cannot have a simple correspondence between the Hamiltonian of the system,
or, if one prefers, the group of time evolution, and the equilibnium state of the system.
Indeed, during phase transitions, distinct states can coexist, which precludes uniqueness
of the equilibrium state as a function of the group (a;). It is impossible to give a simple
formula that would define in a unique manner the equilibrium state as a function of the
one-parameter group (ay). In compensation, there does exist a relation between a state
v on @ and the one-parameter group a, that does not always uniquely specify  from
the knowledge of oy, but which is the analogue of the formula (4). This relation is the
Kubo-Martin-Schuinger condition ([Ku), [Mart-5]) as formulated by Haak, Hugenholtz and
Winnink [H-H-W]:

Given T, a state » on ) and the one-parameter group a, of automorphisms of §} satisfy the

KAIS-condition if and only if for every pair 4, B of elements of () there exists a function
F{z) holomorphic in the strip {z € C. Im z € [0, h7]} such that

F(t) = p(AaB)) , F(t +ih7) = pla(B)A) (Vi€ R).

Here ¢ is a parameter of time. as is A3 = A/kT which, for T = 107 K, has value approxi-
mately 107%s.

This condition allows us to formulate mathematically, in quantum statistical mechanies,
the problem of the coexistence of distinct phases at given temperature T, that is, the
problem of the uniqueness of 2, given (a;) and 3.

For instance the set Cz of KIS states at inverse temperature J is always a Choquet
simplex whose extreme points correspond to the pure phases. We refer to [H] for a more
thorough discussion of these points.
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3. C'"-algebras and topology.

Let X be a quantum space and 4 the associated involutive algebra. We have seen in
section 2 how to extend measure theory in the general non commutative case, but measure
theory is not sufficient to get a satisfactory notion of a point p € X of the corresponding
quantum space X. Indeed (in the commutative case) a point is usually negligible for any
of the relevant probability measures g on X, and the von Neumann algebra L*(X, u) only
controls X up to negligible subsets. But given any family =, of involutive representations
of .A we can define a norm on A by the equality:

(1) lla]l = Sup [|=afa)l] Vae A.

We need to know that the right hand side is finite (at least for sufficiently many elements
of A), and this finiteness follows if for instance we can, for any a € A find b € A with
a*a+b*h = Al, A < co. It may happen that we do not have enough representations 7, to
separate points of A but J = {a € A, ||a]| = 0} is by construction a two sided ideal, equal
to N Ker 75, and we can replace A by A/J.

Proposition 1. The completion of A for the norm || || is & C*-algebra A. All the
representations 7, eziend by continuily to A and one has 7o(A) = 7a(A) Va.

We have used here the following definition:

Definition 2. A C*-algebra is an involutive Banach algebra A such that ||z*z|| = ||z|]*
¥z e A.

Before we discuss proposition 1 we need to make a number of mathefatical comments
about definition 2. First the general notion of a Banach algebra has in common with the
general notion of Banach space that there is a lot of arbitrariness in the specific choice of
the norm. The norm in a Banach algebra B is supposed to satisfy the inequality:

lzwll < U=l lyll Yz.yeB

but. even if ||1]| = 1. it is not specified uniquely by the topology of B. This arbitraniness
is of the same nature as that of a choice of a convex set and is a good reason to consider
general Banach spaces (or algebras) as tools rather than as basic objects. It is fundamental
that for C*-algebras the norm. || ||, is uniquely determined by the algebraic structure: one

has for anv r € A:

llzll = {Sup|A| , z°r = |A]® not invertible in A}.

This shows of course that C*-algebras have a unique norm satisfying definition 2, and it
eliminates the above defect of Banach algebras. The second point we need to explain is
the meaning of the above algebraic formula for ||zf|. It is essentially the natural algebraic
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definition of the sup norm. Let us consider the simple example of the algebra A = C(X)
of continuous functions on a compact space X with pointwise multiplication (fg)(p) =
f(p) g(p) ¥pe X,and f*(p) = f(p) Vp€ X. Let f € A, then for A € C the function

* f—|A]* does vanish somewhere in X iff for some p € X one has |f(p)] = |A|. If f*f—|A
does not vanish then by compactness of X it is bounded below in absolute value and its
inverse ( f*f — |A]*)~! is a continuous function. Thus we get

{SuplAl , f*f = [AI? not invertible in A} = Sup |f(p)|.
PEX

Let us now discuss proposition 1. The first important fact is that the norm of an operator
in Hilbert space:

ITH = Sup {IT¢ ; 1€ < 1)
does satisfy the C"-algebra condition of definition 2:

ITT| = ITI*  ¥T € L(H).

It follows then immediately that the norm on A given by the equality (1) still satisfies the
C*-condition.

We however need to complete A in order to get the C*-algebra A and we need to explain
what new elements are adjoined to A by this procedure. The involutive algebra A we
started with needed to be formed by “bounded” elements, say obtained from unbounded
ones by the simple algebraic expressions of section 2. Apart from that, it could have been
given in a fairly formal manner, say by generators and relations. As a rule it is formed
of fairly regular “functions on the quantum space X". Thus for instance .4 could be
the algebra of smooth functions on a manifold or of polynomials on a subset of R® or of
bounded functions of local quantum fields etc.... When we complete A to the C*-algebra
A using the sup norm (1) we now get all cuntmwua 'jl‘un:imru on The quanium space
X ™ To have an idea of what this means consider the commutative case, so that X 1s an
ordinary compact space, say the circle 5! to fix the ideas. Then the completion C{X)
contains all continuous functions. all the sums ¥ fa, fa € A. E | fall < oo obtained by

modifying at each new scale £,, }_ £, < 0. the previous sum E fi by any element f,
of sup norm less than z,, as in the construction of fractals.

One should be well aware that by piling up such small modifications one can, in the C°-
category i.e. in topology, do things which are not allowed in the smooth (™) category
such as filling a square with a Peano’s eurve, construct a Jordan curve in the plane with
> 0 2-dimensional area, or construct homeomorphisms between manifolds which are not
diffeomorphic.

The following fundamental result of Gelfand shows that the commutative C'*-algebras cor-
respond exactly by the duality

Compact space X — »algebra C[X)
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to the compact spaces X.

To formulate the theorem we first describe the other map, Spec, from algebras to spaces.
Given a commutative = algebra A one defines a character of A as a one dimensional
involutive representation of A or equivalently as an involutive homomorphism X : A — C.

Theorem 3. ([G-N3|) Let A be ¢ unital C*-algebra and X = SpecA the sef of characters
of A endowed with the weak topology as a subsel of A*. Then X i3 a compact space and
the Gelfand transform a € A — { the funetion y € X — x(a) } is an involutive isomelric

tsomorphism 4 = C(X).

The weak topology means that y, — x iff for any a € A one has y,(a) — y(a).

The theorem extends to the case of non unital C*-algebras, in which case X is now only
locally compact and C(X) is replaced by Co( X') the algebra of continuous functions on X
which vanish at so: f(p) — 0 when p — =c.

If one only has in mind the case where X is given to start with, theorem 3 might seem
of little practical use, so we just give the following 3 examples to show its power and

significance:

Ezample 1. Let G be a locally compact abelian group with Haar measure ds. Let H =
L*(G,ds) and A = C*(G) be the C*-algebra norm closure of the operators of convolution
m(f) f € ClG)

(=(F)ENE) = jﬂ £(s) €(t —3) ds.

Then the Gelfand space X = Spec(A) is the Pontrjagin dual group G.

Ezample 2. Let G be a real semi simple Lie group, K € G a maximal compact subgroup
and A the convolution algebra of K biinvariant functions on G acting in the Hilbert space
L*({G/K) = H. Determine the spectrum of A.

Ezample 3. Let T be a self adjoint operator in a Hilbert space H and A the C*-algebra
generated by T. Identify the spectrum of A as a subset of R.

Remarks.

a) The characters of a C"-algebra are automatically continuous (and of norm one). They
are thus uniquely determined by their restriction to a dense subalgebra 4 C 4. It is of
course not true in general that a character of A (a purely algebraic notion) extends as a
character of the completion A. [t does however happen for the following class of invelutive

algebras:

Definition 4. A pre C*-algebra A is an invelutive algebra isomorphic to a subalgebra of
a C"-algebra A which is stable under holomorphic functional coleulus in A.
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This stability means that if a € A and f is a holomorphic function on Spec,(a) = {} €
C, A—anot invertible in A}, then f(a), defined as a Cauchy integral - [ f(s) Lo ds €
A does in fact belong to A.

This essentially means that if a € 4 is invertible in A then its inverse is also in 4.

For a pre C'"-algebra A one gets uniquely a norm:

llall = Sup{|A]*’* ; a"a — A not invertible in .A}

and the completion of A with respect to this norm is a C*-algebra. The simplest example
of a pre C*-algebra is given by the algebra of smooth functions C*°( M) on a manifeld M.
Indeed (with M compact) if such a function f € C*(M) is invertible in C(M) then it
does not vanish and its inverse f~! is a smooth function on M.

Proposition 5. Let A be a pre C"-algebra then any invelutive representation of A in
Hilbert space is automatically continuous for the norm || || and eztends uniquely to the
associaled C'"-algebra,

In particular when A i1s commutative the characters of .4 are exactly the restrictions to A
of the characters of A and Spec(.d) = Spec(A) as compact topological spaces. The same
holds in the locally compact case.

b) For compact spaces (or locally compact ones) one has the equivalence:

X is metrisable < C(X) is norm separable.

In other words the topology of X can be defined by a metric iff the C*-algebra 4 = C(X)
admits a dense countable subset. It is quite important when one begins to work with C*-
algebras and von Neumann algebras to make clear the distinction between the two topics.
The weak topolegy on L(H) is considerably weaker than the norm topelegy, so that it
is much harder for an involutive subalgebra of £(H) to be weakly closed (von Neumann
algebra) than norm closed (C*-algebra). It is true, and at first confusing, that any von
Neumann algebra is a "*-algebra but not an interesting one because it is usually not norm
separable. For instance let (X. ) be a diffuse probability space (every point p € X is
p-negligible), then L®(X, u) is a von Neumann algebra (in L*(X, 4)) but it is not norm
separable and its spectrum as a C*-algebra is a pathological space that has little to do with
the nriginal standard Borel space X.

¢) We have seen above that any involutive representation = of our initial algebra A gives
rise to a norm,

llalle = H=ialll Ya £ A.

Many inequivalent representations give rise to the same norm so that some information is
lest in keeping only || ||« instead of r.
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Let us now go back to the three examples of spaces X discussed in section 1). We start
with the easiest and use Gelfand's theorem (Theorem 3) to get back Euclidean space time
X from the group inclusion (cf. section 1): (with G = U(n), n 2 2)

G C U = Smooth maps from X to G.

Using proposition 3 the exact degree of smoothness is not relevant here as long as it satisfies

definition 4 and this is the case for C°, C*, €>,.... We then recover X as the spectrum
of the algebra A constructed from the group inclusion & C I{ in section 1.

We thus get, in this simple case of a U'(n) gauge group, an interpretation of the role of space
time points, not as indices of quantum fields, but as characters of an algebra intimately
related to the group & of symmetries of the theory.

Let us next consider the example of quantum mechanics. We have seen above that for an
atomic system with N allowed states the corresponding observable algebra is the matrix
algebra My(C). When N = co the correspending C*-algebra is the so called elementary
C*-algebra k. It is the C*-algebra of all compact operators in Hilbert space:

k={T € L(H) ; T is compact}.

(Recall that a bounded operator T is compact iff the image of the unit ball T(B) =
[T¢: €M, ||€ll <1} is a compact subset of M in the norm topology. Equivalently the
n-th characteristic value of T, pa(T) = n-th eigenvalue of [T| = (T*T)'/?, tends to 0 when
n—oc.)

Since all Hilbert spaces with an infinite countable orthonormal basis are pairwise isomor-

phic, the C*-algebra k is well defined up to isomorphism. It is non unital and is norm
separable and is characterized by the following property.

Proposition 6. [Di;] a) The representation of k as operafors in H is (up to isomorphism)
tts only irreducible unitary represeniation.

b) The C*-algebra k is (up to isomorphism) the only non unital norm separable C'*-algebra
which admits only one irreducible representation.

The statement a) easily implies the Stone von Neumann theorem on the uniqueness of
irreducible representations of the canonical commutation relations.

The pure states of the C"-algebra k correspond exactly to the rays in the quantum me-
chanical Hilbert space.

We see, with this second example. that in the non commutative case the notion of a point
p € X as given by Gelfand’s theorem can be extended to that of a pure state of the C*-
algebra together with the notion of equivalence given by the unitary equivalence of the
associated representation.

Proposition 7. [Diy] Let A be a C"-algebra.
a) A state 2 on A is pure iff the cssociated GNS representation =, is irreducible.
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b) Given a pure state o on A there 15 a canonical bijection belween rays in the associated
Hilbert space M, and the equivalence class of :

C, = {4 pure state on A ; =y equivalent to 7).

(We recall that two representations =, 7' of A are equivalent iff there exists a unitary
U : H — M such that #'(a) = Un{a)lU* VYae A.)

The bijection of proposition 7b) is given explicitly by associating to £ € H,,, ||£]| = 1 the
state on A given by:

wla) = (zg(a),f) Vae A

Note that, even when A is unital, the space T of pure states on A is not compaet in general.
It is however always a G (countable intersection of open sets) in the compact space of A
and is always sufficiently large (cf. [Dis]).

As a next and more elaborate example of a non commutative C*-algebra let us consider
the observable algebra Q occurring in quantum statistical mechanics as in section 2.

@ is the natural C*-algebra whose states  are exactly the families (24 ), fnite fulfilling
conditions a) 3) of section 2. This C*-algebra () is the norm closure of the union of the
C*-algebra Q5. The latter union is a pre C"-algebra in the sense of definition 4 so that
its norm is uniquely defined as well as its C*-completion . The local Hamiltonians Hy
of the finite systems A determine an unbounded derivation of Q given formally by:

éz) = lim, [H,a]

This derivation generates a one parameter group oy € Aut(Q) of automdrphisms of @ and
the KMS condition (cf. section 2) plays a decisive role in characterizing the equilibrium
states of the system at inverse temperature 3 (ef, [H]).

In this example the C"-algebra Q corresponds to a non commutative analogue of a totally
disconnected Cantor set X. Since we only care about states on @ the fine details of the
topology of X do not play an important role,

In the next example. the quantum Hall effect. we shall see how the differential topology
of a quantum space .\’ can play a decisive role in the understanding of the main physical
quantity in the problem. the Hall conductivity.

Recall that we discussed in section 1 the construction by J. Bellissard of a natural C*-
algebra A generated by the a, f{H), of an action of R* on A by automorphisms a, € Aut A
¥s € R*, and of a trace r.

Let then 4; be the unbounded derivations of A given by:
dilr)=0; a,(z)ms J=1,2.
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The key formula for the Hall conductivity is the Kube formula which can be expressed as
follows:

Lemma 8. ([Bel|) Let the Fermi level u belong to a gap of the Hamiltonian, u ¢ SpecH,
and E, be the spectral projection of H corresponding to energies smaller than u. Then the
Hall conductivily oy is given by the formula:

e? 1
Ty = I E fj[E..E-.rE.]

where 77 i the trilinear funclional given by:

ma(ag, a1, a2) = v {ao(dy(ay ) d2{az) — d2(a1 ) &1{az))) ¥a; € Dom &

As we shall see later this formula will continue to hold (cf. [Bel|) with the only hypothesis
that u is in the spectrum of localised states, but we need first of all to understand the
geometric meaning of the above formula.

The C*-algebra A can be written quite simply as

A=A,k

where k is the elementary C"-algebra described above and where, with # the fux of the
magnetic field through a fundamental domain of ', the C*-algebra Ay is the irrational
rotation C*-algebra [Ri,|. It is generated by two unitaries ¥, V3 which satisfy the relation:

(=) VBl = AWV . A= exp(2xi8).

For any value of # € R/Z, we let Ay be the C"-completion of the invelutive algebra
generated by V), V3 with the presentation (+) and norm given by:

lall = Sup {||=(a}|l, = a unitary representation of =} .

When # = 0 one checks that 4y is the I!:"-alguhra ll':{TE] of continuous functions on &
?-dimensional torus, T* = R* /2%, with 1] = exp(271 a; ), V2 = exp(271 a3).

When # is irrational the norm [|={a)|| = |lal|x on the above involutive algebra is independent
of the chotee of the unitary representation = and the C*-algebra Ay is a simple C'*-algebra:
it has no non trivial two sided ideal. Nevertheless we shall continue to think of it as a
(non commutative) torus and think of elements a = £ an,m V;"¥J™ of As as continuous
functions ala;, az) on this torus. We then extend as follows (cf. [Co]) the familiar notions:

1) Partial differentiation ﬁ, a. j =12
This yields the following densely defined commuting derivations §; of As:

51(E dum VPV™) =T ap m (2rin) VPV
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61(Z anm VVi") =T @ m (2xim) V7V

One checks indeed that in spite of the non commutation of ¥} and V¥; the 4; are derivations,
i.e, satisfy:

&;(ab) = 6;(a) b+ a &(b).

2) Smoothness: a is of class C™.
This yields the following dense subalgebra AZ® of Ay
Af = {a€ A, ﬁ?'ﬁ;”[n] Ay ¥ngng EN}.
Equivalently A45° is the space of C vectors for the action of R* by automorphisms of Ag

given by
Bu(a) = £ exp(2ri(ns; + ms;)) anm V'Vy"  Va=(s1,5) ER? | Ya € A,

One has 8, € Autdy Vs € R®. Moreover the elements of A3® have a very simple
characterization in terms of the coefficients a, m. One has

Lemma 9. (ef. [Col)

0 = {E T Ve Vo n"m"'|-::..hni bounded for any k. k' € N} :

In other words the linear space AZ° is independent of #, only the product rule changes, due
to the phase factor introduced by (+).

3) Integration [a da ndB.
This yields the following trace = on A,:

T{E ﬂﬂ_m '['II'I-'I._F:'II"'I'] =3 ﬂ'W'

It is relevant to note that when 8 is irrational we get (up to normalisation) the only trace
on Ag.

Now it is important to make sense more generally of the following expression:

(o2 jﬂ'n Efﬂ-] M Jd:r = Tyldgs iy, dz)

where ay.ay,az are arbitrary elements of 4,.

We can do that by just writing the result (»=) in terms of r and of the partial differen-
tiations &, &3 of 1), we get:
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ri{ap, a1,82) = 7(ag(di(a1) fxlaz) — 81(a;) &i(az)))  Va; € AF.

So far we have shown how to adapt familiar differential geometric expressions to the non
commutative torus but we did not see new phenomena occurning. The first new one has
to do with connectedness.

The ordinary 2 torus is connected, equivalently this means that any f € C(T?), any
continuous function on T? has a connected spectrum: Specf = f(T*) C R (or C if f is
complex valued).

On the opposite, for @ irrational, the non commutative torus is highly disconnected and
one can find many elements a = a® € As whose spectrum is disconnected. The simplest
example of such an a is a = V; + V" + V2 + V" when # is a Liouville number but the
first example was given by R. Powers and M. Rieffel ([R1;]) and was simply giving an
idempotent E € Ay, E= E*, E? = E, E # 0, E # 1. In other words E is a selfadjoint
element of Ay whose spectrum is {0, 1}.

The construction of E depends on an arbitrary choice of a smooth function (to insure
that E € A7) in one variable (cf. [Ri,]) and the first striking result of non commutative
differential geometry is the following ([Co]).

Theorem 10. ([Co]) For any idempotent E € AF

EL—.-[E&E&&E b it

This result holds in the same way for the C*-algebra A = Ay & k, the derivations §,, 6
and the trace r appearing in the formula (lemma 8) for the Hall conductivity. We shall
now explain its geometrical significance, starting with the elementary ndtions of K-theory
a.nd characteristic classes. Both the stability. under deformations of E, of the integral
T fE dE A dE and its integrality will be given a conceptual explanation in sections 4)
and 5) below. This will allow in pan:nﬂa: (ef. [Bel]) to obtain the integrality result for
the Hall conductivity oy (in units T] when the Fermi level 4 belongs to a gap of extended
states which is the correct physical assumption.
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4. Vector bundles and cyclic cohomology.

In this section we shall describe the notions of vector bundles and charactenstic classes of
such bundles and extend them to the non commutative case. This extension plays a role
both in the quantum Hall effect, already discussed above, and in gauge theories. We shall
begin our discussion with the first instance of an invanant of a vector bundle computed
by an integral formula, the Gauss-Bonnet theorem.

The Gauss-Bonnet theorem.

This theorem is easy to visualize, it has to do with the theory of surfaces in the space
R?. To fix the ideas, take a concrete example of such a surface. When one attempts to
understand it and to study it, the fundamental concept of curvature is seen to appear.
This concept is even easier to understand in one less dimension, where one is interested
with curves in R?. Let us therefore recall what the curvature of a plane curve is, before
returning to the space R>.

Let us consider a plane curve at a point P. Among all of the circles with center lying
on the normal to the curve passing through P, there is one with best possible fit to the
curve in a neighborhood of P. The radius of this circle is called the radius of curvature of
the curve at the point P. Then the curvature of the curve at P, which should be greater
the more the curve is curved is defined as the inverse of the radius of curvature at P, i.e.,
K =1/R.

Let us now return to the case of surfaces. Through a point P of the surface, one can draw
the normal to the surface and, to reduce the dimension by 1, cut the surface by a plane that
passes through the normal. When the surface is intersected by a plane passing through the
normal, one obtains a plane curve, This plane curve has a radius of curvature at the point
P. and there is no reason for it to be constant as one varies the plane passing through the
normal. For a sphere. which is perfectly symmetrical, one always has the same radius of
curvature. but in general one finds different curvatures; in the saddle-sHaped surface case,
there is a plane passing through the normal for which the curvature is zero. This means
that if the curvature is given a sign, it changes sign between the two extremes as the plane
1s rotated about the normal.

A thecrem due to Euler shows that in fact one does not have to know the curvatures for
all the planes passing through the normal in order to describe the situation completely.
It suffices to know the two extreme curvatures i) and i3, They are attained for two
perpendicular planes. and when the surface is cut by a plane that passes through the
normal but makes an angle # with the plane for which the curvature has the extreme value
K. the following formula due to Euler gives the value of the curvature:

Ky = K; cos® 8+ K5 sin® 6.
The Gauss-Bonnet theorem may be stated as follows:

Theorem 1. Let £ be an oriented surface embedded in RY. For every P £, let R(P) =
K K3 be the total curvelure of = at P. Then
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LR{P} d® P = 2r(2 - 2g),
where g 12 an integer, independent of the embedding, called the genus of T.

Thus, even though the number [ R(P)d*P is calculated as an integral, it has the alto-
gether extraordinary property of being a stable number. This means that even though this
number is defined by means of numerous parameters, it does not depend on their choice.

In fact, we have an infinite number of parameters at our disposal. Let us take the surface
and make a small bump on it, the theorem shows that one thereby introduces exactly as
much positive curvature as negative curvature. Indeed, positive curvature is introduced at
the top of the bump, since the curvatures K; and K; at that place have the same sign;
however, at the bottom of the slopes, the situation is that of a saddle: there the total
curvature £ = K, K; is negative. The number obtained by calculating the integral of the
total curvature over the entire surface thus has a remarkable property. It is not the integral
of an arbitrary function: when the surface is modified slightly, or even modified radically
but without changing its topological nature, this number does not change.

When a number has this quality, it has much greater significance than does an ordinary
number. Certain physical quantities of fundamental significance are numbers that can be
calculated by a method of this type and that possess the same property of stability with
respect to deformations.

Let us return to the statement of the Gauss-Bonnet theorem: the integral, over the entire
surface, of the total curvature R = K K is an integral multiple of 2x of the form 2(1—g)2x,
where g is a positive integer called the genus of the surface. This number characterizes
the topological type of the surface in question. Thus for instance, draw an example of a

surface of genus 2. The genus measures. if cone likes, the number of holes in the surface.
For a sphere there is no hole, for a torus there is just one, and so on.

Our next aim will be to show that theorem 10 of section 3) and the Gauss-Bonnet theorem
are both special cases of a simple general algebraic result which construets invariants of
K -theory. For that we first need to cast the notion of vector bundle in its natural algebraic
framework.
Vector bundles and idempotents.
Let .X be a compact topological space. Then a vector bundle E over X is given by:

a) A topological space E (the total space of the bundle)

J) A continuous map p: E — X (the canonical projection)

+) A vector space structure on each fiber p~(z), z € X.
These data are moreover supposed to satisfv the local trimality condition, which asserts

that one can cover X by open sets U for which the above triple when restricted to p~'(U)
18 isomorphic to [” x 17 where V" is a fintle dimensional vector space.

As an example consider the oriented surface T of theorem 1 and let E be the space of
pair (r,£) where r € € and £ € T, (E) is a tangent vector to L at the point z. It is
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clear that we can endow E with a natural topology and let p: E — I be the projection
p(z,£) = z. To get an interesting vector bundle we want each fiber T; (E) to be a complex
vector space of dimension one. This is done uniquely if one requires that multiplication
by 1 is just rotation of angle x/2 in the oriented Euclidean plane T, (Z) € R*. One then
checks directly that the obtained triple satisfies the local triviality condition and hence
defines a vector bundle over I.

There is an obvious general notion of isomorphism of vector bundles E, E' over the same
base X. An isomorphism T : E — E' is given by an homeomorphism of total spaces,
commuting with p, and linear in each fiber. The relation between vector bundles and
idempotents is given by the following construction of a vector bundle E on X from an
idempotent e € My(C(X)) where N is an integer and My(C(X)) is the C*-algebra of
N x N matrices over C(X). In other words My(C(X)) = C(X) ® My(C). An element
of Mn(C(X)) such as e, can be viewed as a continuous map e € C(X, My(C)) from X to
My(C) and the algebraic operations occurring pointwise ((ef)(z) = e(z)f(z) VYzre X
for instance) it follows that e is an idempotent:

E==I!|'_"

iff e(z) is an idempotent for all z € X

We can then define a vector bundle E = Im{e) as follows:
Total space E = {{:,{J z€X,EeCY, ez} =-.E}
Projection p: E — X, p(z,£) ==

Veetor space structure of E, = Im(e(z)) c C¥.

The local triviality of E follows from a simple property of idempotents e € My(C). If two
of them e. f are close enough in norm then the map ¢ : Imf — Im e is an isomorphism.

.
Note also that without changing the vector bundle Imie) we can replace the idempotent e
by a selfadjoint idempotent e = ¢*.

Proposition 2. ([Ser;| [Sw|) Let X be a compact space.

1) Then every vector bundle E on X is isomorphic to a vector bundle Im ¢ for a (selfad-
joint) idempotent ¢ € Mn(C(X)), with N large enough.

2) Two vector bundles Im ¢ and Imf are tsomorphic iff e and [ are equivalent in the sense
of Murray and von Neumann, i.e. there ezists u.v € My (C(X)) with uv = ¢, vu = f.

To prove the existence of ¢ one constructs, using compactness of X a finite number N of
sections £; of E (i.e. of continuous maps & : X — E with po § = idx) such that at
each r € X the vectors £;(z) span the vector space E;. Let us see how to do this in our
example of the line bundle E over a surface © C R?. We can directly define the idempotent
e € M; (C(T)) as follows: note first that the unit sphere §* C R? can be identified with the

space of selfadjoint idempotent 2 x 2 matrices of rank one e = [z:i :::] . Indeed such
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matrices are necessarily of the form [E 1f—nl with a real, b complex and with vanishing
determinant, i.e.

a(l=a)+ |8 =0

which gives the 2 spheres 5°. Next the normal map v : T — 57 thus gives us a specific
element:

e € C (I, My(C)) = M(C(Z))

which is the desired idempotent. It is clear indeed that the vector bundle Im(e) is isomor-
phic to E.

Invariants of vector bundles.

By proposition 2 we know how to construct arbitrary vector bundles over X using idem-
potents ¢ € My(C(X)). The same statement holds for smooth vector bundles, replacing
C{X) by the algebra C*(X) of smooth functions on X and hence My{C(X)) by the
pre C*-algebra My(C™(X)). The remarkable stability under deformations which occurs
both in theorem 10 of section 3 and in the Gauss-Bonnet theorem is a special case of the
following:

Lemma 3. Let A be an algebra, 3 a trilinear form on A satisfying the following 2
condilions:

a) ra(at.a?,a’) = m(a®,al,a®) Val.al.a’e A

3) ra(agay, a3,83) — r2(ag, 818z, 83) + T2(ap, @1, 0203) — 12(@3@0,ay,a2) =0 Va; € A
Then the quaniity (e, e,¢), ¢ idempoient, e € A, 15 invariant under deformations of e and
only depends upon the Murray-von Neumann equivalence class of e.  *

By a deformation of £ we mean that we have say a one parameter family e; of idempotents,
ey € A, with ;"% ¢, = e, A. The proof of the lemma is quite simple, using the fact that the

deformation is necessarily isospectral sinee Spec(e;) C {0,1)} so that one can find a; € A
such that:

d
— o = [ay, &4

dt

The condition J) above is a natural generalization of the tracial condition:

t{agay ) = r{ayas) =0  VYag,ay € A

for a linear form on A. The invariant given by lemma 3 is a natural generalization of the
trace 7(e) of an idempotent which only depends upon the Murray-von Neumann class of
e. Let us now give examples of functionals r; satisfying o) 3). They are called eyelic
2.coeyeles. The eyelic refers to the eyelic permutation occurring in @), the 2 refers to the
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indices ag, ay, ag, and the term cocycle refers to the general coboundary operation b defined
for any n 4+ 1 linear form by:

{EIIFHM"' .,ﬂu+|} =

Zt-l}f (711, PR 7. R SRy +(=1)"*" olGn4180,G1,+ 00y On) Wa; € A
0

Ezample 1. Let A = AJ° be the algebra (occurring in the quantum Hall effect (cf. section
3)) of smooth functions on the non commutative torus. Then the functional r; of theorem
10,

ro(ag, a1, a2) = 7 (ag(8i(ar) fz{az) — 82(a1) &i(az)))
is a cyclic 2-cocycle.

In particular lemma 3 accounts for the remarkable stability of ra(e, ¢,¢) when applied to
the Powers-Rieffel projections ¢ depending on an arbitrary choice of function.

Ezample 2. Let A= My (C™(L)) for £ an oriented surface. Let us first define, using the
orientation of T, a natural cyclic 2-cocycle r; on C=(E). We let:

ral[f“+f1+f’}=j‘;f' g adl v e Co(x).

This makes sense because T is compact and criented. Note that a) J) are easy to check
for r; and that in fact one has a stronger property:

‘-‘l".l s {fﬂnhj‘ullr‘fr[‘.ll'] - Efﬂ‘l ﬁff".fl,F} l,,rfj 'S GWI:E]

for any permutation ¢ of {0,1.2}. .

There is a general manner to extend a cyvelic cocycle from an algebra A to My(A) =
Myni(C) @ A for any V;

Lemma 4. Let v be a eyelic 2-cocyele on A then the following formula defines a eyelic
D.cocyele on My(A) for any N:

Talag @ po,ay @ py.ay D pg) = vlap.ay.az) Tracelpopypz)  Ya; € A, u; € Mu(C).

Note that if we apply this formula to get a cyelic 2-coeyele 7 on My (O™ L)) the stronger
property a') of r; is lost and only a) survives.

If we use this cyelic 2-cocycle 7 on My (C™(Z)), and evaluate it on the idempotent
e € My (C™(Z)) associated to the normal map, an immediate check shows that 7(e, e, e)
is exactly the integral curvature:
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ﬁ[=1=T=}=LR{P}d"R

Thus lemma 3 accounts also for the remarkable stability of this quantity.

In section 5 below we shall account for the integrality of the result occurring in these two
examples. For the time being we shall give a quick introduction to K-theory and cyclic
cohomology.

Vector bundles over quantum spaces.

By proposition 2 we have an obvious way to adagt the notion of vector bundle to the non
commutative case. Given the (involutive) algebra .4 of coordinates on our quantum space
X we should use idempotents ¢ € Mp(A) to get such vector bundles. There is a small
nuance we have to deal with however. Indeed the vector bundle £ does not determine e
uniquely but only up to equivalence. The answer is given by the following result of Serre
and Swan:

Proposition 5. Let X be a compact space.

1) Let E be a vector bundle over X, then the C[X) module £ = C(X, E) of the confinuous
sections of E is a finite projective module over the C*-algebra C{ X ).

2) Let £ be a finite projective module over C'(X), then there 11 o canonically associated
vector bundle E over X such that

£=C(X,E) (asaC(X) module).

The fiber over z € .X of E in 2) is given by the tensor product:

E;=f & C
cix)

where C(.X ) acts on C by the character associated to z (f — fl(z)). We need to define the
terminclogy and we shall do so in the general non commutative case:

Definition 6. Let A be a unital algebra. A finile projective module £ over A is a vector
space £ with a (right) action of A on £ by linear maps such that:

1) £ is finitely generated as an A-module

2) £ is a direct summand of a trivial module AV,

Condition 2) means that we can find a right module £ and an isomorphism of right modules
£z &' = AV, It is straightforward that any idempotent

e € Myl A)
determines a finite projective module, namely:
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E=c AV,

Conversely any finite projective module is of this form, so that the analogue of proposition
2 holds in general. The advantage of the above algebraic translation of the notion of
vector bundle is that it now makes good sense in the non commutative case as well (using

definition 6).

K -theory.

The purpose of K-theory is, given an algebra A, to classify up to isomorphism the finite
projective modules over A. In the special case where A = C(X) (or C*(X) for a manifold)

it means classifying the vector bundles over X up to isomorphism. This problem is handled
by the introduction of a group Kg(.A) obtained using the following notion:

Definition 7. 1) The direct sum £ & £ of two finite projective modules over A is their
sum as veclor spaces with aclion:

(£, =(fa,f'a) VEEE,Efef ,acA

2) Two finite projective modules £, &' over A are called stably isomorphic iff they become
so after addition of a suitable trivial module £, = AN,

With the operation of direct sum the set K of stable isomorphism classes of finite pro-
jective modules over A. forms an abelian semigroup and uniquely generates a group K.
One can view an element of Ky as an equivalence class of virtual f.p. module, i.e. of pairs
(£4,E-) where (E;,E.) ~ (E},EL) iff the following modules are stably isomorphiec:

E & =E FE..

(The use of stable isomorphism instead of isomorphism is necessary for the transitivity of
this relation.)

To any element of Kj corresponds the pair (£, 0).

The key result of {topological) K-theory is Bott's periodicity result which holds in the
more general context of Banach algebras but can be formulated as follows:

Theorem 8. (Bott) Let A be a unilal pre C*-algebra and (A} be the tnductive limit of
the unifary groups:

Un(A)={ue My(Ad); v'u=uu" =1}

u 0

0 1

idempotent ¢ = e” & Mu(A) associates the loop ¢ — exp(2miie), ¢ € [0,1], establishes a
group isomorphism:

with inclusion of Iy n lpyey by u — Yu € Uy. Then the map £ whick lo each

alA) = my(lalA)).
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In fact the Bott periodicity theorem computes all the homotopy groups 7, of L[ A), these
groups only depend upon the parily of n. For n even they are equal to K;(A) which is
given by:

Definition 9. a) Let A be a non unital C*-algebra, then Ko A) is defined as the kernel of
the augmentation map:

Ky(A) — 2

where A = A + C1 is obtained from A by edjoining a unit.
b) For any C*-algebra A, K;(A) is by definition Ko(A® Co(R)).

One denotes by SA the C*-algebra 4 @ Cy(R), it corresponds in the commutative case
A = C(X) to the replacement of X by its suspension. The general Bott periodicity
statement is then:

Talllc(A)) = K1(d] neven

Talll(A)) = Ko(A4) n odd.

For a pre C"-algebra A the group Ky(.A) is equal to Kg(A) where A is the C*-completion
of A

When A is norm separable the group Kg(A) is always a countable abelian group. One
important corollary of the Bott periodicity theorem is the relation between the K groups
of ideals and quotients of C*-algebras. given by a 6 terms exact sequence:

ol Jl = Ka(d)
" N
Ki(B) Kol B)
\ r
Ki(d) — K(J)
associated to any closed ideal J of A with quotient B = A/J. We refer to [Co| for a lot
more information on K-theory of C*-algebras.

Cyelic cohomology.
Let A be an algebra. We shall now see how one of the main tools of K-theory for spaces,

namely the Chern character, extends to the non commutative case. This will be done by
extending lemma 3 above to cyclic cocyeles of arbitrary dimension.

Definition 10. Let A be an algebra, n & N an infeger. A cvclic n cocycle oen A & an
n+1 kinear form v on A such thai:

a) rlal..... a”, a?) =(-1)" r(a?,.... a"l Yale A
3) i (=1} r(a®..... ala/t! .. a4+ (=1)"* r(a"td,...,.a") =0 VYa'e A
=0
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The general extension of lemma 3 is given by the following theorem. As in lemma 4 we
extend for each [V the cocycle r to a cocycle T on My(.A) using the formula:

fla®@u®,...,a" @u") =r(d’,...,a") Trace(p’...s") Vo’ € A, p! € My(C).

Theorem 11. ([Co]) Let A be an algebra, n an even integer, T an n-cyclic cocyele on A.
Then there exists a unigue additive map (r,-) from Kg(A) to C given by

(r.[e]} = F(e,... €)
for any idempotent e € My(A).

A similar statement, with a suitable form of K;(.A), holds in the odd case, where the
pairing with m(l{(A)) (with A involutive) is given by the formula:

(rfu]) = e uu ™y, ,u™u)  Yuelin(A)

This theorem covers the usual Chern Weil construction of the Chern character of ordinary
vector bundles over a manifold V. Indeed the Chern character Ch(E) € H*(V,C) of
a vector bundle is fully determined by its pairing with arbitrary homology classes = €
H3(V,C), 2k =0,2,.... Any such class can be represented by a closed de Rham eurrent
C of dimension 2k, i.e. as a linear form on the space of differential forms of degree 2k on
V which is:

a) Continuous in the C* topology

b) Vanishing on coboundaries dw.

Proposition 12. Let C be a g-dimensional closed de Rham eurrent®on a manifold V.
Then the following equality defines a g-dimensional cyclic cocycle on the algebra C=(V)
of smooth functions on 1':

el fOY=(C.2 df* AdP ... AdfY).

Moreover if g = 2k is even, the corresponding map (re, ) from Ko(C=(V)) = K%V to
C 12 the Chern character:

{re. [E]) = ([C], ChLE))
for any vector bundle E on V.
The first part is easy to check and we urge the reader to do so. The second is also straight-
forward if one computes the curvature of the canonical connection on the tautological
bundle over the Grassmanian

{e€ My(C), e=¢"= 1}.
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It is given by the matrix valued form @ = e de A de. Cyclic cohomology allows to extend
* de Rham homology and the Chern character to the general non commutative case. The
first important elementary fact is the following:

Proposition 13. [et A be an algebra and for each n € N, let C{.A) be the space of
n + 1 linear forms on A fulfilling condition 10 a). Then for any ¢ € C}(A) one has
be € C1H'(A) where by is given by:

(be)(a®....,a" ) =

n
E[—l]r’ (d®,...,afat .. a"F) 4 (=1)"*! pla"t1d?,...,a") Vel € A
B

Moreover one has ¥ = 0.

Definition 14. The cyclic cohomology HC"(A) is the cohomology of the complez (C3, b).
In other words:

HC™A) = Ker {b: C} = C3*'} [Im {b: C}™* ~ C}).

The elements of Im b are easy to construct and hence trivial cocycles. In particular they
all give 0 when paired with K-theory as in theorem 11.

To compute cyclic cohomology HC*(.A) of an algebra one relates it to Hochschild echomal-
ogy which itself can be computed using the tools of homological algebra. By a bimodule
M over an algebra . we mean a vector space equipped with commuting left and right
actions of A, noted: 2

E—afh , 6 fcM K6 acA, beA

Let then (C"(A, M).b) be the complex where C"{.A..\M) is the space of n linear maps T
from A =% --- x A to .M and where the coboundary map b is:

(bT(a'..... a"*) =o' T(a’....,a"" )+

ZE—H’ TI.’::"....,qiu*'*l',-.-_u"""i_l-{-I:—-l]""” T{n1,.-..a"}u"+i Yal g A

1=l

Next, consider the bimodule A* = { space of linear forms on A} with:

(@ blz) =yibra) Ya, b,z € A

We identify any n + 1 linear form  on A with the element of C"(.A..4%) given by the
equality:

46 g



elal,...,a"a%) = ¢(a®, a',...,a") Va'e A
Under this identification the coboundary operator b of proposition 13 is just the restriction
to C} € C™(A, A") of the Hochschild coboundary operator. This shows that the cyclic
complex (C3,b) is a subcomplez of the Hochschild complex:
(C*(A.A"),b).
It gives a natural map from cyclic to Hochschild cohomology:

I:HC"(A)— H"(A,A").

Before we study this map in general we need to understand the meaning of Hochschild
cohomology in the special case of manifolds, i.e. for A = C™(V) the algebra of smooth
functions on a compact manifold V. (The statement easily adapts to the non compact
case.) We shall only consider multilinear functionals which are continuous for the C*
topology and refrain from using a special notation for them.

Proposition 15. [Co| a) Let k € N and C be a k-dimensional de Rham current on V.
Then the following formula defines a k-dimensional Hochschild cocycle wo € Z¥( A, A*):

eclfl . f)=(C. L A...AdfY) ¥ eC=(V).

b) The map C — ¢ is an isomorphism between the space C~(V, A¥) of de Rham currents
of dimension k and the {continuous) Hochschild cohomology group H*( A, A*).

Note that in a) and unlike in proposition 12 we did not assume that the current C was
elosed. In particular the Hochschild cocyele 2 constructed in a) is not in general a eyelic
cocycle. It is iff C is closed.

We shall now describe in full generality a natural map

B:H"(A A") = HC"Y(A)
which will allow to characterize the image Im{ ]} for any algebra A.

Notation 16. Let A be a unital algebra. Let By, A, B be the following operators:
By : CMA A" = C"H A A",

{BozXa"..... a" ) ={l.a ... @ ) = (=1)" ofa”.....a™ 1) Ya'e A
A:CYA A= CHA)

(A2)(a?,.... a")= Zi—l]"LII =(at.af*,....a"d"%....a"7") Vale A
J=i
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B:C"AA*)— Cf"'{ﬁ}, B = AB,.
We then have:

Propaosition 17. a) For every Hochschild n-cocyele p € Z"( A, A*), the functional By is
a cyelic n — 1-cocycele.

b) B defines ¢ map: H"[ A, A*) = HC™'[A).
¢) One has Im(]) = Ker B.

The map I : HC"(A) — H"(A,A") is not injective in general. Let us see this in the
simplest example: A = C. Then the cyclicity condition shows immediately that:

CHC)=C ifniseven

CHC) = {0} ifnis odd.

It thus follows that HC?™(C) = C, HC*™+!(C) = {0}. One checks directly moreover that
the Hochschild echomology H™(C, C) vanishes for all n > 0, so that [ is not injective. Let
o be the generator of HC?*(C) given by:

ﬂ"l:.:lua,.]l.hﬁzl - .lu.hp’l.z 1']".1" g C.

Proposition 18. a) Given two algebras A, B there is a natural notion of tensor produet:

HC™(A) x HC™(B) = HC™*™( A ® B).
b) The product by o € HC?(C) determines a canonical map

5: HC"A) = HC"*¥(A).

To define the product =#¢ of two cyelic cocyeles on A and B respectively one proceeds
formally as follows. One writes:

;{ﬂu,--..ﬂ"]zfu':' da' ... da" Yal e A

i E:“‘]=j.5“d'b'.-,db"' vb € B

and one computes formally the expression:

i.,;.-’#l,f']"[ﬂu Z-H} IIIII En+m :.}bﬂ-f-ﬂ'l]
- fq a® 3 8") da’ 2b') d(a® D B%)...d(a"*"™ 2 6"™)
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where the computation is done in the tensor product of the formal graded differential
algebras (LA, {15 generated by the symbols da, db (cf. [Ca]).

Let us compute a simple example, say with n = 1 so that ¢ is a eyclic 1-cocycle on A, and
with B = C, ¢ = # so that we are computing Sy, a cyclic 3-cocycle on 4. We have:

S¢(a®a',a?,a’) = f{u" 21)dla' 21)de® 2 1) dia® @1)

but dla @ 1) = (da) @1+ a @ dl. Note that dl is not 0 in general. Now since  is a cyclic
1-cocycle we only get 3 relevant terms among the 8 terms of the expansion of

(da' 21+ a' @d1)(da® 21+ a® @dl){da® 21+ a* @ dl)
namely those which invoke only one da. They give:

f{u“ @ 1)(da' 3 1){a® 3 d1)a® B4dl1) + j[n" @ 1){a' 2d1)(da’ @1){a® @d1)
+j{.:“ @ 1)(a' @d1)(a? @ d1)(da’ B 1) = p(a?a®d®, o) + pla’a’a?, a®)

which gives the formula for 5. We refer to [Co| for more details,
A key result of cyelic cohomology is the following;:

Theorem 19. Let A be a unital algebra. The following is a long ezact sequence of vector
spaces (i.e. the kernel of each map is given by the image of the preceding one):

HCYA) 3 HO"A) L BH A4S
[

5 I

HC"A) = HC"A) = H A A )=

This long exact sequence reduces the problem of computation of cyclic cohomology HC*(.A)
to that of Hochschild cohomology and of the map [ o 5 in many examples (cf. [Col).

For instance for A = C™=(V"). " a compaet manifold one finds:

HC*(A) = {closed currents of dimension k} 3 Hy—2(V.C) 5 Hea(V.C) B -+

For k > dim V' this gives back the de Rham homology. The finite dimensional corrections
Hiy-3;(V.C) are essential in the understanding of the Chern character in K-homology
([Cel).

The periodicity map 5 : HC"(A) — HC"*?(A) has the remarkable property of leaving
unchanged the pairing with K'-theory:
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{5r.2) = (r,z) Yre HC"(A) , z € K(A).
It is thus natural to introduce the stabilized group

H'(A) =" (HC",5)

filtered by the image of HC". It is called periodic eyelic cohomology (cf. [Col).



5. The quantized calculus.

In this section we shall describe a quantized version of the differential calculus which we
introduced at first as a substitute of calculus for non commutative or quantum spaces.
It turns out however that this calculus allows one to make computations not allowed by
distribution theory even in the case of functions of one real variable. This will be explained
in the first of the three examples below. The second will use the integrality of Fredholm
indices and get general integrality results as a byproduct of the quantization of the calculus.
In the third example we shall compute the 4-dimensional analogue of the 2-dimensional
Polyakov action. Each of these examples is tied up with a formula:

(1) j f(2) azp?
(2) f EdEdE € 1
(3) j nur dX* dX*.

In order to give meaning to these formulae we need to specify the involutive algebra A to
which the symbols 2, E, X® belong to. We also need to define the quantum differential da
for a € A and the integral sign. The algebra A will be the algebra of functions on the space
X we consider. This space will be the real line or the circle in example 1. It will be the non
commutative Brillouin zone of the quantum Hall effect, as understood by J. Bellissard, in

example 2. Finally in example 3 the space X will be a 4-dimensional conformal manifold
- L

L

We shall now give two definitions, the main formula (definition 2 below) defines the quan-
tum differential da as an eperator in Hilbert space. The origin of the first definition comes
from K-homology, and we refer to [Co| for a detailed discussion of that theory and its
origin (cf also section 7).

Definition 1. Let A be an involutive algebra. A Fredholm module (M, F) over A is given
by:

a) An invelulive represeniation 4 <= H — H of A as operators in Hilbert space, notled
(a.£) = af Vae A, £ H.

3) An operator F, F = F*, F* =1 in H such that:

|F.a| is a compact operator for any a € A.

We shall use the same notation for an element a of .4 and the corresponding operator a in
M.
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Giving the operator F is equivalent to giving the decomposition of H as the direct sum of
the two orthogonal subspaces:

{EeH; FE=£) , {EeH; FE=-£).

Recall finally that an operator T in Hilbert space, is compact iff it is a norm limit of
operators of finite rank. If we let R, be the set of all operators of rank less than n:
R.={5 € L£(H), Dim(ImS) < n} then an operator T is compact iff the norm distance:

(4) palT)=distiT,Rs) ¥neN

satisfies jin(T) — 0 when n — oo.

Definition 2. Let A be an invelutive algebra, (H, F) a Fredhoim module over A. Then
the quanium differential da, a € A i defined as:

do=[F,a)=Fa-aoF VacA.

By hypothesis da is small inasmuch as it is a compact operator and compact operators
play the same role among bounded operators as do infinitesimal numbers among numbers.
In particular they form a two sided ideal. noted k C £(H):

(3) Tiek=2>Ti+Thek
Tiek,. e liH)= 1117, TthEL‘.

Exactly as infinitesimals have orders. cne can filter the ideal k of compact operators by
more refined ideals. Let us say that a compact operator T is of order a. for a > 0, when:

(6) palT) = Q(n~") for n = o0

{i.e. there exists a constant C such that s < Cn™"). The definition (4) of g,(T) and the
obvious inclusions

Rr. '|' er'-l |.: Rn—.r- N R“£ = -L..Hn = Rﬂ
show that one has the general inequalities

() bnemlTy + 12) £ palTi) + pm(T2)
fnem(TiT2) S palTy) pm(T2)
Bn(TTh) = 1T palTi)
ba(TiT) < [T palTh)
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valid for any pair of positive integers, any T}, T; € k and T € L(H).
It thus follows that operators of order a form a two sided ideal, and that moreover:

(8) Ty of order & , T; of order 3 = T\T; of order & 4 3.

Our main new tool will be the Dixmier trace which will apply to operators of order 1 and

neglects all operators of higher order. It is best to keep our analogy with infinitesimals, the
Dixmier trace will allow us to integrate infinitesimals of order one and will neglect those

of higher order.
It thus follows that the interesting range, for the order a, is the interval |0,1], We are not

interested in the higher orders which we shall neglect. This might at first seem surprising
since in dimension k one will necessarily invoke integrals of the form:

ff[:] |dz|®.

The point is that on a space X of dimension k the order of the quantum differential dz of
an element z € A is 1/k. At a more technical level it is important that, for a € |0, 1] the
ideal of operators of order a is a normed ideal (cf. [Go-K]). More precisely, with « = #,

p € |1,0¢], it is the ideal £'"*) gbtained by real interpolation theory from the ideals k of
compact operators and £ of trace class operators. A natural norm on £ is given by:

(9) ITll.00 = Sup N#~' ap(T)

N
with an(T) = T ualT) ¥NEN,
8]

For p > 1 one checks that the ideal of operators of order 1/p is a Banach space for the
norm (9): the triangle inequality holds for any of the norms ox thanks to the equality (cf.
[Go-K])

(10} #x(T) = Sup{||TE|; . E an N-dimensional subspace}

where || [|; is the £'-norm. ||T]|; = Trace (|T]).

For p = 1 one has to be more careful and the correct norm is:

(11) ITll1.00 = Sup (log ¥)}~" en(T).
N>1

It is clear that any operator of order 1 has finite norm for (1,00) so that the ideal of
operators of order 1 is contained in the normed ideal £11*) defined by (11). It is the
latter ideal which is the natural domain for the Dixmier trace which we shall now define.
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The Dixmier trace Tr,, is first defined for positive operators, and then extended by linearity
to arbitrary elements of £''°®), Let T > 0, T € L), The characteristic values u.(T)

defined by (4) are the eigenvalues of T arranged by decreasing order of size. Thus the
partial sums for the frace of T are

N
on(T) =) ualT).
o

By (11) the only thing we can assert is that ox(T) = O{log N') so that for some constant
o
C one has ox(T) < Clog N. In particular the trace of T, trace (T) = ¥ ua(T) is in

!
general divergent, but not more than logarithmically. The basic formula for the Dixmier
trace is:

N
(12) Tro(T) = Jim_ ﬁ Y wa(T) VT 20
o

Since the eigenvalues p,(T') are unitarily invariant (i.e., g (UTU*) = pa(T) for U unitary),
N=1
s0 is the sequence (1/log N} % pn(T). There are two problems with the above formula:

Aami

its linearity and its convergence.
To handle linearity, for T, = 0, T; € L1122 (H) one has to compare

=1

1
— palTi + T2) = v
¥ X
and
Ne=1
r E n,m]+——- Y malTa) =ax + .
_ n=f{ n=i{

The subadditivity of ey shows that vy < ay + Jy. Next, by (10) we have, for T = 0,

oex{T) = sup{Trace(TE). dm E = .V},
and it follows ([Diy)) that

gx(T) +exiTy) £ eanlTh + T2

as one sees by taking the linear span E = E, V E; of two N-dimensional subspaces E,, E;
of H. We thus have

log 2.V
0H+ﬁﬂ‘5(:;ﬂ, TIN TN S an + 3N,
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Ei.m::!a%g- — 1 as N — oo, we see that linearity would follow easily if we had convergence.
Now, from the hypothesis T; € £V (H), the sequences ay, Sy, v are bounded and
thus, even without the convergence, we get a unitarily invariant positive trace on £1*°)(H)
for each linear form lim, = £ on the space £™[N) of bounded sequences that satisfies the
following conditions:

a) lim (a,) 2 0ifa, 20,

3) lim(a,) = lim{a,) if a, is convergent.

7) imo(ay, a1, 02, 02,03, 03,...) = lim,(aq,).

Condition v) is a crucial condition of scale invariance. To get it one uses Cesaro summation
for dyadic blocks 2¥=! < n < 2V (cf. [Diy] and [Co] for more details).

Definition 3. For T >0, T € LV} (H), we set

N1
: 1
Tr(T) = lim og ¥ E #a(T).

nmi

The above inequalities show that Tr., is additive:

TeuTy + o) = Tro(T1) + Tro(T2) (VI 20, T, € £9%)(H)).
Thus, Tr,, extends uniquely by linearity to the entire ideal £''-**!(H) and has the following
properties:

Proposition 4. a) If T > 0 then Te(T) = 0.
b) If § is any bounded operator and T € L'V=)(H), then Tr (5T) = Tr.(TS).

¢) Tro(T) is independent of the choice of the inner product on H, i.e., 1 depends only on
the Hilbert space H as a topological vector space.

d) Tr. vanishes on the ideal £)"™'(H), which is the closure, for the || |1 00-norm, of the
ideal of finile-rank operaiors.

Property ¢) follows from b) sinece. for 5 bounded and invertible,

(13) T (STS VI =TeAT) (YT e LU H)).

Property d) has an obvious corollary:

(14) TeT) =0 if ualT) =n(%)

Le. if nua(T) — 0 when n — oc.



It is this vanishing property of the Dixmier trace that makes it possible to neglect all
operators of order higher than one. We shall now discuss the problem of convergence of

Ne
the sequence 1y E:: un(T).

For a positive operator T € £11*)(H), the complex powers T* (s € C, Re(s) > 1) make
sense and are of trace class, so that the equality

(1) {(s) = Trace(T*) =Y pn(T)’

n=0

defines a holomorphic function in the half-plane Re{s) > 1. Now, the Tauberian theorem
of Hardy and Littlewood can be stated as follows:

Proposition 5. For T = 0, T € £ H), the following two conditions are equivalent:
1) (s =1) {(5) = L as 5 = 1+;

N=1
2)(1/legN) ¥ pan—=L as N —ocec.
n=i

Under these conditions, the value of Tr_(T') is of course independent of w, and if ((s) has
a simple pole at s = 1, this value is just the residueof { at s = 1.

As an example of a rather general situation in which the above type of convergence is
satisfied, let us make the connection between the Dixmier trace Tr., and the notion of
residue for pseudodifferential operators. introduced by Manin [Mani, |, Wodzicki [Wo,]
and Guillemin [Gul.

Proposition 6. Let M be an n-dimensional compact manifold and let'T € OP~™(M.E)
be a pseudodifferential operator of order —n acting on sections of a complez vector bundle
E on M. Then:

1) The corresponding operator T on M = L*( M. E) belongs to the ideal L' (H).

2) The Dizmier trace Tr_(T) is independent of w and is equal to the residue Res(T).

Let us recall that the Wodzicki residue Res{T) is given by a completely explicit formula
from the principal symbol ¢_,(T) = #i T). The latter is a homogeneous function of degree
—n on the cotangent space "\ of M. consequently the following integral is independent
of the choice (using a metric on M) of the unit sphere bundle 5* (M) C T*(M) with its
induced volume element:

(16) Res( T} =f traceg (o) ds.
S=Ar

It is quite important for our later purposes that the Wodzicki residue continues to make
sense for pseudodifferential operators of arbitrary order [Wos|. It is the unigue frace which
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extends the Dixmier trace and is given by the same formula (16) applied to the symbol of
order —n of T. We shall come back to this point in example 3.

In general, for T € £1%=) T > 0, it is not true that the sequence (12) is convergent, so
that the value of Tr(T) depends, in general, on the limiting procedure w. This feature of
the Dixmier trace is tied up with its non normality, (cf. [Diy]), and it is precisely this non
normality which we shall use in a positive manner in example 1 to pass, in the context of
Julia sets, from the harmonic measure to the Hausdorff measure.

To summarize the above discussion, we now have at our disposal the notions of quantum
differential (definition 2), of order of a compact operator (6) and its main properties,
together with the notion of integral given by the Dixmier trace (proposition 4) which
neglects operators of order higher than one (14).

The general principle that we shall use now is that while the ordinary trace of quantum
differential expressions is in general difficult to compute and non local, the Dixmier trace
of such expressions, thanks to the simplifications due to (14), is much easier to compute
and yields local quantities expressible in classical terms.

Let us now pass to examples of quantized calculus.

Ezamplel. [ f(Z) |dZ|P.
In this example we shall apply our caleulus to functions of one real variable and show that
it gives meaning to expressions which are meaningless in distribution theory.

Our algebra A is the algebra of functions f{s) of one real variable s € R, we do not specify
their regularity at the moment. To quantize the calculus we need a representation of A in
a Hilbert space H and an operator F as in definition 1. The representation of .4 is given by
a measure class on R and a multiplicity function (cf. section 2 theorem 4). Since we want
the caleulus to be translation invariant the measure class is necessarily the Lebesgue class
and the multiplicity is a constant. We shall take it equal to one, the mor# general case does
not bring anything new. Thus. so far. we have functions on R acting, by multiplication
operators in the Hilbert space L¥(R):

(1) M= L*R), (fE)s) = f(s) €(s) VWseER. £ L}R).

Any measurable bounded funection f € L*=(R) defines a bounded operator in H by the
equality (1).

Since we want the caleulus to be translation invariant, the operator F' must commute with
translations and hence be given by a convolution operator. We shall also require that it
commutes with dilatations, 3 — As. A > 0 and it then follows easily (ef. for instance
[Stein|) that the oniy non trivial choice of F. F? = 1., is the Hilbert transform, given by:

) (FeXs) = = 39

m &=

dt

T



where the integral is taken for |s — t| > ¢ and then £ — 0.

The quantum differential df = [F, f] of f € L*(R) has the following very simple expression,
it is the operator in L?(R) associated by the equality:

(3) Té(s) = fkfa,fj (1) dt

to the following kernel k(s,t); s,t €R

fls) = £(t)

(4) ks,t) = =———

(Up to the factor L which we ignore.
Note that the group SL{2,R) acts by automorphisms of the Fredholm module (X, F),
Tmmlising the above invariance by translations and homotheties. Indeed, given g =

: 3] € SL(2,R) (so that a,b,c,d € R. ad — be = 1), we let g~ act in L*(R) by the

unitary operator:

as -+ b
es+d

(3) (g7" £)(s) =E( ) (es+d)™' ¥WeeL*R), s€R.

One checks that this representation of SL(2,R) commutes with F. Its restriction to
[ . FE = £F) are the two mock discrete series. The corresponding automorphisms
of the algebra of functions on R are given by:

L

as+b
cs+d

(6) (g~ ,f}{d!=f( ) ¥fe L*(R). seR.

Using an arbitrary fractional linear transformation from the line R to the unit circle 5! =
{zeC, |zl =1}, such as

i =1
(7) sER— —c §!
a4

we can transport the above Fredholm module to functions on the circle §'. It is described
as follows:

(8) H = L*(5'.dd) with functions on §' acting by multiplication (as in (1))
F = 2P — 1 where P is the orthogonal projection on
HYS§Y\={¢el®; §n)=0 VYn<0}
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(where £ is the Fourier transform of £).

The two situations, with R or 5!, are unitarily equivalent provided we take in both cases
the von Neumann algebras of all measurable bounded functions. We shall keep both. Qur
first and easy task will be to quote a number of well known results of analysis (cf. [Stein]
[Pow| [Pel]) allowing to control the order of df = [F, f] in terms of the regularity of the
function f € L.

The strongest condition we can ask to df is to belong to the smallest non trivial ideal

of operators, namely the ideal R of finite rank operators. The necessary and sufficient
condition for this to hold is a result of Kronecker (cf. [Pow]):

(9) Let f € L™, then df € R « f is a rational fraction.

This result holds for both R and 5, in both cases the rational fraction 5% is equal a.e.
to f and has no pole on R (resp. 5').
The weakest condition we can ask to df is to be a compact operator. In fact we should

restrict to the subalgebra of L™ determined by this condition if we want to comply with
condition #) of definition 1).

The answer is known (cf. [Pow]) and easy to formulate for §'. It involves the mean
oscillation of the function f. Let us recall that given any interval I of 5! one lets I( f) be
the mean: '|'|I|'T-rf-f dr of f on I and one defines for a > 0 the mean oscillation of f by:

1
MJ(f) = sup — - 1)
(= s ﬁ f = I(f)]

A function is said to have bounded mean oscillation (BMO) if the M,(f) are bounded
independently of a. This is of course true if f € L™(5"). A function® f is said to have
vanishing mean oscillation (VMO) if My(f) — 0 when a — 0. Let us then state the result
of Fefferman and Sarazon (cf. [Pow]).

(10) Let f € L™(5") then [F.fl€ k & f € VMO.

Every continuous function f € C(5') belongs to VMO but the algebra VMO N L™ is
strictly larger than C(S'). Its elements are called quasi-continuous functions. For instance

the boundary values of any bounded univalent holomorphie function f € H*(5') belong
to VMO but not necessarily 1o C[5!).

The next question is to characterize the functions f € L® for which
IF.flec?

for a given real number p € [1. ¢i.
Here L7 is the Schatten ideal.



(11) LP={Tek, L paT) < o0}.

This question has a remarkably nice answer due to V.V. Peller [Pel] in terms of the Besov
spaces B,'."r’ of measurable funections.

Definition 1. Let p € [1,2c[. Then the Besov space B:."' is the space of measurable
functions f on 5! such that

ffl.ﬂ[: +2)=2f(z) + flz = )| t™2 dz dt < oo.

For p > 1 this condition is equivalent to:

ffl.ﬁ: +t)=flz)|P t7% dzr dt < o0

and the corresponding norms are equivalent. For p = 2 one recovers the Sobolev space of
Fourier series,

fit) = an exp(2zint) , 3 n| lan|* < o0.

nel
The result of V.V, Peller is then the following:

(12) Let f€ L=(5"). pe(l.x|, then [F,f] € £ & f € B}/”.

(Note at this point the nuance between £? and L7 je. for p > | between & pf < oo
and j, = @(n~"/?). One has for instance £LP C LIP*) C £9 for any q > p.)

To end this summary of classical results let us note that, for f € L™(5"), the operator
df = [F. f| anticommutes with F by construction and is hence given by an off diagonal
2 % 2 matrix in the decomposition of L*{5') as a direct sum of eigenspaces of F. This
2 x 2 matrix is lower iriangular. ie. (1-P)fP=0with P = "—"._:—F iff fe H®(5'),1e f
1s the boundary value of an holomorphic function in the disk.

(13 Let fe L=(S5"). then fe H*(S' )&= (1-P)fP =0.

In particular df; df; = 0 for any fi,f: € H=(S5'). Moreover. for f € H*(S5") there
15 a very simple criterion for f to belong to the Besov space E,:.'F'. p>1 whichis a
straightforward consequence of the definition of these spaces (cf. [Stein]).

(14) Let fe H(S') . p>1. then fe B)/? & IF (2P (1= |2])P? ds dF < ee.
Diak
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(We have used the same letter f for the function f in the unit disk with boundary §'.)

The right hand side can easily be controlled when the function f is univalent in the disk,
in terms of the domain Q = f(Disk). Indeed by the Koebe 1 theorem (¢f. [Ru]) one has,
for f univalent:

(13) 1/4(1= 1) If'(2)] < dist(f(2),00) < (1= 1) 1F'(2).
It is thus straightforward to estimate the size of the quantum differential df = [F, f] of a
univalent map f in terms of the geometry of the domain f{Disk) = £2.

Theorem 2. ([Co-Su]) For any ps > 1, there exisis finite constants bounding the ratio of
the following fwo quantities:

Trace (||F, f]|*) = ] dist(z, #1)** d= dF
1
for any univalent function f and any p > py.

(We use the symbol a = J to mean that § and E are bounded. )

The interval of p's such that the right hand side is finite has a lower bound, known as
the Minkowski dimension of the boundary 8t (cf. [Fe|). It is easy to construct domains
with a given Minkowski dimension p € |1,2[ for 80. We want to go further and relate the
p-dimensional Hausdorff measure A, with the following formula:

(16) Trace, (f(Z) |dZ|")  Yfe C(80)

where Trace,, is the Dixmier trace and dZ = |F. Z| the quantum differential. Here Z is
the boundary value. Z € H>(5") of a univalent map: Z : Disk — ). The formula (16)
defines a Radon measure provided

(17) dZ g Lir==)

which insures that |dZ|? € £!''*! i5 in the domain of the Dixmier trace.

Of course Z is in general not of bounded variation and, had we taken dZ as a distribution
the symbols |dZ] and |dZ|* would be meaningless.

To compare (16) with the Hausdorff measure A,. let us first remind the reader of the
construction of the latter. We thus open a small parenthesis.

Hausdor[f measure and the Caratheodory consiruction.

Let (X.d) be a metric space. For any function ¢ from R* to R*, (the prototype being
¢{t) = t* for some positive real number p), cne defines a countably additive measure A,
on the Borel tribe of X by the following equality:
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(18) Ao(4) = lim Tnf 3" ¢(diam B,)

where (B, ) runs through all coverings of A by balls B; of diameter less than £. Note that
as ¢ decreases the quantity

(19) Ad)= ot Y é(diam B;)

increases. In particular the limit always exists in [0, 4+o0c]. The fact that A, is always
countably additive is non trivial. Nothing insures that Ag(A) is finite and not zero for
some subset 4. Given (XX,d) this requires in general a very careful choice of the gauge
function ©. The most standard choice 15 ¢(t) = ¢# giving rise to the notion of Hausdorff
dimenaston of a subset A

(20) Hausdorff dim(A)=piff Apseld)=0 ¥e>0 Apeld) =00 Ve<O.

Nothing insures that Ay(A) is not 0 or oc.

In full generality the Hausdorff dimension is not the same as the Minkowski dimension
(ef. [Fed]) but we shall now specialize to domains §? whose boundaries { are the Julia
sets of iteration theory. More precisely let us consider a complex parameter ¢, inside the
Mandelbrot cardioid. and iterate the mapping:

(21) s (z)=2" e "

The set 1 = {= € C: {¢*"(z)} bounded} is the closure of a simply connected domain
whose boundary C = 30 is a Jordan curve. the Julia set of ¢», whose Hausdorff dimension,
satisfies 1 < p < 2. by a result of D. Sullivan (¢ # 0). Let then £ : Disk — {} be the
Riemann mapping.

Theorem 3. ([Co-Sul) There ezists a smallest p € |1.2] such that dZ € L'P™), p is equal
to the Hausdorff dimension of C. There eztsis a non zero finile conslani such thai:

f,r d\, = A Tro (f(Z) ldZIP)  Vf € C(aR).

The value of the non zero finite constant A is related to the rational approximation of £
by rational fractions |¢f. [Co-Su|). This theorem could not hold if the Dixmier trace had
been a normal functional. Indeed the two natural measures carried by the Julia set C are
@) The Hausdorff measure A, §) The Harmonic measure. The latter is defined by the

equality:
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(22) ff dvy, = flzo) VfeC(3D)

where = is a chosen point in { and f is the unique harmonic function in £, continuous on
i1 and equal to f on 80 = C. The class of the harmonic measures v, is independent of
the choice of 25 and is equal to the image by Z : §' — C of the Lebesgue measure class.

Now, and as soon as p > 1 one has

(23) A, is disjoint of v,, V2o € (0

By construction any measure defined by the formula:

(24) u(f) = L(f(Z) |dZIF) ¥fe C(aN)

is automatically absolutely continuous with respect to the image by Z of the Lebesgue
measure, (i.e. the harmonic measure), provided that the functional L is normal It is
thus a great virtue of the Dixmier trace to allow, by its non normality, to exit from the
harmonic measure class,

We shall end the discussion of this example by two important remarks.

Remark 4. Let C C C be a Jordan curve whose 2-dimensional area is positive, A2(C) > 0.
(The existence of such curves is an old result of analysis.) Let {} be a bounded simply
connected domain with boundary @t = C and let £ : Disk — {1 be the Riemann mapping.
Then the finiteness of the area of Z{{1) shows that:

(25) dZ € L'  (ie. Trace((dZ)" dZ) < 2c).

This provides us with a very interesting example of a space C (or equivalently §' with the
metric dZ dZ ) which has non zero 2-dimensional Lebesgue measure, but whose dimension
in our sense is not 2 but rather 2—. inasmuch as Trace{(dZ)" dZ) is finite rather than
logarithmically divergent.

Remark 5. The above quantized calculus extends to functions of several real variables,
i.e. to functions on manifolds (ef. [Col). This extension is particularly nice in the context
of even dimensional conformal manifolds (cf. [Co] [C-5-T]) and in particular for compact
Riemann surfaces. i.e. complex curves. We shall thus briefly explain how to quantize the
calculus on a compact Riemann surface £. In view of the above theorems 2 and 3, this
might be relevant when working with random surfaces in statistical mechanies or in the
higher dimensicnal iteration theory involved in renormalization group techniques. We are
given T as a complex curve or. equivalently, as an oriented real conformal surface. We
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assume it is compact. We then define the Fredholm module (M, F') over the algebra of
functions on 5! as follows:

a) H is the Hilbert space of 1-forms on T with the inner product:

() wg) = f Wy Aw L,
E

The action of functions is by multiplication operators,
(fellp) = flp)w(p) VYpeL.

b) F = 2P - 1 where P is the orthogonal projection on the image of the operator d :
{df . f afunction on T}.

This construction obviously only depends upon the conformal oriented structure of I,
With a little more care (cf. [Co| [C-5-T|) one can also insure that F anticommutes with
the natural Z /2 grading « of 1-forms. It is also very important that the notions of Beltrami
differentials and of modification of F due to a change of conformal structure fit remarkably
well with our framework and are meaningful for arbitrary Fredholm modules, thanks to
the Moebius group of von Neumann algebras (cf. [Col).

Ezample 2. [ EdEdE € Z

Let A be an involutive algebra and (H, F) be a Fredholm module over .A. We shall say
that (M, F) is even if the Hilbert space H is Z/2 graded by a grading v, y =", v =1
such that:

(1) = 3% Yace A ., vF ==F+.

Otherwise we say that (H. F) is odd.

Let then n € N be an integer. assume that {H. F') has the same parity as n and that it is
n + 1 summable. that is:

(2) [F.a) € £"'(H) VYaeA

We shall new imitate the usual construction of differential forms on & manifold to construct
an n-dimensional crele (£, d. [) on A in the following sense:

Definition 1. a) A eyele of dimension n is a triple (01.d [) where 0 = E!- { is a graded

algebra over C, d is a graded derivation of degree 1 such that d° =10, cmd f " -Cua
elosed graded trace on (1.

b) Let A be an algebra over C. Then a eycle over A is given by a cyele [ﬂ.d,j:l and
a homomorphism p: A — §1°,



One can show ([Co]) that a cycle of dimension n over A is essentially determined by its
character, the (n + 1}-linear function r,

and the functionals thus obtained are exactly the eyclic cocycles on A.
Let us now construct the cycle associated to the above Fredholm module. The graded

algebra 0* = @Q* is obtained as follows. For k =0, Q" = A, for k > 0 one lets 2* be the
linear span of the operators:

(3) w=a’[F,a']---[F.a*] W¥a'€ A

The Hélder inequality shows that 2% C L% (H). The product is the product of operators,
one has

(4) ww' € Y forany we*, W ¥

as one checks using the equality:

(5) {ﬂu[ﬂﬂl]"'[ﬂﬂk” u“"

ik
=Y (1) @[F 0] - [F,ala ] [F,a*H+(-1)* o’ [F,a*] -+ [F.a**!] Vol € A.

y=1

The differential d : 1 = 11" is defined as follows: -

(6) do=Fuw—(-1wF Ywechh

Again one checks that & belongs to 1**' using the equality:

(T) F(a"[F.a']:--[F.a*]) = (-1)* (a"[F.a"]-.-[F,a*]) F =
[F.a"][F.a']---[F.a*] ¥a’€ A

(Since F? = 1, F anticommutes with [F. a] for any a € A and hence [F,a']---[F,a*|F =
(=1)* F [F.a']---[F.a"].)

By construction d is a graded derivation. i.e.:

:E] d‘I'-IJ"I'.IJI':' - {"—ﬁlﬂ kl-":l = E—l}l' wly dt""l 'ﬂ"w, [ ﬂh
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maoreover using F? = 1 it is straightforward that & = 0 since for w € 0¥,

F{Fw —(-1)* wF)+(-1)* (Fw - (-1)* wF)F = 0.

We thus have a graded differential algebra (1*, d) and it remains to define a closed graded
trace of degree n:
f:ﬂ' 0,

For this we introduce the following notation. Given an operator T in H such that FT +
TF € L£}(H) we set:

(9) TY(T) = % Trace (F(FT + TF)).

We then define fu: for w € 1" by the formulae:

Ju=Td(w) ifnisedd

(10) er - Tr’[f:lu;} if nis even

In the last formula v is the Z/2 grading operator provided by the evenness of the Fredholm
module (H, F).

These formulae make sense. Indeed for n odd and w € 1™, one has Fw 4+ wF = dw €
{in+l = gr+i/ntl = £l while for n even one has Fyw + 7wF = ydw € £! by the same

argument.

Proposition 2. [Co| (11.d, [} is & eycle of dimension n over A.

Proof. We just need to check that [ is a closed graded trace. Since [w only involves dw
and since d° = 0, it is clearly closed:

fdamr:ﬂ Y € ™.
Let then .« € 0¥, ' € 0% with k + k' = n. One has. for n odd:

fuu’ = % Trace ( Fd{ww')) = é 'I"l'ai.»:it:I:.i"'-'[-l.'fl.n..'}\'.n.?r-l:-‘[—”l Fu du')

= = Trace ((=11**! dw Fu' + (=1)* { Fw) dw").

As trace (Fuw dw') = Trace (du' Fuw). using the equality:

o=

1 1
TTI':E{T_tTg:l: TM[TETL} i T:'Eﬂh : F_+E=1
|
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we get [wu’ = (1) [w'w.
For n even the computation is similar.
The character of the above n-dimensional cycle is the following cyclic cocycle r, on A:

(11) a(a”,...,a") = Trace' (a"[F,a']---[F,a"]) V¥a'€ A

with a ya” instead of a° when n is even.

In the construction of the character v, of (H, F) the parity of n is fixed by the parity of
the module but the dimension n is only subject to a lower bound since condition (2) holds
for any n' > n if it does hold for n. This means that we get in fact a whole sequence of
cyclic coeveles, Th4ak, k € N associated to (H, F), with n the smallest compatible with
condition (2).

It is the comparison between these cyclic cocycles which was ([Co]) at the origin of the
periodicity operator in cyclic cohomology (section 4):

(12) S : HC™(A) = HC"*(A).

Proposition 3. ([Col) Let (H, F) be an (n+ 1) summable Fredholm module over A of the
same parity as n. The characters r, 43, salisfy

Tm42 = —mky 57Tm in HC™*}A), m=n+2¢, ¢20.

We refer to [Co] for the proof.

Now the main property of the cyclic cocycles obtained by formula (11), i.e. as characters
of Fredholm modules, is their integrality, intimately related with the quantization of the
calculus. This integrality means that when evaluated on K'-theory classes, as in section
4, these cyclic cocycles give infegers. These integers are indices of Fredholm operators
which for instance in the even case are constructed as follows. We let the K-theory class
r € Kgl.A) be given by an idempotent e € 1,(A) and we assume for simplicity that g =1
(cf. [Col).

L

The matrix of F in the Z/2 decomposition H = H* @ H™ such that v = [é -ﬂl] , 18
P O
Ha =eH™ and P' = eP/H,;, Q' = eQ[H;. Then P' is a Fredholm operator from H; to

Ha, Q' is a quasi inverse of P' such that P'Q' — 1 and @' P — 1 are both in £°F if (H, F)
is n + 1 summable. Indeed these operators are restrictions of

of the form F = [“ Q] with PQ = 1 in X~ and QP = 1 in H*. Let H, = eH*,

e—eFeFe=—e|[Fe] e Fri 3
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It then follows that:

Index P' = Trace (1 - @Q'P')* — Trace (1- P'Q")*
for any integer k > 231 thus we get for any m > 21
Index P’ = Trace (y(e — eFeFe)™).
Now the pairing of [e] € Kq(A) with the representative r3 of the Chern character is given
by: (for m > 221 g0 that Tr' = Tr),
(=1)" Trace (ye [F.e"™)
which is precisely the same formula.
We thus have the following fundamental fact:

Theorem 4. Any representative v € HC®(A) of the Chern character of a finitely
summable Fredholm module pairs integrally with K -theory, i.e.

rK)c L.

Before we proceed and apply, with Bellissard, this result to the integrality of the Hall
conductivity on the plateaux, we need to make an important point on the nuance between
the ordinary trace, Tr, used in the definition of the character 1, of a Fredholm module
and the Dixmier trace Tr, used for instance in example 1.

The point is that there is an easy to compute formula, using the Dixmier trace, namely:

(13) @ala?,...,a") = Trg (a®[D.a']---[D.a"] ID|™) Vo' € A

{with va® instead of a° in the even case) where D is any selfadjoint unbounded opertor

such that

(14) Sign D = F . [D.a] bounded Ya € A . |D|™" & L=,

The formula (13) defines a Hochschild cocyele and this cocycle is equal to the image [{r,)
of the character v, (ef. [Col, chapter 6). Thus the Dixmier trace computes only the
Hochschild class of the character, i.e. the obstruction (cf. section 4) to lower the dimension
n. For instance in the case of manifolds (cf. section 4 for the computation of the eyelic
cohomology of C™ (manifold)), the Dixmier trace formula above, (13), will only compute
the top dimensional current of the character, but not the lower dimensional homology
classes, (the Pontrjagin classes of the manifold) essential to insure the integrality result
of theorem 4. In other words while the Dixmier trace is easily computable and yields
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classical formulae, the integrality results involve using the ordinary trace instead. The
nuance between the two is given by the characteristic classes of the space.

Let us now come back to the quantum Hall effect. We shall now describe the construc-

tion by Bellissard of a Fredholm module (#, F') over the algebra of functions on the non
commutative Brillouin zone. We thus use the notations of section 4 and consider the

natural representation (a,£) — af of the C*-algebra A in the one particle Hilbert space
L(R?) = H.

The even Fredholm module (H', F,v) over A is defined as follows:

(15) H=LR)eC’=HtoH"
. "] Vae A
0 a

1 0
0 -1

:Iﬂ.:::sb?a—-aﬁ:ll=[

1’=1@[

F

IL?' g] where U is the operator in L*(R?) of multiplication by the function u,

Iy +1x3
|z +1z2|
It is not difficult to see in the case of penodic crystals that the formula (15) defines an even

summable Fredholm module over the C*.algebra A which quantizes the cyclic 2-cocycle
giving the Hall conductivity by the Kubo formula (cf. section 4).

u(zy,rz) =

What is quite remarkable is that the same formula (15) continues to work in the presence of
disorder and continues to quantize the Hall conductivity in situations where the spectrum
of the Hamiltonian no longer has gaps. This is the real situation, in real samples, due to the
presence of small amounts of impurities the charge carrier density N and the Fermi level s
are monotonic functions of each other and the spectrum of the Hamiltonian H is equal to
[0, +00]. This shows that the spectral projection E; no longer belongs to the C*-algebra
A. Thus E, only belongs, a priori, to the von Neumann algebra W weak closure of A in
the Hilbert space H'. However J. Bellissard proved that, when u lies in a region of localized
states, not contributing to the conductivity, the spectral projection E,, is quasicontinuous
in the following sense {compare example 11.

Definition 5. Let A be a C*-algebra and (H. F') a Fredholm module over A. Let W be the
von Neumann algebra weak closure of A. Then an element f € 1V is ealled quasicontinuous

iff
F.flek
(i.e. is a compact operator).

Using on the algebra of functions of the Hamiltonian {f{H) , f € Co(R)} the Fredholm
module given by formula (15), we can thus state the general result of J. Bellissard:
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Lemma 6. If u lies in a gap of eztended states of H then the characteristic function
E M ={1ifA<p; 0ifA> pu} is quasicontinuous on Spectrum H.

It follows then that exactly as in the periodic case, the Fredholm medule (15) quantizes
the Hall conductivity on the plateaux. We refer to [Bel] and [Co| for a more detailed
description of the general case.

Ezample 3. The trace of the meiric.

In this section we shall use the quantized calculus to find the analogue in dimension 4 of
the 2-dimensional Polyakov action, namely:

1 I' 1
(1) :=EL.,.-,-H A dX?

for a Riemann surface £ and a map X from £ to a d-dimensional space M.
Our first task will be to write the Polyakov action (1) as the Dixmier trace of the operator:

(2) T pij dX* dX?

where now dX = |F, X] is the quantum differential of X taken using the canonical Fredholm
module (H, F') of the Riemann surface X,

The same expression will then continue to make sense in dimension 4, i.e. with I re-
placed by a 4-dimensional conformal manifold. The action we shall get will be conformally
invariant by construction and intimately related to the Einstein action of gravity.

In general, given an even dimensional conformal manifold &, dimE £ n = 2m, we let
H = L*(Z,A2 T*) be the Hilbert space of square integrable forms of middle dimension,
in which functions on £ act as multiplication operators.

We let F = 2P — 1 be the operator in H obtained from the orthogonal projection P on

the image of d. It is clear that both M and F only depend upon the conformal structure
of £, which we assume to be compaet.

In terms of an arbitrary Riemannian metric compatible with the conformal structure of £

one has the formula:

(3) F = (dd" = d*d){dd* +d"d)™" on L*(Z.A™ T*)

which ignores the finite dimensional subspace of Harmonic forms, irrelevant in our later
computations (cf. [Co| for a definition of F taking this in account).

By construction F is a pseudodifferential operator of order 0, whose principal symbol is
given by:
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Lemma 1. The principal symbol oo( F) is given by:

ooz, ) = (e¢ ig —ig e¢) EI° , V(z,£) € T*(E).

We have denoted by eg (resp. i) the exterior multiplication (resp. interior) by £.

When n = dimE = 2, one has AZ T* = T¢ and oy associates to any £ #£ 0, £ €
T:(E), the symmetry with axis £. For any function f € C™(L), the operator [F, f] is
pseudodifferential of order —1. Its principal symbol is the Poisson bracket {ay, f},

(4] {o0, fHz.&) = 2 (ear t¢ + eg iay — 2eg 1¢ (€, df) [IE177) N1€12.

For [|£]| = 1, decompose df as (df, )€ +n where g L £&. Then {oo, f}(z,£) = 2(e, ig+e¢ iy),
and its Hilbert Schmidt norm, for n = 2, is given by:
trace ({ao, fH(2,£)" {20, f}(z,£)) = 8llnll* , n = df — (df,€)¢.

The Dixmier trace Tr,, ( folF, fi]* [F, fz]) is thus easy to compute for n = 2, as the integral
on the unit sphere 5°F of the cotangent bundle of £, of the function:

trace(fo {00, f1}* {o0, 2}) = 8 fo(z) (df",df3")
where df* = df — (df, £)€ by convention. One thus gets:
Proposition 2. Let £ be a compact Riemann surface (n = 2), then for any smooth map
X =(X") from £ to R and metric n;;(z) on R? one has

]
= f mij dX* Aw dX) =X o (ns; [F, XYI[F.X7)) .
£ Jp

Both sides of the equality have obvious meaning when the 5;; are constants. In general
one just views them as functions on £ namely n;; o X.

Let us now pass to the more involved 4-dimensional case. We want to compute the following

action defined on smooth maps X : £ — R? of a 4-dimensional compact conformal manifold
E to RY, endowed with the metric n;; dz* dz/,

(3) I = Tr, (nij [F, X"|[F.X?]).

Here we are beyond the natural domain of the Dixmier trace Tr, but we can use the
remarkable fact, due to Wodzicki. that it extends uniquely as a trace on the algebra of
pseudodifferential operators (ef. [Wog|). For practical purposes the local formula for this

extension, which we still denote by Tr,, is given as follows:
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(6) Tr(P,) = fs RECUEIES:

where P, is a pseudodifferential operator whose total symbol

(7) o(z,§) = oo(z,{) + o-y(2,§) + o—2(2,£) +---

has o_y(z,£), as the component of order —4.

This formula makes sense for scalar pseudodifferential operators, defined in local coordi-
nates r/ by the usual formula:

(8) (Po)(z,y) = f HE=v8) oz, ) diE

but, by [Wog] it is independent of the choice of local coordinates and defines a trace, Tr,,
on the algebra of scalar pseudodifferential operators.

When we consider a vector bundle E over a manifold E, and a pseudodifferential operator
P acting on sections of E, we compute Tr_ {P) as follows. Choose local coordinates z?
and local basis of sections ay for the bundle E. Then P appears as a matrix P{ of scalar
pseudodifferential operators:

P(f* ar) = (P f*) ae.

The expression Tro(P) = Tr.(P¥) is then independent of the choice of the local basis {ax)
of E and defines a trace.

It is clear that to compute the action I we just need to compute the following trilinear
form r on C™(X).
(9) o fi. ) =Teo(fo [FAIFf]) VS € Co(E).

By construction 7 is a Hochschild 2-coevele on C™[E). We let 2 fi, fz) be the 4-
dimensional differential form on £ uniquely determined by the equation:

(10] T{fn-f:1fz}=qu Rfi,f2) Vo€ CF(E)

The existence of {2 follows from the general formula for the total symbol of the product of
two pseudodifferential operators Py, , Ps,, in terms of o; and o:
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(1) o(z.6) = Y = 9 01(z,6) D ou(z,6)

where a = (a;, az, a1, a4) is a multiindex, a! = ay! az! a3! a,! and D2 = (—i)lel g2,
This formula, applied with Py, = fo, Pe, = [F, fi]|F, f2] shows the existence of 1.

Our task is to compute, given r € I, the value of the differential form §}( fy, f2) at z, in
terms of f1, fz and the conformal structure of I,

We shall take local coordinates £/ around r and let w* = dr' A dz’ be the corresponding
basis for our vector bundle E = AL T* over L.

Let P = [F, fi]|F, fz]. It is a pseudodifferential operator of order —2 and in terms of its
symbol up to order —4:

(12) e=0g3+0-a+0_4

where we have omitted the a, # matrix indices. We get the following formula for 2 f;, f2)
at r:

(13) QU fi, fa) = U‘F trace{u_‘{:.ﬂ}uaf) dz' A dz?* A dz® A de?

where 5 is the unit sphere in the £ variable and d*¢ the normalized volume on §?.

Next the total symbol o, up to order —4 included, is obtained by formula (11) (and with
more matrix indices) from the total symbols «([F, fi]), o([F, fz]) which we only need to
know up to order —3 included. To compute them we again use formula (11) for Ff - fF
and we thus only need to know the total symbol of F up to order -2,

The computation is done using formula (3) and (11). What matters is the way the variables
gij enter the formula:

Lemma 3. The totel symbol o© of F, up to order —2 included, is a 6 x 6 matriz of the
form:

F F F F

where n",,,F only invokes g,;(z), oF, is linear in the 1-yet of the metric {at z ) wnth coeffictents
depending smoothly on g;;(z), 02, is linear in the 2-jet of the metric + quadratic in the
1-jet of the metric, with coefficients depending smoothly on gi;(x).

Proof. Both operators dd* —d*d and A = dd* +d*d acting on AL T* = E can be expanded
in our local basis in the form:



o{dd” —d*d) = g2 + @1 + o
(14)
o(A)=p+p+m

where p;, gz only invoke the g;;(z), and py,q1, po,qo have the properties indicated in the
lemma for o, oF, (cf. for instance [Gi;] lemma 2.4.2 p.118).

Now to compute the total symbol o(A~") up to order —2 let us denote by o the product
of symbols as defined by formula (11). One has:
(15) oA =po(l —e_y—e_a+€2))

where, with p{z.£) = (p2(z,£))""! one lets

(16) Aop=1+4:c_1+e_3

be the total symbol of & o p up to order -2 included. By construction p only depends
upon the g;;(z), so that by the formula (11) the symbols £_, £_; satisfy the conditions
of lemma 3 (with £_; linear in the k-jet of the metric + square of 1-jet for k = 2).

It thus follows from the formula (15) that o{A™") has a similar expansion:

(17) o(A™!) = 0-2(A7") +03(A7") + oy (A7)

with #_3-i(A~") linear in the k-jet of the metric + eventual quadratigterms for k= 2.

Finally when we compute the composition

o(dd" —d"d)ea(A™") =g} +¢f, +0F,

we get, using formulas (14) and (11) the required property.

Now the total symbol of [F, f], up to order =3 included, is of the form:

Lojaj=1 F oy D* f + Lloj=z2 o O o5 D° f + Vlajus a1 % ef D* f
{13} +Z|n-|'-[afa ﬂfl D= f +E|¢|n1 ;]r a? ﬂ'fl D= f
+ Djaj=1 9% o5, D* f.

Note that the differentiation @7 does not alter the properties of oF, stated in the lemma,
so that for instance 3 o=, is linear in the 1-jet of the metric.
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To compute ( f;, f2) we need the component of order —4 of the total symbol of [F, f1][F, fa].
This component oy is obtained by composition (i.e. using formula (11)) of the expressions
(18) applied to f; and fa. We thus get:

(19) Gt =Y ($ a of, D° f.) o (F:; & of, D? f:)

where the sum is restricted to |a| = 1, |#] 2 1, |a] + k + |5] + £ < 4, and one takes in the
composition o of the symbols, its component of degree —4 only. In other words, using (11)
and ﬂ?{ﬂ“f.} = ) we get:

) o=k 5L Lo (o oh) (9 07 o) (094h)

where the sum is restricted to |a| = 1, |81 2 1, |a| + |B] + |v| + |6| + ¥+ € = 4. The
inequality k + |y| + £ < 2 allows to write ¢4 as a sum of 3 terms according to the value of

k+|vl+£€{0,1,2). Theterm o'’} = ¥ depends only upon the g;j(z). The term

k=i=|y|=0
e = 5 is linear in the 1-jet of the metric with coefficients depending smoothly
k4| g|m1
on the g;;. "!C'l:n'.-m:rl:nn:!"ﬁ;I| = Y isthe sum of a linear term in the 2-jet of the metric

kil |yi=d
and of a quadratic term in the 1-jet, both with coefficients depending smoothly on the g;;.
Since Ja| + |3] + |6] = 2 if k + £ + |7| = 2 we see that ") only involves the 1-jet of f, and
fa at z.

These properties of ﬂ't_k,;' obviously persist after integration of the £ variable on the unit
sphere §? of T7(E). Choosing the coordinates r? to be geodesic normalecordinates at the
point r, we can assume that gi;{z) = 4,;, that the 1-jet of g;; at r vanishes and that the
2.jet is expressed in terms of the curvature tensor Rijie, at . We thus get:

Lemma 4. There ezists a universal bilinear ezpression B(V™ df, , V¥ df;) and a trilinear
form C(R.dfy,df;) such that:

Q fr, f2) = (B(V? dfy.V? dfy) + C(R,dfy,df2)) dv

where i is the curvature fensor, ¥V the covariant differentialion and dv the velume form
of a Riemannian strueture compatible with the given conformal structure.

In order to determine the bilinear expression B we just need to perform the computation
of 4 fi, f2) in the flat case. Note that our notation V® is ambiguous for |a| > 1 since
the covariant derivatives do not commute, but only |a] < 2 will be involved and the
corresponding ambiguity is absorbed by the term C(R,df,dfz). We shall determine C
using conformal invariance of U fy, f2), but let us begin by the computation of {1 in the
fat case.
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In the flat case we have:

(21) of (2,6) = (eg i — i ee) JI€I2, of, =0  VWk>o0.

As of is independent of z, the formula (20) simplifies to

@) ouz8=% 5 5 5 (%% o) (% of) (0 1)) (D™ fo) 2)

where the sum is performed for multiindices a, 3,6 such that |a| + |3] + 8] = 4, |a| = 1,
18] = 1.

Let us consider the function of three vector variables £, u, v given by

(23) f(&,u,v)=C % % % trace ((ag"" g;') (a;:' ,,;‘)) o

where the sum is performed with the same conditions as in (22). By construction we thus
have in the flat case

(24) R(f1, f2) = (T Aag (D fi)(z)(D? fa)(2z)) dz' A... Adz*

where & Ay 5 u® v = Jos flé p,v) dC.
To determine the function f(£, u,¥) we use the equality:

(23] SlE pov) = g(E,p + v, v) + terms not involving u

where (€, u,v) = L L trace (ﬂf of ﬂ; i:r,f) p® v? with the sum performed for |a| > 1,
|3] = 1, |a| + |8] = 4. Thus g(£, u, v) reads of from the Taylor expansion of h(£ + u, £ + v)

with:
(26) h(€,n) = trace (of (£) a5 (7)) = 2(&7)° JEN? |Inl™® + constant.

A straightforward calculation of the Taylor expansion of h on the diagonal gives:

(27) 9(§ p.v) = 2lpll® (&) (&v) = 4(&)? (av) —3(& 0] (&1v)
+ (a2 = IA® (&) = llull® (€02 + llull® NIl
+ 20l]® (§yw) (6 ) —4E )7 () — 46, v)? (6 1)-
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If we use on 5% the normalized volume element of integral one we have:

(28) Lt € 6= ()
(29) [ (€n® ) 6= 5w
We thus get:

(30) _/5‘ gl€, p,v) € = =|lul?® (u,v) + (p,v)* +:.;~ el el = llell® (e, ).

Using equality (25) we just need to determine the terms involving both y and v in the
expression:

1
s 4l (gt v + G+ 5 okl I = B 40 0)

and we get the desired result:

(B1) S Ao u® v =l () = ()2 = 5 Dl Dol = (0.

Using equality (24) we get the following formula for Q( f,, f2) in the flat case:

(32) A f)= (—&t{dfn-dfzﬂ+{"Fdh+?dfz}— 3 A a‘*-f:) dz' A... Adz?

where A = T &7 is the Laplacian and V the covariant derivative. We can thus use lemma

4 and summarize what we have found so far in the following:

Lemma 5. There exists a universal irilinear form C{R,df;,df:) in the curvalure R and
the covectors dfy,df; such that, in full generality, one has:

(33) Qfi.fo) = (—‘-"i{'l:dfirdf:”+{?df1-?dfi}“%{ﬁfi}iﬁfﬂ+¢{ﬂ-rdfhdfﬂ) dv.

Our next task is to use conformal invariance of §}( f,, f2) to determine the term C( R, dfy , df3 ).
Thus let us replace the metric g;; of £ by (1 + §) gi; where é is a smooth function on T
and compute, to first order in §, the varation of the various terms of formula (33).
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The perturbation of the Levi Civita connection is given, up to order one in §, by the
following bundle map T* — T* & T™:
(34) {?’—?p:—% (w @ db +db & w — (d6,w) g) € T @ T

where we used the symbol g for the metric viewed as an element of T* @ T™.
We can then compute the perturbation, up to order one:

(V'dfy, V'dfz)' — (Vdfy, Vdfy) =
(V' = V)dfy, Vdfa} + (Vdfy, (V' - V)dfa) + (Vdfi, Vdfa)' - (Vdfi, Vdfs).

The first term gives, using (34) and the equality

(33) (Vdf,g) = Af  ¥fe C™(E)

~5 ((dh @ db + d6 © dfy ~ (d6,df) 9), V)
= —-é- {E{dﬁ_, ?H{"#II:'} = {dﬁld.fl} ﬂ"fij'

We can thus rewrite the sum of the first two terms as

(36) (a6, d(df, df2) + 5 (d6.df) fa + 3 (d6,dfa) AR

The last two terms just contribute

(37) 95 (Vdf,, Vdfa).

We thus have to add (36) and (37) to get the perturbation of the middle term in (33).

Similarly the general formula to order one in #:

(38) (A' = Ah = (dh.d8) — 6k Yh e C™(E)

shows that the perturbations of the first and third terms of (33) are respectively:

(39) =4’ (dfi,df2)" + & (dfy,df2) = — (db.d (dfi,df2)} + 8 (dfi,dfz) + A (S (dfy,df2))
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(40) -3 (A'f Ny = Afy Afs) =8 Afy Afa — 5 (dfy,d8) Afy — 5 (dfs, d8) A,
Adding (36), (37), (39) and (40) gives the following expression for the perturbation T' =T
of the sum of the first three terms of (33)

(41) T - T =-26T —2(dé,d (dfi, dfa)) + A (6(dfy, df2)) — & A ((dfs, dfa)).

The general identity

(42) A(fh)—f Ah=(Af)h =2(df,dh) V[ ,he C=(E)

applied with f = §, h = (df,,df;) thus gives:

(43) T - T = -2T + (A#) (dfi,dfz).

Thus, as up to order one in & we have (dv)’ — dv = 2§ dv, the differential form T dv
satisfies, to order one in 4:

(44) T (dv)' — T dv = Aé (dfy,dfz) dv.
We hence just need to find C(R, df;,df;) such that ’
(45) C' dv' = C dv = =Ad (dfy, dfz) dv.

The perturbation of the Riemannian curvature R viewed as a linear map R : A?T* — AT
is given by:

(47) R - R=-5R+1/2 A?(VdE)

where A?(Vdf) is the natural action of the second derivative Vdé on A*T™, at the Lie
algebra level. The curvature scalar, r = trace R thus satisfies:

(48) ¢ == =r + 3/2 (AS).

We hence get the following natural solution of (453):
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(49) C(R, dfy, dfz) = =23 r (dfy, dfz).

What we know so far is that -} r (dfy,df2) is a possible solution. It is in fact the only one
since the only other invariant expression C(R, df},df;) that could be added is a multiple
of the Ricei tensor applied to dfy @df; and one checks that it fails to give, when multiplied
by dv, a conformally invariant answer.

We can thus summarize what we found as follows:

Theorem 6. Let T be a 4-dimenasional conformal manifold, X : T — R? a smooth map,
M= Nuy dz* dz* a smooth metric on R?. One has:

2
Tr. (n.[F,X"] [F, '];=;LT,,_ {-3 r (ax+,ax*)
—A {dX*,dX") + (V dX*,V dX*) - % (AX*)AX*)} dv

where r i3 the curvature scalar of T, dv its velume form, ¥ its covariant derivative, A
its Laplacian for an arbitrary Riemannian metric compatible with the given conformal
structure.

Of course as we saw in the proof the various terms of the formula such as —3 r (dX*,dX")
are not conformally invariant themselves, only their sum is. It is also important to check
that the right hand side of the formula is, like obviously the left hand side, a Hochschild
2-cocycle. This allows to double check the constants in front of the various terms, except
for the first one.

L
Theorem 6 gives a natural 4-dimensional analogue of the Polyakov action. and in particular
in the special case when the n,, are constant, a natural conformally invariant action for
scalar fields X : £ — R.

(50) I(X) = Tr., ([F, X))

which by theorem 6. can be expressed in local terms. and defines an elliptic differential
operator P of order 4 on T such that:

(51) .r{x]=f P(X) X dbv.

This operator P is (up to the factor 1) equal to the Paneitz’ operator P = A% +d" {2Ricci-
siar}d ([]) already known to be the analogue of the scalar Laplacian in 4-dimensional
conformal geometry.
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Equation 51 uses the volume element dv so that P itself is not conformally invariant, its
principal symbol is:

1 ey
(52) o4(P) (.£) = 3 £l

which is positive.
The conformal anomaly of the functional integral

fe"”” r dX(z)

is that of (det P)~"/? and can be computed (cf. [B-O]). The above discussion gives a
very clear indication that the induced gravity theory from the above scalar field theory in
dimension 4 should be of great interest, in analogy with the 2-dimensional case.
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6. The metric aspect and classical matter fields.

We have seen in section 5 how to develop a calculus of “infinitesimals™, given a Fredholm
module (M, F) over the algebra A of coordinates on a (possibly quantum) space X. For
instance when X was an ordinary manifold we saw how to construct canonically a Fredholm
module from a conformal structure on X. This shows that the above data does not specify
the metric structure of X. In fact, the first example of section 5, where X = 5' and (H, F)
is the Hilbert transform, shows that the quantum differential expression:

(1) dZdZ =[F,Z|[F,Z) , Z:5'=C

where Z is the boundary value of a univalent map, yields infinitesimal units of length
intimately tied up with the metric on Z(5') induced by the usual Riemannian metric
dz d% of C. If we vary Z, even the dimension of §' for the “metric” (1) will change. More
generally, let A be an involutive algebra and (M, F') a Fredholm module over 4. To define
a “unit of length” in the corresponding space .X, we shall consider an operator of the form:

d
(2) G=Y [F.X"" 1 [FX"]
1

where the X" are elements of .4 (usually selfadjoint but not necessarily) and where n =
(e ) w=1,....d 18 8 positive element of the matrix algebra My(A).

We want to think of G as of the ds® of Riemannian geometry. It is by construction a
positive “infinitesimal”, i.e. it is a positive compact operator. The unit of length is its
positive square root:

(3) ds = G'3,

Now the way we shall measure distances in the (possibly quantum ) space X is the following.
Given two pure states 2,4 of the C"-algebra closure of A, i.e. two points p,q € X in the
commutative case, with:

(4) elfl=fp). clfl=flg) VYfeA

we want to use the following formula:

(3] dise(p.g) = Sup {If(p) - flg)l; fEA, [ldf/ds]l = 1}.

It is clear that both sides only involve p, g through the associated pure states (by (4)).
Moreover since we are in the non commutative case we need to deal with the ambiguity

82



in the order of the terms in an expression such as df /ds which can be either df{ds)™? of
(ds)~! df or (ds)™® df (ds)™''~*) for instance. Instead of handling this problem directly
we shall assume that G commutes with F (i.e. that dG = 0, a condition similar to the
Kasehler metric condition), and introduce the following selfadjoint operator:

(6) D=F(ds)'=FG™'/?

whose existence assumes that & 1s non singular.
We shall then formulate equality (5) as follows:

(7) dist(p,q) = Sup {If(p) - f(a)l; fe A, I[P Al <1}.
Now the operator F is by construction the sign of D, while G is obtained by the formula:

(8) G=D"

Thus it is more economical to give, from the start, the triple (A, 'H, D) where 4 is an
involutive algebra represented in the Hilbert space M, while D is a selfadjoint operator in
H whose resolvent (D — A)™!, A € R is compact. We shall formalise precisely this notion
of “unbounded Fredholm module™ under the name of K-cycle in definition 2 below, (We
refer to [Co| (theorem 4 chapter 4 section 7) for a general construction of D given A and
(H.F).)

QOur task in this section will first be to show that Riemannian spaces are special cases of the
above notion of geometric spaces. We shall then see how the construction of the “QED"
action invelving matter fields and gauge bosons extends to the more general geometric
spaces we are dealing with. Finally we shall see that our notion of geometric space treats
on equal footing the continuum and the discrete, while the “QED" action for the simplest
mixture of continuum and diserete (the product of 4-dim-continuum by a space having two
points) gives the Glashow-Weinberg-Salam action for the leptons. With more work the
full standard model action can be interpreted as the “QED" action of a space time with a
more involved “fine structure”, but we postpone this discussion to the final section since
it involves a more detailed description of the notion of manifold.

Riemannian manifolds and the Dirac operator.

Let M be a compact Riemannian spin manifold and let D = gy be the corresponding
Dirac operator (ef. [Gi;]). Thus, D is an unbounded self-adjoint operator acting in the
Hilbert space $ of L? spinors on the manifold M.

We shall give four formulas below that show how to reconstruct the melric space (M, d),
where d is the geodesic distance, the volume measure dv on M, the space of gauge po-
tentials, and, finally, the Yang-Mills action functional, from the purely operator-theoretic
data
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(A5, D),

where I is the Dirac operator in the Hilbert space 5 and were A is the abelian von Neu-
mann algebra of multiplication by bounded measurable functions on M.

Thus, .A is an abelian von Neumann algebra on $, and knowing the pair (9, 4) yields
essentially no information (cf. section 2) except for the multiplicity, which is here the
constant 24/? where d = dimM. Similarly, the mere knowledge of the operator D in $ is
equivalent to giving its list of eigenvalues (A, Jnen, An € R, and is an impractical point of
departure for reconstructing M. The growth of these eigenvalues, i.e., the behavior of |A,|
as n — oo, is again governed by the dimension d of M, namely, |As| ~ Cn!/? as n — oc.

What is relevant 1s the triple (A, 5, D). Elements of A other than the constants do
not commute with D, and the boundedness of the commutator [D, a| already implies the
following regularity condition on a measurable function a:

Lemma 1. If a 15 a bounded measurable function on M, then the densely defined opera-
tor D, a| is bounded if and only if a is almost everywhere equal Lo a Lipschitz function f,
|f(p) — flq)] = Cd(p,q) (¥p,q € M).

Here, d is the geodesic distance in M. The operator [D, a| should be viewed in effect as a
quadratic form
&n — (a§, D) — (D§,a"n),
which is well-defined for £, in the domain of D; its boundedness signifies an inequality of
the form
l(a&, D) = (D§,a"n)| < cll€llllnll  (¥€,n € domD)a
The proof of the lemma follows immediately from [Fe|.

Now, every Lipschitz function on M is continuous and the algebra of Lipschitz functions
is norm-dense in the algebra of continuous functions on M; it follows that the C'*-algebra
C{M) of continuous functions on M is identical to the norm closure 4 in L(H) of A =
{a € A; [D,a] is bounded}.

By Gelfand's theorem (section 3), we can recover the compact topological space M as the
spectrum of A, Thus. a point pof M is a «-homomorphism p: A — C,

plab) = pla)p(b) (Ya,be A).

Any such homomeoerphism p is given by evaluation of a at p for some point p e M,

pla) =alp) € C.

All of this is still qualitative; we now come to the first interesting formula, giving us a
natural distance function, which turns out in this case to be the geodesic distance:
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Formula 1. For any pair of points p,q € M, the geodesic distance between them is given
by the formula

d(p,q) = sup{|a(p) — alq)|; a € A, |[D\a]|| < 1}.

The proof is straightforward, but it is relevant to go through it to see what is involved. The
operator [D, a], which (Lemma 1) is bounded if and only if a is Lipschitz, is given by the
Clifford multiplication iy(da) by the gradient da of a. This gradient is ([Fe]) a bounded
measurable section of the cotangent bundle T* M of M, and we have

I[P, a]]| = esssup ||da|| = the Lipschitz norm of a.

It follows at once that the right-hand side of Formula 1 is less than or equal to the geodesic
distance d(p,q). However, fixing the point p and considering the function a(g) = d(q, p),
one checks that a is Lipschitz with constant 1, so that [|[D, a]|| < 1, which yields the desired
equality. Note that Formula 1 is in essence dual to the original formula

d(p,q) = infimum of the length of paths v from p to g, (+)

in the sense that, instead of involving arcs, namely copies of R inside the manifold M, it
involves functions a, that is, mappings from M to R (or to C).

This is an essential point for us since in the case of discrete spaces or of noncommutative
spaces X, there are no interesting arcs in X but there are plenty of functions, namely,
the elements a € A of the defining algebra. We note at once that the right-hand side of
Formula 1 is meaningful in that general context and it defines a metric on the space of
states of the C*-algebra A, the norm closure of A = {a € A; [D,a] is bounded}:

d(p,¥) = sup{|e(a) — ¥(a)l; [I[D.a]ll £1}. °

Finally, we also note that, although both Formula 1 and the formula (») give the same
result for Riemannian manifolds, they are of quite different nature if we try to use them in
actual measurements of distances. The formula (=) uses the idealized notion of a path, and
quantum mechanics teaches us that there is nothing like ‘the path followed by a particle’.
Thus, for measurements of very small distances. it is more natural to use wave functions
and Formula 1.

We have now recovered from our original data (A, 5, D) the metric space (M, d), where
d is the geodesic distance. However, we still need tools of Riemannian geometry, the first
obvious example being the measure given by the volume form

f= ] [fdv,
M
where, in local coordinates z#, g,,, we have

dv = (det(gus)) ' Jdz? A ... A dz"].
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This brings us to our second formula, which is nothing more than a restatement of H. Weyl's
theorem about the asymptotic behavier of elliptic differential operators ([Gi;]). It does,
however, involve the Dizmier trace Tr,., which, unlike asymptotic expansions, makes sense
in full generality in our context and is the correct operator-theoretic substitute for inte-
gration (cf. section 5):

Formula 2. For every f € A, we have [, fdv = Tr(fD™), where d = dim M.

Now, getting the integral of functions, i.e., the Riemannian volume form, is a good indi-
cation but quite far from the full story. In particular, many distinct Riemannian metrics
yield the same volume form. Since our aim is to investigate physical space-time at the level
of elementary particle physics, we shall now make a deliberate choice: instead of focusing
on the intrinsic Riemannian curvature, which would drive us toward general relativity, we
shall concentrate on the measurement (using (9, D)) of the curvature of connections on
vector bundles, and on the Yang-Mills functional, which takes us to the theory of matter
fields. This line is of course easier since it does not involve derivatives of the g,...

Let us then clearly state our aim: it is to recover the Yang—Mills functional on connections
on vector bundles, making use of only the following data:

Definition 2. A K-eycle (H,D), over an algebra A with involution », consists of a
representation of A on a Hilbert space ) together with an unbounded self-adjoint operator
D with compact resolvent, such that [D,a] is bounded for everya € A.

If the eigenvalues A, of |D| are of the order of n'/¥ as n — co, we say that the K-cycle is
[-i oo )-summable (cf. Section 5). On the algebra of functions on a compact Riemannian
spin manifold, the Dirac operator determines a K'-cycle that is (d, co}-summable, whered =
dim M. Finer regularity of functions, such as infinite differentiability, i is easily expressed
using the domain of powers of the derivation §, §(a) = [|D|, a].

We shall not be too specific about the choice of regularity; our discussion applies to any
degree of regularity higher than Lipschitz.

The value of the following construction is that it will also apply when the s-algebra A is
noncommutative, or when D is no longer the Dirac operator. The reader can have in mind
either the Riemannian case or the slightly more involved case in which the algebra A is
the »=-algebra of matrices of functions on a Riemannian manifold, provided one bears in
mind that the notion of exterior product no longer makes sense over such an algebra.

We shall begin with the notion of connection on the trivial bundle, i.e., the case of ‘elec-
trodynamics’, and we shall first define vector potentials and the Yang-Mills action in that
case. We shall then treat the general case of arbitrary hermitian bundles, i.e.. in algebraic

terms, of arbitrary hermitian. finitely generated projective modules over A.

We wish to define k-forms over A as operators in §) of the form

w=Y_ aj|D,aj]...[D,aj],
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where the uf are elements of A represented as operators on ). This idea arises because,
although the operator D fails to be invariant under the representation on 5 of the unitary
group I of A,

U={ue A v'u=uu" =1},
the following equality shows that the failure of invariance is governed by a 1-form in the
above sense: w, = u[D,u"], that is,

ulDu® = D + w,.

Note that w, is self-adjoint as an operator in £, thus it is natural to make the following
definition:
Definition 3. A vector potential V' is a self-adjoint element of the space of 1-forms
Y. a3[D, aj], where aj € A.

One can immediately check that in the basic example of the Dirac operator on a spin
Riemannian manifold, a vector potential in the above sense is exactly a 1-form v on the
manifold M and that this form is imaginary, the corresponding operator in the space of
spinors being given by the Clifford multiplication:

V=iy(v) (i=+v-1).
The action of the unitary group I on vector potentials is such that it replaces the operator
D+ V by u(D + V)u®, thus it is given by the algebraic formula

Yol V) = u|D. u"] + uVu" (uel).

We now need only define the curvature or field strength # for a vector potential, and use
the analogue of the above Formula 2 to integrate the square of #: the formula

YM(V) = Tro(¢|D| ™)
should give us the Yang-Mills action.

The formula for # should be of the form # = dV' + V%; the only difficulty is in defining
properly the ‘differential’ dV of a vector potential, as an operator in .

Let us examine what happens: the naive formula is:
V=Y al[D.aj] then dV = ¥ (D, a}][D.aj].

Before we point out what the difficulty is. let us cheeck that if we replace V' by v.(V'),
where

1ulV) = u|D.u"] + z ual[D, al]u®,
then the curvature is transformed covariantly:
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d(7u(V)) +7a(V) = u(dV + V?)u".
As this computation is instructive, we shall carry it out in detail. First, in order to write
(V) in the same form as V', we use the equality
D, al]u" = [D.a}u"] - a}[D,u"].
Thus, 7,(V) = u[D, u*] + ¥ ual[D,dlu*] = T ualal[D, u*], and we have

dyu(V) = [D,u(D,u*) + ¥_[D,ua}][D, a}u"] - 3D, uaja]][D, u"].
We now claim that the following operators in £ are indeed equal:

a) dy(V) +1a(V),
8) u(dV + Vu®,

For, the operator a) is equal to

dyu(V) + (u]D, u*] + uVu")?
= dye(V) + u[D, u"Ju[D,u"] + u[D. u*JuVu" + uVu"u[D,u"] + uV*u"
= dve(V) = [D,u][D,u"] = [D,u]Ve" + uV[D,u*] + uV?u"
=Y [D,uad][D,aju*] - 3" [D, uajai][D,u] - [D,u]Vu" + uV[D,u"] + uV?u"
= udVu® +ulu,

where the last equality follows from

3 (0. ula}(D, a}u’] - ¥ (D, ulajal[D,u’] = [D,u]Ve,
Zu[ﬂ, alllD.alu*] - Z ulD.allal[D,u"] = udVu",
Y _ual[D.a}][D,u"] = uV[D,u"].
The difficulty that we overlooked is the following: the same vector potential V' might be
written in several ways as V' = }_ aj[D. al|, so that the definition of dV as
dv = D.a}][D.aj]

is ambiguous.

To understand the nature of the problem. let us introduce some algebraic notation. We
let 1" A be the universal differential graded algebra over A. It is by definition equal to
A in degree 0 and is generated by symbols da (@ € A) of degree 1 with the following

presentation:

a) diab) = (da)b + adb (Va,b e A),



pg) dl =
One can check that ' A is isomorphic as an .A-bimodule to the kernel Ker(m) of the
multiplication mapping m : A ® A — A, the isomorphism being given by the mapping
Y @i @b € Ker(m) = )" aidb; € 2'A.
The involution * of A extends uniquely to an involution on 1* with the rule
7) (da)* = —da”.
The differential d on 01* A is defined unambiguously by

d(a®da!...da") = da"da’...da" (Va’ € A),
and it satisfies the relations
§) dPw =0 (YweA),
£) dlwwn) = (dun bz + (1) wydwy (Vw; € 2°A).

Proposition 4. (1) The following equalily defines a s-representation 7 of the universal
algebra (1"(A) on f:

#(a%da'...da") = a°[D,da']...[D,a"] (Va’ € A).

(2) Let Jy = Kers C Q° be the graded two-sided ideal of O° given by Ji* = {w €
QF #(w) =0); then J = Jy + dJ; is a graded differential two-sided ideal of {1*(A).

The first statement is obvious: let us discuss the second. By construction, J; is a two-sided
ideal but it is not in general a differential ideal, i.e., if w € Q*(A) and §(w) = 0, one does
not in general have =(dw) = 0. This is exactly the reason why the above definition of
Y.[D.a}][D,a}] as the differential of 3 a3 D, aj] was ambiguous.

Let us show however that J = Jp + dJy is still a two-sided ideal. Since d* = 0 it is obvious
that J is then a differential ideal. Let o € J'¥) be a homogeneous element of J; then w is
of the form w = wy + duy, where wy € Jo N %, wz € Jo N4, Let ' € QY and let us
show that ww' € JUE+HY) We have

ww' = wyw' + (dug ' = wqw’ 4 d{waw') = (1) unda’
= (wiw' + (=1) wda’) + dluww').
However, the first term belongs to Jy N 2% and wyw' € Jo N QFHF -1,

Using (2) of Proposition 4, we can now introduce the graded differential algebra

= 0"(A)NJ
Let us first investigate ], 2} and 03,



We have J N = Jyn® = {0} provided that we assume, as we shall that 4 is a
subalgebra of £(H). Thus N}, = A.

Next, JNQ!' = J,nQ +d(JyNQ°%) = Jon 0, thus N} is the quotient of ' by the kernel
of 7, and it is thus exactly the A-bimodule x({}') of operators w of the form

w=Y d¥[D,a}] (a} € A).
Finally, JNQ? = Jy N Q? + d(Jo N ') and the representation = gives an isomorphism

Q% = =(Q%)/x(d(J N Q2Y)). (#)

More precisely, this means that we can view an element w of 17, as a class of elements p
of the form

p=3_ a;|D.a}|[D.a}] (a} € A)
modulo the sub-bimodule of elements of the form

po=Y [D,B]ID, 8] (b} € A, D b}(D.b}]=0).

It is now clear that since we work modulo this subspace =(d(J; N Q')), the question of
ambiguity in the definition of dw for w € =(2') no longer arises,

The equality (+) makes sense for all k,

0 = =(Q%)/=(d(J N Q1Y) (#)
and allows us to define the following inner product on 2}, for each k let H; be the Hilbert
space completion of x(2*) with the inner product .

(T, Tale = T (T DY) (VT € =(04)).

Let P be the orthogonal projection of $i onto the orthogonal complement of the subspace
w(d{Js N 2*~1)). By construction, the inner product (Pwy,wq) = (Pwy, Puy) for w; €
#($1*) depends only on their class in 0. We denote by A* the Hilbert space completion
of 1§, for this inner product; it is, of course, equal to PH,.

Proposition 5. (1) The actions of A on A* by left and right multiplication define com-
muting unitary represenfations of A on AF,

(2) The funetional YM(V) = (dV 4 V* dV + V?) is positive, quartic and invariant
under gauge lransformalions.

Yol V) = udu® + ulVu”  (Vu € U(A)).

(3) The functional [{a) = Tr (82| D|™%), # = =(da+a?) is positive, quarfic and gauge
invariant on {a € Q(A), a =a"}.
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(4) One has YM(V) =inf{l(a); =(a)=V}.

Let us say a few words about the easy proof. Since x(d(Jo N 2*~1)) C #(0*) is a sub-
bimodule of x(2¥) and since the left and right actions of A on f; are unitary, it follows
that P is a bimodule morphism:

Plafb) =aP(£)b (Va,be A, £ € ).

Thus (1) follows. As for (2), one merely notes that by the above calculation, with dV' now
unambiguous, § = dV + V? is covariant under gauge transformations, whence the result.
For (3), one again uses the above calculation to show that da + o transforms covariantly
under gauge transformations.

Finally, (4) follows from the property of the orthogonal projection P: as an element of A2,
dV + V? is equal to P(x(da + a®)) for any a with x{a) = V', and since the ambiguity in
w(da) is exactly =(d(Jo N2')) one gets (4).

Stated in simpler terms, the meaning of Proposition 5 is that the ambiguity that we met
above in the definition of the operator curvature # = dV + V? can be ignored by taking
the infimum

YM(V) = inf Tr (62| D|~")

over all possibilities for 8§ = dV 4+ V?, dV =} [D, a}][D, a}] being ambiguous. The action
obtained is nevertheless quartic by (2).

We shall now check that in the case of Riemannian manifolds with the Dirac K-cycle,
the graded differential algebra (17, is canonically isomorphic to the de Rham algebra of
ordinary forms on M with their canonical pre-Hilbert space structure. The whole point
is that Proposition 5 gives us these concepts in far greater generality and the formula
in (4) will allow extending to this generality, in the case d = 4, the ineqlality between the
topological action and the Yang-Mills action YM.

We now specialize to the Riemannian case. where A is the algebra of functions (with some
regularity) on the compact spin manifold M, and D = 8y is the Dirac operator in the
Hilbert space L*(M.5) of spinors. We let C be the bundle over M whose fiber at each
p € M is the complexified Clifford algebra Cliffc(T; (M) of the cotangent space at p € M.
Any bounded measurable section p of C' defines a bounded aperator v(p) on f = L*( M, 5).
Forany f°,....f"* € A one has

(f0df .. df") = it (Odf - dfP . df?),

where the usual differential df is regarded as a section of C, and - denotes the product
in C.

For each p € M, the Clifford algebra C, has a Z/2 grading given by the parity of the

number of terms £;, £; € T;{."k.l!'} in a product £y + £+ ...+ £q, and a filtration, where C';.t]
is the subspace spanned by products of n < k elements of T;(M). The associated graded
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algebra is canonically |mmnrph1c to the complexified exterior algebra A\ . {T (M)) and we
shall write o4 : C1¥) — ﬁcl[T'] for the quotient mapping.

Using the nn:mmt:al inner product on C given by the trace in the spinor representation, one
can also identify ,."H,,c with the orthogonal complement of C'¥=1) jn O}, tqtu?alenﬂr, if we
let C* be the subspace of C'*'of elements of the same parity as k, then -'"'u: =ChgC*?,

The differential algebra 2}, is determined by the following lemma:
Lemma 6. Let (5, D) be the Dirac K-cycle on the algebra A of functions on M and let

k € N. Then, a pair Ty, T; of operators in § is of the form T} = x(w), Tz = =(dw) for
some w € % A) if and only if there ezist sections py, py of C* and C**! such that

T;=+(pj) (1=1,2), v-1do*(p)=ousi(p2).

Here ox(p1) is an ordinary k-form on M and d is the ordinary differential. Note that for
k > d = dim M one has o¢(p) = 0. The proof is straightforward.

We can now easily determine the graded differential algebra 01,. First, let us identify
7($1*) with the space of sections of C*; Lemma 6 then shows tl].ﬂ.l-

#(d(Jo N 0*")) = Kero.

(If p is a section of C* with o4(p) = 0 then the pair of sections py = 0, pg = pof C*~! and
C* fulfills the condition of Lemma 6, so that p = 7(dw) for some w, m(w) = 0.) Thus o
is an isomorphism {1}, = sections of I."\E{T‘L which, again by Lemma 6, commutes with
the differential. We can then state:

Formula 3. The mapping a’da!...da" — i"a’d.a’...d.a™ for o’ ' A eztends to a
canontcal isomorphism of the differential graded algebra i1}, with the de Rham algebra

of differential forms on M. Under this isomorphism, the inner product on ﬁf, i3 the
Riemannian inner product of k-forma:

{w,w'}=f w Ao,
i)

The last equality follows from the compurtation of the Dixmier trace for the operator in
§ = L*( M. 5) associated with a section p of the bundle C of Clifford algebras:

Tr (o D) = ﬁ trace(p(p))do(p).

As an immediate corollary of Formula 3. we have
YMY) = [ Javiie.
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Let us now extend the definition of the action YM to connections on arbitrary hermitian
vector bundles.

First of all, we need to express in algebraic terms—i.e., using only the involutive algebra
A—the concept of hermitian vector bundle over M. A vector bundle E is entirely char-
acterized by the right 4-module £ of sections of E (having the same regularity as the
elements of A); the local triviality of E and the finite-dimensionality of its fibers translate
algebraically into the statement that £ is a direct summand of a free module A" for some
finite ¥V, or, in fancier terms, that £ is a finitely generated projective module over A.

The hermitian structure on E, that is, the inner product (£, 7), on each fiber E,, permits
constructing a sesquilinear mapping
{,):ExE= A
given by (£,7)(p) = {£(p),n(p)),. The mapping ( , ) satisfies the following conditions:
1) (€a,nb) = a*(,n)b (VE,n€E, a,be A),
2) (£,£} =20 (VE€E),
3) £ is self-dual for { , ).

Thus, the hermitian vector bundles over M correspond bijectively to the hermitian, finitely
generated projective modules over A in the following sense:

Definition 7. Let A be a =-algebra with unity and let £ be a finitely generated projective
module over A. A hermitian structure on £ is given by a sesquilinear mapping ( , ) :
£ x £ — A satisfying the above conditions 1), 2) and 3).

We shall use this concept only in the case where 4 is a subalgebra stable under the
holomorphic functional calculus in a C*-algebra. in which case all reasonable notions of
positivity coincide in A

In this case, all hermitian structures on a given finitely generated projective module £
over A are isomorphic to each other and are thus obtained as follows: one writes £ as a
direct summand £ = eA"Y of a free module & = A"V, where the idempotent e & Mx(.A4)
is self-adjoint. and one then restricts to £ the hermitian structure on A" given by

=Y gmed (Ye=(&)n=(n)eA")

The algebra End_y(£) of endomeorphisms of a hermitian, finitely generated projective mod-
ule £ has a natural involution. given by

(T°&m) =1{§.Tn) (V§,n€E)
With this involution, End 4(£) is isomorphic to the reduced »-algebra e My(A)e.

As above, we now let ($, D) be a K-cycle over A, and {1}, the A-bimodule of operators in
f of the form V = 5 a;[ D, b}, a;, bi € A.
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Definition 8. Let £ be a hermitian, ﬁmid; generaled Ffu_fechﬂe module over A. j, con-

nection on £ is given by a linear mapping V : £ — £ @4 0} such that
Vifa)=(VE)a+ERda (VEEE, a€ A).

A connection V is compatible (with the metric) if and only if

(£, V) = (V& n) =d{&,n) (VEneE).

The last equality has a clear meaning in 2},. In the computations, one should remember
that (da)* = —da” (Va € A), and if V& = }_ & @w;, w; € N}, then (VE,n) = ¥ w{€i,n).

Such connections always exist; for £ expressed as e AV as above, one may take ¥ as follows:

(Va€) = en, where 7; = dt;.
Two compatible connections V and V' on £ differ by an element I' € Hom4(£,£ @4 0)).

As in Proposition 5, we shall now give two equivalent definitions of the action functional
YM(V) on the affine space C(£) of compatible connections.

The group U(€) of unitary automorphisms of £, U(£) = {u € End4(£); wu® =u"u =1},
acts by conjugation 7,(V) = uVu" on the space C(£). To define the curvature # of a
connection V, one first extends V to a unique linear mapping Virom £ to £, £ = £@40},
such that

ViEow)=(VEw+Eodw (VEEE, wep),
and one checks that this mapping satisfies
Vinw) = (Voke +(-1)""5dw '

for every homogeneous n € fandw e ily. It then follows that # = V?isan endomorphism
of the right 0}-module £; it is deternun-:d by its restriction to £, again denoted &

8 € Hom4(E,.£ B4 HE}}

Next, using the inner product on 13, and the hermitian structure on £, one gets a natural
inner product on

Homu(£.£ @4 2%).
Using this. we make the following definition.

Definition 9. YM(V) = (8, 8).
By construction, this action is gauge invariant, positive and quartic. It is moreover obvious

from the above Formula 3 in the case of the Dirac K-cycle on a Riemannian spin manifold
that one has:
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Formula 4. Let M be a Riemannian spin manifold with its Dirac K-cycle (5, D). Then,
the notion of connection (Def. 8) is the wsual one, and

YM(V) = / iﬂ||=H5dtr.
M
where # is the wsual curvature of V.

Thus, we recover in this case the usual Yang-Mills action. For computational purposes,
and also to see the curvature as an operator in §), we shall now mention the easy adaptation
of Proposition 5, (4) to the general case.

First of all, any compatible connection in the sense of Definition 8 is the composition
with = of a universal compatible connection, i.e., a linear mapping fulfilling precisely the
conditions of Definition 8:

V:E=E@ 0.

To see the surjectivity of the mapping = : CC(£) — C(£), where CC(£) is the space of
universal compatible connections, it is enough to check that the special ‘Grassmannian’
connection Vg is of this form and that = is a surjection of 2! onto x(2'). Next, a universal
compatible connection extends uniquely as a linear mapping

V:E@ia"=£a.0°
such that V¥ is equal to ¥ on £ @ 1 and such that
(nw) = (Vo + (~1)48dw

for every homogeneous i in £ ®.4 {1* and o € N°. .

The cursature # = "5": is then an endqnmrp-l'ﬁﬂm of the induced module :':: = £ 24 1
over (1", and =(#) makes sense as a bounded operator in the Hilbert space £ ©.4 5, as does
the following operator De:

Dol 2n)=£62Dn+((12=)VE)n (YEEE, n€R)
the analogue of the action I of Proposition 5, (1) is then given by
H¥) = Teo(=(0) | De|™Y).
One then proves in the same way that, for a given compatible connection V € C(£),
YM(V) = I.Dfifl:?”: ='{"E"l|1,| = "'F}.

Finally let us mention that the basic inequality between the characteristic number ¢] + ¢z
of a hermitian vector bundle and the infimum of the Yang-Mills action does extend to the
general non commutative case (cf. [Co] theorem 5 of chapter 6 section 4).
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Product of continuum by discrete and the symmetry breaking mechanism.

We have shown how to extend, to our context of finitely summable K-cycles (£, D) over
an algebra A, the coneepts of gauge potentials and Yang-Mills action, as well as the way
in which this action is related to a topological action in the case of dimension 4. In this
section we shall give several examples of computations of this action. We first recall briefly
its definition and use the opportunity to add to it a fermionic part.

We are given a #-algebra 4 and a (d, oo)-summable K-cycle (H, D) over A. This gives us
a representation on §) of the universal differential algebra 2*.A:

w(a®da’...da*) = a"[D,a']...[D,a*] (Vo' € A),
which defines a quotient differential graded algebra

B(A) = QA)/J, T=TJo+dly, JY =0*nKerr.
A compatible connection ¥V on a hermitian, finitely generated projective module £ over A
is given by a linear mapping
V:E=EBa ﬂ]b

that satisfies the Leibniz rule and is compatible with the inner product. The affine space
C(£) of such connections is acted on by the unitary group U(€) of the «-algebra of en-
domorphisms End 4(£). This action transforms covariantly the curvature § = V* of such
connections, and

YM(V) =Tk, {:{E}?[DI"}
is a gauge invariant quartic, positive action on C(£).

In the case of the trivial module £ = A (with the right action of A on itself), a vector
potential is a self-adjoint element V' of {1}, and the following expression is also gauge
invariant:
W, (D+=(V))v) (ven, Vehp)
where the unitary group i = W(E) = U{.A) acts on § by restriction of the action of A,
whereas it acts on vector potentials by gauge transformations:
Tl V) =ud{u®) +ulVu" (eeld, Ve ﬂi‘.l]'

This is the fermionic action that we want to add to the action YM(V); it extends to the
case of arbitrary hermitian, finitely generated projective modules £ over A, by means of
the next lemma.

Lemma 10. Let A, £, (H, D) be as above. Then:
(1) The tensor product £ @4 9 is a Hilbert space with inner product given by
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1 ®@m. L2 @m) ={m.(6,8)m) (V& €L, nj €9).
(2) For any compatible connection V, the following equality defines a self-adjoint op-
erator Dy in the above Hilbert space:

Do(é@n)=E6@Dn+((12x)VE)n (VEEE nef)

Thus, the fermionic action is now given by

(v, Do) (P eE@aM, VeC(E)),
and one checks that it is invariant under gauge transformations by elements of U/(£).

The total action is

L(V,¢) = AYM(V) + (¢, Doy),
where A is a coupling constant.
We shall compute it in two cases: a) the discrete case of a 2-point space; b) the product
case of a 4-dimensional manifold by case a). In order to see what the relevant concepts are
in the O-dimensional case a), we first need to discuss product spaces briefly. We are given
two triples
{AI l-ﬁl ¥ -DI }1 {4"1.11 P}Ii B!]

and we assume that one of them is even, i.e., that we are given a I/2 grading, say 7
on ;. The product is then given by the triple (A, 5, D), where
A=4,24;, H=1329 D=D121+m 2D

This corresponds to the external product of K-cycles. There is an obvious notion of
external product of hermitian finitely generated projective modules over the A;.

Next, the formula D? = DI @1+ 1@ Di, which follows from the anticommutation of
Dy with <, shows that dimensions add up. that is, if D; is (p;.00)-summable then D is
(p1 + P2, >0 )-summable; moreover, once the limiting procedure Lim,, is fixed, one ean show
that if one of the two terms is convergent then

Tro((Ty @ T)ID|77) = Trwl( i | Dy |77 JIru( Te| D2 77*) (VT € £(9;)).

All of this is true provided that p; > 1, but in the case we are interested in (Example b))
we have py = 4, p; = 0. The corresponding formula turns out to be

Tro((Th @ T3)|DI7F) = Try(T1| D |7 ) Trace(T2),

where Trace is the ordinary trace.
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To understand how this occurs, one can use the following general equality assuming that
|D]~! € Lirood,

lim GTrm{Tr*"”ﬂ'}) = Tr,(T|D|"")

A

for all € £(5).

Thus, the 0-dimensional analogue of the action YM(V) is just given by Trace{x(#)?).
Example a). The space we are dealing with has {wo points @ and b, Thus, the algebra
A is just the direct sum C & C of two copies of C. An element f € A is given by two
complex numbers f{a), f(b) € C. Let (H,D,+) be a O-dimensional K-cycle over A; then

5 is finite-dimensional and the representation of A in ) corresponds to a decompoesition
of ) as a direct sum H = H, + N, with the action of .4 given by

4 |fla) O ‘
A [ 0 ()
If we write D as a 2 x 2 matrix in this decomposition,
o D Das
D_[ﬂh ﬂn]'

we can ignore the diagonal elements since they commute exactly with the action of 4. We
shall thus take I} to be of the form

”=[m, 0
where Dy, = D}, and Dy, is a linear mapping from H, to H;. We shall denote this linear

E]:'r. We

0 D:i]

mapping by M and take for v the Z/2 grading given by the matrix [?-} =

thus have

A=C$C-ﬁ=m$ﬁhﬂ=[u A .=P “]-

M ol*T=|o =t

Let us first compute the metric on the space X = {a, b}, given by Formula 1 of the first
part of this section. Given f € L, we have

L 0 M fla) 0 _ 0 M'{_ﬂﬁ]—ﬂn]}
m‘”'“-‘f DHD ﬂﬁi”'[—umm—fcan 0

= (- | S %% ]

Thus, the norm of this commutator is | f(b) = f(a)|A. where A is the largest eigenvalue || M|
of M. Therefore
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d(a,b) = sup{|f(a) - f(B)], N[D,fll 1} =1/A.

Let us now determine the space of gauge potentials, the curvature and the action in two
cases.

ease a): £ = A (i.e., the trivial bundle over X))
First, the space $'{.4) of universal 1-forms over A is given by the kernel of the multipli-
cation m: A® A — A, m(f @g) = fg. These are functions on X = X that vanish on
the diagonal. Thus, 2*(.A) is a 2-dimensional space; if e € A is the idempotent e(a) = 1,
e(b) = 0, this space has as basis

ede, (1 —¢)de,
so that every element of 1'(A) is of the form Aede + p(1 — e)d(1 — e). The differential
d: A — (.A) is the finite difference
df = (Af)ede — (Af)(1—e)d(l —e), Af= fla)— f(b);

it is a derivation with values in the bimodule 1'( A) which fails to be commutative: fur #wf
forwef, fe A

Also. if M # 0 then the representation = : 0°(.A4) — L£(H) is injective on (A}, so that
Q(A) = NhH(A). We have

w(Aede + p(1 — e)de) = [:H -La“.] € L(H).

A vector potential is given by a self-adjoint element of 0}, ie., by a single complex

number &, with .
" _1 0 FM
"“F]'[dﬂM 0 ]

Since 1 = —Pede + B(1 — £)de. its curvature is

8 = dV + V? = ~Fdede — Bdede + (Tede — B(1 — e)de)’,
and. using the equalities ede(1 — ¢) = ede. e{de}e =0, (1 — e)deil — ) =0, we have

f=—(® + d)dede — ($P)dede.

£ ; 0 =M -M*M 0
Under the representation =, we have xr(de) = [M 0 ] and w(dede) = [ 0 —M:'l-f']'

This vields the following formula for the Yang-Mills action:
YM(V) = 2(|% + 1* = 1)* Trace((M"M)*),
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where ¢ is an arbitrary complex number. The action of the gauge group If = U(1) = U(1)
on the space of vector potentials, i.e., on 9, is given by

TYulV) = udu® + uVu®;
for u = u,e + ug(l = ¢), this gives

Tul V) =(uge + up(1 — ¢))(Tade — Tyde)
+ (e + up(l =€) — Pede + $(1 — e)de) (Tae + T(1 — €))
=ede + upliy(1 — e)de — u,Ugede — (1 — e)de
— u 0y Pede + upil, B(1 — e)de,
which, on the variable 1 + @, just means multiplication by u@,.

Thus, in this very simple case our action YM(V') reproduces the usual situation of broken
symmetries; it has a non-unique minimum, | + 1| = 1, which is acted upon nontrivially
by the gauge group. The fermionic action is in this case given by

(¢, (D + =(V))e),
where the operator D + =(V') is equal to
0 M 0 M) _ 0 (1+F)M"
M olTlem o |Tla+em 0 '
which is a term of Yukawa type coupling the fields (1 + @) and .

case 3): Let us take for £ the nontrivial bundle over X = {a, b} with fibers of dimen-
sions n, and ny, respectively, over a and b. This bundle is nontrivial if and only if n, # m;
we shall consider the simplest case n, = 2, ny = 1. The finitely gemerated projective
module £ of sections 15 of the form

£ = fA3,
where the idempotent f € M;(A) is given by the formula

T,y o0 ] _[1o0
=1 w1 ™l

in terms of the notations of a).

To the idempotent f there corresponds a particular compatible connection on &, given by
Vof = fdf with obvious notations. An arbitrary compatible connection on £ has the form
VE = Vol + ok,
where p = p* is a self-adjoint element of M3 (0L(A)) such that fp = pf = p. If we write

p as a matnx,
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P=[Pn Pn]
pn P’

these conditions read as follows:

€P = M. EP2 = P2 = Pt M2 = M
thus we get

p11 = —Frede + &1(1 — e)de, o = Baede, p1z = p3y, P22 =0,
where &, $; are arbitrary complex numbers.
The curvature & is given by

8= fdfdf + fdof + o’

|0 0 + dpyy  (dpiz)e + puipL + Pizen P
0 edede edpq 0 11011 Mz

An easy calculation gives the action YM(V) in terms of the variables @, $5:
YM(V) = (1+2(1 - (18 + 11 + [82) ) Te((MM)?).

It is by construction invariant under the gauge group {f(1) x U/(2). What we learn in ex-
ample 3) rather than a) is that the choice of vacuum corresponds to a choice of connection
minimizing the action, and in case §) there is really no preferred choice of Vo, the point 0
of the space of vector potentials (case a)) having no intrinsic meaning. In fact, the space
of connections realizing the minimum of the action Y M is a 3-sphere

{(B1,82) €C: |81 +1F + |8 = 1) ’

whose elements have the following meaning, Let E, (resp. E}) be the fiber of our hermitian
bundle over the point a (resp. ) of X' then dimE, = 2, dimE} = 1. As we saw above, the
differential d : A — Q% A) is the finite difference. One way to extend it to the bundle E
is to use an isometry u : £y — E, and the formula

(Af)a = Ea —uby, (AL =& —u"L,.
All minimal connections ¥V are of the form
VE=({AL); Dede + (AL} D (1l —e)d(1 — e).

Since the minimum of YM(V) is > 0 we also see that the bundle £ is not flat; it does not
admit any compatible connection with vanishing curvature. Since the dimension of the
space .X is 0, the action YM has of course no topological meaning. However, we shall now
return to the 4-dimensional case and work out the case of the product space in detail.

Example b). (4-dimensional Riemannian manifoldM') = (2-point space X).
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Let us fix the notations: M is a compact Riemannian spin 4-manifold, A; the algebra
of functions on M and (H;, 0,7 ) the Dirac K-cycle on A;; let A3, H;, D3 be as in
Example a) above, that is, Az = C & C, 2 is the direct sum 3 = H3,, @ N2, and Dy is
given by the matrix
|0 M*
n=[3 ¥].

et A=A @A, D= @Hrand D=D1@1+7 @ Dh

The algebra A is commutative; it is the algebra of complex-valued functions on the space
Y = M = X, which is the union of two copies of the manifold M: ¥ = M, U M,.

Let us first compute compute the metric on ¥ associated with the K-cycle (H, D):
d(p,q) = sup{|f(p) = fla)l: NP, SNl < 1}.
FeA

To the decomposition ¥ = M, U Mjthere corresponds a decomposition of A as A, & .4, s0
that every f € A is a pair (fa, ) of functions on M. Also, to the decomposition of f; as
2 =02.% M
there corresponds a decomposition $ = f, @ M, in which the action of f = (fa, fi) € A

is diagonal:
i [f; E] € £(9).

In this decomposition the operator D} becomes

oM Iy®l
where Jy is the Dirac operator on M and 5 is the Z/2 grading of its spinor bundle.
This gives us the following formula for the "differential’ of a function f € A:
D.11=], dfa 31 (o= fa)rs 3 M ] .
fa=fils o M y{dfy) 21
The differential [D. f] thus contains three parts:

a) the usual differential df, of the restriction of f to the copy M, of M;

3) the usual differential d fi of the restriction of f to the copy M} of M;

+) the finite difference Af = f(p.) = f(ps), where p, and py are the points of M,, M,
above a given point p of 1.

The norm of the operator [D. f] can be computed easily: if A is the norm of M, i.e., the
largest eigenvalue of |M| = (M*M)*/?, then

D=[5”31 -m@.h“]_ )
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B ldfa(p)l —iMAf)(p)
ID, Al = ess sup | \af)p) AN |

where ||df.(p)|| is the length of the gradient of f, at p € M,.
We thus obtain easily:
Proposition 11. (1) The restriction of the metric d on M, UM, to each copy (M, or My)
of M is the Riemannian geodesic distance of M.

(2) For each point p = p, of M,, the distance d(p., M}) is equal to A~ and is atlained
al the unigue point py.

Now recall that, given a metric space (Y, d) and two subsets ¥, ¥z of ¥, their Hausdorff
distance d(Y), ¥3) is given by

d{f]_,}'ri} e SUP{d{I- ri}l'r € FI; d{;!ﬂ}'rr e F?I*
Thus, the metric d on M, U My = Y is clearly related to the following definition of the
Gromov distance between two metric spaces (X, d; ) and {X3,d;):

Definition 12. Let (X;,d;) and (X;,d;) be two metric spaces. Then, given ¢ > 0, the
Gromov distance §(X;,X;) is smaller than ¢ if and only if there exists a metric d on
.-I - .-HI U.E‘! BI.:I.J:I:I. thﬂ-t ﬂ-} deJ — d‘-p E—“d h‘} d{leliTﬂ} 'E: E.

Thus, we see that if we try to take different Riemannian metries g4, 9 on the two copies
JH.-. +Hﬁ I:I-f JH. sn:rf h;_“ lﬂttiﬂg

p_[D:21 10M° :
T3M D3l )’

then Proposition 11 fails unless the Gromov distance between g, and gy is less than ¢ = 1 /A,
A = || M]).

Let us now pass to the computation of the A-bimodule ﬂb of 1-forms over the space V.
The above computation of [D, f] = =(df) for f € A shows that an element a of the
A-bimodule 0}, = =(92') is given by:

a) a usual differential form w, on 1M,;
) a usual differential form wy on My;
v) a pair of complex-valued functions é,, & on M.

The corresponding operator in 5 is given by

T ) @1 S @ M° e
s M tviuw)@1 g

the bimodule structure over A is given, with obvious notations, by
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{.l"n _ﬁ.}{m.,w;,ﬁ.,ﬁ] = {fl“’nfi‘i’hfisnfisll
(wa s, Bas 83 W far o) = (fawa, forn, filla, faBs).

The involution = is Eiven by (we,ws, 8a,.8)" = (=g, -Ehﬁhﬁ.].

The terms &,, 8 correspond to the bimodule of finite differences on passing from one copy
M, to the other copy M; of M. Note that even though A is commutative, this bimodule
i5 nol commutative; for, if it were commutative then the finite difference would fail to be
a derivation. With the above notations, the differential f € A — =(df) reads as follows:

.r e {.fl-hlrﬁ} = {d.-fnd-fh fl _.fnjr- - ,fl} E ﬂlp
When we project on M, the bimadule (1}, can be viewed as a 10-dimensional bundle over M,

given by two copies of the complexified cotangent bundle, and a trivial 2-dimensional
bundle:

LiMcaT;(MceCaC;
however, one must keep in mind the nontrivial bimodule structure in the last two terms.

As in the case of the Dirac operator on Riemannian manifolds (Lemma 6), let us compute
the pairs of operators of the form =(p) = T}, =(dp) = T3 for p € QY A). Given p =
L fidg; € QY (A), with f;,g; € A, we have

iy = T(wa) @1 bo1s @ M°
PIZlesoM ifw)el]’

where we = ¥ fiadgia, s =Y, fisdgs and i
By = Z fialgjs = 9ja) B4 = Z fji{iii - gib)-
We have =(dp) = ¥ =(df;)=(dg;), which gives the 2 x 2 matrix

i [-‘rlh} D1+ (6 +6) MM ysiv(ne) @ M* ]
vsiv(m) @ M ~4{E) @1 + (6 + 8) @ MM* |

where £ = } dfjadgje and & = T dfjudg;s are sections of the Clifford algebra bundle
C? over M, whereas

m=_ ((fia = f18)d050 = (950 — gia)df),
=3 ((fis = fia)dgss = (g8 — 9ja)dfja)-
Using the equalities
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dbs = ) (fja(dgjs = dgja) + (gjs = gje)dfja),
déy = E {f ib(dgja —dgs) + (gja — g)df, Jﬂ*
iy = Z‘fj.ﬂg,‘. , = Z_fﬂdgjh

we can rewrite 1, and ny as follows:

M =wy — dby —wys, N = wy —dby —uy.

As in the Riemannian case, the sections £,, £ of C? are arbitrary except for a3(£,) = duw,
and o3(£3) = duy. This shows that the subspace x(d(Jy N 02')) of x(0?) is the space of
2 x 2 matrices of operators of the form

T=[*rfm@1 0 ‘
0 MWel@1)’

where £, and £ are sections of C¥, i.e., are just arbitrary scalar-valued functions on M,
so that 4(£.) = £a, (&) = &
A general element of #(11%) is a 2 x 2 matrix of operators of the form

T = [—T[ﬂl} @1+ hl & M*M -ﬂ-iT{.lﬂl} @ M" ]
B () @ M —v{ay) @1+ ha @ MM |*

where a,,ay are arbitrary sections of C?, h,, hy are arbitrary functions on M and 5., 5
are arbitrary sections of C' (i.e.. 1-forms). We thus get:

Lemma 13. Assume that M" M is nol a scalar muliiple of the identsty matriz. Then, an
element of 1, is given by: ’

1) a pair of ordinary 2-forms a,,05 on M:

2) a pair of ordinary 1-forms 3., 3 on M

3) a pair of scalar functions h,. hy on A

The hypothesis M* M # Md is important since otherwise the functions h,, hy are elimi-
nated by =(d(Jy N 2')).

Using the above computation of 7(dp) we can. moreover, compute (74,8, Ja. 3. ha. s );
for the differential dw of an element w = (w,,wp, ba, 83 ) of £}, we get:

1) g4 = duy,, o3 = dusy;

2) Oy s wy —wy —dby, T = wy — wy — ddy;

3) hy = by + 8y, Ay = by + 4.
Thus, we see that the differential duw € 2%, involves the differential terms dur,, duwn, dé,,
dé as well as the finite-difference terms ., — wy, &5 + &, but in the combinations such as
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wp — wa — dé, imposed by d(df) = 0. Next, let us compute the product wiw' € 1}, of two
elements w = (wa,ws, ba, 6), W' = (w},w}, 8%, 6) of Qh; we get:

1) 0 = w, Ay, o) = wy Awy;

2) Ba = bawj, = Byw,, By = b, = S,

3) he = 838, hy = §i5,.
The next step is to determine the inner product on the space (1%, of 2-forms. By definition,

we take the orthogonal complement of =(d(J, N ') in =(0?) equipped with the inner
product (T, T2) = Tro(T7 T2|D|~*). An easy calculation then gives:

Lemma 14. Let \(M*M) be the orthogonal projection of the matriz M* M onto the scalar
matrices Aid. Then, the square norm of an element (s, o4, Ba, By, ha, hs) of HE, is given

by
L (Nulloall? + NallosPdv + tr(M* M) fH{ 117 + 18 )de

wer((aa°2 < 30130)") x [ (al? + )i,
where N, = dimf),, N = dimf,.

We are now ready to compute the action YM(V). We shall take the hermitian bundle
on Y = M, U M, that has complex fiber C* on the copy M, of M, and trivial with one-
dimensional fiber C on the copy My of M. In other words, we consider the product of the
example of Section 1 by the example a), #) on the space X. From the above description
of },, we see that if V is a compatible connection on E then it is given by a triple:

a) a usual connection ¥V, on the restriction of E to M,;

3) a usual connection V; on the restriction of E to M,;

%) & section u on M of the bundle Hom( Ej, E,) of linear mappings from the fiber E;;
to the fiber £, .

Both a) and 3) have the obvious meaning, while v) prescribes the value of the finite-
difference operation on sections £ of E. At the point p,, this finite difference is

(AE)(pa) = &lpa) = upkips) € Ep, = C7,

whereas at the point py it is given by

(A&)ps) = &lp) — upélpa) € Ep, = C,

Of course, the choice of u is given by a pair ¢,, ®; of complex scalar fields on M, namely
the two components of u(1) for the basis of C* (¢f. Example a), 3)).

The gauge group I = End4(£) is the group of unitary endomorphisms of the bundle E
over Y = M, U M,, or. equivalently, the group

U = Map(M,U(1) x U(2)).
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Its actions on the U(2) connection V, and on the /(1) gauge connection V) are the obvious
ones, and the action on a field u € Hom(E,, E, ) is given by compeosition.

Let us be more explicit in the description of ¥V as a linear mapping from the space £ of
sections of E to £ @4 N}. An element of £ 3,4 0}, is given by:

1) a usual differential form w = (wy,wn) on ¥ = M, U M}, with coefficients in £:
2) a section & = (§;,8 ) on ¥ = M, U M, of the bundle E.

The mapping V is then given by

V(€ar &) = (Vaba, Vabs), (€ = ubs), (6 — u°Ea)
for any section £ = (£,,£) of E.
Since the restriction of E to M, is trivial with fiber C*, we may as well describe ¥, by a
2 x 2 matnx [w" zﬂ of 1-forms on M that is skew-adjoint. Similarly, V; is given by
a single skew-adjoint f—ifﬂrm [w};], and by a pair of complex fields (1 + 1, 2) = u(1).

With these notations, the connection V is given by the equality

VE=fdE+pEcEaaty (VEe£),

where £ = f A% fe M;(.A) being the idempotent f = [; E] , €=(0,1) € A, and where

p € My(f1},) is the 2 x 2 matrix whose entries are the following elements of 1};:
/ML = {“]l:iu?l § 'P!I.i-'?l"ll }1-
M2 = (w3, 0,0,7,),

figd] =‘w;11uv':ﬁ"hu:|r L]
Pz = {I’-I-‘;:. ﬂrnnn:lq-

-[13 50 2L 30 5]

The curvature # is then the following element of fM2(0%)

or. equivalently,

0= fdfdf + fdpf + p’,
which is easily computed using the above computation of
d: 0 =05, A: 05 :-:ﬂ};.—rﬂ},..

As we saw in Lemma 13, elements of 2}, have a differential degree and a finite-difference
degree (a, 4) adding up to 2. Let us thus begin with terms in & of bi-degree (2,0). To
compute them we just use the formulas 1) following Lemma 6:

107



Oy = dw,, o) =dun; 00 = wy A, 08 =i Awp.
We thus see that the component 829 of bi-degree (2,0) is the following 2 % 2 matrix of
2-forms on M, U M;:
b
ﬂi:,c-l = dw® +w® Awt, E:?.UJ =dr...|"+u.|".h|...l" o [d‘*&n g] )

Next, we look at the component 8! of bi-degree (1,1) and use the formulas 2):
.El = wy — wy — dé, fs = .Hi-l'-l-"-'l!'-:
Ay = wy —wy —dby Gy = by — wnd}

Thus, #11 is the following 2 % 2 matrix of 1-forms on M, U M;:

az'-"=([”.i' ] ““: 2)-le "D[l o
-

e [_d‘*’l '{“'n '“-’u Nea+1) - '-l-"m":l’: ﬂ“ .
—duy —wii(pr +1) _{”H "Wu:hiﬂl 0

+

Similarly, we have

er-[y (4 )14 3-1% %)
0 0f\|wg wh
+['~"‘| ?:] ['-'-’u *’1:.‘ l“‘:l ]['Fl 'F"i] .
0 Wi Wi
dF) +(wy —wh) (F + D+ T —dF +wi(F, +II:] + (why — wh 2 >
0

Finally, we have to compute the component #%-?); we use the formlas 3):

'hl. = E- +"5l hl = EIEL

sk iR

r-[s 3+[% ¥)+[2 I3 %

. [w.ﬁlwﬁ. Ezﬂﬂﬂ't]']
vl +F) ;

We then have
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ea=fs 3L ol %l ¢

P s o 0
+[ﬂ ﬂ”ﬂ ﬂ]
L= 1+Fl+a|+¢1ﬁt+ﬁﬁi 0
= 0 ol-
Thus,

YM(Vi=L+ 1 + 1,
where each I; is the integral over M of a Lagrangian density given by the following formulas.
First,
Ip: |duw® +w* Aw® PN, + [dut* Ny,

where N, = dim H,, Ny = dim H; and the norms are the square norms for the curvatures
of the connections V* and V*, respectively.

v ( 14+ )
¥
where ¥ is the covariant differentiation of a pair of scalar fields, given by

I'-I-rl _u! mu .
d+[ 11 11 1!*]‘

Next,

|
Il: 2 H{M-ML

. N
Wy Wag = Wy

Finally,
Io: (1420 = (1L + il +leal)?) Te( (A4 M) ),

where A~ is the orthogonal projection in the Hilbert-Schmidt space of matrices onto the
arthogonal complement of the scalar multiples of the identity. These terms are obtained,
with the right coefficients. from the computation of the Hilbert space norm on 13,.

The fermionic action is even easier to compute. We have

|[I.E'1 D"-"t"} - Jﬂ -+ Jll.f
where y € £ @4 0. 7 = v, is given by a pair of left-handed sections of 5 @ H, denoted

by [ﬁ; , and a right-handed section of 5§ ® H, denoted by ¢*. Both Jy and J, are given
by Lagrangian densities:
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Jo: T (0 +iv(w)e* + 7 (8 + ir(w*)) e,
Tyt B MI(1+ 1), 2]t + bee.
We can now make the point concerning this example b): modulo a few nuances that we
shall deal with, the five terms of our action
hi+h+hL+Dhh+d

are the five terms of the Glashow-Weinberg-Salam unification of electromagnetic and weak
forces for N generations of leptons (where N = N, = N, is the dimension of H,, H:).

Let us describe, using conventional notations of physics, what are the five constituents of

the G.W.5. Lagrangian, which we write directly in the Euclidean (i.e., imaginary time)

framework. For each constituent, we give the corresponding fields and Lagrangian:
L=Lec+Lr+Le+Ly+ Ly,

where:
1) Lg: The pure gauge boson part is just

Lo = 3(GunaGi") + {(FuF™),
Whﬂﬁ G#. = #'H,?m y— auﬁ‘rp + Q'E-kivplwun H.'Ild Fpu' = apBr = aﬂ'ﬂj are EhE ﬂdd

strength tensors of an SU(2) gauge field W, and a U(1) gauge field B,.
2) Ly: The fermion kinetic term has the form

Pl Fe T s rF : F
Ly= —E [?L'-I" (’ai-l- + lﬂ%“’#- +1g 'EL‘B#) ft "“?HTP (ﬂﬁ ‘I"F*TRBP) fﬂ] '

where the fi (resp. fr) are the left-handed (resp. right-handed) fermion fields, which
for leptons and for each ration are given by a pair. i.e., an isodoublet, of left-
v
b

handed spinors (such as ), and a singlet (eg), i.e.. a right-handed spinor.

We shall return later to the hypercharges Yi, Yg, which for leptons are given by
Y ==1,¥g ==2.
3) Lg: The kinetic terms for the Higgs fields are

T, g :
Lo =~ (ap - Eg?'W,,. + II%E“) @l 1

where ¢ = [3;] 15 an SU(2) doublet of complex scalar fields ¢, and ®; with hyper-
charge ¥ = 1.
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4) Ly: The Yukawa coupling of Higgs fields with fermions is

Ly ==Y [Hip(Fp - ®)fp+Hjp T (@ - f1)),
where Hyp is a general coupling matrix in the space of different families.
5) Ly: The Higgs self-interaction is the potential
Ly = @ (@) - INE*E),

where A > 0 and u* > 0 are scalars.

Let us now spell out the dictionary between our action and the Glashow-Weinberg-Salam
action:

Noncommutative geometry Classical field theory
vector YV EE D4 H, YH =1 chiral fermion f
differential components of pure gauge bosons W, B
connection w®, wh
finite-difference component Higgs field ¢
of connection (1 + §*), &*

I Lo
Iy Ly
Iy Ly '
Jo Ly
Jy Ly

A lot more work is necessary to interpret the standard model Lagrangian (with its quark
sector) in the above way. It will be done (¢f. [Co-L]) in the next sections.
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7. The notion of manifold in non commutative geometry.

In this section we shall first expound classical results of the theory of manifolds and their
characteristic classes, in particular those of D. Sullivan, which exhibit the central role
played by K-homology. We shall then explain how to formulate Poincaré duality in K-
homology in the non commutative context. Our aim is to free the notion of manifold from
the hypothesis of commutativity of the coordinates. We shall then apply the obtained
notion to give a geometric interpretation of the standard model. The phenomenology of
high energy physics is contained in the Lagrangian of the standard model which in turns
determines the fine structure of space time as a manifold in the above sense.

The classical notion of manifold.

A d-dimensional closed topological manifold X is a compact space locally homeomorphic to
open sets in Euclidean space of dimension d. Such local homeomorphisms are called charts.
If two charts overlap in the manifold one obtains an overlap homeomorphism between open
subsets of Euclidean space. A smooth (resp. PL...) structure on X is given by a covering

by charts so that all overlap homeomorphisms are smooth (resp. PL...). We refer to the
course by Francois David in this volume for a more detailed discussion of PL manifolds.
By definition a PL homeomorphism is simply a homeomorphism which is piecewise affine.

Smooth manifolds can be triangulated and the resulting PL structure up to equivalence
is uniquely determined by the original smooth structure. We can thus write:

(1) Smooth = PL = Top.

The above three notions of smooth, PL and Topological manifolds are compared using the

respective notions of tangent bundles. A smooth manifold X possesses a tangent bundle
TX which is a real vector bundle over X. The stable isomorphism classof TX in the real

K-theory of X is classified by the homotopy class of a map:

(2) X — BO.
Similarly a PL (resp. Top) manifold possesses a tangent bundle but it is no longer a
vector bundle but rather a suitable neighborhood of the diagonal in X x X for which the

projection (r,y) — r on X defines a PL (resp. Top) bundle. Such bundles are stably
classified by the homotopy class of a natural map:

(3) X —-BPL (resp. B Top).

The implication (1) yields natural maps:

(4) BO — BPL — B Top
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and the nuance between the three above kinds of manifolds is governed by the ability to
lift up to homotopy the classifying maps (3) for the tangent bundles. (In dimension 4 this
statement has to be made unstably to go from Top to PL.) It follows for instance that
every PL manifold of dimension d < 7 possesses a compatible smooth structure. Also for
d > 5, a topological manifold X¢ admits a PL structure iff a single topological obstruction
§ € H4(X,2/2) vanishes.

For d = 4 one has Smooth = PL but topological manifolds only sometimes possess smooth
structure (and when they do they are not unique up to equivalence) as follows from the
works of Donaldson and Freedman.

The KO orientation of a manifold.

Any finite simplicial complex can be embedded in Euclidean space and has the homotopy
type of a manifold with boundary. The homotopy types of these manifolds with boundary
is thus rather arbitrary. For closed manifolds this is no longer true and we shall now discuss
this point.

Let X be a closed oriented manifold. Then the orientation class ux € Ho(X,Z) = I
defines a natural isomorphism:

(5) ac H'X wanpx € Hosi X

which is called the Poincaré dualily isomorphism. This continues to hold for any space Y
homotopic to X since homology and cohomology are invariant under homotopy.

Conversely let X be a finite simplicial complex which satisfies Poincaré duality (5) for
a suitable class uy, then X is called a Poincaré complex. If one assumes that X is
simply connected (m(X) = {e}), then [Mi-5] there exists a unique up jo fibre homotopy
equivalence spherical fibration E & X over X (the fibers p~'(b), b € X have the homotopy

type of a sphere) which plays the role of the stable tangent bundle when X is homotopy
equivalent to a manifold. Moreover, in the simply connected case and withd = dim X > 5§,
the problem of finding a PL manifold in the homotopy type of X is the same as that of
promoting the Spivak normal bundle to a PL bundle. There are, in general, obstructions
for doing that, but a key result of D. Sullivan [ICM. Nice 1970] asserts that after tensoring
the relevant abelian obstruction groups by 7 {.’3] a PL bundle is the same thing as a
spherical fibration together with a K'O onentation. This shows first that the characteristic
feature of the homotopy type of a PL manifold is to possess a KO orientation

(6) vy € KO.(X)

which defines a Poincaré duality isomorphism in real K theory, after tensoring by Z[1/2):

(7) a € KO*(X)yj2 = aNux € KO.(X), 2.
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Moreover it was shown that this element vy € KO.(X) describes all the invariants of
the PL manifolds in a given homotopy type, provided the latter is simply connected and
all relevant abelian obstruction groups are tensored by Z [1]. Among these invariants
are the rational Pontrjagin classes of the manifold. For smooth manifolds they are the
Pontrjagin classes of the tangent vector bundle, but in general they are obtained from the
Chern character of the KO orientation class vy. These classes continue to make sense for
topological manifolds and are homeomorphism invariants thanks to the work of 5. Novikov.

We can thus assert that, in the simply connected case, a closed manifold is in a rather
deep sense more or less the same thing as a homotopy type X satisfying Poincaré duality
in ordinary homology together with a preferred element vy € KO.(X) which induces
Poincaré duality in KO theory tensored by Z[1/2|. In the non simply connected case one
has to take in account the equivariance with respect to the fundamental group = (X)) =T
acting on the universal cover X

Fredholm modules and K -homology.

In the above discussion we used, without defining it properly, the KO homology K0.(X).
By definition this is the generalized homology theory dual to real K-theory. The latter clas-
sifies real vector bundles over X exactly as K(X) classifies complex vector bundles. M.F.
Atiyah gave in [At;] a natural operator theoretic interpretation of the cycles in K0.(X)
(in fact in K.{X) the K-homology dual to (complex) K-theory). This interpretation was
fully developed thanks to the work of Brown-Douglas-Fillmore in operator theory and of
Miscenko and Kasparov on the Novikov conjecture.

The basic cycles in the K-homology K.(X), X a compact space, are given by Fredholm
modules (H, F') (definition 1 of section 5) on the commutative C*-algebra C(X). (We
refer to [Co| for the small nuance between Fredholm modules and pre Fredholm modules
for which the condition F* = 1 is relaxed to F* — 1 compact.) Using even (resp. odd)
Fredholm modules up to homotopy (cf. [Kas]) and the obvious operajion of direct sum
of such modules, one obtains an abelian group Kg¢(X) (resp. K;(.X)). The generalized
homology theory thus obtained on the category of metrisable compact spaces is the Steen-
rod homology dual to K-theory [Kam-5]. The description of K@ homology KO.(X) is
entirely similar but requires the discussion of real C*-algebras and a more systematic use
of Clifford algebras. In [Sing|, I. Singer conjectured that the Sullivan KO orientation of
PL or of topological manifolds could be directly constructed from elliptic theory on the
manifold. as a Fredholm module (M, F} over C(X), thus providing a direct analytical
proof of Novikov's theorem on rational Pontrjagin classes. This conjecture was proven by
Sullivan and Teleman [S-T]. First, D. Sullivan showed that any topological manifold X of
dimension different from 4 admits an essentially unique Lipschitz (resp. quasi conformal)
structure. To define these notions we just need to give the definitions of Lipschitz (resp.
quasi conformal) homeomorphisms between open subsets of Euclidean space. They are:

(8) Lipschitz 4\ > 0 such that

Adiz,y) < dle(z).2(y)) < A7 d{z,y) Yoy
where d{a,b) = ||b = af| is the Euclidean distance.
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(9) Quasi conformal 3K < co such that

fm mexlde@) o). de)=r) (o, o

r—0 inf{d(¢(z),w(v)) ., dlz,y)=r} ~
Oriented Lipschitz manifolds admit a natural signature operator which defines an un-
bounded Fredholm module (H, D) over the C*-algebra C(X ).

Quasi conformal manifolds admit bounded measurable conformal structures and the work
of Donaldson and Sullivan [D-5] provides exactly the ingredients necessary and sufficient
to construct the even Fredholm meodule (H, F) that we considered in section 5 for even
dimensional manifolds (cf. [C-5-T] [Co]). This leads ([C-5-T]) to local formulae for the
rational Pontrjagin classes of topological manifolds of dimension different from 4. In di-
mension 4 the work of Donaldson and Sullivan [D-5] shows that the Yang-Mills theory can
still be done for quasi conformal manifolds and thus that many 4-dimensional topologi-
cal manifolds do not admit quasi conformal structures. In some sense a quasi conformal
structure is the minimal amount of structure required to develop the Yang-Mills theory
and to construct the Donaldson invariants. As is clear from section 5 it is also the minimal
amount of structure required to develop the quantized caleulus.

Poincaré duality in K -homology and non commutative C*-algebras,

The notions of Fredholm module and of homotopy between them make sense over any, not
necessarily commutative C'"-algebra A, thus defining the analogue of K-homology in the
non commutative case. Both groups K.(A) of K-theory and K*(A) of K-homology of a
C*-algebra A are special cases of the bivariant functor KX of Kasparov (cf. [Kas|) and
we shall use the corresponding notation:

(10) KK(C.4) = K.(4) .

is the K-theory of the C*-algebra A (cf. section 4)

(11) KK(A.C) = K*(A)

is the K'-homology of the C*-algebra A.

Thus for A = C{X) one has KK({C,A) = K*(X) and KK(A,C) = K.(X). (The functor
X = C[(X) is contravariant.) An even (resp. odd) Fredholm module (H. F) over a C*-
algebra A yields an element in K K({A, C). Exactly as in the commutative case one has, in
the general case, a cup product operation in the Kasparov bivariant theory.

A bilinear, associative interseclion product is defined, given C*-algebras Ay, Az, By, B;
and D:

(12) KRh{Ad), By 2D)Sp KK(D3 A3, B3) — KKR(A, ® A3, B, @ B;).
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We refer to [Kas| for the properties of the intersection product (. also [Col). One way to
remember these properties is to think of the elements of KK (A, B) as (homotopy classes
of) generalized morphisms from A to B, the intersection product then being composition.
For any C*-algebra the intersection product provides the abelian group K K(A4, A) with a
ring structure, whose unit element will be denoted 1,4.

Now let A and B be C*-algebras and let us assume that we have two elements

(13) a€ KK(A® B,C), Fe KK(C,A® B)
such that
(14) B@aa=1ge KK(B,B),

B@pa=14e KK(A,A).

It then follows from the general properties of the intersection product that there are canon-
ical isomorphisms

K.(A) = KK(C,A) = KK(B,C) = K*(B),

(15) K.(B)= KK(C,B)= KK(A,C) = K*(A)

that exchange the K-theory of 4 with the K-homology of B.

More explicitly, the mapping from K.(A) to K*(B) is given by the intersection product
with a:

L
(18] r€ hd)=KR(C.d)—=rBpa € KK(B,C) = K*(B).
The inverse mapping from K*(B) = KK({B.C) to K.(A) is given by the intersection
product with 3:
(17) y€ K" (B)=KK(B.C)= 39pye KK(C,A)= K.(A4).
More generally. for any pair of C*-algebras € and D, we have canonical isomorphisms

KK(C.Ae@D)2 KK(C & B,D),

(13) - .
KK(C,.BaD = RKi(CaA,D),

which show that the above pair a, J establishes a duality between A and B with arbitrary
coefficients.
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In ([Kas;],[Co-5]) an example of this duality was worked out with A = C(V), B = Co(TV),
where V' is a compact smooth manifold, A is the C*-algebra of continuous functions on V',
and TV is the total space of the tangent bundle of V. The differentiable structure of V' then
provides, through the pseudo-differential calculus, the desired elements a € KK(A® B, C),
#e KK(C,A® B) fulfilling the above condition (14).

The Thom isomorphism for vector bundles ([Kas;|) provides a natural K K-equivalence
(i.e., an isomorphism in the category of C*-algebras with K K(A4, B) as the morphisms
from A to B)

{19] CD{TF]' = cVi

where Cy is the C*-algebra of continuous sections of the bundle over V' of Clifford algebras
C, = Cliff ¢ (T,(V')). We thus get, using the K K-equivalence, a natural duality between
A= C(V)and B = Cv. We shall now describe in greater detail the corresponding elements

(20) a € KK(C(V)®Cv,C)), BeKK(C,C(V)@Cv).

Since, as a rule, K-homology is always more difficult than K-theory, we shall concentrate
on the description of a. The description of 3 is much simpler.

We shall describe a as a very specific K-cycle on C(V) @ Cv: we let H be the Hilbert
space of square-integrable differential forms on V', which is equipped with a Riemannian
metric §:

(21) fi = LYV, A\eT*)

We let D = d +d" be the self-adjoint operator in § given by the sum of the exterior differ-
ential d with its adjeint d*. The action of C(V') on 5 is the obvious one, by multiplication.
For the action of Cy we have the following:

Lemma. If (£, D) is the K-eyele over C(V) given above, then the commutant on 5 of the
algebra generated by C{V') and the (D, f| (f € C(V), ||[D. f]l| < ==) is canonically isomor-
phic to the algebra of bounded measurable sections of the bundle C of Clifford algebras.

Indeed. the commutant of C(1') on  is the algebra of bounded measurable sections of
the bundle End{ /) of endomorphisms of A T, so that it is enough to compute for each
p € V the commutant of the algebra generated by the operators ¥(£), £ € T;(V'), where

(22) HWEm=Ean+ign (Yne AeTH(V)).

However, « defines a representation of the Clifford algebra Cj, on the Hilbert space A, T
with 1 € AT, as cyclic and separating vector, so that its commutant is also given by a
canonical representation of Cj, given explicitly by the formula
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(23) B =(=1""EAn—igm) (Yn€AcTp(V)).

This K-cycle (H,D) over C(V) @ Cv defines the fundamental class of V in K-homology,
a € KK(C(V) @ Cv,C)), and yields for instance the construction of the Dirac operatar
with coefficients in a Clifford bundle ([Gi;|) as the natural mapping

(24) K.(Cv)— K*(C(V)).

The K-theory class # € KK(C,C(V) @ Cv) is easier to describe; it is just the family,
parametrized by p € V, of Bott elements g, € K.(Cv) obtained from the Bott periodicity
applied to a small disk centered at p V.

In general, C'v is not Morita equivalent to C(V'). Giving a Spin® structure on V' determines
such a Morita equivalence and thus permits replacing o and 3 by equivalent elements

(25) a € KK(C(V)®C(V),C), Be&KK(C,C(V)®C(V)).

This time a 15 given by the Dirac K-cycle on V' and the two representations of C{V) on
5 are identical, thus yielding the diagonal representation of C(V)®@ C(V) on H. Thisis a
very special feature of the commutative case: if A is abelian then every A-module is in a
trivial way an A-bimodule, since one then has the diagonal homomorphism 4 @ A — A,
In general, as we saw above, the fundamental class in K-homology involves an algebra A,
its Poincare dual B and (A, B)-bimodules.

The lesson that we want to draw from this discussion is that the K-homology fundamental
class of a quantum space is given by a bimodule, not just a module, (X} D).

We should of course stress that we are interested in the actual K-cyele (H, D) over A® B
and not only in its stable homotopy class.

We also need to discuss briefly the non simply connected case. For a non simply connected
manifold X the above construction of the Poincaré duality isomorphism should be done
using the universal cover X instead of X. and I'-equivariantly where I' = m(X) is the
fundamental group of X (ef. [Kas]). One thus obtains elements a, 3 of the M-equivariant
groups K K (cf. [Kas]).

Non commutlalive m-uniﬁ:lH;.

Without giving a final definition of a non commutative Riemannian manifold X we shall
combine our original discussion of the metric aspect in non commutative geometry (sec-
tion 6) together with the above discussion of ordinary manifolds to describe the natural
ingredient of such a notion. We let A be the involutive algebra of coordinates on the
quantum space .X. By reference to KO (versus K') theory we no longer assume A to be
an algebra over C but just over R. The full structure (both manifold and metric) should
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be given by a K-cycle (M, D) over the algebra A. (Note that it makes to say that
the representation of A in M is involutive, we take H to be a complex Hilbert space.)

Following the above lemma, the Poincaré dual algebra B turning (H, D) into an A ® B®
K-cycle, should be defined by:

(26) B={beA:[[Da,btl=0 YacA, Db bounded).

Of course one should assume that B is large enough to insure that the class a of (H, D)
in KK(A® B°,C) defines a Poincaré duality isomorphism by the formula (15) (at least
rationally).

Finally the discussion should involve the “fundamental group™ I of X, which in the non

commutative case has no reason to be a usual group but rather a “discrete quantum group”.
This “group” should act on H making the whole picture '-equivariant.

We shall not rush to write down final axioms but rather present what should be the
prototype of such a generalized Riemannian manifold, namely space time (in its Euclidean
version { — it) as revealed by the Lagrangian of high energy physics: the standard model.

In [Co| we give other non commutative examples such as the non commutative torus and
we also show how the cohomology of differential forms in 15,(.A) is related to the cyelic
cohomology HC*(B), in the above general situation.
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8. Geometric interpretation of the standard model.

In this section we shall describe the (non commutative) geometric structure of space time
which is given by the phenomenological Lagrangian of high energy physics, namely the
standard model. This “example” should be analyzed further with great care since it is the
basic example of geometry provided by nature.

We shall first describe the Lagrangian itself from the notes by J. Ellis (Les Houches 1981).
We shall then describe the geometric structure of the finite space F, it will be a "non
commutative Riemannian manifold” in the sense of section 7. After giving the computation

of the corresponding Lagrangian on (4 dim continuum) xF we shall discuss a general
unimodularity condition which will give here the known values to the hypercharges and
give the equality between the Lagrangian of our model and the standard model Lagrangian.

The standard model

Just as for the Glashow-Weinberg-Salam model for leptons, the Lagrangian of the standard
model contains five different terms,

L=Leg+Ly+Ly+Ly+ Ly,
which we now recall together with the field content of the theory.

1) The pure gauge boson part Lg.

1 1 ¥
Lo = %{G,.,.G:'] + (FuF™) + S(Hun HL"),

where G ., is the field strength tensor of an SU(2) gauge field 1V, F,, is the field strength
tensor of a [(1) gauge field B, and H,.; the field strength tensor of an SU(3) gauge
field 1,5. This last gauge field. the gluon field. is the carrier of the strong force; the gauge
group SU(3) is the color group, and is thus the essential new ingredient. The respective
coupling constants for the fields W, B. 1" fields will be denoted g, g', g", consistent with
the previous notations.

2) The fermion kinetic term L.

To the leptonic terms
- N ¥ - ¥
— Y [Fur*(0u + igo Woa +i9'5-Bu) fr + Fr7"(84 + ig’' 5~ Bu) frl,
I -— - -

one adds the following similar terms involving the quarks:

P et ' ]1, i B F P r},." "
- ZE_,I"L";-'"{E, . IHE“" +ig TLH,. +ig AV )fe +?HT"{EF +14 TREP +:|:gr".’|.ﬂ¢ﬂfni.
. 2
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For each of the three generations of quarks

o] [2]: ] et ot i

(such as [;ﬁ]} two right-handed SU(2) singlets (such as [::]} and each quark field

appears in 3 colors so that for instance there are three upg fields: uf, ulk, ub. All of these
quark fields are thus in the fundamental representation 3 of SU/(3).

The hypercharges Y., Yg are identical for different generations and are given by the fol-
lowing table:

& T Py uw,ed doab
Y -1 =1 1/3 1/3

Ya -2 4/3 -2/3

These numbers are not explained but are set by hand so as to get the correct electromag-
petic charges (Jem from the formulas

2Qem =Y, + 25, 2Qem =Yg,
where [3 is the 3rd generator of the weak isospin group SU(2).

3) The kinetic terms for the Higgs fields:

i 2
-Eg = - (ap +t§%wﬂl +i%ﬂﬂ) 'I?I '

where o = [:;] is an SU(2) doublet of complex scalar fields with hypercharge ¥, = 1.
This term is ezactly the same as in the G.W.5. model for leptons.

4) The Yukawa coupling of Higgs fields with fermions:
Ly ==Y [Hyp(F H o)+ Hjp Tple" - fu)l,
Lr

where H;p is a general coupling matrix in the space of different fermions, about which
we must now be more explicit. First, there is no Hyp # 0 between leptons and quarks, so
that £y is a sum of a leptonic and a quark part. Since there is no right-handed neutrino,
the leptonic part can always be put into the form

Ly lepton = -G L. - pler = Gu(Ly - 9)pr = G+(L, - ¢)rp + hoc.,

where L, is the isodoublet [‘::‘] and similarly for the other generations. The coupling
constants ., G, G, provide the lepton masses through the Higgs vacuum contribution.
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The quark Yukawa coupling is more complicated owing to new terms which provide the
masses of the up particles, and to the mixing angles. The new terms are of the form

GLugd, (»)

where the 1sodoublet L = [HL] is obtained from a left-handed up quark and a mixing

gL
qr of left-handed down quarks (taken from the three families). Also, ¢ needs to have the
same isospin but opposite hypercharge to the Higgs doublet  and is given by

% . 0
d=To", ,r=[_1 ;] (++)
We refer to [Ell] for more details on this point, to which we shall return later.

5) The Higgs self-interaction:

1
Ly = p¢to - 5ApTe)
has exactly the same form as in the previous case.

Thus, we see that there are essentially three novel features of the complete standard model
with respect to the leptonic case:

A) The new gauge symmetry: color, with gluons responsible for the strong interaction.
B) The new values 1, 3, 52 of the hypercharge for quarks.
C) The new Yukawa coupling terms (+).

We shall now briefly explain how these new features motivate a correspoading modification
of the geometric model of section 6, which led us above to the G.W.5. model for leptons.
First, our model will still be a produet of an ordinary Euclidean continuum by a finite
SPRCE.

In section B, for the algebra A of functions on the finite space, we took the algebra C, & C,.
But since we then considered a bundle on {a.b} with fiber C* over a and C over b, we
could have in an equivalent fashion taken A = M;(C) & C and then dealt with vector
potentials, instead of connections on vector bundles. Let us see how C) leads to replacing
A=M(C)&C by A =H&C, where H is the Hamilton algebra of quaternions. The
point is simply that the equation (++) which relates ¢ and ¢ is the same as the unitary
equivalence 2 ~ 7 of the fundamental representation 2 of ST7(2) with the complex-conjugate
or contragradient representation, i.e., we have

gel(2), JgJ'=7 & geSU2).

Let us simply remark that z € M3{C), JxJ~! = F defines an algebra, the quaternion
algebra H.
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Next, let us see how A) leads us to the formalism of bimodules and Poincaré duality of
Section 7. Indeed, let us look at any isodoublet of the form [3i] of left-handed quarks.
It appears in 3 colors,

up up ug
dp dj d

which makes it clear that the corresponding representation of SU(2) x SU(3) is the external
tensor product 25y 2y ® Ispi) of their fundamental representations. It is easy to convince
oneself that even if one neglects the nuance between U(n) and SU(n) in general, there is
no way to obtain such groups and representations from a single algebra and its unitary
group. The solution that we found, namely to take (A, B)-bimodules, with B = C & M;(C)
{and A = C&H as above) is in fact already suggested by the following picture in the paper
[ENl] of J. Ellis, very close to that of the diagonal & C X x X in Poincaré duality:

[[[reproduction of Fig. 6.1 of cited reference goes here if possible]|

We just refine it by taking algebras—C&H for the y-axis, C& M;(C) for the z-axis—instead
of groups, which allows us to better account for the leptons (by the C of C & M;(C)).

Finally, we shall get a conceptual understanding of the numbers B) from a general uni-
modularity condition that makes sense in noncommutative geometry, but we need not
anticipate on that point.

We are now ready to describe in detail the geometric structure of the finite space F which,
once crossed by R, gives the standard model.

Geomelric siructure of the finile space F

This structure is given by an (A, B)-module (H,D,v), where A is the *-algebra C & H
while B is the =-algebra C & M3(C). Unlike B, the algebra A is only an algebra over R.
The s-representations 7 of A on a finite-dimensional Hilbert space are characterized (up
to unitary equivalence) by three multiplicities: ny, n_, m, where f§, = C*+&C"- @ C?™;
iffa=(Agq) e A=C&H, then =(a) is the block diagonal matrix

#(a) = (ABidas) & (X Dida-) @ ([_“E g] E:lidm),

where the quaternion ¢ 15 § = a+ 8j with a. 3 € C C H. The representation of the complex
=-algebra B on £ gives a decomposition

H=Ha(Hmech

in which & acts by w(b) = by & (1 @ by ) for b = (by, by ) € C & M;(C), thus the commuting
representation of A is given by a pair 7y, 7 of representations on Hy and §;. The (A, B)-
bimodule § is thus completely described by the six multiplicities: (n%,n",m?) for 7, and
(nl,nl,m!) for =;. We shall take these to be of the form
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(n.n2,m") = N(1,0,1), (n},nl,m')=N(1,1,1)

(where N will eventually be the number of generations N = 3). We shall take the Z/2
grading « in 5 to be given), by the element 4 = (1, =1) of the center of A. Finally, we shall
take for D the most general self-adjoint operator in  that anticommutes with 4 (Dy =
=vD) and commutes with C& B, where C C A is the diagonal subalgebra {{A, A), A € C}.
(As we shall see, D encodes both the masses of the fermions and the Kobayashi-Maskawa

mixing parameters.) It follows that the action of A and the operator D in g (resp. ;)
have the following general form (with g =a 4+ §j € H):

f 0 0 0 MO
w(fig)=|0 a B|, Do=|M 0 u],
0

-4 & 0 0 0
M 0
_fl]lr 0 0 1]
o 0 0 B M:
'II.I!?]“"’ u ﬂ & .H ] ﬂ|—- M:! ﬂ' - 1
0 0 -F & 0
0 M,

where M,, M, M are arbitrary N x N complex matrices.

Since mg is a degenerate case (M, = 0) of =;, we just restrict to 7, in order to determine

QL(A).

A stmig.;htfﬂrmd mnlapur.atinn gives my(3 a;da}) with aj,a] € A, a; = (3;,95), ¢ =
aj + B, qi = ':'i 4 ﬂ;J: we have

:;{z a;da;) = I.;}.. Jg] .

where X, ¥ are the matrices

Mipr M

V=

X=

Mapy, My
M3, M7, [-M.t'.#_} M2}
with
e1=) Mai-X), pa=3 M,
Pi=3 la(X —al)+ BB, b= [-aifli+ 4(X —al)].
It follows that 25,(A) = H & H with the .A-bimodule structure given by

(Avgllgr.q2) = (Mg, gq2) (Yqu,q2 € H),
(g1,92)0(Aq) = (g, 12A) (VAEC, g EH),
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and the differential d being again the finile difference:

. d{A+q}=[q—A.A—q}EHE|H
(just set gy = @1 + w2), 2 = ¢} 4+ wh) with the above 's).
Finally, the involution » on {t4(.4) is given by

(gug2)” =(g2.97) (Vg; € H).
The space I of vector potentials is thus naturally isomorphic to H, and a similar compu-
tation shows that 0%5(.A4) = H & H with the A-bimodule structure
(A g)dg, XX g') = (ApA.qqd’) (VAN EC, gq,4' EH);
the product 1}, = 0}, — N3, is given by

(g1092) A3y, 2) = (g 201 )y
and the differential d : 2}, — 0%, by

d{g1.92) = (1 + q2.01 + 02).
Thus, the curvature 8 of a vector potential V = (g,¢") 15

0=dV+ Vi =(g+¢" +9¢°,q+¢" +¢"¢) = (11 +¢* = 1)(1,1),
where g — |g| denotes the norm of quaternions.

We thus see that the action YM(V') = Trace(=(#)?) (we are in the 0-dimensional case) is
the same symmetry-breaking quartic potential for a pair of complex numbers as in section
6.

The detailed expression for the Hilbert space norm on (14(A) = H & H is given, for
w=(qu.q2), §j = a; + ;j, by

llell® = Maleal® + gl + Aa(lgal®),

where

Ay = Trace{|M. ') + 3Trace{ | M4|* + |M.]“,|.
By = ﬁTractﬂMgP]M. |1_]r

1
Az = 5 Trace(|Me[* + 3(|Mal* + |Ma]* + 2IMe[*|Mu %))

Finally, we shall investigate what freedom we have in the choice of the self-adjoint operators
Dy, Dy in £)o, H; in the above example. Two pairs (%, D;) and fﬁ;,ﬂj} give identical
results if there exist unitaries U, : fi; — H; such that:

a) U;D;U = Dy (j =1,2),
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B) Ujx;(a)U; = wia) (Yac A, j=1,2)

Making use of this freedom, we can assume that [ is diagonal in $; and has positive
eigenvalues e, ez, e3. Thus, the situation for Dy is described by these 3 positive numbers.

For £, a general element of the commutant of 7 (.A) is of the form

Vi 0 0 0
o w oo o
['Fl— 0 0 "":1 0 ¥
0 0 0 W

where the ¥} are unitary operators when U is unitary.

Conjugating Dy by U, replaces My and M, respectively, by

Mg =WViM,Vy, M, =VaM, ;.

We thus see that we can assume that both M, and My are positive matrices and that one
of them, say M,, is diagonal.
]

The invariants are thus the eigenvalues of M, and M}, i.e., a total of 6 positive numbers,
and the pair of maximal abelian subalgebras generated by M, and My. Since any pair A;,
A of maximal abelian subalgebras of M;(C) are conjugate by a unitary W', WA, W* = 4;,
which is given modulo the unitary groups 4(.4;), there remain 4 parameters with which
to specify W so that WMyW" is also diagonal. Such a W corresponds exactly to the
Kobayashi-Maskawa mixing matrix of the standard model.

Geomelric struclure of the standard model

We shall show in this section how the standard model is obtained from the product ge-
ometry of the usual 4-dimensional continuum by the above finite geometry F. Thus, we
let M be a 4-dimensional spin manifold and (L?, 3y, s ) its Dirac K-cyele. The product
geometry is, according to the general rule for forming products, described by the algebras

A=C*(M)@(CaH). B=C(M) e (CaMiC)).

The Hilbert space H = L*(M,5) @ Hr, where Hf is described in ¢) above, ie., fifF =
fio & (H @ C¥). There is a corresponding decomposition H§ = Hy & (H, @ C?), with
corresponding representations «; of A on H;.

Then D = 8y @ 1 + 45 ® Dp, where D is as above. This gives a decomposition D =
Dy & (D @ 1), where, according to c), we take M,, M, and M, to be positive matrices:
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T @1 @M, 0
Dy=|1@M Ouw@l 0 y

L 0 0 dy @1
'ﬂ_u@l 0 T}‘E'Mj‘ 0

0 IBM @1 0 T&@Ml
Dy =
Ts ® My 0 dy @1 0

0 7 & M, 0 @1 .

We shall first restrict attention to the algebra A, the case of B being easier. Note that
A =C=(M,C) & C™(M,H), so that every a € A is given by a pair (f,g) consisting of a
C-valued function f on M and an H-valued function ¢ on M.

Let us first compute 1L(.A). Given p = ¥ a,da, € 1'(A), with a,,d, € A, we have
a, = (fu,9a)s @) = (f3,4,), where f,, f, are complex-valued functions on M and g,, g, are
H-valued functions on M, of the form

. g = 0, + 5ajy ¢, =a, + 5
Then
y(Ad) @1 0 M@ My e ® Mg
0 A8l -FEaeM, F1eM,

miip) = *
oM EweM, (W)el W;)el

- oM PiseM. -iyf(Wi)@1 ig(Wy)@1)

where A = ¥ f,df, is a C-valued 1-form on M, and W) + W3j = W = ¥ g,dg] is an
H-valued 1-form on M (ef. []).

Also, wy, ) are complex-valued functions on M given by the same formulas as above for
the finite geometry, namely,

p1=3 fola, = £1) va=) fu,
ei =3 (alfi—al) + A7), vi=1 (A(Fi-a}) - a.B)).

This means that the pair (g, ¢') of H-valued functions, given by g = 1 +1i, ¢ = ¢} +4],
satisfies

(9,4') = 3 a,Ad],
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where, using the notations of b), Aa] = (g} = A}, A} = ¢}) is the finite-difference operation,
while the A-bimodule structure on the space of H& H-valued functions (g;,¢z) is given by

(fogllg,q2) = (fo.9@:), (g, @:)(f.9) = (g, q2f) forall(f.q) € A
This shows that ©1}5,(.A) is the direct sum of two subspaces:

Qh(4) = 25" @ 05",
where:

ﬂ'ﬂ,'m, the subspace of elements of differential type, is the space of pairs (4. W)
consisting of a C-valued 1-form 4 on M and an H-valued 1-form W on M;

ﬂg'”. the subspace of elements of finite-difference type, is the space of pairs (¢;,¢:)
of H-valued functions on M, with the above A-bimodule structure.

The geometric picture is that of two copies My and My of M, with C-valued functions
on Mp, and H-valued functions on My. More generally, the differential forms on Mg are
C-valued, whereas on My they are H-valued, exactly as in Atiyah's book [Aty]. Of course
the finite difference mixes both sides, so they are not independent.

Given an element a = (f,q) of A, the element da of Q}, has a differential component
(df,dq), given by the C-valued 1-form df and the H-valued 1-form dg: and a finite-
difference component (g - f, f — g).

The involution * on {1}, is given by

{{*4-1 W)im r"i'?}r == “'E' _W}!{i!- T H '
so that a vector potential V' is given by:

a) an ordinary U/{1) vector potential on M;
3) an SU(2) vector potential on M (cf. [Aty]);
v} a pair ¢ = a + 3] of complex scalar fields on M.

The next step is to compute 0%(.4) as well as the product
Nh x Qb — 0}
and the differential d : 1}, — 027,

We shall first state the result. It holds provided a certain nondegeneracy condition is
satisfied, namely, that the following matrices are not scalar multiples of the identity matrix:

M3 or
The result then is that an element of ﬂ’*&,{d} has:

(M3 + M2), Mj or M? or M},

U]

1) a component of type (2,0) given by a pair (F,G) consisting of a C-valued 2-form F
and an H-valued 2-form & on M;
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2) a component of type (1,1) given by a pair (w;,ws) of quaternionic 1-forms wy, wy
on M:

3) a component of type (0,2) given by a pair (g;,¢z2) of quaternionic functions on M.
Moreover, with the obvious notations, the following formulas hold:

d{{ -"'Lr “‘r].{'lh r'EI ]}
= {(dA,dW),(dg; + A = W,dgz + W = A),(¢1 + g2, 1 + 2) ],

(A, W), (q1,92) - (A W) (q1,02))
= {(AA A WAW') (Ag) = W' We = @4 (q193.02.9)) ]

they show that we are dealing with the graded tensor product of the differential algebra
of M(the de Rham algebra) by the differential algebra {1p of the finite space F'.

In order to compute the Hilbert space norm on 0%(.A), we have to explicitly write down the
class in x((1%(.A4))/=(J) associated with an element ((F.G), (wy1,w2), (q1,42)) of 024,(A).
We shall first write what happens for 7y; the case of = is a degenerate case obtained by
taking M, = 0. The subspace ={J) only interferes with the elements of degree 0 in the
Clifford algebra, and any element of x(J } is given by 5 complex-valued functions a, 3, 7,
Y.Zon M, whose representation in £, is given by:

0 0 0
0 a®l1l 0 0
0 0 Ty T’
0 0 Ty T

where

g v
_qﬂ

In the Hilbert space f), the same element is represented by

’a@l 0 0

Y 2 1
@“"[E Jy| @ 3(Mi - M)

0 T, T,
0 Ty Tn

with

T = _ E &1+ z ?} lﬂ-fi

The elements (F, &) and (wy,wy) of degree (2,0) and (1, 1) have canonical representatives
given by the following expressions, where wi = o + i) and aw, 5¢ are complex-valued
1-forms on M:
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riiy(F)@1 0 0 07

0 i*(F)@1 0 0
for -ﬁh
] 0

*y(G)@1

0 0
24(F) 0 0

0 for fo,
#1(G)@1

0 0 ty(a)ys @ My iy(B1)ys @ Mg
0 0 ~iy(Bi s @ Ma $r(E)1s @ My
ivlas)s @ Ma  iv(a)ys © M, 0 0
L —iy(Fo s @ My iv(@2)ys @ M, 0 0 J

for 5,

0 (e s @ M, iv(Bi)1s @ M,
(o s @ My 0 0 in Hyg.

—i7(By )1s @ My 0 0

The component (gy,g:) of degree (0,2), ¢; = a; + 5., has the following representative
module w{J):

M BMsM, 0 07

"'El "I.fa. J.'i.fj El M.E u u
0 1]

g2 @ i"[ME + M)
0 0
u;Mf 0 0
@ ® $M7
0
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The nondegeneracy condition ensures that the various terms such as a; M7 do not disap-
pear modulo =(J). It is now straightforward, as in Section 6, to compute the action. One
gets the five terms of the U(1) x SU(2) part of the standard model, with the new Yukawa
coupling terms C), but before we discuss the coefficients with which they arise we need
to show how to reduce the gauge group U(A) x U{B) of the theory to the global gauge
group U(1) x SU(2) x SU(3) and obtain the intricate table of hypercharges of the standard
model. Note that we did not make the straightforward calculation of vector potentials and
action for the algebra B, which yield a pure gauge action with group U(1) = U(3).

Unimodularity condition and hypercharges

We shall now see how, from a general condition of unimodularity valid in the general
context of noncommutative geometry, one obtains the intricate table of hypercharges of
elementary particles:

e, T vty ued dsb
Y -1 -1 1/3  1/3

Yp -2 4/3 -2/3

(Note that since we are dealing with the Lie algebra of [/(1), this table is only determined
up to a common scale.

To obtain these.\ralues and at the same time obtain the global gauge group U/{1) x SU(2) x
SU(3), we shall simply replace the local gauge group UW(A) x U(B) by its unimodular
subgroup Si{ relative to A.

In our context, the notion of determinant of a unitary makes sense provided that a trace 7
is given. More precisely by [Harp-5|, given a C*-algebra C and a self-adjoint trace r on C
{i.e., 7{z*) = 7{z) for all £ € C), one obtains the phase of the determinant of a unitary u
as follows:

Phase,(u) = 21;[ () u(t)~ ) dt,

where u(t) is a smooth path of unitaries joining u to 1. Thus, this phase is only defined
in the connected component {y(C) of the identity, and it is ambiguous, by the image
{r. Ka(C)) of Ko{C) under the trace r, which is a countable subgroup of R.

The condition Phase.(u) = 0 is well-defined and gives a normal subgroup of U(C). We let
SU(C) be the connected component of its identity element.

Now let 4 and B be s-algebras and let ($. D) be a (d, co)-summable bimodule over A, B.
We shall apply the above considerations to the C"-algebra C on 5 generated by 4 and B
and to the family of traces r on C given by the self-adjoint elements p = p* of the center
of A:

rolz) = TrulpzD™%) (¥z € C).
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We thus get a normal subgroup S4(C) of the unitary group of C by intersecting all of
the S,, r = 7, as above. Since U(A) x {(B) is a subgroup of U(C), its intersection with
Sa(C) gives & normal subgroup S(.A, B) of U(A) x U(B). We shall see what 5(A, B) is, in
simple examples, but our main point now is:

Theorem 1. Let (A, B, H, D) be the product geometry of a 4-dimensional Riemannian spin
manifold by the finite geometry F. Then, the group S(A,B) is equal to Map(M,U(1) =
SU(2) x SU(3)) and its representation in H is, for the U(1) factor, given by the above
table of hypercharges.

By construction, A = C=(M) @ Ar, B = C2(M) @B, H = [}(M,5)@ Hr, D =
dy @ 1 +9s ® Dr and it follows by a straightforward argument that
S(A,B) = Map(M. 5{Ar, Br)),

where 5{Ar, Br) is defined as above, but using the ordinary trace in the finite-dimensional
space fp instead of the Dixmier trace. Thus. we need only compute the group S(Ar,Br)
over a point, and its representation in §g. Now, every self-adjoint element p of the center
Z(AF) is of the form p = Aje+ Az(1 —¢), where the A; are real numbers, e = (0,1) € C&H
and 1 — e =(1,0). It follows easily that

S(Ar,Br) = (U(Ar) x U(BF)) N (SU(eHF) x SU((1 - €)3F)).

In other words, the unimodularity condition means that the action is unimodular on both
ef)r and (1 — e)Hr. Let, then, ' be an element of U(Ar) x U(BF). It is given by a
quadruple
U= ((Ag)(u,v)); AeU(l),qg€SU(2),uelU(1)vel(3).
We have Hr = Ho & (H; @ C*) and, with the notations of b), the action of I/ on fiF is
given by
To( A g)u = (mi(d,q) B v).

This operator restricts to both efip and (1—¢)f F and we have to compute the determinants
of these restrictions. With N = 3 generations, we get

det(U,) = u?™*? x {der.{u]-j"'”. det(U;-.) = (Au)? x (detv)?*?,
hence the unimodularity condition means exactly that
A=u, detv=u"l. ()

It follows that S{Ag,Bg) = U(1) x SU(2) x SU(3). Let us compute the table of hyper-
charges, say, for example, by taking u as generator, as it is represented. Since A = u, for
g we get
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Au O u?! D
Iﬂ.{l.‘q}un[u qu]E[ﬂ qu]1
which corresponds to hypercharge 2 for eq, pgr, TR and 1 for ey, pr, 7o and v, vy, ¥
For §); we get v = pou~"? with vy € SU(3) and u'/® a cube root of u, so that

FAT1 0 07
0 MzilgmilE 0
rl{"L'J']u_”: L L]
0 0
qu~l/?
0 0 J

which corresponds to hypercharge 2 for dg, sg, bg; 5! for ug, ep, tp; and ={ for the
left-handed quarks. An overall sign 1s of course irrelevant (change u to u™'), so we get the
desired table.

Remarks. 1) Let A be the algebra of functions on a 4-dimensional spin manifold M, let
(5, D) be the sum of N copies of the Dirac K-eyele (L?,8y) on M, and B the commutant
of AU|D, A] on . Then, the group S(.A,B) is the group Map(M,SU(N)) of local gauge
transformationg associated with the global gauge group SU(N).

2) To the above reduction of the gauge group there corresponds a similar reduction
of bivector potentials V', which in the case of Theorem I means that V' is traceless in the
spaces efyp and (1 — e)AF, ond in the case of Remark 1 yields the corresponding SU(N)
pure gauge theory.

We are now ready to compare our theory with the standard model of electro-weak and
strong interactions. We first note that the bimodule (5, D) over A, B of Theorem 1 is nol
irreducible, i.e., the commutant of the algebra generated by A, B and D does not reduce
to C. With generic M,, M,, My, one can check that this commutant is C* so that (H, D)
splits as a direct sum of 4 irreducible bimodules, three for the three lepton generations,
1.e., for Hy, and one for $; which is irreducible.

Theorem 2. Let (A.B, 5, D) be the product geomeiry of a 4-dimensional spin Riemannian
manifold by the finite geometry F. Let S{A.B) be the reduced gauge group and V the
corresponding space of biveclor potentials. Then, the following action gives the standard
model with ifs 18 free parameters:

Tro (A ad% + As6F)D~*) + (¥, Dy ),

where Ay, Ap belong to the commutant of the bimodule and 84, #g are the respective
curvalures.

The proof is straightforward, given Theorem 1 and the above computations.
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In order to transform our interpretation of the standard model into a predictive theory it
is important to solve the following problems:

1) Find a non trivial finite quantum group of symmetries of the finite space F.

2) Determine the structure of the Clifford algebra of the finite space F, given by the linear

map from the space H @ H of 1-forms in the algebra of endomorphisms of Hg which to a
1-form Ta,; db, associates Ta;[D, b;].
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