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NON COMMUTATIVE GEOMETRY 
AND PHYSICS 

Alain Connes 

Notes by David A Ellwood 

This set of lectures is an introduction to non-commutative geometry, a theory which is 
fully developed in the forthcoming book [Co]. The general purpose of non-commutative 
geometry is to adapt the traditional tools of geometry such as measure theory, topology, 
differential calculus and Riemannian geometry to spaces X which can no longer be com-
prehended as point sets because of their intrinsically quantum nature. As it turns out this 
adaptation of traditional tools also leads to some remarkable improvements. In particular, 
the new quantum calculus, when employed in the context of an ordinary space, turns out 
to be significantly more powerful than distribution theory. 

The purpose of this course however, is not only to provide an introduction to non commu-
tative geometry, but also to survey the interplay between a selection of the latest develop-
ments with theoretical physics. In particular, we shall see how experimental physics leads 
us to accept not only the quantisation of phase space, but also that of the Brillouin zone 
in solid sate physics and even of space-time itself! Whereas the former is tied up with the 
remarkable work of Bellissard on the quantum Hall effect, the latter involves the present 
day phenomenological conclusion of particle physics. The achievements to date have been 
succinctly encapsulated by theorists in a form known as the standard model of particle 
physics. Based on nothing more than this experimentally driven model, we will discover a 
certain fine structure for space-time which is neither continuous or discrete, but a subtle 
mixture of both. Moreover, in the new arena a certain duality becomes apparent between 
the strong and electroweak sectors of the model. We shall see in the last section that this 
duality is precisely that required by the definition of a manifold in the quantum setting. 

Whereas the discovery of a quantum structure to space-time already at the electroweak 
scale might seem surprising to most physicists, it was largely expected—and considered 
by many to be inevitable—that a radical rethinking of space-time structure is necessary 
at the Planck scale. Indeed, one of the major points of debate in quantum gravity has 
always been whether the construction of a successful theory is possible within the general 
framework of existing physics, or whether it necessarily entails a radical reappraisal of the 
fundamental concepts of space, time and matter. Because of the specific mathematical 
structure of general relativity, many physicists believe that the inherent limitations of our 
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current conception of a geometric space lie at the root of some of the most serious technical 
and conceptual difficulties encountered in its quantisation. As a first step towards the 
resolution of these problems, we examine in detail the natural notions of metric space 
and Riemannian manifold offered within the framework of non commutative geometry. 
Whereas Riemann’s conception of a metric space seemed at loggerheads with the basic 
principles of quantum mechanics from the outset, its new operator algebraic replacement 
appears well adapted to the quantum regime. This is clear from the computation of the 
distance between points which now involves functions on the space rather than paths. 
Moreover, it becomes natural to split up the conformal and metric aspects of the geometry 
of a space in a way already found essential by string theorists. To take up this suggestive 
route, we first formulate the Polyakov action of string theory in the framework of non-
commutative geometry. Very remarkably, and quite distinct from the classical versions, 
this reformulation continues to make sense as a conformal action in higher dimensions. In 
particular, we discover that in dimension four the resulting dynamical theory is closely 
related to Einstein’s theory of gravity. Full details of the involved calculations which led 
to this tantalizing result are explained within. 

I would like to acknowledge my debt to David Ellwood for his help in the writing of these 
notes, to Dennis Sullivan for numerous discussions concerning section seven, and to J. Lott 
for bringing Ref. [B-0] to my attention. 

We shall now list a few basic principles of non-commutative geometry which will be devel-
oped and tied up with examples from physics in the course of the lectures. 

1) A space X corresponds to a (not necessarily commutative) involutive algebra A. 

The algebra should be thought of as the algebra of complex valued functions f : X → C, 
with involution f → f, where 

f(z) = f(z) 

for all z є X. Equivalently A is the algebra generated by the coordinates on X. The need 
for allowing the coordinates to fail to commute was discovered by W. Heisenberg, whose 
motivation drew from the experimental results of spectroscopy. In this case the space X 
under consideration is the phase space of a simple atomic system. 

2) The measure theory of a space X is understood through the unitary representations of 
the associated algebra A in Hilbert space. 

In the classical case a measure μ on X gives rise to the Hilbert space L2(Χ,μ) of square 
integrable functions on X and to the representation π of the algebra of functions f є A 
given by: 

(π(f)ξ (z) = f(z) ξ(z) Az є x. 
In other words each function f on X is represented as a multiplication operator in Ή = 
L2(Χ,μ). 
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3) The topology of a space X is given by the C* algebra norm f → ||f||, V f є A. Such a 
norm satisfies the fundamental equality: 

||f||2 = ||f* f|| A f є A 
and, when A is completed, is given by the algebraic formula: 

||f||2 = Spectral radius f*f = Sup {|λ|, λ є C, f* f — λ is not invertible} . 

The prototype of such a norm for a classical space X is: 

||f|| = Sup{\f(p)|,p є X} , v f є C(X) 

where C(X) is the algebra of continuous functions on the compact space X. 

Note that a unitary representation π of A defines a corresponding norm by: 

||f||π = ||π(f)|| Vf є A 
where the right hand side is the operator norm: 

||T|| = Sup {||Γξ||;ξ є H, ||ξ|| ≤1}. 

One has ||f*f||π = ||f||2π Vf є A. 

4) Complex vector bundles over X are given by finite projective modules ε over A. 

In other words ε is a C-vector space on which A acts linearly by (ξ, a) є ε x A →ξa є ε 
and which after addition of another such module £' becomes isomorphic to the following 
“trivial n dimensional module” : 

ε"=A" = {(ξ1,…, ξη); ξj є Λ}, 
with action 

(ξ1, …, ξn) = (ξ1a,…, ξna Aξj, a є A. 

If X is a classical space and E a complex vector bundle over X the corresponding projective 
module ε over the algebra of functions on X is the module of sections of E. 

5) The differential calculus over X is quantized by the following redefinition of the diffe-
rential df of a function f є A: 

df = [F, f] 

Here the involutive algebra A is represented in the Hilbert space H and F is a selfadjoint 
operator of square one, F2 = 1, in H. The differential df is thus an operator in H, given 
by the commutator [F, f] = Ff — fF. 

3 



Let for instance A be the algebra of functions of one real variable. Take H = L2(R) in 
which A acts by multiplication, and let F be the Hilbert transform. Then [F, f] is given 
by the kernel: 

k(x, y) = f(x), -f(y)/x-y Ax,y є R. 

With the new calculus one can perform operations, such as raising |df| to some power, 
which are not available in distribution theory. 

6) The dimension of X is governed by the growth of the characteristic values of the differ-
entials: 

μ
η
 = nth eigenvalue of |df| , f є A. 

With p a positive real number, X is of dimension p means 

μ
η
 = 0(n-1/p) for any f є A. 

Thus for instance one recovers the usual dimension of manifolds, but the Julia sets of 
iteration theory inherit their natural fractal dimension. 

With p as above, we say that X is of dimension p_ when 

Ʃ μπ < ∞· 

We shall get examples of spaces X  R2 with positive 2 dimensional Lebesgue measure 
but of dimension 2_. 

7) The characteristic classes of X, are obtained from the homotopy class of F. There is 
a choice involved in the quantization δ) of the calculus. One chooses a Fredholm module 
(Ή, F) over the algebra A. The knowledge of the homotopy class of this Fredholm module 
is governed by a group K*(A), the K homology group of the C*-algebra A completion 
of A. The knowledge of this group is essential in the construction of (Η, F). Similarly 
one forms the group K*(A) generated by stable isomorphism classes of finite projective 
modules over A and the Fredholm index gives a pairing: 

K*(A) x K*(A) → Z 

which allows in many cases to detect non zero elements of either groups. 

8) The Chern character computation of characteristic classes is done thanks to cyclic 
cohomology. 

Thus for instance the following formula gives a cyclic cocycle on the algebra A, with 
p ≤ 2k + 1: (p as in 6)) 

= Trace (f0 df1... df2k+1 ) A f є A. 
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Here the ordinary operator trace is applied to the product of the operators dfj = [F, fj] 
in H. 

This cyclic cocycle computes the index pairing with K theory by formulae which, because 
they yield integers, are remarkably stable under deformations. Let X be an n-dimensional 
manifold and A be the algebra of smooth functions on X. Then any cyclic cocycle τ of 
dimension q on A is, up to trivial cocycles called coboundaries, of the form: 

T = Cq + SCq-2 + S2Cq-4 + … + 0 

where Cl is a de Rham current of dimension l viewed as the associated multilinear form 
on A. (Recall that a de Rham current C is a linear form on the space of differential forms 
of degree l, it thus defines a multilinear form: 

C(f0 , f1, …,fl)= (C, f0 df1 Λ ... Λ dfl) fj є A. 

In the above formula the operator S is a periodicity operation which associates to a cyclic 
cocycle of dimension q another one SΤ of dimension q + 2. 

9) The metric aspect of the geometry of X is given by the formula: 

d(φ,ψ) = Sup{|φ(f) - ψ(f)| ; f є Λ ||[D f]|| ≤ 1} 
where φ, φ are states on the algebra A and in the simplest case, i.e. when A is commutative, 
can be specialized as points of X, i.e. as characters of A. (A character χ of a commutative 
algebra is a homomorphism χ : A → C, the characters of A = C(X) are exactly given 
by the maps f → f(p) where p is a point in X.) In the formula 9) the operator D is a 
selfadjoint operator in H, with sign equal to F: Sign(D) = D|D|-1 = F. The knowledge 
of F only gives the conformal aspect, the full knowledge of D is required for the metric 
aspect. When X is a Riemannian manifold D is the Dirac operator associated to a Spin 
structure, and the above formula gives the geodesic distance: 

d(p, q) = Inf {Length 7,7a path from p to q}. 

The passage from F to D = F|D| is in general given by the formal equality: 

where p is the dimension, dx = [F, x] Vx є A, the χμ are generators of A and the matrix 
[9μv] is a positive element of Md(A), the algebra of matrices over A. 

10) The Lebesgue measure, or volume form of a Riemannian space, is replaced by the 
following trace on A: 

f є A → Trω (f|D|-p). 
Here Trω is the Dixmier trace of operators in Hilbert space which belong to the following 
ideal: 
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where μ
η
(Τ) means the n-th characteristic value of T. Applying this formula for D the 

Dirac operator, in the Riemannian case, one gets the measure 

f → ∫ f dv 

where dv = /g dx1 Λ ... Λ dxn is the volume form. The above formula however makes 
sense when the space X is a fractal such as a Julia set of Hausdorff dimension p є ]1,2[. 
It yields in that case the following formula for the Hausdorff measure dp on X: 

∫ f dμ = Trω (f(Z)\dZ|p) 

where Z is the variable in C כ X, while the Fredholm module (H,F) on the algebra A of 
functions on X, is defined using boundary values of holomorphic 1/2 differentials. 

11) The gauge group of second kind is the unitary group u = {u є A ; uu* = u*u = 1}. 
In the presence of a “vector bundle over X”, i.e. of a finite projective module ε over A 
(cf. 4) it becomes : 

u = {u є EndA (ε) ; uu* = u*u = 1} 

where EndA(ε) denotes the (involutive) algebra of endomorphisms of the module ε, i.e. 
of linear maps T : ε → ε which commute with the right action of A. 

12) Gauge connections are given, (in the simplest case of the module ε = A), by selfadjoint 
operators in H, of the form: 

V = D+ Ʃ ai [D,bi] ai,bi є A. 

They form an affine space on which me gauge group u acts in an affine manner. 

A similar notion is defined for arbitrary hermitian finite projective modules. In the special 
case of a Riemannian manifold X, with D the Dirac operator, one recovers the usual notion 
of gauge potential. 

The curvature of a gauge connection is given, with the above notations, by the operator: 

θ = Ʃ [D, a
i
][D, bi] + (Ʃai [D, bi])2· 

It varies covariantly under gauge transformations, i.e. the latter replaces θ by the operator 
uθu*. 

13) The Yang-Mills action functional is given by 
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YM(V) = Tr
ω

(θ2 D-p) 

where p is the dimension of X and θ the curvature of V. As above Tr
w

 is the Dixmier 
trace. 

The action functional of electrodynamics is given by the following u invariant expression 
where V is a gauge connection and ψ є H is a vector: 

/(v,v>) = IU02 ΰ-η + ρψ,ψ). 
The above theory makes sense for many spaces X in which the ordinary concepts of 
Riemannian geometry do not apply. In particular it applies to the non commutative 
Brillouin zone of the quantum Hall effect as shown by J. Bellissard. It also applies to 
spaces X which are mixtures of continuum and discrete spaces, such as products: 

X = Continuum x Discrete. 

The action of electrodynamics on such product spaces, (with a discrete space formed of 2 
points) gives the Glashow Weinberg Salam action of the standard model of particle physics. 
The strong forces appear from the understanding of the fundamental class of X in the K 
homology of the product X x X', with X' Poincare dual to X. 

14) The notion*of a manifold is given by the fundamental class in K-homology which is 
represented by a specific unbounded Fredholm module over the algebra of coordinates. 
This is discussed in great detail in section seven of these notes. 
Finally the action functional for gravity is simply given by 

TTJD2-”). 

For the special case of dimension 4, i.e. p = 4 we shall use the above formula, D-2 = 
Σ(dxμ)* gμν dxv, and compute the following action for a map X of a 4-manifold Σ in Rd 

with the metric ημν: 

Trω(ημν dΧμ dXv). 

As we shall see this action, which reduces to the Polyakov action in dimension 2, will be 
conformally invariant and intimately related to the Einstein action of gravity in dimension 
4. 

We shall now review the above points in more detail, neglecting technical or historical 
matters which are discussed at great length in [Co]. 
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1. The involutive algebra of coordinates on a quantum space X. 

We shall begin with our favorite example, that of Heisenberg’s discovery of matrix me-
chanics. Despite the long history of this result, the impact of Heisenberg’s message is still 
not fully appreciated. The real power of this example lies in the intimate relation it ties 
between experimental results and the need for abandoning the commutativity of coordi-
nates on the phase space of an atomic system. The later discovery of the Schrodinger 
equation and the illusory relation between the latter and space coordinates for the case 
of the Hydrogen atom considerably weakened the strength and novelty of Heisenberg’s 
message. With a few exceptions such as Heisenberg’s or Tomonaga’s book, the courses 
of quantum mechanics have always emphasized the Hilbert space aspect of the theory in-
stead of the non commutative nature of the phase space. Let us now review in modem 
terminology, how the experimental results of spectroscopy forced Heisenberg to abandon 
the commutative for the non-commutative, and thereby drove him to his theory of matrix 
mechanics, (cf. also the deformation theory aspect of quantization [Li]). 

In classical mechanics the observable quantities are just functions f on the phase space X. 
Each point in X corresponds to a pure state of the system and an observable f takes a 
definite value f(p) at any such point. The fundamental equation is Hamilton’s evolution 
equation: 

which gives the time evolution of any observable quantity f. This equation involves a 
specific observable H which measures the energy, and the Poisson brackets { } which are 
derived form the structure of the phase space X. 

In the simplest possible case the model obtained is totally integrable. This means that 
there are sufficiently many constants of motion so that on their specification, the dynamics 
is reduced to an almost periodic motion. One can thus perform a canonical transformation 
to a set of action angle variables in which the description of the system is considerably 
simplified. This yields an invariant torus on which the solutions appear as winding orbits 
and the algebra of observable quantities as the commutative algebra of almost periodic 
series 

q(t) = Σ q
n1

...n
k

 exp(2πi(n,v)t). 

Here ni є Z, (n, v) = Σηi vi where the are positive real numbers called the fundamental 
frequencies. 

Let our system X describe a simple atom. Thanks to spectroscopy we know how to 
analyse the light emitted by such an atom in interaction with the electromagnetic field. 
The classical model for this interaction will however, as we shall see, yield results which 
are contradicted by the experimental results of spectroscopy. Indeed with the classical 
model, the interaction of the atomic system with the electromagnetic field generates an 
electromagnetic wave whose radiative part is a superposition of plane waves W

n
, with 

frequencies: 
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(n,v) =Σηi vi 

and whose intensity can be computed from the coefficients 

qxn1 …, qyn1,…nk, qzn1,…, nk 

of the three components q = (qx,qy,qz) of a vector valued observable called the dipole 
moment of the atomic system. The formula for the intensity I

n
 = dE/dt is: 

Now this formula implies that the subset of R given by the emitted frequencies is the 
subgroup 

Γ = {Ʃ ni vi ; ni є Z  R. 
In particular note that the sum of emitted frequencies is still allowed, as well as all the 
integral multiples or harmonics of a given frequency. 

The experimental results of spectroscopy were different however. One of the most im-
portant observational rules that emerged from this study is the Ritz-Rydberg combination 
principle which can be stated as follows. 

1. The rays of a spectrum can be labelled by pairs of indices (i,j) (these letters “i” 
should not be thought of as numbers but mere indices). 

2. The set of rays (or spectrum) is naturally endowed with a partially defined law of 
composition; given three indices (z, j, k) the frequencies vik and vkj combine to yield a new 
frequency vij = vik + vky. 

This experimental fact, the Ritz-Rydberg combination principle, was the guiding force 
behind Heisenberg's discovery of matrix mechanics. In particular this result completely 
contradicts what one would predict from the above naive planetary model of the atom 
based on Maxwell’s theory of electromagnetism and the dynamics of classical mechanics. 

Indeed the emitted frequencies are not parametrized by the group Γ but rather by the set 
Δ of pairs of indices (i,j). This set is almost a group since we can compose certain pairs: 

(i,k) o (k,j) = (i, j) 

and every element (i, j) є Δ has an inverse (j, i). Such a set Δ with a partially defined law 
of composition that is associative, and for which every element has an inverse, is called a 
groupoid. 

Hence from the examination of atomic spectra we see the set of observed frequencies is 
not a group, but rather the groupoid specified by the Ritz-Rydberg combination principle. 
That is to say the set Δ of pairs (i, j) of indices used above in labeling the spectral rays 
does not form a group, but is nevertheless endowed with a partially defined associative law 
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of composition in which every element (i, j) has an inverse (j, i). Heisenberg’s great insight 
was to call into question the theory of classical mechanics to account for this discrepancy. 
In particular he proceeded to derive from the Ritz-Rydberg combination principle the 
precise modifications it entailed for the algebra of physical observables. 

To recover his results one must first understand how the commutative algebra of observ-
ables of classical mechanics is obtained from the abelian group Γ. Afterall an observable 
in this case is just a function on the torus and as we have seen can be expanded as an 
almost periodic series 

q(t) = Σqη1…ηk exp(2π-i (n,
 v

)t). 

The coefficients qn1μ...,nk are labelled by the elements η = n1 ...nk of the group Γ. This 
Fourier transform takes the ordinary product of functions into the convolution product, 
and hence one recovers the algebra of classical observables as the convolution algebra of 
the group Γ of frequencies. Since Γ is commutative, this algebra is also commutative. 

In quantum physics however Γ is not a group but rather the groupoid 

Δ= {(i, j) : i,j є I}, 

whose composition rule is specified by experiment to be given by the Ritz-Rydberg com-
bination principle 

(i,j)o(j,k) = (i,k). 

To recover the algebra of physical observables we must therefore construct the “convolution 
algebra” of this groupoid. To see what this means, consider the ordinary convolution 
product abstractly for a moment 

By setting g2 = g1-1 1 . g we may rewrite the formula as: 

From this form, one can make a straightforward generalization to the case of our groupoid 
Δ. 

In our case it gives exactly the product of matrices and in particular fails to be commu-
tative. Hence, from nothing but the results of experiments, Heisenberg had derived the 
product of observables to be non commutative. In replace of the classical formula 

q
n1

...n
k
(t) =qn

x
...n

k
 exp(2πxi(n,v)t) 
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the evolution law in matrix mechanics is given by 

q(i,j)(t) = 9(i,j) exp(2πiv(i, j)t) 

or equivalently: 

where H denotes the diagonal matrix 

H(i,i) = hvi (vi = vij + vj : ij є I), 

which replaces the Hamiltonian observable in the quantum theory. By analogy with clas-
sical mechanics one requires the observables, q of position and p of momentum, satisfy 

[p,q] = ih 

according to the general rule of replacing Poisson brackets of functions by commutators of 
matrices. Hence Heisenberg’s analysis shows the first concrete instance of a (phase) space 
turning non commutative. 

We shall now give two more examples from physics. The first is the work of J. Bellissard 
on the Quantum Hall effect. 

Let us describe the experimental facts pertaining to the Quantum Hall effect, starting with 
the classical Hall effect which goes back to 1880 ([Hal]). One considers a very thin strip 
S of pure metal and a strong magnetic field B, uniform and perpendicular to the strip. 
Under these conditions elementary classical electrodynamics shows that particles of mass 
m and charge e in the plane S must move in circular orbits with angular frequency given 
by the “cyclotron frequency” 

ωc = e B/m. 

Let us view the charge carriers in S as a two dimensional gas of classical charged particles 
with density N and charge e. Then if an additional electric field E is applied in the plane S, 
there is a drift of the above circular orbits with velocity E/B in the direction perpendicular 
to E. The resulting current density j perpendicular to both E and B is such that, in the 
stationary state the resulting force vanishes, i.e. 

NeE + j Λ B = 0. 

In practice however, the charge carriers axe scattered in a time which is short with respect 
to the cyclotron period. Thus the observed current is mostly in the direction of the electric 
field E. Nevertheless, a small component in the perpendicular direction called the Hall 
current remains, and is given using the above formula by: 

j = NeB Λ E\\B\2 
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which shows that 

|j| = (Ne/B)\E\. 

In other words the Hall conductivity σH, i.e. the ratio of the Hall current to the 
electric potential is to first approximation given by a linear function of N: 

σ Η = Ne/B. 

As early as 1880 Hall observed the above drift current j and showed that the sign of the 
charge carriers may be negative or positive depending on the metal considered. This was 
the first evidence of what is now understood as electron or hole conduction. 

In the regime of very low temperatures, T ~ 10 K, the effects of quantum mechanics 
become predominant and can with a gross oversimplification be described as follows. First 
the two dimensional gas of charge carriers, say of electrons, has a one particle Hamiltonian 
given by the Landau formula: 

H = (p — eA)2/2m 

where p is the quantum mechanical momentum operator and A is a (classical) vector 
potential solution of rot(A) = B. Also m is the effective mass of the charge carrier. It is 
immediate that the operators Kj = pj — eAj satisfy the commutation relation: 

[K1,K2] = ih e B 

while Η = K2/2m. Thus the energy levels of the charge carrier have discrete values which 
axe all integer multiples of Planck’s constant times the cyclotron frequency: 

En = nh ωc. 

Each of these “Landau levels” is highly degenerate, due to the translation invariance of 
the system, and can be filled by ~ eB/h charge carriers per unit area. 

A naive argument combining the filling of Landau levels with the drift velocity E/B thus 
allows one to expect that the Hall current density should be given in the quantum regime 
by 

where n is the number of filled Landau levels and j is in a direction perpendicular to the 
electric field. In particular this implies that the Hall conductivity σH is an integer multiple 
σ Η = n e2/h of e2/h provided the Fermi level is just in between two Landau levels. This 
argument however does not, in any way, account for the existence of the plateaux of 
conductivity which were discovered experimentally by K. von Klitzing, G. Dorda and M. 
Pepper ([K1-D-P]). In their paper the above three authors exhibited the quantization of 
the Hall conductivity thus giving the possibility of determining the fine structure constant 
α = ε2/ hc with an accuracy comparable to the best available methods. 
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A first explanation for the integrality of σH on the plateaux of vanishing direct conductivity 
was given by Laughlin in 1981 using the gauge invariance of the one electron Hamiltonian 
and a special topology for the sample. Then Avron and Seiler put the argument of Laughlin 
in rigorous mathematical form assuming that, on the plateau, the Fermi level (cf. below) 
belongs to a gap in the spectrum of the one particle Hamiltonian. This approach is however 
unsatisfactory in that it not only uses the special topology of the sample, but also fails 
to account for the role of localized electron states, which are tied up with disorder, and 
imply that the plateaux cannot correspond to gaps in the spectrum of the one particle 
Hamiltonian. To explain this more carefully we need to introduce another parameter 
besides the charge carrier density N, it is called the Fermi level μ and plays the role of a 
chemical potential. In the approximation of a free Fermi gas, the thermal average of any 
observable quantity A at inverse temperature β = 1/kT and chemical potential μ is given 
by: 

where Tracey denotes the local trace of the operators in the finite volume V  S and 
where f is the Fermi weight function: 

f(H) = (l + eβ(H-μ)-1 . 

In general the Fermi level μ is adjusted so as to give the correct value to the charge carrier 
density: 

Note that the right hand side Ν(β, μ) of this formula is in the limit of 0 temperature, i.e. 
β → + ∞, dependent only on the spectral projection Εμ of H on the interval ] — ∞, μ] and 
is thus insensitive to the variation of μ in a spectral gap. 

In our lectures we shall explain the results of J. Bellissard [Bel] on the existence of the 
plateaux of conductivity and the integrality of σH. For the time being we shall just explain 
why the Brillouin zone becomes non commutative and restrict our discussion to the case 
of a periodic crystal. 

In their paper [Tho-K-N-dN], Thouless, Kohimoto, Den Nijs and Nightingale investigated 
the case of a perfectly periodic crystal with the hypothesis that the magnetic flux in units 
h/e is rational, an obviously unwanted assumption. Their argument shows clearly that the 
origin of the integrality of σH is not the shape of the sample but rather the topology of 
the so called Brillouin zone in momentum space. When the magnetic flux is irrational this 
Brillouin zone becomes a non commutative torus T2θ. 

Let us take as a model of the metallic strip S the plane R2 with atoms at each vertex of 
a periodic lattice Γ  R2. The interaction of these atoms with the charge carriers, let us 
say the electron, modifies the one particle Hamiltonian to: 
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H = H0 + V , Ho = (p - eA)2/2m 

where the potential V is a Γ-periodic function on R2. The whole set up is invariant under 
the group Γ of plane translations belonging to Γ so that we should get a corresponding 
projective representation of Γ on the one particle quantum mechanical Hilbert space H. 
We should normally write H as the space of L2 sections of a complex line bundle L on R2 

with constant curvature, but this just means that viewing H as Z2(R2) the correct action 
of the translation group is given by the following unitaries, called magnetic translations: 

U(X) = exp i(p - eA) · X AX Є R2. 

For X є Γ this unitary commutes with H, but due to the curvature the U(X) do not 
commute with each other. For the generators e1, e2 of Γ we get the commutation relation: 

U2U1 = λ U1U2 ; λ = exp 2πιθ 

where Uj = U(ej) and where θ is the flux of the magnetic field B through a fundamental 
domain for the lattice Γ, in dimensionless units. The role of the rationality of θ in the 
Thouless et al paper thus appears clearly since we know that when θ is irrational the von 
Neumann algebra W in H of operators which have the symmetries Ul, l є Γ: 

W = {T є L(H) ; Ul T U-1l1 =T Al є Γ} 

is the hyperfinite factor of type II∞ namely R0,1 (cf. below, measure theory). 

In other words if we investigate the operators which obey the natural invariance of the 
problem we are not in a type I but in a type II∞ situation. From the measure theory 
point of view the Brillouin zone is of type II. Moreover the canonical trace τ on the factor 
W is given, using an averaging sequence Vj of compact subsets of R2 by: 

(1) 

so that this part of the thermodynamic limit has a clear interpretation. 

Since we need to understand the topology of the non commutative Brillouin zone we need 
(cf. below, topology) a C*-algebra A  W of observables for our system. By construction 
any bounded function f(H) belongs to W and in view of the formula giving the statistical 
average of observables it is natural to require that A contains f(H) for any f є Co(R). The 
obtained algebra so far is commutative and is too small to perform the computation on 
the Hall conductivity. For that purpose we need another observable which is the current 
j associated to the motion of the charge carrier. This current is a vector, given classically 
by 

j = e X 
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where X is the position of the charge carrier. Thus in quantum mechanics we have: 

(2) J = ei/h [H,X] 

where it is understood that both sides are pairs of operators; i.e. given by their components 
on a basis of R2: 

Jj = e i/h [H,Xj] 

with Xj the multiplication operator by the coordinate. 

To understand clearly why J is invariant under the symmetries Ul, l є Γ we can rewrite 
the formula (2) as: 

(3) J = j = e/h(a α, (H)=s=0 

where the group (R2)^ dual of R2 acts by automorphisms αs, s є (R2)^ on the von 
Neumann algebra W by: 

αs(T) = eis. X T e-is.X VT є W. 

We thus can take J as an observable (except for the trivial fact that since J is unbounded, 
as for if we need to use f(J), f є C0(R2)). 

But in order to compute the Hall conductivity we also need to turn on an electric field 
E and see how our quantum statistical system reacts. This means that we replace the 
time evolution given by H, σt(α) = eitH a e-itH by the time evolution associated to the 
perturbed Hamiltonian : 

H' = H + eE.X 

or equivalently by the differential equation: 

This makes it clear that the smallest C*-algebra of observables appropriate for the compu-
tation of the Hall conductivity, besides containing f(H), f є C0(R) and f( J), f є C0(R2), 
should be invariant under the automorphism group αs of W. In fact (cf. [Bel]) it is not 
difficult to see that the C*-algebra A generated by the as(f(H)) does contain the functions 
of the current and is thus the natural algebra of observables for our problem. On A  W 
we have the (semifinite semicontinuous) trace τ coming from the von Neumann algebra W 
(formula (1)) and the automorphism group (αs) with generators the derivations: 

δj = (dj αs)s
=0

. 
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We shall come back to this algebra later on but we already mention that it corresponds to 
a very nice and simple non commutative space: the non commutative two torus T2θ. 

We shall now pass to an example of a somewhat different nature. Rather than phase 
space or the Brillouin zone coordinates, we now consider a modification of the algebra of 
coordinates of space-time itself. For reasons of convenience it will be better to deal with 
imaginary time, i.e. with Euclidean space time. In many parts of quantum field theory 
the space time points x є X only play the role of labels or indices for the quantum fields 
φ(χ). This is not so however in two fundamental instances: 

a) The actual local form of the Lagrangian 

β) The invariance of the theory under the group g of gauge transformations of second 
kind (local gauge transformations). 

We shall discuss α) in more detail below, but let us concentrate on β). Here the group g 
appears as a natural symmetry group of the quantum theory, the question we shall answer 
is: 

Given g as an abstract (topological) group, what information do we have about space time 
X. 

Now recall that g is the group of local gauge transformations, i.e. of maps from X to a 
fixed compact group G, (the global one): 

g = Map(X, G) G compact Lie group. 

In particular the constant maps give us a natural inclusion: 

GcQ. 

We shall now show that if G = U(n), η ≥ 2, then the knowledge of the above inclusion of 
groups: G  g gives back in a natural manner the algebra A of functions on X, from which 
(as we shall see later) the space X is uniquely recovered. We shall ignore the technical 
details on which exact smoothness is assumed on elements of g = Map(X, G) and proceed 
as follows. We take η = 2 for simplicity. The Lie algebra Lie (g) = L is a linear space 
which contains by hypothesis the Lie algebra L of U (2). Thus Lc  Lc and we identify the 
complexified Lie algebra LC with the Lie algebra of 2 x 2 complex matrices with bracket 
[Χ,Υ] = XY - YX. In particular we let eij є M

2
(C) be the natural matrix units, thus 

e12 = 0 1 0 0 for instance. Let [1 0 0-1]. Then one checks that the linear 

space 

A= { є Lc ; [γ,ξ] = 2ξ} 

with the product given by the equality: 

ξ1 · ξ2 = [[ξ1, e
21

], e11], ξ2] 

is an algebra isomorphic to the algebra of functions on X with the pointwise product: 
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(f1f2)(p) = f1(p) f2(p)· 

Thus the gauge group of second kind contains a great deal of information about the struc-
ture of space time, since the latter can be recovered as the spectrum of the algebra A. 
Now a group (or equivalently a Lie algebra) is a mathematical object quite different from 
an associative algebra. For instance given two representations π1, π2 of a group G (or of 
a Lie algebra) we can form their tensor product π1  π2 given by 

(π1  π2)(g) = π1(g)  π2(g) g  G 

and this yields a representation of G. 

On the contrary, if A is an algebra and π1, π2 are two representations of A then π1  π2 
is a representation of A  A but not in general a representation of A itself. There is a 
natural manner of converting an associative algebra A into a group, one replaces A by the 
group 

GL1(A) = {a  A ; a is invertible}. 

When A is involutive its unitary group is given by: 

U1(A) = {u  A ; uu* = u*u = 1}. 

More generally, using the algebra Mn(A) of matrices over A yields the groups GLn(A) and 
U

n
(A) for every integer n. Of course not all groups G are of the form GL1 or U for some 

algebra A. When they are they inherit a lot of interesting properties from A as shown by 
algebraic K theory. 

It is the above relation between the gauge group of second kind and the algebra of coordi-
nates on space time which will, together with the very specific Lagrangian of the standard 
model, dictate the following modification of the latter algebra: 

A = algebra of functions on 4 dim continuum  (  H). 

Here   H is the algebra of pairs (λ, q) where λ   is a complex number, q  H is a 
quaternion and where the product of two such pairs is given by: 

(λ2, q2) = (λ1λ2, q1q2). 
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2. Measure theory and representations. 

Let X be a quantum space and A the involutive algebra which plays the role of the algebra 
of coordinates on X. The first step in the analysis of X is the understanding of its measure 
theory which as we shall see, is intimately tied up with the involutive representations of A 
as an algebra of operators in Hilbert space. 

The notion of a probability measure on X carries over to the non commutative case as 
follows: 

Definition 1. A state on A is a linear form φ : A →₵ such that 
α) φ (a*a) ≥ 0  a  A 
β) φ(1) = 1. 

The first condition is called positivity and the second is just a normalization condition. 

As a first example take A = C(X) the algebra of continuous functions on a compact 
space X with the pointwise multiplication and the involution defined by f*(x) = f(x) 
x  X. Then the states on A correspond exactly to the probability measures μ on X by 
the equality: 

φ(f) = f dµ  f  C(X). 

As a next example take A = MN() the matrix algebra as obtained in matrix mechanics 
from the discovery of Heisenberg. Then the states on A correspond exactly to density 
matrices ρ, i.e. to selfadjoint matrices with positive eigenvalues and trace 1, by the equality: 

φ(Τ)= Trace(pT) VT € MN(C). 

A state is called pure iff it cannot be written as a non trivial mixture φ = λ1φ1 + 
λi > 0 of two distinct states. Thus in the first example A = C(X) the pure states 
correspond to the points of X, to each x  X one assigns the Dirac mass δx = μ at this 
point. They are already more interesting in the second example: A = MN(). In this 
case they correspond exactly to the rays in the Hilbert space in which MN() acts. 
To any such ray ξ, ξ  N, ξ ≠ 0, there corresponds an orthogonal projection e of rank 
one with range ξ. The operator e is a density matrix of trace one and hence a state φ 
on A: 

φ(Τ) = Trace(eT) = <Tξ, ξ> (with ||ξ|| = 1). 

In the formalism of quantum mechanics the rays in Hilbert space correspond to quantum 
mechanical states of the system. The more general mixed states (i.e. not pure) correspond 
to quantum statistical mechanics. 

We shall now explain first what to do once one has a state on A and then how to choose 
interesting states on a given involutive algebra. 
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The GNS construction. 
Let A be an involutive algebra (with unit) and φ a state on A. Then the positivity condition 
a) immediately gives us a Hilbert space Ήφ, namely the completion of the linear space A 
for the inner product: 

<x,y> = φ(y*x) x, y  A. 

Next every element a  A defines an operator π(a) in Ηφ where the domain of π(a) is 
A Ì Ηφ and where 

The equality: 

π(a)x = ax x  A. 

<π(a)x, y> = <x, π(a* )y>  x, y  A 

follows from φ(y*ax) = φ((a*y)*x). It shows that the densely defined operator π(a) has a 
densely defined adjoint: π(a*) and hence is closable. We could then already define a von 
Neumann algebra Μ = π(A)" in Ηφ as the commutant of the group U of unitaries in Ηφ 
which commutes with all the operators π(a), closures of π(a). 

But in fact it is a natural hypothesis that the operators π(a) are all bounded in Ηφ. This 
is implied for instance by the following condition: 

Va  A , b  A such that a*a + b*b = λ1, 

for some λ  +. 

This condition means that we are dealing with bounded observables or equivalently bounded 
functions on our space X. There are simple general formulae such as 

, f → f (1+ f* f)-1/2 

which allow to pass from a selfadjoint unbounded element to a bounded one. 

We shall thus let π(Α) be the involutive algebra of operators in Ηφ of the form π(a) for 
some a  A. 

Definition 2. Let H be a Hilbert space. A von Neumann algebra M in H is an involutive 
subalgebra of L(H), the algebra of bounded operators in H, closed in the weak topology. 

We refer to the lectures by O. Lanford in Les Houches 1970 for a thorough introduction 
to this notion. We just recall that a net Tα of operators converges weakly to T iff 

<Τα ξ,η> → <Τξ,η> ξ, η  H. 

The bicommutant theorem of von Neumann characterizes von Neumann algebras as those 
sets of operators in H which obey a given symmetry group U : 
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M = {T  L(H), VTV* = T V  U}. 

When U varies among subsets equivalently (subgroups) of the unitary group one obtains 
all von Neumann algebras in H. 

Now any involutive subalgebra B of L(H) generates a von Neumann algebra M, the latter 
is equivalently the weak closure of B or the double commutant of B: 

B" = {T  L(H) ; VTV* = T V unitary such that VxV* = x x  B}. 

Passing from B to B", one looses some information. 

Proposition 3. (GNS) Let Μ = π(Α)" be the weak closure of π(Α), then M is a von 
Neumann algebra, π : A → M a * homomorphism with dense range, and one has a vector 
ίο  ø = H such that : 

φ(a) = <π(a)ξ0, ίο) a  A. 

Now on Μ we can define a state φ by the equality 

φ(T) = <Tξ0,ξ0> T  M. 

This state is by construction continuous in the weak topology. We shall now show that in 
the commutative case we are back to the set up of the Lebesgue measure theory, a necessary 
step in order to understand the meaning of the general non commutative case. 

The commutative case. 
Let us assume that A is commutative. Thus Μ = π (A)" is also commutative and we need 
to understand all the triples (H,Μ,ξ0) where 

a) Ή is a Hilbert space 
b) M is a commutative von Neumann algebra 
c) ξ0 is a unit vector in Ή such that Μξ0 = Ή. 

We assume for simplicity that Ή has a countable basis. The classical result (cf. [Di2]) 
describes all triples satisfying the conditions a) b) c’) where the weaker condition c’), 
implied by c) using the commutativity of M (i.e. M Ì M') is: 

c’) M'ξ0 = H. 

Theorem 4. Let I = [0,1] be the standard Borel space. Then any such triple (Ή, Μ, ξ0) 
is of the following form : 

H = L2 (I, µ, N), Μ = L∞ (I, μ), ξ0 = 1 

where μ is a Borel probability measure on I and N a measurable map from I to {1,2,..., ∞}. 
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We need to explain the meaning of our notations. We denote as usual by L2(I, μ) the 
Hilbert space of square integrable functions on I for the measure μ, but we use the integer 
valued function N to introduce multiplicity. In other words on the subset Ek = {t  
I ; N(t) = k} we replace L2(Ek, μ) by the direct sum of k copies of L2(Ek, μ). Equivalently 
Η = L2(I, μ,Ν) is the space of measurable sections of the measurable bundle of Hilbert 
spaces whose fiber is constant on Ek and equal to ℓ2({1 ,..., k}). One only takes square 
integrable sections, i.e. such that: 

||ξ||
2 =

 I ||ξ(x)||
2
 dµ(x) < 

The bounded measurable functions f  L∞ (I, μ) act by multiplication: 

(fξ) (x) = f(x) ξ(x) ξ  Η , x  I. 

Finally ξ0 is any measurable section such that ||ξ0(x)|| = 1 for any x  I, thus: 

(/&, ίο >=//<*/* v/ei"(/,4 

In the statement of the theorem one can replace the interval I by any standard Borel space 
X, which shows that measure theory gives very little information about a space X. 

The multiplicity function N appears algebraically from the commutant M' = {T  
L(H) ; Tf = fT  f  M} and one easily checks that over Ek the commutant of 
L∞(Ek,μ) is L∞(Ek,μ)  Mk() (with L(ℓ2) instead of Mk() for k = ∞). Thus the 
commutant M' of M is the direct sum of von Neumann algebras: 

Under the stronger hypothesis c) one has Μ' = M and the multiplicity function N is equal 
to 1. 

The above classical result has many corollaries such as the spectral theorem, the Borel 
functional calculus i.e. the (unique) definition of f (T) for any Borel function f :  →  
where T is a normal operator: TT* = T*T. It also shows that the von Neumann algebra 
M generated by such an operator T is: 

Μ = {f(T) ; f Borel bounded} = 
{S  L(H) ; U SU* = S for any unitary U such that UTU* = T}. 

The modular theory. 
Let us now pass to the general case. We let Μ = π(Α)". It is a von Neumann algebra in 
Ή, and the triple (Η.Μ,ξ0) satisfies a) b) c) except for the commutativity of M. 

Let M' be the commutant of M and consider the subspace H0 = Μ'ξ0 spanned by the 
vectors Τξ0, T  M'. It contains ξ0 and by construction the orthogonal projection P on 
H0 belongs to the commutant of M', i.e. to M. The state: 
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φ(a) = <aξ0,ξ0> a  Μ 

vanishes' on a - PaP for any a  M and thus, to understand it, one can focus on the 
reduced von Neumann algebra Mp: 

Mp = {a M ; aP = Pa = a}. 

One then lets Mp act in H0, in which the original vector ξ0 is cyclic and separating: 

cyclic means Mp ξ0 is dense in H0 

separating means (Μp)'ξ0 is dense in H0. 

For notational simplicity we now drop the suffix P and the 0. The theory starts with the 
following key result of M. Tomita ([T2]) : 

Theorem 5. Let M be a von Neumann algebra in Ή and ξ0 a cyclic and separating vector 
for M. Then the operator with domain Mξ0 which transforms xξ0 to x*ξ0 x  M, 
is closable. Its closure S has a polar decomposition S = JΔ½ with Δ positive and J 
antilinear of square 1 and one has : 

1) Δit M Δ-it = M t   
2) J M J = M'. 

The operator Δ = S*S is called the modular operator and the one parameter group of 
automorphisms of M given by 

σt(x) = Δit x Δ-it x  M, t  R 

is called the modular automorphism group of M. It only depends upon the state φ and 
makes sense for any faithfull normal state on M where: 

faithful means that φ(x*x) > 0 if a: ≠ 0 
normal means that the restriction of φ to the unit ball of M is weakly continuous. 

Equivalently it means that if e
a
  M is an increasing net of projections, eα = eα2 = e*α  M 

one has φ(Veα) = Sup φ(eα) where Veα is the least projection e  M, e ≥ eα for all α. 
One then lets σφt be the modular automorphism group associated to φ. 

The next result, due to M. Takesaki and M. Winnink characterizes the one parameter group 
σφt as the unique time evolution of M satisfying the Kubo Martin Schwinger condition 
(KMS) as formulated by Haag Hugenholtz and Winnink ([H-H-W]) : 

Theorem 6. Let M be a von Neumann algebra, φ a faithful normal state on M then σφt 
is the unique one parameter group of automorphisms of M satisfying the KMS condition 
relative to φ. 

We have used the following notion: 
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Definition 7. Let A be an involutive algebra, φ a state on A and αt  Aut A a one 
parameter group of automorphisms of A. Then the pair (α, φ) satisfies the KMS condition 
iff for any a,b  A there exists a bounded holomorphic function Fa,b(z), 0 ≤ Im z ≤ 1 
such that : 

F
a

,b(t) = φ(a α
t
(b)), F

a
,b(t + i) = φ(α

t
(b)a) t  R. 

We shall come back later to the role of the KMS condition in the choice of states on A. 

The next key result is the analogue, in this general non commutative measure theory 
context, of the classical Radon Nikodym theorem. In the usual Radon Nikodym theorem 
the derivative dμ/dv of one measure with respect to another is a, generally unbounded, 
positive function h. If moreover both μ and v are equivalent the function h does not vanish 
so that the one parameter group of unitaries 

ut = hit t   

is well defined and characterizes h uniquely. 

The non commutative case is more subtle and involves the following 1-cocycle condition: 

ut1+ t2 = ut1 σφ t1(ut2) t1, t2  . 

Theorem 8. ([Co]) Let M be a von Neumann algebra and φ, ψ be faithful normal states 
on M. There exists a canonical unitary 1-cocycle ut M, such that 

σΨt(x) = ut σφt(x) u*t t  .x M. 

This canonical cocycle is denoted by ut = (DΨ : Dφ)t. 

Moreover, √-1(d/dt ut)t=0 coindices 
1) in the commutative case, with the logarithm of the Radon-Nikodym derivative 

(dΨ/dφ) ; 
2) in the case of statistical mechanics, with the difference of the Hamiltonians cor-

responding to two equilibrium states, or the relative Hamiltonian of H. Araki [Ar2]. 

It follows that, given a von Neumann algebra M, there exists a canonical homomorphism 
δ of  into the group Out M = AutM/IntM (the quotient of the automorphism group by 
the normal subgroup of inner automorphisms), given by the class of σφt independently of 
the choice of φ. Thus. Ker δ = T(M) is an invariant of M, as is Sp δ = S(M) = ∩ Sp ∆φ. 

Thus von Neumann algebras are dynamical objects. Such an algebra possesses a group of 
automorphism classes parametrized by . This group, which is completely canonical, is a 
manifestation of the non commutativity of the algebra M. It has no counterpart in the 
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commutative case and attests to the originality of non commutative measure theory with 
respect to the usual theory. 

The classification of factors. 

We now have a complete classification of hyperfinite von Neumann algebras. I refer to [Co] 
for a detailed history of this work. I shall just give here the relevant notion and a drawing 
of the result. 

A von Neumann algebra M is of type I iff it is isomorphic to the commutant of 
a commutative von Neumann algebra. Thus Theorem 4 gives us the list of type I von 
Neumann algebras, namely the algebras M' of this theorem. 

The class of hyperfinite von Neumann algebras is obtained by monotone closure from the 
type I. In other words, the class of hyperfinite von Neumann algebras is stable under: 

a) Decreasing intersection ∩ Mα 

β) Increasing union Ma
 (weak closure) 

and it is the smallest such class containing type I. Moreover all representations of nuclear 
C*-algebras, of connected locally compact groups, of amenable discrete groups generate 
only hyperfinite von Neumann algebras. The commutant of a hyperfinite von Neumann 
algebra is hyperfinite. 

Moreover, the classification of hyperfinite von Neumann algebras reduces to that of the 
hyperfinite factors on writing M = ∫ Mt dμ(t), where each Mt is a factor, that is, having 
center equal to . Finally, the list of hyperfinite factors is as follows: 

In M = M
n
(). 

I∞ M = L(H), the algebra of all operators on an infinite-dimensional Hilbert space. 

II1 R = Cliff(E), the Clifford algebra of an infinite-dimensional Euclidean space E. 

II∞ R0.1 = R  I∞· 

IIIλ Rλ = the Powers factors (λ ]0,1[). 

III1 R∞ = Rλ1  Rλ2 (λ1, λ2, λ1/λ2  ), the Araki-Woods factor. 

III0 Rw, the Krieger factor associated with an ergodic flow W. 
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Since we axe in a region of great mountains I shall try a drawing of the results as follows: 

The KMS condition and Quantum statistical mechanics. 

A cubic centimeter of water contains a considerable number of molecules of water agitated 
by an incessant movement. The detailed description of the motion of each molecule is not 
necessary, any more than is the precise knowledge of the microscopic state of the system, 
for determining the results of macroscopic observations. In classical statistical mechanics, 
a microscopic state of the system is represented by a point of the phase space, which is 
of dimension 6N for N point molecules. A statistical state is described not by a point of 
the phase space but by a measure μ on that space, a measure that associates with each 
observable f its mean value: 

∫ f dμ. 

For a system that is maintained at fixed temperature by means of a thermostat, the 
measure μ is called the Gibbs' canonical ensemble: it is given by a formula that invokes 
the Hamiltonian H of the system and the Liouville measure that arises from the symplectic 
structure of the phase space. One sets 

(1) 
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where β = 1/kT, T being the absolute temperature and k the Boltzmann constant, whose 
value is approximately 1.38 x 10-23 joules per degree Kelvin, and where Z is a normalization 
factor. 

The thermodynamic quantities, such as the entropy or the free energy, axe calculated as 
functions of β and a small number of macroscopic parameters introduced in the formula 
that gives the Hamiltonian H. For a finite system, the free energy is an analytic function 
of these parameters. For an infinite system, some discontinuities appear that correspond 
to the phase transition phenomenon. The rigorous proof, starting with the mathematical 
formula that specifies if, of the absence or existence of these discontinuities is a difficult 
branch of mathematical analysis. 

However, as we have seen, the microscopic description of matter cannot be carried out 
without quantum mechanics. Let us consider, to fix the ideas, a solid having an atom at 
each vertex of a crystal lattice Z3. The algebra of observable physical quantities associated 
with each atom x = (X1,X2,x3) is a matrix algebra Q

x
, and if we assume for simplicity 

that these atoms are of the same nature and can only occupy a finite number n of quantum 
states, then Q

x
 = M

n
(C) for every x. Now let Λ be a finite subset of the lattice. The 

algebra QA of observable physical quantities for the system formed by the atoms contained 
in A is given by the tensor product QA = OXEA QX. 

The Hamiltonian HA of this finite system is a self-adjoint matrix that is typically of the 
form 

where the first term corresponds to the absence of interactions between distinct atoms and 
where Λ is a coupling constant that governs the intensity of the interaction. A statistical 
state of the finite system A is given by a linear form φ that associates with each obser-
vable A E QA its mean value φ(Α) and which has the same positivity and normalization 
properties as a probability measure μ, namely, 

a) Positivity: (VA E QA); 

b) Normalization: φ(1) = 1. 

If the system is maintained at fixed temperature T, the equilibrium state is given by the 
quantum analogue of the above formula il): 

where the unique trace on the algebra QA replaces the Liouville measure. 

As in classical statistical mechanics, the interesting phenomena appear when one passes 
to the thermodynamic limit. that is. when A —> Z3. A state of the infinite system being 
given by the family (φA) ) of its restrictions to the finite systems indexed by A, one obtains 
in this way all of the families such that 

a) for every A. φA is a state on QA; 
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b) if A1 C Λ2 then the restriction of φA2 to is equal to φA1. 

In general, the family φA defined above by means of exp(—βΗA) does not satisfy the con-
dition b) and it is necessary to better understand the concept of state of an infinite system. 
This is where C*-algebras make their appearance. In fact, if one takes the inductive limit Q 
of the finite-dimensional C*-algebras QA, one obtains a C*-algebra that has the following 
property: 

An arbitrary state φ on Q is given by a family (φA) satisfying the conditions a) and b). 

Thus, the families (φA) satisfying a) and b), that is the states of the infinite system, axe in 
natural bijective correspondence with the states of the C*-algebra Q. Moreover, the family 
(HA) uniquely determines a one-parameter group (at) of automorphisms of the C*-algebra 
Q by the equation 

This one-parameter group gives the time evolution of the observables of the infinite system 
that are given by the elements A of Q, and is calculated by passing to the limit starting fron: 
Heisenberg’s formula. For a finite system, maintained at temperature T, the formula gives 
the equilibrium state in a unique manner as a function of HA, but in the thermodynamic 
limit one cannot have a simple correspondence between the Hamiltonian of the system, 
or, if one prefers, the group of time evolution, and the equilibrium state of the system 
Indeed, during phase transitions, distinct states can coexist, which precludes uniqueness 
of the equilibrium state as a function of the group (at). It is impossible to give a simple 
formula that would define in a unique manner the equilibrium state as a function of the 
one-parameter group (a*). In compensation, there does exist a relation between a state 
φ on Q and the one-parameter group at that does not always uniquely specify φ from 
the knowledge of a*, but which is the analogue of the formula (4). This relation is the 
Kubo-Martin-Schwinger condition ([Ku], [Mart-S]) as formulated by Haag, Hugenholtz and 
Winnink [H-H-W]: 

Given T, a state φ on Q and the one-parameter group at of automorphisms of Q satisfy the 
KMS-condition if and only if for every pair A, B of elements of Q there exists a function 
F(z) holomorphic in the strip {:E C. Im ~ E [0,hB]} such that 

F(t) = φ(Aat(B)) , F(t + ihβ) = φ(at(B)A) (Vt E R). 

Here t is a parameter of time. as is hβ = h/kT which, for T = 10 3K, has value approxi-
mately 10- 8s. 

This condition allows us to formulate mathematically, in quantum statistical mechanics, 
the problem of the coexistence of distinct phases at given temperature T, that is, the 
problem of the uniqueness of φ, given (at) and β. 

For instance the set CB of KMS states at inverse temperature β is always a Choquet 
simplex whose extreme points correspond to the pure phases. We refer to [H] for a more 
thorough discussion of these points. 
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3. C*-algebras and topology. 

Let X be a quantum space and A the associated involutive algebra. We have seen in 
section 2 how to extend measure theory in the general non commutative case, but measure 
theory is not sufficient to get a satisfactory notion of a point p E X of the corresponding 
quantum space X. Indeed (in the commutative case) a point is usually negligible for any 
of the relevant probability measures μ on X, and the von Neumann algebra L°°(X, μ) only 
controls X up to negligible subsets. But given any family π

α
 of involutive representations 

of A we can define a norm on A by the equality: 

(1) ||α|| = Sup ||π
α

(α)|| Va E A. 

We need to know that the right hand side is finite (at least for sufficiently many elements 
of A), and this finiteness follows if for instance we can, for any a € A find b E A with 
a*a + b*b = Λ1, Λ < oo. It may happen that we do not have enough representations π

α
 to 

separate points of A but J = {a E A, ||α|| = 0} is by construction a two sided ideal, equal 
to Π Ker TT

a
, and we can replace A by A/ J. 

Proposition 1. The completion of A for the norm || || is a C*-algebra A. All the 
representations π

α
 extend by continuity to A and one has π

α
(Α) = π

α
(Α) Va. 

We have used here the following definition: 

Definition 2. A C*-algebra is an involutive Banach algebra A such that ||x*x|| = ||X||2 

Vx E A. 

Before we discuss proposition 1 we need to make a number of mathematical comments 
about definition 2. First the general notion of a Banach algebra has in common with the 
general notion of Banach space that there is a lot of arbitrariness in the specific choice of 
the norm. The norm in a Banach algebra B is supposed to satisfy the inequality: 

||xy|| < ||x|| ||y|| Vx,y E B 

but, even if ||1|| = 1. it is not specified uniquely by the topology of B. This arbitrariness 
is of the same nature as that of a choice of a convex set and is a good reason to consider 
general Banach spaces (or algebras) as tools rather than as basic objects. It is fundamental 
that for C*-algebras the norm. || ||, is uniquely determined by the algebraic structure: one 
has for any x E A: 

||x|| = {Sup|A| , x*x - |Λ|2 not invertible in A}. 

This shows of course that C*-algebras have a unique norm satisfying definition 2, and it 
eliminates the above defect of Banach algebras. The second point we need to explain is 
the meaning of the above algebraic formula for ||x||. It is essentially the natural algebraic 
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definition of the sup norm. Let us consider the simple example of the algebra A = C(X) 
of continuous functions on a compact space X with pointwise multiplication (fg)(p) = 
f(p) g(p) Vp € X, and f*(p) = f(p) Vp E X. Let f E A, then for Λ E C the function 
f*f — |A|2 does vanish somewhere in X iff for some p E X one has |f(p)| = |A|. If f*f — |A|2 

does not vanish then by compactness of X it is bounded below in absolute value and its 
inverse (f*f — |A|2)-1 is a continuous function. Thus we get 

Let us now discuss proposition 1. The first important fact is that the norm of an operator 
in Hilbert space: 

||T||=Sup{||TE||; ||ξ|| < 1} 

does satisfy the C*-algebra condition of definition 2: 

||T*T|| = ||T||2 VT E L(H). 

It follows then immediately that the norm on A given by the equality (1) still satisfies the 
C*-condition. 

We however need to complete A in order to get the C*-algebra A and we need to explain 
what new elements are adjoined to A by this procedure. The involutive algebra A we 
started with needed to be formed by “bounded” elements, say obtained from unbounded 
ones by the simple algebraic expressions of section 2. Apart from that, it could have been 
given in a fairly formal manner, say by generators and relations. As a rule it is formed 
of fairly regular “functions on the quantum space X”. Thus for instance A could be 
the algebra of smooth functions on a manifold or of polynomials on a subset of Rn or of 
bounded functions of local quantum fields etc When we complete A to the C*-algebra 
A using the sup norm (1) we now get all continuous “functions on the quantum space 
X". To have an idea of what this means consider the commutative case, so that X is an 
ordinary compact space, say the circle S1 to fix the ideas. Then the completion C(X) 
contains all continuous functions, all the sums Ef

n
, f

n E A, Σ ||fn|| < 00 obtained by 

modifying at each new scale ε
η
, E E1 < oo. the previous sum Σ fj by any element f

n 

of sup norm less than En, as in the construction of fractals. 

One should be well aware that by piling up such small modifications one can, in the C°-
category i.e. in topology, do things which are not allowed in the smooth (C°°) category 
such as filling a square with a Peano’s curve, construct a Jordan curve in the plane with 
> 0 2-dimensional area, or construct homeomorphisms between manifolds which are not 
diffeomorphic. 

The following fundamental result of Gelfand shows that the commutative C*-algebras cor-
respond exactly by the duality 

Compact space X —> *algebra C(X) 
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to the compact spaces X. 

To formulate the theorem we first describe the other map, Spec, from algebras to spaces. 
Given a commutative * algebra A one defines a character of A as a one dimensional 
involutive representation of A or equivalently as an involutive homomorphism X : A —> C. 

Theorem 3. ([G-N2]) Let A be a unital C*-algebra and X = SpecA the set of characters 
of A endowed with the weak topology as a subset of A*. Then X is a compact space and 
the Gelfand transform a E A —> { the function χ E X —> χ(α) } is an involutive isometric 
isomorphism A = C(X). 

The weak topology means that χ
α

 —> χ iff for any a E A one has χ
α

(α) —> χ(α). 

The theorem extends to the case of non unital C*-algebras, in which case X is now only 
locally compact and C(X) is replaced by C0(X) the algebra of continuous functions on X 
which vanish at oo: f(p) —> 0 when p —> oo. 

If one only has in mind the case where X is given to start with, theorem 3 might seem 
of little practical use, so we just give the following 3 examples to show its power and 
significance: 

Example 1. Let G be a locally compact abelian group with Haar measure ds. Let Ή = 
L2(G,ds) and A = C*(G) be the C*-algebra norm closure of the operators of convolution 
TT(f), f € G

C
(G) 

G 
Then the Gelfand space X = Spec(A) is the Pontrjagin dual group G. 

Example 2. Let G be a real semi simple Lie group, K C G a maximal compact subgroup 
and A the convolution algebra of K biinvariant functions on G acting in the Hilbert space 
L2(G/K) = Ή. Determine the spectrum of A. 

Example 3. Let T be a self adjoint operator in a Hilbert space H and A the C*-algebra 
generated by T. Identify the spectrum of A as a subset of R. 

Remarks. 
a) The characters of a C*-algebra are automatically continuous (and of norm one). They 
are thus uniquely determined by their restriction to a dense subalgebra A C A. It is of 
course not true in general that a character of A (a purely algebraic notion) extends as a 
character of the completion A. It does however happen for the following class of involutive 
algebras: 

Definition 4. A pre C*-algebra A is an involutive algebra isomorphic to a subalgebra of 
a C*-algebra A which is stable under holomorphic functional calculus in A. 
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This stability means that if a E A and f is a holomorphic function on SpecA(a) = {A E 
C , Λ — a not invertible in A}, then f(a), defined as a Cauchy integral 1/2TTi fc f(s) 1/s-a ds E 
A does in fact belong to A. 

This essentially means that if a E A is invertible in A then its inverse is also in A. 

For a pre C*-algebra A one gets uniquely a norm: 

||a|| = Sup {|A|1/2 ; a*a — A not invertible in A} 

and the completion of A with respect to this norm is a C*-algebra. The simplest example 
of a pre C*-algebra is given by the algebra of smooth functions C°°(M) on a manifold M. 
Indeed (with M compact) if such a function f E C°°(M) is invertible in C(M) then it 
does not vanish and its inverse f-1 is a smooth function on M. 

Proposition 5. Let A be a pre C*-algebra then any involutive representation of A in 
Hilbert space is automatically continuous for the norm || || and extends uniquely to the 
associated C*-algebra. 

In particular when A is commutative the characters of A are exactly the restrictions to A 
of the characters of A and Spec(A) = Spec(A) as compact topological spaces. The same 
holds in the locally compact case. 

b) For compact spaces (or locally compact ones) one has the equivalence: 

X is metrisable <=> C(X) is norm separable. 

In other words the topology of X can be defined by a metric iff the C*-algebra A = C(X) 
admits a dense countable subset. It is quite important when one begins to work with C*-
algebras and von Neumann algebras to make clear the distinction between the two topics. 
The weak topology on L(H) is considerably weaker than the norm topology, so that it 
is much harder for an involutive subalgebra of L(H) to be weakly closed (von Neumann 
algebra) than norm closed (C*-algebra). It is true, and at first confusing, that any von 
Neumann algebra is a C*-algebra but not an interesting one because it is usually not norm 
separable. For instance let (Χ.μ) be a diffuse probability space (every point p E X is 
μ-negligible), then L°°(X, μ) is a von Neumann algebra (in L2(X, μ)) but it is not norm 
separable and its spectrum as a C*-algebra is a pathological space that has little to do with 
the original standard Borel space X. 

c) We have seen above that any involutive representation π of our initial algebra A gives 
rise to a norm, 

||α||
π
 = ||TT(α)|| Va E Λ 

Many inequivalent representations give rise to the same norm so that some information is 
lost in keeping only || ||

π instead of π. 
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Let us now go back to the three examples of spaces X discussed in section 1). We start 
with the easiest and use Gelfand’s theorem (Theorem 3) to get back Euclidean space time 
X from the group inclusion (cf. section 1): (with G = U(n), η > 2) 

G C U = Smooth maps from X to G. 

Using proposition 5 the exact degree of smoothness is not relevant here as long as it satisfies 
definition 4 and this is the case for C0, Ck, C°°,.... We then recover X as the spectrum 
of the algebra A constructed from the group inclusion G C U in section 1. 

We thus get, in this simple case of a U(n) gauge group, an interpretation of the role of space 
time points, not as indices of quantum fields, but as characters of an algebra intimately 
related to the group U of symmetries of the theory. 

Let us next consider the example of quantum mechanics. We have seen above that for an 
atomic system with N allowed states the corresponding observable algebra is the matrix 
algebra MN(C). When N = oo the corresponding C*-algebra is the so called elementary 
C*-algebra k. It is the C*-algebra of all compact operators in Hilbert space: 

k = {T € L(H) ; T is compact} 

(Recall that a bounded operator T is compact iff the image of the unit ball T(B) = 

{Tξ ; ξ € H , ||ξ|| < 1} is a compact subset of H in the norm topology. Equivalently the 
n-th characteristic value of T, μn(Τ) = n-th eigenvalue of |T| = (T*T)1/2, tends to 0 when 
n —> oo.) 

Since all Hilbert spaces with an infinite countable orthonormal basis are pairwise isomor-
phic, the C*-algebra k is well defined up to isomorphism. It is non unital and is norm 
separable and is characterized by the following property. 

Proposition 6. [D13] a) The representation of k as operators in Ή is (up to isomorphism) 
its only irreducible unitary representation. 
b) The C*-algebra k is (up to isomorphism) the only non unital norm separable C*-algebra 
which admits only one irreducible representation. 

The statement a) easily implies the Stone von Neumann theorem on the uniqueness of 
irreducible representations of the canonical commutation relations. 

The pure states of the C*-algebra k correspond exactly to the rays in the quantum me-
chanical Hilbert space. 

We see. with this second example, that in the non commutative case the notion of a point 
p £ X as given by Gelfand’s theorem can be extended to that of a pure state of the C*-
algebra together with the notion of equivalence given by the unitary equivalence of the 
associated representation. 

Proposition 7. [Di3] Let A be a C*-algebra. 
a) A state φ on A is pure iff the associated GNS representation πφ is irreducible. 
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b) Given a pure state φ on A there is a canonical bijection between rays in the associated 
Hilbert space Ηφ and the equivalence class of φ: 

Οφ = {ψ pure state on A ; πψ equivalent to πφ}. 

(We recall that two representations π, π' of A are equivalent iff there exists a unitary 
U : H —> Ή' such that π'(a) = Uπ(A)U* Va E A.) 

The bijection of proposition 7b) is given explicitly by associating to £ E Ηφ, ||£|| = 1 the 
state on A given by: 

ψ(α) = (πφ(α)ξ,ξ) Va E A. 

Note that, even when A is unital, the space Σ of pure states on A is not compact in general. 
It is however always a Gδ (countable intersection of open sets) in the compact space of A 
and is always sufficiently large (cf. [Di3]). 

As a next and more elaborate example of a non commutative C*-algebra let us consider 
the observable algebra Q occurring in quantum statistical mechanics as in section 2. 

Q is the natural C*-algebra whose states φ are exactly the families (φA)A finite fulfilling 
conditions α) β) of section 2. This C*-algebra Q is the norm closure of the union of the 
C*-algebra QΛ . The latter union is a pre C*-algebra in the sense of definition 4 so that 
its norm is uniquely defined as well as its C*-completion Q. The local Hamiltonians HA 
of the finite systems Λ determine an unbounded derivation of Q given formally by: 

This derivation generates a one parameter group at E Aut(Q) of automorphisms of Q and 
the KMS condition (cf. section 2) plays a decisive role in characterizing the equilibrium 
states of the system at inverse temperature B (cf. [H]). 

In this example the C*-algebra Q corresponds to a non commutative analogue of a totally 
disconnected Cantor set X. Since we only care about states on Q the fine details of the 
topology of X do not play an important role. 

In the next example, the quantum Hall effect, we shall see how the differential topology 
of a quantum space X can play a decisive role in the understanding of the main physical 
quantity in the problem, the Hall conductivity. 

Recall that we discussed in section 1 the construction by J. Bellissard of a natural C*-
algebra A generated by the a

s f(H), of an action of R2 on A by automorphisms as E AutA 
Vs E R2, and of a trace r. 

Let then δj be the unbounded derivations of A given by: 

δj(x) = dj a
s
(x)

3=
0 j = 1,2. 
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The key formula for the Hall conductivity is the Kubo formula which can be expressed as 
follows: 

Lemma 8. ([Bel]) Let the Fermi level μ belong to a gap of the Hamiltonian, μ E Spec Η, 
and Εμ be the spectral projection of H corresponding to energies smaller than μ. Then the 
Hall conductivity σH is given by the formula: 

where T2 is the trilinear functional given by: 

τ2(α0,α1,α2) = r (α0(δ1(α1) δ2(α2) - δ2(α1) <δ1(α2))) Vaj E Dom δ. 

As we shall see later this formula will continue to hold (cf. [Bel]) with the only hypothesis 
that μ is in the spectrum of localised states, but we need first of all to understand the 
geometric meaning of the above formula. 

The C*-algebra A can be written quite simply as 

A = A0 ® k 

where k is the elementary C*-algebra described above and where, with Θ the flux of the 
magnetic field through a fundamental domain of Γ, the C*-algebra AQ is the irrational 
rotation C*-algebra [Ri1]. It is generated by two unitaries V1, V2 which satisfy the relation: 

(*) V2V1 = Λ V1V2 , λ = exp(2tti0). 

For any value of Θ E R/Z, we let A0 be the C*-completion of the involutive algebra 
generated by V1, V2 with the presentation (*) and norm given by: 

||α|| = Sup {||π(α)||, π a unitary representation of *} . 

When θ = 0 one checks that Ao is the C*-algebra C(T2) of continuous functions on a 
2-dimensional torus. T2 = R2/Z2, with V1 = exp(2πi a1), V2 = exp(2πi a2)· 

When Θ is irrational the norm || π(a)|| = ||a||
T
 on the above involutive algebra is independent 

of the choice of the unitary representation π and the C*-algebra A0 is a simple C*-algebra: 
it has no non trivial two sided ideal. Nevertheless we shall continue to think of it as a 
(non commutative) torus and think of elements a = E an,m Vl

nV2
m of A0 as continuous 

functions a(a1, a2) on this torus. We then extend as follows (cf. [Co]) the familiar notions: 

1) Partial differentiation a. j = 1,2. 
This yields the following densely defined commuting derivations δj of A0: 

δ1 (Σ a
n,m

 VnWm) = Σ a
n

,
m

 (2πin) VnVm 
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δ2 (Σ a
n

,m VnVm) = Σ a
n

,
m

 (2πim) VnV
2
m. 

One checks indeed that in spite of the non commutation of V1 and V2 the δj are derivations, 
i.e. satisfy: 

δj(ab) = δj(a) b + a δj(b). 

2) Smoothness: a is of class C°°. 
This yields the following dense subalgebra Aoo of A0 

Aoo = {aE6 A0 , δn1δn2(a) E Αθ Vn1,n2 € N} . 

Equivalently Ais the space of C°° vectors for the action of R2 by automorphisms of AQ 

given by 

βs(α) = Σ exp(2πi(ns1 + ms
2
)) a

n,m VnVm

 Vs = (s1,s
2

) E R2 , Va E A0. 

One has βs E AuTA0 VS E R2. Moreover the elements of Aoo have a very simple 
characterization in terms of the coefficients a

n,m
. One has 

Lemma 9. (cf. [Co]) 

Aoo = {Σ a
n,m

 V1

n

V2

m

 ; nkmk' |a
n,m

| bounded for any k,k' E N} . 

In other words the linear space is independent of Θ, only the product rule changes, due 
to the phase factor introduced by (*). 

3) Integration F a da Λ dβ. 
This yields the following trace τ on A0: 

r (Σ a
n.m

 VnVm) = a00. 

It is relevant to note that when Θ is irrational we get (up to normalisation) the only trace 
on A0. 

Now it is important to make sense more generally of the following expression: 

(**) J a0 da1) Λ da
2

 = r

2

(a0, α1, a

2

) 

where a0, a1, a2 are arbitrary elements of A0. 

We can do that by just writing the result (**) in terms of r and of the partial differen-
tiations d1, d2 of 1), we get: 
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τ2(α0,α1,α2) = τ(α0(δ1(α1) δ2(α2) - δ2(α1) δ1(α2))) Vaj E Aoo. 

So far we have shown how to adapt familiar differential geometric expressions to the non 
commutative torus but we did not see new phenomena occurring. The first new one has 
to do with connectedness. 

The ordinary 2 torus is connected, equivalently this means that any f E C(T2), any 
continuous function on T2 has a connected spectrum: Specf = f(T2) C R (or C if f is 
complex valued). 

On the opposite, for Θ irrational, the non commutative torus is highly disconnected and 
one can find many elements a = a* E Α0 whose spectrum is disconnected. The simplest 
example of such an a is a = V1 + V* + V2 + V2 when Θ is a Liouville number but the 
first example was given by R. Powers and M. Rieffel ([Ri1]) and was simply giving an 
idempotent E E A0, E = E*, E2 = E, E # 0, E #1. In other words E is a selfadjoint 
element of A0 whose spectrum is {0,1}. 

The construction of E depends on an arbitrary choice of a smooth function (to insure 
that E E Αoo) in one variable (cf. [Ri1]) and the first striking result of non commutative 
differential geometry is the following ([Co]). 

Theorem 10. ([Co]) For any idempotent E E 

is an integer. 

This result holds in the same way for the C*-algebra A = A0 ® k, the derivations d1, δ2 
and the trace r appearing in the formula (lemma 8) for the Hall conductivity. We shall 
now explain its geometrical significance, starting with the elementary notions of K-theory 
and characteristic classes. Both the stability, under deformations of E, of the integral 

f E dE A dE and its integrality will be given a conceptual explanation in sections 4) 
and 5) below. This will allow in particular (cf. [Bel]) to obtain the integrality result for 
the Hall conductivity σπ (in units e2/h) when the Fermi level μ belongs to a gap of extended 
states which is the correct physical assumption. 
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4. Vector bundles and cyclic cohomology. 

In this section we shall describe the notions of vector bundles and characteristic classes of 
such bundles and extend them to the non commutative case. This extension plays a role 
both in the quantum Hall effect, already discussed above, and in gauge theories. We shall 
begin our discussion with the first instance of an invariant of a vector bundle computed 
by an integral formula, the Gauss-Bonnet theorem. 

The Gauss-Bonnet theorem. 
This theorem is easy to visualize, it has to do with the theory of surfaces in the space 
R3. To fix the ideas, take a concrete example of such a surface. When one attempts to 
understand it and to study it, the fundamental concept of curvature is seen to appear. 
This concept is even easier to understand in one less dimension, where one is interested 
with curves in R2. Let us therefore recall what the curvature of a plane curve is, before 
returning to the space R3. 

Let us consider a plane curve at a point P. Among all of the circles with center lying 
on the normal to the curve passing through P, there is one with best possible fit to the 
curve in a neighborhood of P. The radius of this circle is called the radius of curvature of 
the curve at the point P. Then the curvature of the curve at P, which should be greater 
the more the curve is curved is defined as the inverse of the radius of curvature at P, i.e., 
K = l/R. 

Let us now return to the case of surfaces. Through a point P of the surface, one can draw 
the normal to the surface and, to reduce the dimension by 1, cut the surface by a plane that 
passes through the normal. When the surface is intersected by a plane passing through the 
normal, one obtains a plane curve. This plane curve has a radius of curvature at the point 
P, and there is no reason for it to be constant as one varies the plane passing through the 
normal. For a sphere, which is perfectly symmetrical, one always has the same radius of 
curvature, but in general one finds different curvatures; in the saddle-shaped surface case, 
there is a plane passing through the normal for which the curvature is zero. This means 
that if the curvature is given a sign, it changes sign between the two extremes as the plane 
is rotated about the normal. 

A theorem due to Euler shows that in fact one does not have to know the curvatures for 
all the planes passing through the normal in order to describe the situation completely. 
It suffices to know the two extreme curvatures K1 and K2. They are attained for two 
perpendicular planes. and when the surface is cut by a plane that passes through the 
normal but makes an angle Θ with the plane for which the curvature has the extreme value 

K1, the following formula due to Euler gives the value of the curvature: 

KQ = K1 cos2 θ + K2 sin2 Θ. 

The Gauss-Bonnet theorem may be stated as follows: 

Theorem 1. Let Σ be an oriented surface embedded in R3. For every P E Σ, let R(P) = 
K1 K2 be the total curvature of Σ at P. Then 
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f
E
 R(P) d2 P = 2π(2 - 2g), 

where g is an integer, independent of the embedding, called the genus of Σ. 

Thus, even though the number fΣ R(P)d2P is calculated as an integral, it has the alto-
gether extraordinary property of being a stable number. This means that even though this 
number is defined by means of numerous parameters, it does not depend on their choice. 

In fact, we have an infinite number of parameters at our disposal. Let us take the surface 
and make a small bump on it, the theorem shows that one thereby introduces exactly as 
much positive curvature as negative curvature. Indeed, positive curvature is introduced at 
the top of the bump, since the curvatures K1 and K2 at that place have the same sign; 
however, at the bottom of the slopes, the situation is that of a saddle: there the total 
curvature R = K1K2 is negative. The number obtained by calculating the integral of the 
total curvature over the entire surface thus has a remarkable property. It is not the integral 
of an arbitrary function: when the surface is modified slightly, or even modified radically 
but without changing its topological nature, this number does not change. 

When a number has this quality, it has much greater significance than does an ordinary 
number. Certain physical quantities of fundamental significance are numbers that can be 
calculated by a method of this type and that possess the same property of stability with 
respect to deformations. 

Let us return to the statement of the Gauss-Bonnet theorem: the integral, over the entire 
surface, of the total curvature R = K1K2 is an integral multiple of 2π of the form 2(l—g)2t, 
where g is a positive integer called the genus of the surface. This number characterizes 
the topological type of the surface in question. Thus for instance, draw an example of a 
surface of genus 2. The genus measures, if one likes, the number of holes in the surface. 
For a sphere there is no hole, for a torus there is just one, and so on. 

Our next aim will be to show that theorem 10 of section 3) and the Gauss-Bonnet theorem 
are both special cases of a simple general algebraic result which constructs invariants of 

K-theory. For that we first need to cast the notion of vector bundle in its natural algebraic 
framework. 

Vector bundles and idempotents. 
Let X be a compact topological space. Then a vector bundle E over X is given by: 

a) A topological space E (the total space of the bundle) 
B) A continuous map p : E —► X (the canonical projection) 
7) A vector space structure on each fiber p- 1(x), x E X. 

These data are moreover supposed to satisfy the local triviality condition, which asserts 
that one can cover X by open sets U for which the above triple when restricted to p- l(U) 
is isomorphic to U x V where V is a finite dimensional vector space. 

As an example consider the oriented surface Σ of theorem 1 and let E be the space of 
pair (χ,ξ) where x E Σ and ξ E Tx (Σ) is a tangent vector to Σ at the point x. It is 
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clear that we can endow E with a natural topology and let p : E —► Σ be the projection 
p(x, E ) = x· To get an interesting vector bundle we want each fiber T

x
 (Σ) to be a complex 

vector space of dimension one. This is done uniquely if one requires that multiplication 
by i is just rotation of angle π/2 in the oriented Euclidean plane T

x
 (Σ) C R3. One then 

checks directly that the obtained triple satisfies the local triviality condition and hence 
defines a vector bundle over Σ. 

There is an obvious general notion of isomorphism of vector bundles E, E' over the same 
base X. An isomorphism T : E —► E' is given by an homeomorphism of total spaces, 
commuting with p, and linear in each fiber. The relation between vector bundles and 
idempotents is given by the following construction of a vector bundle E on X from an 
idempotent e E MN(C(X)) where N is an integer and MN(C(X)) is the C*-algebra of 
N x N matrices over C(X). In other words MN(C(X)) = C(X) O MN{C). An element 
of MN(C(X)) such as e, can be viewed as a continuous map e E C(X, MN(C)) from X to 
MN(C) and the algebraic operations occurring pointwise ((ef)(x) = e(x)f(x) Vx E X 
for instance) it follows that e is an idempotent: 

e2 = e 

iff e(x) is an idempotent for all x E X. 

We can then define a vector bundle E = Im(e) as follows: 

Total space E = {(χ,ξ) ; x E X , ξ E CN , e(x)£ = ξ} 
Projection p : E —► X, ρ(χ,ζ) = x 
Vector space structure of E

x
 = Im(e(x)) C CN. 

The local triviality of E follows from a simple property of idempotents e E MN(C). If two 
of them e, f are close enough in norm then the map e : Imf —► Im e is an isomorphism. 

Note also that without changing the vector bundle Im(e) we can replace the idempotent e 
by a selfadjoint idempotent e = e*. 

Proposition 2. ([Ser3] [Sw]) Let X be a compact space. 
1) Then every vector bundle E on X is isomorphic to a vector bundle Im e for a (selfad-
joint) idempotent e E MN(C(X)), with N large enough. 
2) Two vector bundles Im e and Imf are isomorphic iff e and f are equivalent in the sense 
of Murray and von Neumann, i.e. there exists u.v E MN(C(X)) with uv = e, vu = f. 

To prove the existence of e one constructs, using compactness of X a finite number N of 
sections ξι of E (i.e. of continuous maps ξj : X —► E with p o Ej = idx) such that at 
each x E Λ’ the vectors Ej(x) span the vector space E

x
. Let us see how to do this in our 

example of the line bundle E over a surface Σ C R3. We can directly define the idempotent 
e E M2 (C(E)) as follows: note first that the unit sphere S2 C R3 can be identified with the 

space of selfadjoint idempotent 2x2 matrices of rank one Indeed such 
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matrices are necessarily of the form 

determinant, i.e. 

with a real, b complex and with vanishing 

a( 1 - a) + |b|2 = 0 

which gives the 2 spheres S2. Next the normal map v : Σ —► S2 thus gives us a specific 
element: 

eEC(E,M2(C)) = M2(C( Σ)) 

which is the desired idempotent. It is clear indeed that the vector bundle Im(e) is isomor-
phic to E. 

Invariants of vector bundles. 
By proposition 2 we know how to construct arbitrary vector bundles over X using idem-
potents e E MN(C(X)). The same statement holds for smooth vector bundles, replacing 
C(X) by the algebra C°°(X) of smooth functions on X and hence MN(C(X)) by the 
pre C*-algebra MN(C°°(X)). The remarkable stability under deformations which occurs 
both in theorem 10 of section 3 and in the Gauss-Bonnet theorem is a special case of the 
following: 

Lemma 3. Let A be an algebra, r2 a trilinear form on A satisfying the following 2 
conditions: 
a) T2(a1,a2,a0) = T2(a°,a1,a2) Va0, α1,a2 E A 

β) r2(a0a1,a2,a3) — r2(a0, a1a2,a3 ) + τ
2
(a

0
, a

1
, a

2
a

3
) — τ2(a3a0, a1, a2) = 0 Vaj E A. 

Then the quantity r(e, e, e), e idempotent, e E A, is invariant under deformations of e and 
only depends upon the Murray-von Neumann equivalence class of e. 

By a deformation of e we mean that we have say a one parameter family et of idempotents, 
et E A. with d/dt e

t
 = e

t
E A. The proof of the lemma is quite simple, using the fact that the 

deformation is necessarily isospectral since Spec(et) C {0,1} so that one can find at E A 
such that: 

The condition β) above is a natural generalization of the tracial condition: 

τ(α0αι) — r(a1a0) = 0 Va0,a1 E A 

for a linear form on A. The invariant given by lemma 3 is a natural generalization of the 
trace r(e) of an idempotent which only depends upon the Murray-von Neumann class of 
e. Let us now give examples of functionals r2 satisfying α) β). They are called cyclic 
2-cocycles. The cyclic refers to the cyclic permutation occurring in a), the 2 refers to the 

40 



indices a0,a1,a2, and the term cocycle refers to the general coboundary operation b defined 
for any n + 1 linear form by: 

(by)(α0,...,αn+
1) = 

0 

Example 1. Let .A = Aoo
O
 be the algebra (occurring in the quantum Hall effect (cf. section 

3)) of smooth functions on the non commutative torus. Then the functional r2 of theorem 
10, 

τ2(α0,αι,α2) = r (α0(<S1(αι) S2(a2) - S2(a1) S1(a2))) 

is a cyclic 2-cocycle. 

In particular lemma 3 accounts for the remarkable stability of r2(e, e, e) when applied to 
the Powers-Rieffel projections e depending on an arbitrary choice of function. 

Example 2. Let A = MN (C°°(E)) for Σ an oriented surface. Let us first define, using the 
orientation of Σ, a natural cyclic 2-cocycle r2 on (C°°(Σ). We let: 

V/> G <Σ°°(Σ). 

This makes sense because Σ is compact and oriented. Note that ο) β) are easy to check 
for r2 and that in fact one has a stronger property: 
a') r

2 (f
o(0),fo(1),fo,(2)) =ε(σ) r

2
(fo,f1,f2) Vfj € Coo(E) 

for any permutation σ of {0,1.2}. 

There is a general manner to extend a cyclic cocycle from an algebra A to = 
MN(C) 0 A for any N; 

Lemma 4. Let τ2 be a cyclic 2-cocycle on A then the following formula defines a cyclic 
2-cocycle on MN(A) for any N: 

r2(a0 O μ0,αι O μι,α2 0 μ2) = τ(α0,α1.α2) Trace(μ0μιμ2) Vaj E A , μj E M
N

(C). 

Note that if we apply this formula to get a cyclic 2-cocycle r2 on ΜN (C00(E)) the stronger 
property o') of r2 is lost and only a) survives. 

If we use this cyclic 2-cocycle r2 on MN (C°°(Σ)), and evaluate it on the idempotent 
e E M2 (C°°(E)) associated to the normal map, an immediate check shows that r2(e, e, e) 
is exactly the integral curvature: 
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T
2
(e,e,e) = fE R(P) d

2
 P. 

Thus lemma 3 accounts also for the remarkable stability of this quantity. 

In section 5 below we shall account for the integrality of the result occurring in these two 
examples. For the time being we shall give a quick introduction to K-theory and cyclic 
cohomology. 

Vector bundles over quantum spaces. 
By proposition 2 we have an obvious way to adapt the notion of vector bundle to the non 
commutative case. Given the (involutive) algebra A of coordinates on our quantum space 
X we should use idempotents e E ΜN(Α) to get such vector bundles. There is a small 
nuance we have to deal with however. Indeed the vector bundle E does not determine e 
uniquely but only up to equivalence. The answer is given by the following result of Serre 
and Swan: 

Proposition 5. Let X be a compact space. 
1) Let E be a vector bundle over X, then the C(X) module E = C(X,E) of the continuous 
sections of E is a finite projective module over the C*-algebra C(X). 
2) Let E be a finite projective module over C(X), then there is a canonically associated 
vector bundle E over X such that 

E = C(X, E) (as a C(X) module). 

The fiber over x E X of E in 2) is given by the tensor product: 

Ex = E 0 C 

where C(X) acts on C by the character associated to x (f —► f(x)). We need to define the 
terminology and we shall do so in the general non commutative case: 

Definition 6. Let A be a unital algebra. A finite projective module E over A is a vector 
space E .with a (right) action of A on E by linear maps such that: 
1) E is finitely generated as an A-module 
2) E is a direct summand of a trivial module AN. 

Condition 2) means that we can find a right module E' and an isomorphism of right modules 
E O E' = AN. It is straightforward that any idempotent 

e E MN(A) 

determines a finite projective module, namely: 
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E = e An. 
Conversely any finite projective module is of this form, so that the analogue of proposition 
2 holds in general. The advantage of the above algebraic translation of the notion of 
vector bundle is that it now makes good sense in the non commutative case as well (using 
definition 6). 

K-theory. 
The purpose of K-theory is, given an algebra A, to classify up to isomorphism the finite 
projective modules over A. In the special case where A = C(X) (or C°°(X) for a manifold) 
it means classifying the vector bundles over X up to isomorphism. This problem is handled 
by the introduction of a group K

0
(A) obtained using the following notion: 

Definition 7. 1) The direct sum E 0 E' of two finite projective modules over A is their 
sum as vector spaces with action: 

(ξ,ξ'>a = (Ea,E'a) V£E£, f'E£' , aEA. 

2) Two finite projective modules E, E' over A are called stably isomorphic iff they become 
so after addition of a suitable trivial module EQ = AN. 

With the operation of direct sum the set K0+ of stable isomorphism classes of finite pro-
jective modules over A, forms an abelian semigroup and uniquely generates a group KQ. 

One can view an element of Ko as an equivalence class of virtual f.p. module, i.e. of pairs 
(E+E_) where (E+,E_) ~ (E'+,E'_) iff the following modules are stably isomorphic: 

E+ Θ E-=E'+ 0 E_· 

(The use of stable isomorphism instead of isomorphism is necessary for the transitivity of 
this relation.) 

To any element of K0+ corresponds the pair (E, 0). 

The key result of (topological) K-theory is Bott’s periodicity result which holds in the 
more general context of Banach algebras but can be formulated as follows: 

Theorem 8. (Bott) Let A be a unital pre C*-algebra and Uoo(A) be the inductive limit of 
the unitary groups: 

UN(A) = {u E ΜN(Α) ; u*u = uu* = 1} 

with inclusion of UN in UN+1 by u Viz EUN · Then the map ε which to each 

idempotent e = e* E MN(A) associates the loop t —> exp(2/ttite), t E [0,1], establishes a 
group isomorphism: 
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In fact the Bott periodicity theorem computes all the homotopy groups πη of Uoo(A), these 
groups only depend upon the parity of n. For n even they are equal to K1(A) which is 
given by: 

Definition 9. a) Let A be a non unital C*-algebra, then Ko(A) is defined as the kernel of 
the augmentation map: 

K0(A) - Z 

where A = A + Cl is obtained from A by adjoining a unit. 
b) For any C*-algebra A, K1(A) is by definition K0(AO Co( R))-

One denotes by SA the C*-algebra A O Co(R), it corresponds in the commutative case 
A — C(X) to the replacement of X by its suspension. The general Bott periodicity 
statement is then: 

Kn(Uoo(A)) = K1(A) n even 

r
n

(Uoo(A)) = K0(A) n odd. 

For a pre C*-algebra A the group K0(A) is equal to K0(A) where A is the C*-completion 
of A. 

When A is norm separable the group Ko(A) is always a countable abelian group. One 
important corollary of the Bott periodicity theorem is the relation between the K groups 
of ideals and quotients of C*-algebras. given by a 6 terms exact sequence: 

associated to any closed ideal J of A with quotient B = A/ J. We refer to [Co] for a lot 
more information on K-theory of C*-algebras. 

Cyclic cohomology. 
Let A be an algebra. We shall now see how one of the main tools of K-theory for spaces, 
namely the Chern character, extends to the non commutative case. This will be done by 
extending lemma 3 above to cyclic cocycles of arbitrary dimension. 

Definition 10. Let A be an algebra, n E N an integer. A cyclic n cocycle on A is an 
n + 1 linear form τ on A such that: 
α) τ(α1 ,... , an , a0) = ( — l)n r{a°,... ,an) VaJ E A 

β) Σ (-1)J τ(α°,...,αjαj+1,...,αn+1) + (-1)n+1 r(an+1a°,...,an) = 0 Vaj E A. 
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The general extension of lemma 3 is given by the following theorem. As in lemma 4 we 
extend for each N the cocycle r to a cocycle r on MN (A) using the formula: 

τ(α° ® μ°,...,αη Oμn) = r(a°,...,an) Trace(u0 ... μη) Vaj E A , μJ € ΜN( C). 

Theorem 11. ([Co]) Let A be an algebra, n an even integer, τ an n-cyclic cocycle on A. 
Then there exists a unique additive map (r, ·) from K

0
(A) to C given by 

(r, [e]) = r(e,...,e) 

for any idempotent e E MN(A). 

A similar statement, with a suitable form of K1(A), holds in the odd case, where the 
pairing with TTO(UOO(A)) (with A involutive) is given by the formula: 

(T,[U]) = T(U- 1,U,U- 1,U,...,U Vu E UN(A). 

This theorem covers the usual Chern Weil construction of the Chern character of ordinary 
vector bundles over a manifold V. Indeed the Chern character Ch(E) E H*(V,C) of 
a vector bundle is fully determined by its pairing with arbitrary homology classes x E 
H2k(VC), 2k = 0,2,.... Any such class can be represented by a closed de Rham current 
C of dimension 2k, i.e. as a linear form on the space of differential forms of degree 2k on 
V which is: 

a) Continuous in the C°° topology 
b) Vanishing on coboundaries dw. 

Proposition 12. Let C be a q-dimensional closed de Rham current on a manifold V. 
Then the following equality defines a q-dimensional cyclic cocycle on the algebra C°°(V) 
of smooth functions on V: 

TC( f°, ...■ fq) = (C. f° dfl Λ df2 Λ ... Λ dfq). 

Moreover if q = 2k is even, the corresponding map (TC, ·) from Ko(C°°(V)) =K0(Vo) to 
C is the Chern character: 

(TC[E]) = ([C],Ch(E)) 

for any vector bundle E on V. 

The first part is easy to check and we urge the reader to do so. The second is also straight-
forward if one computes the curvature of the canonical connection on the tautological 
bundle over the Grassmanian 

{e E MN(C) , e = e* = e2}. 
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It is given by the matrix valued form Θ — e de Λ de. Cyclic cohomology allows to extend 
de Rham homology and the Chern character to the general non commutative case. The 
first important elementary fact is the following: 

Proposition 13. Let A be an algebra and for each n E N, let Cn
t(A) be the space of 

η + 1 linear forms on A fulfilling condition 10 a). Then for any φ E Cn
t(A) one has 

by E Cn
t
+ι(Α) where by is given by: 

Waj E A. 

Moreover one has b2 = 0. 

Definition 14. The cyclic cohomology HC*(A) is the cohomology of the complex (C*t,b). 
In other words: 

HCn(A) = Ker {b : Cn

t
 —► Ct

n+1} /Im {b : C
t

n+1 -> Cn
t

} . 

The elements of Im b axe easy to construct and hence trivial cocycles. In particular they 
all give 0 when paired with K-theory as in theorem 11. 

To compute cyclic cohomology HC*(A) of an algebra one relates it to Hochschild cohomol-
ogy which itself can be computed using the tools of homological algebra. By a bimodule 
M over an algebra A we mean a vector space equipped with commuting left and right 
actions of A, noted: 

ξ a ξ b , ξ€Μ , αE A , b E A. 

Let then (Cn(A, M). b) be the complex where Cn(A,M) is the space of n linear maps T 
from A x · · · x A to M and where the coboundary map b is: 

Next, consider the bimodule A* = { space of linear forms on A} with: 

(a φ b)(x) = y(b x a) Va,b, x E A. 

We identify any n + 1 linear form φ on A with the element of Cn(A, A*) given by the 
equality: 
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y(a,1... ,αn)(α°) = φ(α°,α1,... ,αη) Vaj € A. 

Under this identification the coboundary operator b of proposition 13 is just the restriction 
to Cn

t C Cn(A, A*) of the Hochschild coboundary operator. This shows that the cyclic 
complex (C*t, b) is a subcomplex of the Hochschild complex: 

(C*(A,A*),b). 

It gives a natural map from cyclic to Hochschild cohomology: 

I: #<7%4)-*.ίΓπ(ΑΛ*). 

Before we study this map in general we need to understand the meaning of Hochschild 
cohomology in the special case of manifolds, i.e. for A = C°°(U) the algebra of smooth 
functions on a compact manifold V. (The statement easily adapts to the non compact 
case.) We shall only consider multilinear functionals which axe continuous for the C°° 
topology and refrain from using a special notation for them. 

Proposition 15. [Co] a) Let k E N and C be a k-dimensional de Rham current on V. 
Then the following formula defines a k-dimensional Hochschild cocycle (yc E Zk(A, A*): 

yce(f0,. ..,fk) = (C, f0 df1 A... A dfk) vfj E C°°(V). 

b) The map C —► yc is an isomorphism between the space C- 00(V, Ak) of de Rham currents 
of dimension k and the (continuous) Hochschild cohomology group Hk(A, A*). 

Note that in a) and unlike in proposition 12 we did not assume that the current C was 
closed. In particular the Hochschild cocycle (yc constructed in a) is not in general a cyclic 
cocycle. It is iff C is closed. 

We shall now describe in full generality a natural map 

B : Hn{A.A*) HCn-1(A) 

which will allow to characterize the image lm(I) for any algebra A. 

Notation 16. Let A be a unital algebra. Let B
0

, A, B be the following operators: 
B0 : Cn(A.A*) 

(B
0
y)(a0,....(ι

η-1) = y(1.α0,...,αn-1)-(-1)n φ(α0....αn-1,1) \/aJ E A 
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B : Cn{A,A*) - Cn-1
t-(A), B = AB

0
. 

We then have: 

Proposition 17. a) For every Hochschild n-cocycle φ E Zn(A, A*), the functional Βφ is 
a cyclic n — 1 -cocycle. 
b) B defines a map: Hn(A,A*) —> HCn-1(A). 
c) One has Im(I) = Ker B. 

The map I : HCn(A) —> Hn(A, A*) is not injective in general. Let us see this in the 
simplest example: A = C. Then the cyclicity condition shows immediately that: 

Cn
t

(C) = C if n is even 

Cn
t(C) = {0} if n is odd. 

It thus follows that HC2m(C) = C, HC2m+1(C) = {0}. One checks directly moreover that 
the Hochschild cohomology Hn(C, C) vanishes for all n > 0, so that I is not injective. Let 
σ be the generator of HC2(C) given by: 

σ(t0, Αχ,Λ2) = t0t1t2 VAj E C. 

Proposition 18. a) Given two algebras A, B there is a natural notion of tensor product: 

HCn(A) x HCm(B) –> HCn+m{AO B). 

b) The product by σ E HC2(C) determines a canonical map 

S : HCn(A) -> HCn+2(A). 

To define the product γ#ψ of two cyclic cocycles on A and B respectively one proceeds 
formally as follows. One writes: 

γ(α° an) = f a0 da1 ... dan Vaj E A 

v(b° bm) = f b° db1 ...dbm Vbj E B 

and one computes formally the expression: 

Sb°....,an+m®bn+m) 
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where the computation is done in the tensor product of the formal graded differential 
algebras ΩA, AB generated by the symbols da, db (cf. [Co]). 

Let us compute a simple example, say with n = 1 so that φ is a cyclic 1-cocycle on A, and 
with B = C, ψ = σ so that we are computing S<p, a cyclic 3-cocycle on A. We have: 

Sy((α°,α1,α2,α3) = f (a0 0 1) d(al 0 1) d(a2 0 1) d(a3 0 1) 

but d(a 01) = (da) 0 1 + a 0 dl. Note that dl is not 0 in general. Now since φ is a cyclic 
1-cocycle we only get 3 relevant terms among the 8 terms of the expansion of 

(da1 0 1 + a1 0 dl)(da2 0 1 + a2 0 dl)(da3 0 1 + a3 0 dl) 

namely those which invoke only one da. They give: 

f(α° 0 l)(da
1
 0 l)(a

2
 0 dl)(a

3
 0 dl) + f(a

0
 0 l)(a

1
 0 dl)(da

2
 0 l)(a

3
 0 dl) 

+ f(a0 0 1 )(a3 0 d1)(a2 0 dl)(da3 0 1) = φ(α2α3α°, a1) + y(a0a1a2, a3) 

which gives the formula for Sy. We refer to [Co] for more details. 

A key result of cyclic cohomology is the following: 

Theorem 19. Let A be a unital algebra. The following is a long exact sequence of vector 
spaces (i.e. the kernel of each map is given by the image of the preceding one): 

This long exact sequence reduces the problem of computation of cyclic cohomology HC*( A) 
to that of Hochschild cohomology and of the map I ο B in many examples (cf. [Co]). 

For instance for A = V a compact manifold one finds: 

HCk(A) = {closed currents of dimension k} Θ Hk-2(V, C) 0 H
k-4

(VV, C) 0 · · · 

For k > dim V this gives back the de Rham homology. The finite dimensional corrections 
Hk-2j(V. C) are essential in the understanding of the Chern character in K-homology 
([Co]). 

The periodicity map S : HCn(A) —► HCn+2(A) has the remarkable property of leaving 
unchanged the pairing with K-theory: 
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(ST,X) = (τ,χ) Vr € HCn(A) , x € K(A). 

It is thus natural to introduce the stabilized group 

H*(A) = Lim–> (HC*,S) 

filtered by the image of HCn. It is called periodic cyclic cohomology (cf. [Co]). 
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5. The quantized calculus. 

In this section we shall describe a quantized version of the differential calculus which we 
introduced at first as a substitute of calculus for non commutative or quantum spaces. 
It turns out however that this calculus allows one to make computations not allowed by 
distribution theory even in the case of functions of one real variable. This will be explained 
in the first of the three examples below. The second will use the integrality of Fredholm 
indices and get general integrality results as a byproduct of the quantization of the calculus. 
In the third example we shall compute the 4-dimensional analogue of the 2-dimensional 
Polyakov action. Each of these examples is tied up with a formula: 

(1) f f(Z) |dZ|p 

(2) f EdEdE E Z 

(3) f η
μι

, dxu dxv 

In order to give meaning to these formulae we need to specify the involutive algebra A to 
which the symbols Z, E, Χμ belong to. We also need to define the quantum differential da 
for a E A and the integral sign. The algebra A will be the algebra of functions on the space 
X we consider. This space will be the real line or the circle in example 1. It will be the non 
commutative Brillouin zone of the quantum Hall effect, as understood by J. Bellissard, in 
example 2. Finally in example 3 the space X will be a 4-dimensional conformal manifold 
Σ. 

We shall now give two definitions, the main formula (definition 2 below) defines the quan-
tum differential da as an operator in Hilbert space. The origin of the first definition comes 
from K-homology, and we refer to [Co] for a detailed discussion of that theory and its 
origin (cf also section 7). 

Definition 1. Let A be an involutive algebra. A Fredholm module (H.F) over A is given 
by: 
a) An involutive representation A x H —> H of A as operators in Hilbert space, noted 
(α.ξ) —► αξ Va E A, ξ E Ή. 
β) An operator F, F = F*, F2 = 1 in H such that: 

[F, a] is a compact operator for any a E A. 

We shall use the same notation for an element a of A and the corresponding operator a in 
H. 
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Giving the operator F is equivalent to giving the decomposition of Ή as the direct sum of 
the two orthogonal subspaces: 

{ξ E H; FE = E} , {ζ EΗ, FE = -E}. 

Recall finally that an operator T in Hilbert space, is compact iff it is a norm limit of 
operators of finite rank. If we let R

n
 be the set of all operators of rank less than n: 

R
n
 = {S E L(H) , Dim(ImS) < n} then an operator T is compact iff the norm distance: 

(4) μ
n
(Τ) = dist(T,R

n
) Vn E N 

satisfies μ
η

(Τ) —► 0 when n —► oo. 

Definition 2. Let A be an involutive algebra, (H,F) a Fredholm module over A. Then 
the quantum differential da, a E A is defined as: 

da = [F, a] = Fa- aF Va E A. 

By hypothesis da is small inasmuch as it is a compact operator and compact operators 
play the same role among bounded operators as do infinitesimal numbers among numbers. 
In particular they form a two sided ideal, noted k C L(H): 

(5) Tj E k –> T1 +T2 € k 

Τι E it , T2 E L(H) =» Τ
λ
Τ

2
 , Τ

2
Τι E k. 

Exactly as infinitesimals have orders, one can filter the ideal k of compact operators by 
more refined ideals. Let us say that a compact operator T is of order a, for a > 0, when: 

(6) μn(Τ) = 0(n- a) for n —► oo 

(i.e. there exists a constant C such that μ
η
 < Cn- a). The definition (4) of μ

η
(Τ) and the 

obvious inclusions 

R
n
 + Rm C Rn+m . RnL = LRn = R

n 

show that one has the general inequalities 

(7) μn+m(T1 + T2 ) < μ
η

(T1) + U
m

(T2) 
μ

η+m
{Τ1 T2 ) < Un(Τ 1 ) μm(Τ2) 

μ
η
(ΤΤι) < ||T|| Un(T1) 

μ»(ΓιΓ)<||Γ|| μ»(Γ!) 
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valid for any pair of positive integers, any Ti,T2 E k and T E L(H). 

It thus follows that operators of order a form a two sided ideal, and that moreover: 

(8) T1 of order a , T2 of order β–> T1T2 of order a + β. 

Our main new tool will be the Dixmier trace which will apply to operators of order 1 and 
neglects all operators of higher order. It is best to keep our analogy with infinitesimals, the 
Dixmier trace will allow us to integrate infinitesimals of order one and will neglect those 
of higher order. 

It thus follows that the interesting range, for the order a, is the interval ]0,1]. We are not 
interested in the higher orders which we shall neglect. This might at first seem surprising 
since in dimension k one will necessarily invoke integrals of the form: 

ί fix) \dx\k-

The point is that on a space X of dimension k the order of the quantum differential dx of 
an element x E A is 1/k. At a more technical level it is important that, for a E ]0,1[ the 
ideal of operators of order a is a normed ideal (cf. [Go-K]). More precisely, with a = 
p E ]1,00[, it is the ideal obtained by real interpolation theory from the ideals k of 
compact operators and Cl of trace class operators. A natural norm on is given by: 

(9) 

For p > 1 one checks that the ideal of operators of order 1/p is a Banach space for the 
norm (9); the triangle inequality holds for any of the norms σN thanks to the equality (cf. 
[Go-K]) 

(10) σN(Τ) = Sup {||TE|| 1 , E an N-dimensional subspace} 

where || ||1 is the Ll-norm, ||T||1 = Trace (|T|). 

For p = 1 one has to be more careful and the correct norm is: 

(ID 

It is clear that any operator of order 1 has finite norm for (l,oo) so that the ideal of 
operators of order 1 is contained in the normed ideal L(1,oo) defined by (11). It is the 
latter ideal which is the natural domain for the Dixmier trace which we shall now define. 
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The Dixmier trace Tr
w

 is first defined for positive operators, and then extended by linearity 
to arbitrary elements of L(1,oo). Let T > 0, T E L(1,OO) The characteristic values μη(Τ) 
defined by (4) are the eigenvalues of T arranged by decreasing order of size. Thus the 
partial sums for the trace of T are 

By (11) the only thing we can assert is that oN(T) = O(log N) so that for some constant 
oo 

C one has ON(T) < Clog N. In particular the trace of T, trace (T) = Σ Uη(Τ) is in 
o 

general divergent, but not more than logarithmically. The basic formula for the Dixmier 
trace is: 

(12) 

Since the eigenvalues μ
η
(Τ) are unitarily invariant (i.e., μ

η
(UTU*) = μ

η
(Τ) for U unitary), 

N-1 
so is the sequence (1/ log N) Σ μ

η
(Τ). There are two problems with the above formula: 

n=0 
its linearity and its convergence. 

To handle linearity, for Ti > 0, Ti E L(1,0Ο)(Ή) one has to compare 

and 

The subadditivity of oN shows that yN < αN + β.Ν· Next, by (10) we have, for T > 0, 

aN(T) = sup{Trace(TE) . dimE = N}, 

and it follows ( [Di4]) that 

σΝ(Τ1 ) + 0N(T2) < o2N(T1 + T2), 

as one sees by taking the linear span E = E1 V Ε2 of two N-dimensional subspaces E1, E2 

of Ή. We thus have 
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Since — 1 as N —♦ oo, we see that linearity would follow easily if we had convergence. 
Now, from the hypothesis Ti G £(1,0°) (H), the sequences aN, BN, yΝ are bounded and 
thus, even without the convergence, we get a unitarily invariant positive trace on C^1,00\7i) 
for each linear form limw = l on the space l°°(N) of bounded sequences that satisfies the 
following conditions: 
α) lim

ω
(αn) > 0 if an > 0, 

β) limw(an) = lim(an) if a
n
 is convergent. 

y) lim
w
(a1,a1,a2,a2,a

3
,a

3
,...) = limw(a

n
). 

Condition y) is a crucial condition of scale invariance. To get it one uses Cesaro summation 
for dyadic blocks 2N-1 <n< 2N (cf. [Di

4
] and [Co] for more details). 

Definition 3. For T > 0, T € £(1,0°)(H), we set 

The above inequalities show that Tr
w

 is additive: 

Tr
ω(T1 + T2) = Tr

w
(T1) + Trw(T2) (VTi > 0 , Ti, € 

Thus, Tr
w
 extends uniquely by linearity to the entire ideal Cll,ca,(H) and has the following 

properties: 

Proposition 4. a) If T > 0 then Tr
ω

(Τ) > 0. 
b) If S is any bounded operator and T G €{1,οο)(Ή.), then Tr

w
(5T) = Tr

w
(TS). 

c) Tr
ω

(Τ) is independent of the choice of the inner product on Ti, i.e., it depends only on 
the Hilbert space H as a topological vector space. 

d) Trw vanishes on the ideal , which is the closure, for the || ||1,oo-norm, of the 
ideal of finite-rank operators. 

Property c) follows from b) since, for S bounded and invertible. 

(13) Trw(STS-1) = Tw(T) (VT e Ôhca)(H)). 

Property d) has an obvious corollary: 

(14) 

i.e. if ημ
η
(Τ) — 0 when n —► oo. 
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It is this vanishing property of the Dixmier trace that makes it possible to neglect all 
operators of order higher than one. We shall now discuss the problem of convergence of 

the sequence £ μ
η

(Τ). 

For a positive operator T G £(1,οο)(Ή), the complex powers T9 (s G C, Re(s) > 1) make 
sense and are of trace class, so that the equality 

(15) 

defines a holomorphic function in the half-plane Re(s) > 1. Now, the Tauberian theorem 
of Hardy and Littlewood can be stated as follows: 

Proposition 5. For T > 0, T G the following two conditions are equivalent: 

1) (s — 1) ((s) —* L as s — 1+; 

Under these conditions, the value of Tr
ω

(Τ) is of course independent of ω, and if £(s) has 
a simple pole at s = 1, this value is just the residue of ζ at s = 1. 

As an example of a rather general situation in which the above type of convergence is 
satisfied, let us make the connection between the Dixmier trace Tr

w
 and the notion of 

residue for pseudo differential operators, introduced by Manin [Mani1], Wodzicki [Wo
2

] 
and Guillemin [Gu]. 

Proposition 6. Let M be an n-dimensional compact manifold and let T G OP-n(M, E) 
be a pseudodifferential operator of order —n acting on sections of a complex vector bundle 
E on M. Then: 
1) The corresponding operator T on Ή = L2(M.E) belongs to the ideal 01,ΌΟ\Τί). 
2) The Dixmier trace Ύτ

ω
(Τ) is independent of ω and is equal to the residue Res(T). 

Let us recall that the Wodzicki residue Res(T) is given by a completely explicit formula 
from the principal symbol σ-n(Γ) = σ( Τ). The latter is a homogeneous function of degree 
— n on the cotangent space T*M of M. consequently the following integral is independent 
of the choice (using a metric on M) of the unit sphere bundle S*(M) C T*(M) with its 
induced volume element: 

(16) Res(T) = / tracer (σ) ds. 

It is quite important for our later purposes that the Wodzicki residue continues to make 
sense for pseudodifferential operators of arbitrary order [Wo2]. It is the unique trace which 
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extends the Dixmier trace and is given by the same formula (16) applied to the symbol of 
order –n of T. We shall come back to this point in example 3. 

In general, for T G  L(1,∞), T ≥ 0, it is not true that the sequence (12) is convergent, so 
that the value of Tr

ω
(Τ) depends, in general, on the limiting procedure ω. This feature of 

the Dixmier trace is tied up with its non normality, (cf. [Di4]), and it is precisely this non 
normality which we shall use in a positive manner in example 1 to pass, in the context of 
Julia sets, from the harmonic measure to the Hausdorff measure. 

To summarize the above discussion, we now have at our disposal the notions of quantum 
differential (definition 2), of order of a compact operator (6) and its main properties, 
together with the notion of integral given by the Dixmier trace (proposition 4) which 
neglects operators of order higher than one (14). 

The general principle that we shall use now is that while the ordinary trace of quantum 
differential expressions is in general difficult to compute and non local, the Dixmier trace 
of such expressions, thanks to the simplifications due to (14), is much easier to compute 
and yields local quantities expressible in classical terms. 

Let us now pass to examples of quantized calculus. 

Example 1. ∫ f(Z) \dZ\p. 
In this example we shall apply our calculus to functions of one real variable and show that 
it gives meaning to expressions which are meaningless in distribution theory. 

Our algebra A is the algebra of functions f(s) of one real variable s  R, we do not specify 
their regularity at the moment. To quantize the calculus we need a representation of A in 
a Hilbert space H and an operator F as in definition 1. The representation of A is given by 
a measure class on R and a multiplicity function (cf. section 2 theorem 4). Since we want 
the calculus to be translation invariant the measure class is necessarily the Lebesgue class 
and the multiplicity is a constant. We shall take it equal to one, the more general case does 
not bring anything new. Thus, so far. we have functions on R acting, by multiplication 
operators in the Hilbert space L2(R): 

(1) H = L2(R) , (fξ)(s) = f(s) ξ(s) s  R , ξ  L2(R). 

Any measurable bounded function f  L∞(R) defines a bounded operator in H by the 
equality (1). 

Since we want the calculus to be translation invariant, the operator F must commute with 
translations and hence be given by a convolution operator. We shall also require that it 
commutes with dilatations, s → λs, λ > 0 and it then follows easily (cf. for instance 
[Stein]) that the only non trivial choice of F. F2 = 1, is the Hilbert transform, given by: 

(2) 



where the integral is taken for s — t > ε and then ε → 0. 

The quantum differential df = [F, f] of f  L∞(R) has the following very simple expression, 
it is the operator in L2(R) associated by the equality: 

(3) Tξ(s) = ∫ k(s,t) ξ(t) dt 

to the following kernel k(s,t)\ s,t  R 

(4) 

(Up to the factor 1/τi which we ignore.) 

Note that the group SL(2, R) acts by automorphisms of the Fredholm module (Ή, F), 
generalising the above invariance by translations and homotheties. Indeed, given g = 

[a b c d]  SL(2, R) (so that a, b, c, d  R. ad — bc = 1), we let g-1 act in L2(R) by the 

unitary operator: 

(5) 

One checks that this representation of SL(2, R) commutes with F. Its restriction to 
{ξ , Fξ = ±ξ} are the two mock discrete series. The corresponding automorphisms 
of the algebra of functions on R are given by: 

(6) 

Using an arbitrary fractional linear transformation from the line R to the unit circle S1 = 
{z  C , z = 1}, such as 

(7) 

we can transport the above Fredholm module to functions on the circle S1. It is described 
as follows: 

(8) H = L2(S1.dθ) with functions on S1 acting by multiplication (as in (1)) 
F = 2P — 1 where P is the orthogonal projection on 

H2(S1) = {ξ  L2 ; ξ(η) = 0 n < 0} 
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(where ξ is the Fourier transform of ξ). 

The two situations, with R or S1, are unitarily equivalent provided we take in both cases 
the von Neumann algebras of all measurable bounded functions. We shall keep both. Our 
first and easy task will be to quote a number of well known results of analysis (cf. [Stein] 
[Pow] [Pel]) allowing to control the order of df = [F, f] in terms of the regularity of the 
function f  L∞. 

The strongest condition we can ask to df is to belong to the smallest non trivial ideal 
of operators, namely the ideal R of finite rank operators. The necessary and sufficient 
condition for this to hold is a result of Kronecker (cf. [Pow]): 

(9) Let f  L∞, then df  R f is a rational fraction. 

This result holds for both R and S1, in both cases the rational fraction is equal a.e. 
to f and has no pole on R (resp. S1). 

The weakest condition we can ask to df is to be a compact operator. In fact we should 
restrict to the subalgebra of L∞ determined by this condition if we want to comply with 
condition β) of definition 1). 

The answer is known (cf. [Pow]) and easy to formulate for S1. It involves the mean 
oscillation of the function f. Let us recall that given any interval I of S1 one lets I(f) be 
the mean: 1/|I| ∫I f dx of f on I and one defines for a > 0 the mean oscillation of f by: 

A function is said to have bounded mean oscillation (BMO) if the Ma(f ) are bounded 
independently of a. This is of course true if f  L∞(S1). A function f is said to have 
vanishing mean oscillation (VMO) if Ma(

f) → 0 when a → 0. Let us then state the result 
of Fefferman and Sarazon (cf. [Pow]). 

(10) Let f  L∞(S1) then [F,f]  k  f  VMO. 

Every continuous function f  C(S1) belongs to VMO but the algebra VMO ∩ L∞ is 
strictly larger than C(S1 ). Its elements are called quasi-continuous functions. For instance 
the boundary values of any bounded univalent holomorphic function f  H∞(S1) belong 
to VMO but not necessarily to C(S1). 

The next question is to characterize the functions f  L∞ for which 

[F.f]ecp 

for a given real number p  [1, ∞[. 

Here Lp is the Schatten ideal. 
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(11) Lp = {T  k , Σ μ
η
(T)p < ∞}. 

This question has a remarkably nice answer due to V.V. Peller [Pel] in terms of the Besov 
spaces B1p/p of measurable functions. 

Definition 1. Let p  [1, ∞[. Then the Besov space B1p/p is the space of measurable 
functions f on S1 such that 

∫ ∫ | f(x + t) — 2f(x) + f(x — t)
p
 t-

 2
 dx dt < ∞. 

For p > 1 this condition is equivalent to: 

∫∫|f(x +t) — f(x)|p t -2 dx dt < ∞ 

and the corresponding norms are equivalent. For p = 2 one recovers the Sobolev space of 
Fourier series, 

The result of V.V. Peller is then the following: 

(12) Let f  L∞(S1 ) , p  [1, ∞[ , then [F, f]  Lp  f  B1p/p. 

(Note at this point the nuance between Lp and L(p,∞), i.e. for p > 1 between Σ μρn < ∞ 
and μ

η
 = 0(n- 1 / p). One has for instance Lp C L(p,∞) C Lq for any q > p.) 

To end this summary of classical results let us note that, for f  L∞(S1), the operator 
df = [F, f] anticommutes with F by construction and is hence given by an off diagonal 
2 x 2 matrix in the decomposition of L2(S1) as a direct sum of eigenspaces of F. This 
2 x 2 matrix is lower triangular, i.e. (1 — P)fP = 0 with P = 1+F/2, iff f  H∞(S1), i.e. f 
is the boundary value of an holomorphic function in the disk. 

(13) Let f L∞(S1) , then f  H∞(S1) (1 — P)fP = 0. 

In particular df1 df2 = 0 for any f1, f2  H∞(S1). Moreover, for f  H∞(S1) there 
is a very simple criterion for f to belong to the Besov space , p > 1, which is a 
straightforward consequence of the definition of these spaces (cf. [Stein]). 

(14) Let f  H∞(S1) , p > 1 . then f  B1p/p  ∫Diskf'(z)p (1 - z)p-2 dz dz < ∞. 
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(We have used the same letter f for the function f in the unit disk with boundary S1.) 

The right hand side can easily be controlled when the function f is univalent in the disk, 
in terms of the domain Ω = f(Disk). Indeed by the Koebe 1/4 theorem (cf. [Ru]) one has, 
for f univalent: 

(15) 1/4(1-|z|2) |f'(z)| ≤ dist(f(z),∂Ω) ≤ (l - |z|2) f'(z). 

It is thus straightforward to estimate the size of the quantum differential df = [F, f] of a 
univalent map f in terms of the geometry of the domain f(Disk) = Ω. 

Theorem 2. ([Co-Su]) For any po > 1, there exists finite constants bounding the ratio of 
the following two quantities: 

Trace (|[F, f]p)  ∫Ω dist(z,∂Ω)p- 2 dz dz 

for any univalent function f and any p ≥ P0. 

(We use the symbol α  β to mean that α/β and β/α are bounded.) 

The interval of p's such that the right hand side is finite has a lower bound, known as 
the Minkowski dimension of the boundary ∂Ω (cf. [Fe]). It is easy to construct domains 
with a given Minkowski dimension p  ]1,2[ for ∂Ω. We want to go further and relate the 
p-dimensional Hausdorff measure Λp with the following formula: 

(16) Traceω (f(Z) dZp) f  C(∂Ω) 

where Traceω is the Dixmier trace and dZ = [F. Z] the quantum differential. Here Z is 
the boundary value. Z  H∞(S1) of a univalent map: Z : Disk → Ω. The formula (16) 
defines a Radon measure provided 

(17) dZ  L(ρ,∞) 

which insures that |dZ|p  L(1,∞) is in the domain of the Dixmier trace. 

Of course Z is in general not of bounded variation and, had we taken dZ as a distribution 
the symbols |dZ| and |dZ\p would be meaningless. 

To compare (16) with the Hausdorff measure Λp, let us first remind the reader of the 
construction of the latter. We thus open a small parenthesis. 

Hausdorff measure and the Caratheodory construction. 
Let (X,d) be a metric space. For any function ϕ from R+ to R+, (the prototype being 
ϕ(t) = tp for some positive real number p), one defines a countably additive measure Λϕ 
on the Borel tribe of X by the following equality: 

61 



(18) 

where (Bi) runs through all coverings of A by balls Bi of diameter less than ԑ. Note that 
as ε decreases the quantity 

(19) 

increases. In particular the limit always exists in [0,+∞]. The fact that Λϕ is always 
countably additive is non trivial. Nothing insures that Λϕ(Α) is finite and not zero for 
some subset A. Given (X,d) this requires in general a very careful choice of the gauge 
function ϕ. The most standard choice is ϕ(t) = tp giving rise to the notion of Hausdorff 
dimension of a subset A 

(20) Hausdorff dim(A) = p iff Λρ+
ε
(Α) = 0 ԑ > 0 Λp+ԑ(A) = ∞ ε < 0. 

Nothing insures that ΛP(A) is not 0 or ∞. 

In full generality the Hausdorff dimension is not the same as the Minkowski dimension 
(cf. [Fed]) but we shall now specialize to domains Ω whose boundaries ∂Ω are the Julia 
sets of iteration theory. More precisely let us consider a complex parameter c, inside the 
Mandelbrot cardioid. and iterate the mapping: 

(21) z → ψ(z) = z2 + c. 

The set Ω = {z  C : {ψon(z)} bounded} is the closure of a simply connected domain Ω 
whose boundary C = ∂Ω is a Jordan curve, the Julia set of ψ, whose Hausdorff dimension, 
satisfies 1 < p < 2. by a result of D. Sullivan (c ≠ 0). Let then Z : Disk → Ω be the 
Riemann mapping. 

Theorem 3. ([Co-Su]) There exists a smallest p  ] 1,2[ such that dZ  L(p,∞) p is equal 
to the Hausdorff dimension of C. There exists a non zero finite constant such that: 

∫ f dΛ
p
 = λ Tr

ω

(f(Z) dZp) f  C(∂Ω). 

The value of the non zero finite constant λ is related to the rational approximation of Z 
by rational fractions (cf. [Co-Su]). This theorem could not hold if the Dixmier trace had 
been a normal functional. Indeed the two natural measures carried by the Julia set C are 
α) The Hausdorff measure Λρ β) The Harmonic measure. The latter is defined by the 
equality: 
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(22) ∫ f dv
Z0

 = f(z0) fC(∂Ω) 

where z0 is a chosen point in Ω and f is the unique harmonic function in Ω, continuous on 
Ω and equal to f on ∂Ω = C. The class of the harmonic measures ν

Z0
 is independent of 

the choice of Z0 and is equal to the image by Z : S1 → C of the Lebesgue measure class. 

Now, and as soon as p > 1 one has 

(23) Λp is disjoint of v
Zo Z0  Ω. 

By construction any measure defined by the formula: 

(24) h(f) = L(f(Z)\dzn Vfecm 

is automatically absolutely continuous with respect to the image by Z of the Lebesgue 
measure, (i.e. the harmonic measure), provided that the functional L is normal. It is 
thus a great virtue of the Dixmier trace to allow, by its non normality, to exit from the 
harmonic measure class. 

We shall end the discussion of this example by two important remarks. 

Remark 4. Let C C C be a Jordan curve whose 2-dimensional area is positive, Λ2(C) > 0. 
(The existence of such curves is an old result of analysis.) Let Ω be a bounded simply 
connected domain with boundary ∂Ω = C and let Z : Disk → Ω be the Riemann mapping. 
Then the finiteness of the area of Ζ(Ω) shows that: 

(25) dZ  L2 (i.e. Trace((dZ)* dZ) < ∞). 

This provides us with a very interesting example of a space C (or equivalently S1 with the 
metric dZ dZ) which has non zero 2-dimensional Lebesgue measure, but whose dimension 
in our sense is not 2 but rather 2—, inasmuch as Trace((dZ)* dZ) is finite rather than 
logarithmically divergent. 

Remark 5. The above quantized calculus extends to functions of several real variables, 
i.e. to functions on manifolds (cf. [Co]). This extension is particularly nice in the context 
of even dimensional conformal manifolds (cf. [Co] [C-S-T]) and in particular for compact 
Riemann surfaces, i.e. complex curves. We shall thus briefly explain how to quantize the 
calculus on a compact Riemann surface Σ. In view of the above theorems 2 and 3, this 
might be relevant when working with random surfaces in statistical mechanics or in the 
higher dimensional iteration theory involved in renormalization group techniques. We are 
given Σ as a complex curve or. equivalently, as an oriented real conformal surface. We 
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assume it is compact. We then define the Fredholm module (H, F) over the algebra of 
functions on S1 as follows: 

a) H is the Hilbert space of 1-forms on Σ with the inner product: 

áω1,ω2ñ =
 ∫∑

 ω1 Λ * ω2· 

The action of functions is by multiplication operators, 

(fω)(ρ) = f(p) ω(ρ) p  Σ. 

b) F = 2P — 1 where P is the orthogonal projection on the image of the operator d : 
{df , f a function on Σ}. 

This construction obviously only depends upon the conformal oriented structure of Σ. 
With a little more care (cf. [Co] [C-S-T]) one can also insure that F anticommutes with 
the natural Z/2 grading γ of 1-forms. It is also very important that the notions of Beltrami 
differentials and of modification of F due to a change of conformal structure fit remarkably 
well with our framework and are meaningful for arbitrary Fredholm modules, thanks to 
the Moebius group of von Neumann algebras (cf. [Co]). 

Example 2. ∫ EdEdE  Z 
Let A be an involutive algebra and (H,F) be a Fredholm module over A. We shall say 
that (H,F) is even if the Hilbert space H. is Z/2 graded by a grading γ, γ = γ*, γ2 = 1 
such that: 

(1) γa = aγ a  A , γF = —Fγ. 

Otherwise we say that (H,F) is odd. 

Let then n  N be an integer, assume that (H,F) has the same parity as n and that it is 
η + 1 summable, that is: 

(2) [F, a]  Ln+1(H) a  A. 

We shall now imitate the usual construction of differential forms on a manifold to construct 
an n-dimensional cycle (Ω, d. ∫) on A in the following sense: 

Definition 1. a) A cycle of dimension n is a triple (Ω, d ∫) where Ω =  Ωj is a graded 

algebra over C, d is a graded derivation of degree 1 such that d2 = 0, and ∫ : Ωη → C is a 
closed graded trace on Ω. 

b) Let A be an algebra over C. Then a cycle over A is given by a cycle (Ω, d, ∫) and 
a homomorphism p : A → Ω0. 
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One can show ([Co]) that a cycle of dimension n over A is essentially determined by its 
character, the (n + l)-linear function τ, 

τ(a0,...,an) = ∫ p(a0) d(p(a1)) d(p(a2))· . . d(p(an)) aj  A 

and the functionals thus obtained are exactly the cyclic cocycles on A. 

Let us now construct the cycle associated to the above Fredholm module. The graded 
algebra Ω* = Ωk is obtained as follows. For k = 0, Ω0 = A, for k > 0 one lets Ωk be the 
linear span of the operators: 

(3) ω = a0[F, a1] . · · [F, a*] aj  A 

The Hölder inequality shows that Ωk C Ln+1/k(H). The product is the product of operators, 
one has 

(4) ωω'  Ωk+k' for any ω  Ωk , ω'  Ωk' 

as one checks using the equality: 

(5) (a0[F, a1] . · · [F, ak]) ak+1 

The differential d : Ω* → Ω* is defined as follows: 

(6) dω = Fω — (—1)κ ωF Ω  

Again one checks that ω belongs to Ωκ+1 using the equality: 

(”) F (a0[F. a1] · · · [F, ak]) — ( —l)k (a0[F, a1] · · · [F, ak]) F = 
[F,a0][F,a11]...[F,ak] ajA. 

(Since F2 = 1, F anticommutes with [F, a] for any a  A and hence [F, a1] · · · [F, ak]F = 
(—1)k F [F,a1] · · · [F,ak].) 

By construction d is a graded derivation, i.e.: 

(8) d(ω1ω2) = (dω1)ω2 + (–l)κ1 ω1 dω2 ωj  Ωkj 
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moreover using F2 = 1 it is straightforward that d2 = 0 since for ω  Ωk, 

F(Fω – (-1)k ωF) + (–1)κ (Fω – (–1)k ωF)F = 0. 

We thus have a graded differential algebra (Ω*, d) and it remains to define a closed graded 
trace of degree n: 

∫ : Ωn → C. 

For this we introduce the following notation. Given an operator T in H. such that FT + 
TF  L1(H) we set: 

(9) Tr'(T) = 1/2 Trace (F(FT + TF)). 

We then define ∫ ω for ω  Ωn by the formulae: 

(10) 
∫ ω = TR'(Ω) if n is odd 
∫ ω = Τr'(γω) if n is even 

In the last formula γ is the Z/2 grading operator provided by the evenness of the Fredholm 
module (H,F). 

These formulae make sense. Indeed for n odd and ω  Ωn, one has FΩ + ωF = dω  
Ωn+1 C Ln+1/n+1 = L1 , while for n even one has Fγω + γωF = γdω  L1 by the same 
argument. 

Proposition 2. [Co] (Ω,d, ∫) is a cycle of dimension n over A. 

Proof. We just need to check that ∫ is a closed graded trace. Since ∫ ω only involves dω 
and since d2 = 0, it is clearly closed: 

∫ dω = 0 ω  Ωn. 

Let then ω  Ωk, ω'  Ωk' with k + k' = n. One has. for n odd: 

As trace (Fω dω') = Trace (dω' Fω). using the equality: 

Trace (T1T2) = Trace (T2T1) , Tj  Lpj , 
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we get ∫ ωω' = (—1)kk' ∫ ω'ω. 

For n even the computation is similar. 

The character of the above n-dimensional cycle is the following cyclic cocycle τn on A: 

(Π) τ
n
(a0,..., an) = Trace' (a0[F, a1] · · · [F, an]) aj  A 

with a γa0 instead of a0 when n is even. 

In the construction of the character τ
n
 of (H, F) the parity of n is fixed by the parity of 

the module but the dimension n is only subject to a lower bound since condition (2) holds 
for any n’ ≥ n if it does hold for n. This means that we get in fact a whole sequence of 
cyclic cocycles, τn+2k, k  N associated to (Ή, F), with n the smallest compatible with 
condition (2). 

It is the comparison between these cyclic cocycles which was ([Co]) at the origin of the 
periodicity operator in cyclic cohomology (section 4): 

(12) S : HCn(A) → HCn+2(A). 

Proposition 3. ([Co]) Let (H, F) be an (n + l) summable Fredholm module over A of the 
same parity as n. The characters τn+2q satisfy 

τm+2 = – 2/m+2 Sτ
m

 in HCm+2(A) , m = n + 2q, q≥0. 

We refer to [Co] for the proof. 

Now the main property of the cyclic cocycles obtained by formula (11), i.e. as characters 
of Fredholm modules, is their integrality, intimately related with the quantization of the 
calculus. This integrality means that when evaluated on K-theory classes, as in section 
4, these cyclic cocycles give integers. These integers are indices of Fredholm operators 
which for instance in the even case are constructed as follows. We let the K-theory class 
x  K0(A) be given by an idempotent e  Mq(A) and we assume for simplicity that q = 1 
(cf. [Co]). 

The matrix of F in the Z/2 decomposition H = H H- such that γ = is 

of the form F = with PQ = 1 in H- and QP = 1 in H+. Let H1 = eH+, 

H2 = eH- and P' = eP/H1, Q' = eQ/H2. Then P' is a Fredholm operator from H1 to 
Q' is a quasi inverse of P' such that P'Q' — 1 and Q'P' — 1 are both in if (H, F) 

is n +1 summable. Indeed these operators are restrictions of 

e — eFeFe = —e [F, e]2 e  Ln+1/2. 
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It then follows that: 

Index P' = Trace (1 - Q'P')k - Trace (1 - P'Q')k 

for any integer k ≥n+1/2. thus we get for any m ≥ n+1/2 

Index P' = Trace (γ(e — eFeFe)m). 

Now the pairing of [e]  K0(A) with the representative τ2m of the Chern character is given 
by: (for m > n+1/2 so that Tr' = Tr), 

(—l)m Trace (γe [F, e]2m) 

which is precisely the same formula. 

We thus have the following fundamental fact: 

Theorem 4. Any representative τ  HC*(A) of the Chern character of a finitely 
summable Fredholm module pairs integrally with K-theory, i.e. 

τ(K) C Z. 

Before we proceed and apply, with Bellissard, this result to the integrality of the Hall 
conductivity on the plateaux, we need to make an important point on the nuance between 
the ordinary trace, Tr, used in the definition of the character τn of a Fredholm module 
and the Dixmier trace Trω used for instance in example 1. 

The point is that there is an easy to compute formula, using the Dixmier trace, namely: 

(13) φ
η
(a0,. .. ,an) = Trω (a0[D,a1] · · . [D,an] \D\-n) aj  A 

(with γa0 instead of a0 in the even case) where D is any selfadjoint unbounded opertor 
such that 

(14) Sign D = F , [D,a] bounded a  A , \D\ _n  L(1,∞). 

The formula (13) defines a Hochschild cocycle and this cocycle is equal to the image I(τn) 
of the character τ

n
 (cf. [Co], chapter 6). Thus the Dixmier trace computes only the 

Hochschild class of the character, i.e. the obstruction (cf. section 4) to lower the dimension 
n. For instance in the case of manifolds (cf. section 4 for the computation of the cyclic 
cohomology of C∞ (manifold)), the Dixmier trace formula above, (13), will only compute 
the top dimensional current of the character, but not the lower dimensional homology 
classes, (the Pontrjagin classes of the manifold) essential to insure the integrality result 
of theorem 4. In other words while the Dixmier trace is easily computable and yields 
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classical formulae, the integrality results involve using the ordinary trace instead. The 
nuance between the two is given by the characteristic classes of the space. 

Let us now come back to the quantum Hall effect. We shall now describe the construc-
tion by Bellissard of a Fredholm module (H, F) over the algebra of functions on the non 
commutative Brillouin zone. We thus use the notations of section 4 and consider the 
natural representation (a,ξ) → aξ of the C*-algebra A in the one particle Hilbert space 
L2(R2) = H. 

The even Fredholm module (H' ,F, γ) over A is defined as follows: 

(15) 

where U is the operator in L2(R2) of multiplication by the function u, 

It is not difficult to see in the case of periodic crystals that the formula (15) defines an even 
summable Fredholm module over the C*-algebra A which quantizes the cyclic 2-cocycle 
giving the Hall conductivity by the Kubo formula (cf. section 4). 

What is quite remarkable is that the same formula (15) continues to work in the presence of 
disorder and continues to quantize the Hall conductivity in situations where the spectrum 
of the Hamiltonian no longer has gaps. This is the real situation, in real samples, due to the 
presence of small amounts of impurities the charge carrier density N and the Fermi level μ 
are monotonic functions of each other and the spectrum of the Hamiltonian H is equal to 
[0,+∞[. This shows that the spectral projection Ε

μ
 no longer belongs to the C*-algebra 

A. Thus Εμ only belongs, a priori, to the von Neumann algebra W weak closure of A in 
the Hilbert space H'. However J. Bellissard proved that, when μ lies in a region of localized 
states, not contributing to the conductivity, the spectral projection Εμ is quasicontinuous 
in the following sense (compare example 1). 

Definition 5. Let A be a C*-algebra and (H,F) a Fredholm module over A. Let W be the 
von Neumann algebra weak closure of A. Then an element f  W is called quasicontinuous 
iff 

[F. f]  k 

(i.e. is a compact operator). 

Using on the algebra of functions of the Hamiltonian {f(H) , f  Co(R)} the Fredholm 
module given by formula (15), we can thus state the general result of J. Bellissard: 
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Lemma 6. If μ lies in a gap of extended states of H then the characteristic function 
Εμ(l) = {1 if l < μ ; 0 if l > μ} is quasicontinuous on Spectrum H. 

It follows then that exactly as in the periodic case, the Fredholm module (15) quantizes 
the Hall conductivity on the plateaux. We refer to [Bel] and [Co] for a more detailed 
description of the general case. 

Example 3. The trace of the metric. 
In this section we shall use the quantized calculus to find the analogue in dimension 4 of 
the 2-dimensional Polyakov action, namely: 

(1) 

for a Riemann surface Σ and a map X from Σ to a d-dimensional space M. 

Our first task will be to write the Polyakov action (1) as the Dixmier trace of the operator: 

(2) Σ nij dXi dXj 

where now dX = [F, X] is the quantum differential of X taken using the canonical Fredholm 
module (H, F) of the Riemann surface Σ. 

The same expression will then continue to make sense in dimension 4, i.e. with Σ re-
placed by a 4-dimensional conformal manifold. The action we shall get will be conformally 
invariant by construction and intimately related to the Einstein action of gravity. 

In general, given an even dimensional conformal manifold Σ, dim Σ ± n = 2m, we let 
Ή = L2 (Σ.Λ£ T*) be the Hilbert space of square integrable forms of middle dimension, 
in which functions on Σ act as multiplication operators. 

We let F = 2P — 1 be the operator in H obtained from the orthogonal projection P on 
the image of d. It is clear that both Ή. and F only depend upon the conformal structure 
of Σ, which we assume to be compact. 

In terms of an arbitrary Riemannian metric compatible with the conformal structure of Σ 
one has the formula: 

(3) F = (dd* - d*d)(dd* + d*d)- l on Τ2(Σ. Am T*) 

which ignores the finite dimensional subspace of Harmonic forms, irrelevant in our later 
computations (cf. [Co] for a definition of F taking this in account). 

By construction F is a pseudodifferential operator of order 0, whose principal symbol is 
given by: 
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Lemma 1. The principal symbol σο (F) is given by: 

We have denoted by (resp. ίx) the exterior multiplication (resp. interior) by x. 

When n = dim å = 2, one has AJJ T* = and σ0 associates to any ξ ≠ 0, ξ ϵ 
Τ*(Σ), the symmetry with axis ξ. For any function f ϵ C°°(E), the operator [F,/] is 
pseudodifferential of order -1. Its principal symbol is the Poisson bracket {σ0,f}, 

(4) 

For ||Ç|| = 1, decompose df as (ά/,ξ)ξ+η where?; X ξ. Then {σ0,/}(χ,ξ) = 2(e, if+ef i,), 
and its Hilbert Schmidt norm, for n = 2, is given by: 

trace ({σ0,/}(*,£)* {σ0,/}(χ,4)) = 8\\η\\2 , n = df - (df, ξ)ξ. 

The Dixmier trace Ττ
ω
 (f0[F, f\]* [F, /2D is thus easy to compute for n = 2, as the integral 

on the unit sphere S*Σ of the cotangent bundle of Σ, of the function: 

trace (f0 {σ0,/ι}* {σ0,/2}) = 8 f0(x) {dff,dfj~) 

where df1- = df — (df^)Ç by convention. One thus gets: 

Proposition 2. Let Σ be a compact Riemann surface (n = 2), then for any smooth map 
X = (X1) from Σ to Rd and metric ηΐ^χ) on Rd one has 

Both sides of the equality have obvious meaning when the ηij are constants. In general 
one just views them as functions on Σ namely η{j ο X. 

Let us now pass to the more involved 4-dimensional case. We want to compute the following 
action defined on smooth maps X : Σ —► Rd of a 4-dimensional compact conformal manifold 
Σ to Rd, endowed with the metric ηij dxl dxJ. 

(5) Ι = Ίτ
ω
 (ltJ [F,Xl][F,XJ]) . 

Here we are beyond the natural domain of the Dixmier trace Tr^ but we can use the 
remarkable fact, due to Wodzicki. that it extends uniquely as a trace on the algebra of 
pseudodifferential operators (cf. [W02]). For practical purposes the local formula for this 
extension, which we still denote by Trw, is given as follows: 
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(6) 

where Ρ
σ
 is a pseudodifferential operator whose total symbol 

(7) 

has σ_4(:τ,£), as the component of order -4. 

This formula makes sense for scalar pseudodifferential operators, defined in local coordi-
nates x3 by the usual formula: 

(8) 

but, by [W02] it is independent of the choice of local coordinates and defines a trace, Ττω, 
on the algebra of scalar pseudodifferential operators. 

When we consider a vector bundle E over a manifold Σ, and a pseudodifferential operator 
P acting on sections of E, we compute ΤΓ

ω
(Ρ) as follows. Choose local coordinates x3 

and local basis of sections αk for the bundle E. Then P appears as a matrix Pl
k of scalar 

pseudodifferential operators: 

The expression Tr^P) = Tr
W

(P*) is then independent of the choice of the local basis (a*) 
of E and defines a trace. 

It is clear that to compute the action I we just need to compute the following trilinear 
form r on C°°(E). 

(9) 

By construction r is a Hochschild 2-cocycle on C°°(E). We let be the 4-
dimensional differential form on Σ uniquely determined by the equation: 

(10) 

The existence of Ω follows from the general formula for the total symbol of the product of 
two pseudodifferential operators Ρ

σι
, Ρ

σ2
, in terms of σ1 and σ2 : 
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(11) 

where a = (αχ,«2,α3,α4) is a multiindex, α! = αχ! α2! α3! α4! and D“ = (—z)lal d“. 

This formula, applied with Ρ
σχ

 = f0, Ρ
σ7

 = [F, f1][F, f2] shows the existence of Ω. 

Our task is to compute, given x € Σ, the value of the differential form Ω(f1,f2) at x, in 
terms of f1, f2 and the conformal structure of Σ. 

We shall take local coordinates xj around x and let ωα = dxl A dxJ be the corresponding 
basis for our vector bundle E = A ç T* over Σ. 

Let P = [F,f1][F,f2]. It is a pseudodifferential operator of order —2 and in terms of its 
symbol up to order —4: 

(12) σ = σ -2 + σ-3 + σ-4 

where we have omitted the α, β matrix indices. We get the following formula for Ω(f1,f2) 
at x: 

(13) 

where S3 is the unit sphere in the ξ variable and d3x the normalized volume on s3. 
Next the total symbol σ, up to order —4 included, is obtained by formula (11) (and with 
more matrix indices) from the total symbols σ([F. f1]), σ([F,f2]) which we only need to 
know up to order —3 included. To compute them we again use formula (11) for Ff — fF 
and we thus only need to know the total symbol of F up to order —2. 

The computation is done using formula (3) and (11). What matters is the way the variables 
gij enter the formula: 

Lemma 3. The total symbol σF of F, up to order —2 included, is a 6 x 6 matrix of the 
form: 

σ = σ0 + σ_λ + σ_2 

where σζ only invokes gij(x), σ£^ is linear in the 1-jet of the metric (at x) with coefficients 
depending smoothly on gij(x), crf_2 is linear in the 2-jet of the metric + quadratic in the 
1-jet of the metric, with coefficients depending smoothly on gij(x). 

Proof. Both operators dd* —d*d and Δ = dd* + d*d acting on AçT* = E can be expanded 
in our local basis in the form: 
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(14) 

where p2,q2 only invoke the gij(x), and p1,q1, p0,q0 have the properties indicated in the 
lemma for σ£1? σ£2 (cf. for instance [Gi1] lemma 2.4.2 p.118). 

Now to compute the total symbol σ(Δ_1) up to order —2 let us denote by o the product 
of symbols as defined by formula (11). One has: 

(15) 

where, with ρ(x,ξ) = (ρ2(χ,ζ)) 1 one lets 

(16) 

be the total symbol of Δ ο p up to order —2 included. By construction p only depends 
upon the gij(x), so that by the formula (11) the symbols ε-1, ε-2 satisfy the conditions 
of lemma 3 (with ε-k linear in the k-jet of the metric + square of 1-jet for k = 2). 
It thus follows from the formula (15) that σ(Δ-1) has a similar expansion: 

(IT) 

with σ_2-Ατ(Δ 2) linear in the k-jet of the metric + eventual quadratic terms for k = 2. 

Finally when we compute the composition 

a(dd* — d*d) ο σ(Δ- l) = σζ + + <X-2 

we get, using formulas (14) and (11) the required property. 

Now the total symbol of [F1,f], up to order —3 included, is of the form: 

(18) 

Note that the differentiation d^ does not alter the properties of a][k stated in the lemma, 
so that for instance is linear in the 1-jet of the metric. 
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To compute Ω(f1, f2 ) we need the component of order —4 of the total symbol of [F, f1 ] [F, f2]. 
This component σ

-4

 is obtained by composition (i.e. using formula (11)) of the expressions 
(18) applied to f1 and f2. We thus get: 

(19) 

where the sum is restricted to |α| > 1, |β| > 1, |α| + k -f |β| +1 < 4, and one takes in the 
composition o of the symbols, its component of degree —4 only. In other words, using (11) 
and dg(Dafi) = 0 we get: 

(20) 

where the sum is restricted to |α| > 1, |β| > 1, |a| + \β\ + |g| + |d| + k + l = 4. The 
inequality k + |g| + l < 2 allows to write σ-4 as a sum of 3 terms according to the value of 
k + |g| + l ϵ {0,1,2}. The term σ^\ = £ depends only upon the gij(x). The term 

<7^4 = Σ is linear in the 1-jet of the metric with coefficients depending smoothly 

on the gij. The term is the sum of a linear term in the 2-jet of the metric 

and of a quadratic term in the 1-jet, both with coefficients depending smoothly on the gij. 
Since |α| + |β| + |d| = 2 if k +l + |g| = 2 we see that only involves the 1-jet of f1 and 
f2 at x. 

These properties of σ^4
 obviously persist after integration of the ξ variable on the unit 

sphere S3 of Χ*(Σ). Choosing the coordinates xj to be geodesic normal coordinates at the 
point x, we can assume that gij(x) =

 tJ
·, that the 1-jet of gij at x vanishes and that the 

2-jet is expressed in terms of the curvature tensor Rijkl, at x. We thus get: 

Lemma 4. There exists a universal bilinear expression B(Va df1 , df2) and a trilinear 
form C(R, df1, df2) such that: 

where R is the curvature tensor, V the covariant differentiation and du the volume form 
of a Riemannian structure compatible with the given conformal structure. 

In order to determine the bilinear expression B we just need to perform the computation 
of Ω(f1,f2) in the flat case. Note that our notation Va is ambiguous for |α| > 1 since 
the covariant derivatives do not commute, but only |α| < 2 will be involved and the 
corresponding ambiguity is absorbed by the term C(R, df1, df2). We shall determine C 
using conformal invariance of Ω(f1,f2), but let us begin by the computation of Ω in the 
flat case. 
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In the flat case we have: 

(21) 

As is independent of x, the formula (20) simplifies to 

(22) 

where the sum is performed for multiindices α,β,δ such that |α| + |β| + |d| = 4, |α| > 1, 

Let us consider the function of three vector variables ξ, μ, v given by 

(23) 

where the sum is performed with the same conditions as in (22). By construction we thus 
have in the flat case 

(24) 

where Σ A
a
j μα νβ = fs3 f(ξ,μ,ν) 

To determine the function /(ξ, μ, v) we use the equality: 

(25) f(£, μ, v) = ς(ξ, μ + v.v) + terms not involving μ 

where μ(ξ, μ, v) = Σ T- -L trace ^<9^ GQ dc G$ ^ μα v‘3 with the sum performed for |α| > 1, 
|β| > 1, |α| + |β| = 4. Thus <?(ξ, μ, v) reads of from the Taylor expansion of /ι(ξ + μ, ξ 4- v) 
with: 

(26) h(ξ,n)= trace (σ^(ξ) σξ(η)) =2(ξ,η)2 ||ξ|| 2 \\η\\ 2 + constant. 

A straightforward calculation of the Taylor expansion of h on the diagonal gives: 

(27) 
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If we use on S3 the normalized volume element of integral one we have: 

(28) 

(29) ∫ S3 <ξ,v >3 <ξ, v> d3 ξ = 1/8 <µ,v >||µ||2. 

We thus get: 

(30) ∫S3 g(ξ,μ,ν)
 d3

ξ = - ||μ||
2

 <µ,v> + (μ, ν)
2
 + ½ \\μ\\

2 \\ν\\2 - ||v||
 2 (μ,ν). 

Using equality (25) we just need to determine the terms involving both μ and v in the 
expression: 

-|| μ + v|| 2 (μ + ν,ν) + (μ + ν, ν)2 + ½ || μ + v|| 2 || v|| 2 - ||v||2 (μ + v, v) 

and we get the desired result: 

(31) Σ Α
α

,
β
 μa vB = -|| µ|| 2 (μ,ν) - (μ,ν)2 - ½ || µ||

 2 || v|| 2 - || v|| 2 (μ,ν). 

Using equality (24) we get the following formula for Ω(f1, f2) in the flat case: 

(32) Ω(f1, f
2

) = (-A((df1, df
2
)) + {Vdf1 , Vdf

2
) - ½ Δf1 Δ

f2
) dx1 ^ ... ^ dx4 

where Δ = Σ a2/j is the Laplacian and V the covariant derivative. We can thus use lemma 
4 and summarize what we have found so far in the following: 

Lemma 5. There exists a universal trilinear form C(R, df1, df2) in the curvature R and 
the covectors df1, df2 such that, in full generality, one has: 

(33) Ω(F1,
F2

) = (-A((df1, df
2
)) + (Vdf1 , Vdf

2
) - ½ (Δf1) (Δf2) + C(R,df

1
,df

2
) dv. 

Our next task is to use conformal invariance of Ω(f1, f2 ) to determine the term C(R, df1 , df2 ). 
Thus let us replace the metric gij of Σ by (1 + δ) gij where δ is a smooth function on Σ 
and compute, to first order in δ, the variation of the various terms of formula (33). 
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The perturbation of the Levi Civita connection is given, up to order one in δ, by the 
following bundle map T* → T* ® T*: 

(34) (V' — V)w = — ½ (ω ® dδ + dδ ® W — (dδ, ω) g) ϵ T* ® T* 

where we used the symbol g for the metric viewed as an element of T* ® T*. 

We can then compute the perturbation, up to order one: 

(V'df1, V'df2)'-(vdf1, Vdf2) = 
((V' - V)df1, Vd

f2
) + (Vdf1, (V' - V)df2) + (Vdf1, Vd

f2
)' - (Vdf1, Vd

f2
). 

The first term gives, using (34) and the equality 

(35) (Vdf,g) = Δf Vf ϵ C∞ (Σ). 

-½ <(df1 ® dδ + dδ ® df1 - (dδ,df1) g), Vdf2) 

= -½ (2(df1, Vdδ(df2)) - (dδ,df1) Δf2). 

We can thus rewrite the sum of the first two terms as 

(36) - {dδ,d(df1, df2)) + ½ (dδ, df1) Δf2
 + ½ (dδ, df2) Δf1. 

The last two terms just contribute 

(37) -2i (VdfuVdf2). 

We thus have to add (36) and (37) to get the perturbation of the middle term in (33). 

Similarly the general formula to order one in δ: 

(38) (Δ' - A)h = (dh, dδ) - δΔh Vh ϵ C∞(Σ) 

shows that the perturbations of the first and third terms of (33) are respectively: 

(39) —Δ' (df1,df2)' + Δ(df1, df2) = -(dδ,d(df1,df2))+δA (df1 , df
2

) + Δ(δ (df1, df2)) 
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(40) -½ (Δ'f1 Δ'f2 - Δf1 Δ
f2

) = δ Δ/ι Δ
f2

 - ½ (DF1 , Dδ) Δ
f2
 - ½ (df

2
, dδ) Δf1. 

Adding (36), (37), (39) and (40) gives the following expression for the perturbation T' — T 
of the sum of the first three terms of (33) 

(41) T'-T = -2δT - 2 (dδ, d (df1, df2)) + Δ (δ(df1, df2)) - δ A((df1, df2)). 

The general identity 

(42) A(fh) -f Ah- (Af)h = 2 (df, dh) Vf, h ϵ C∞(Σ) 

applied with f = δ, h = (df1,df2) thus gives: 

(43) Τ' -T = -2δT + (Aδ) (df1, df2). 

Thus, as up to order one in δ we have (dv)' — dv = 2δ dv, the differential form T dv 
satisfies, to order one in δ: 

(44) Τ' (dv)' - T dv = Aδ (df1, df2} dv. 

We hence just need to find C(R, df1, df2) such that 

(45) C' dv' - C dv= -Aδ (df1,df2) dv. 

The perturbation of the Riemannian curvature R viewed as a linear map R : Λ2Τ* → A2T* 
is given by: 

(47) R' -R =-δR+ 1/2 A2(W£) 

where A2(Vd6) is the natural action of the second derivative Vd<5 on A2T*, at the Lie 
algebra level. The curvature scalar, r = trace R thus satisfies: 

(48) r = r = —δr + 3/2 (Δδ). 

We hence get the following natural solution of (45): 
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(49) C(R,df1,df2) = -2/3 r (df1, df2). 

What we know so far is that — 2/3 r (df1, df2) is a possible solution. It is in fact the only one 
since the only other invariant expression C(R,df1,df2) that could be added is a multiple 
of the Ricci tensor applied to df1 ® df2 and one checks that it fails to give, when multiplied 
by dv, a conformally invariant answer. 

We can thus summarize what we found as follows: 

Theorem 6. Let Σ be a 4-dimensional conformal manifold, X : Σ → Rd a smooth map, 
η = ημv

 dxμ dxv a smooth metric on Rd. One has : 

Trw (nµv[F,Xµ] [F,Xv]) = λ∫Σ η
μv

 {-2/3 r (dΧµ, dΧv) 

-A (dχµ , dχv) + (V dXµ, V dXv) - ½ (ΑΧμ)(ΑΧv)} dv 

where r is the curvature scalar of Σ, dv its volume form, V its covariant derivative, Δ 
its Laplacian for an arbitrary Riemannian metric compatible with the given conformal 
structure. 

Of course as we saw in the proof the various terms of the formula such as — 2/3 r (dΧμ, dXv) 
are not conformally invariant themselves, only their sum is. It is also important to check 
that the right hand side of the formula is, like obviously the left hand side, a Hochschild 
2-cocycle. This allows to double check the constants in front of the various terms, except 
for the first one. 

Theorem 6 gives a natural 4-dimensional analogue of the Polyakov action, and in particular 
in the special case when the ημυ are constant, a natural conformally invariant action for 
scalar fields X : Σ → R, 

(50) I(X) = Trw ([F,X]2) 

which by theorem 6, can be expressed in local terms, and defines an elliptic differential 
operator P of order 4 on Σ such that: 

(51) I(X) = ∫Σ P(X) X dv. 

This operator P is (up to the factor ½) equal to the Paneitz’ operator P = A2 + d*{2Ricci — 
4/3r}d ([]) already known to be the analogue of the scalar Laplacian in 4-dimensional 
conformal geometry. 
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Equation 51 uses the volume element dv so that P itself is not conformally invariant, its 
principal symbol is: 

(52) o4(P) (x, ξ) = ½ ||ξ||
4 

which is positive. 

The conformal anomaly of the functional integral 

∫ e- I(X) π dX(x) 

is that of (det P)-1/2 and can be computed (cf. [B-O]). The above discussion gives a 
very clear indication that the induced gravity theory from the above scalar field theory in 
dimension 4 should be of great interest, in analogy with the 2-dimensional case. 
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6. The metric aspect and classical matter fields. 

We have seen in section 5 how to develop a calculus of “infinitesimals”, given a Fredholm 
module (Ή, F) over the algebra A of coordinates on a (possibly quantum) space X. For 
instance when X was an ordinary manifold we saw how to construct canonically a Fredholm 
module from a conformal structure on X. This shows that the above data does not specify 
the metric structure of X. In fact, the first example of section 5, where X = S1 and (Ή, F) 
is the Hilbert transform, shows that the quantum differential expression: 

(1) dZdZ = [F,Z][F,Z) , Z:S1→C 

where Z is the boundary value of a univalent map, yields infinitesimal units of length 
intimately tied up with the metric on Z(S1) induced by the usual Riemannian metric 
dz dz of C. If we vary Z, even the dimension of S1 for the “metric” (1) will change. More 
generally, let A be an involutive algebra and (H, F) a Fredholm module over A. To define 
a “unit of length” in the corresponding space X, we shall consider an operator of the form: 

(2) 

where the Χμ are elements of A (usually selfadjoint but not necessarily) and where η = 
(nμv)μ,v =1, …, d is a positive element of the matrix algebra Md(A). 
We want to think of G as of the ds2 of Riemannian geometry. It is by construction a 
positive “infinitesimal”, i.e. it is a positive compact operator. The unit of length is its 
positive square root : 

(3) ds = G1/2. 

Now the way we shall measure distances in the (possibly quantum) space X is the following. 
Given two pure states φ, ψ of the C*-algebra closure of A, i.e. two points p, q ϵ X in the 
commutative case, with: 

(4) φ(f) = f(p) · ψ(f) = f(q) Vf ϵ A 

we want to use the following formula: 

(5) dist(p,q) = Sup {|f(p) - f(q)| ; f ϵ A , ||df / ds|| < 1}. 

It is clear that both sides only involve p, q through the associated pure states (by (4)). 
Moreover since we are in the non commutative case we need to deal with the ambiguity 
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in the order of the terms in an expression such as df/ds which can be either df(ds)-1 of 
(ds)_1 df or (ds)-a df (ds)-1(1-a) for instance. Instead of handling this problem directly 
we shall assume that G commutes with F (i.e. that dG = 0, a condition similar to the 
Kaehler metric condition), and introduce the following selfadjoint operator: 

(6) D = F(ds)-1 = F G-1/2 

whose existence assumes that G is non singular. 

We shall then formulate equality (5) as follows: 

(7) dist(p,q) = Sup {|f(p) - f(q)\ ; f ϵ A , ||D,f]|| < 1}. 

Now the operator F is by construction the sign of D, while G is obtained by the formula: 

(8) G = D-2. 

Thus it is more economical to give, from the start, the triple (A, H, D) where A is an 
involutive algebra represented in the Hilbert space H, while D is a selfadjoint operator in 
H whose resolvent (D — λ)- 1, A ϵ R is compact. We shall formalise precisely this notion 
of “unbounded Fredholm module” under the name of K-cycle in definition 2 below. (We 
refer to [Co] (theorem 4 chapter 4 section 7) for a general construction of D given A and 
(H,F).) 
Our task in this section will first be to show that Riemannian spaces are special cases of the 
above notion of geometric spaces. We shall then see how the construction of the “QED” 
action involving matter fields and gauge bosons extends to the more general geometric 
spaces we are dealing with. Finally we shall see that our notion of geometric space treats 
on equal footing the continuum and the discrete, while the “QED” action for the simplest 
mixture of continuum and discrete (the product of 4-dim-continuum by a space having two 
points) gives the Glashow-Weinberg-Salam action for the leptons. With more work the 
full standard model action can be interpreted as the “QED” action of a space time with a 
more involved “fine structure”, but we postpone this discussion to the final section since 
it involves a more detailed description of the notion of manifold. 

Riemannian manifolds and the Dirac operator. 

Let M be a compact Riemannian spin manifold and let D = AM be the corresponding 
Dirac operator (cf. [Gi1]). Thus, D is an unbounded self-adjoint operator acting in the 
Hilbert space h of L2 spinors on the manifold M. 

We shall give four formulas below that show how to reconstruct the metric space (Μ, d), 
where d is the geodesic distance, the volume measure dv on M, the space of gauge po-
tentials, and, finally, the Yang-Mills action functional, from the purely operator-theoretic 
data 
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where D is the Dirac operator in the Hilbert space h and were A is the abelian von Neu-
mann algebra of multiplication by bounded measurable functions on M. 

Thus, A is an abelian von Neumann algebra on h, and knowing the pair (h, A) yields 
essentially no information (cf. section 2) except for the multiplicity, which is here the 
constant 2d/2, where d = dimM. Similarly, the mere knowledge of the operator D in h is 
equivalent to giving its list of eigenvalues (λη)η€Ν, λn

 ϵ R, and is an impractical point of 
departure for reconstructing M. The growth of these eigenvalues, i.e., the behavior of |λ

n
| 

as n → ∞, is again governed by the dimension d of M, namely, |λ
n

| ~ Cn1/d as n → ∞. 

What is relevant is the triple (A,h, D). Elements of A other than the constants do 
not commute with D, and the boundedness of the commutator [D, a] already implies the 
following regularity condition on a measurable function a: 

Lemma 1. If a is a bounded measurable function on M, then the densely defined opera-
tor [D, a] is bounded if and only if a is almost everywhere equal to a Lipschitz function f, 
| f(p) - f(q)| ≤ Cd(p,q) (Vp, q ϵ M). 

Here, d is the geodesic distance in M. The operator [D, a] should be viewed in effect as a 
quadratic form 

ξ, η → (αξ, Dη) - (Dξa*η), 

which is well-defined for ξ, η in the domain of D; its boundedness signifies an inequality of 
the form 

\(αξ,Dη) - (Dξ,α*η)| < c||ξ|| ||η|| (Vξ,η ϵ domD) 

The proof of the lemma follows immediately from [Fe]. 

Now, every Lipschitz function on M is continuous and the algebra of Lipschitz functions 
is norm-dense in the algebra of continuous functions on M ; it follows that the C*-algebra 
C(M) of continuous functions on M is identical to the norm closure A in L(h)) of A = 
{a ϵA; [D,a] is bounded}. 

By Gelfand?s theorem (section 3), we can recover the compact topological space M as the 
spectrum of A. Thus, a point p of M is a *-homomorphism p : A → C, 

p(ab) = p(a)p(b) (Va, b ϵ A). 

Any such homomorphism p is given by evaluation of a at p for some point p ϵ M, 

p(a) = a(p) G C. 

All of this is still qualitative ; we now come to the first interesting formula, giving us a 
natural distance function, which turns out in this case to be the geodesic distance: 
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Formula 1. For any pair of points p,q € M, the geodesic distance between them is given 
by the formula 

d(p,q) = sup{|a(p) - a(g)| ; a ϵA, ||[D,a]|| < 1}. 

The proof is straightforward, but it is relevant to go through it to see what is involved. The 
operator [D, a], which (Lemma 1) is bounded if and only if a is Lipschitz, is given by the 
Clifford multiplication iγ(dα) by the gradient da of a. This gradient is ([Fe]) a bounded 
measurable section of the cotangent bundle T*M of Μ, and we have 

||D,a]|| = ess sup ||da|| = the Lipschitz norm of a. 

It follows at once that the right-hand side of Formula 1 is less than or equal to the geodesic 
distance d(p,q). However, fixing the point p and considering the function a(q) = d(q,p), 
one checks that a is Lipschitz with constant 1, so that ||[D, a]|| < 1, which yields the desired 
equality. Note that Formula 1 is in essence dual to the original formula 

d(p, q) = infimum of the length of paths γ from p to q, (*) 

in the sense that, instead of involving arcs, namely copies of R inside the manifold M, it 
involves functions a, that is, mappings from M to R (or to C). 

This is an essential point for us since in the case of discrete spaces or of noncommutative 
spaces X, there are no interesting arcs in X but there axe plenty of functions, namely, 
the elements a ϵ A of the defining algebra. We note at once that the right-hand side of 
Formula 1 is meaningful in that general context and it defines a metric on the space of 
states of the C*-algebra A, the norm closure of A = {a ϵ A ; [D,a] is bounded}: 

d(φ, ψ) = sup{|φ (a) — ψ(a) | ; ||[D,a]|| < 1}. 

Finally, we also note that, although both Formula 1 and the formula (*) give the same 
result for Riemannian manifolds, they are of quite different nature if we try to use them in 
actual measurements of distances. The formula (*) uses the idealized notion of a path, and 
quantum mechanics teaches us that there is nothing like ‘the path followed by a particle’. 
Thus, for measurements of very small distances, it is more natural to use wave functions 
and Formula 1. 

We have now recovered from our original data (A, h, D) the metric space (M, d), where 
d is the geodesic distance. However, we still need tools of Riemannian geometry, the first 
obvious example being the measure given by the volume form 

f → ∫M fdv, 
∫M 

where, in local coordinates xμ, gμv, we have 

dv = ( det(g
μ
v))1/2 | dx1 Λ ... Λ dxn|. 
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This brings us to our second formula, which is nothing more than a restatement of H. Weyl’s 
theorem about the asymptotic behavior of elliptic differential operators ([Gi1]). It does, 
however, involve the Dixmier trace Trw, which, unlike asymptotic expansions, makes sense 
in full generality in our context and is the correct operator-theoretic substitute for inte-
gration (cf. section 5): 

Formula 2. For every f ϵ A, we have ∫M fdv = Τ
rω

(fD-d ), where d = dim M. 

Now, getting the integral of functions, i.e., the Riemannian volume form, is a good indi-
cation but quite far from the full story. In particular, many distinct Riemannian metrics 
yield the same volume form. Since our aim is to investigate physical space-time at the level 
of elementary particle physics, we shall now make a deliberate choice: instead of focusing 
on the intrinsic Riemannian curvature, which would drive us toward general relativity, we 
shall concentrate on the measurement (using (h,D)) of the curvature of connections on 
vector bundles, and on the Yang-Mills functional, which takes us to the theory of matter 
fields. This line is of course easier since it does not involve derivatives of the gμν. 

Let us then clearly state our aim: it is to recover the Yang-Mills functional on connections 
on vector bundles, making use of only the following data: 

Definition 2. A K-cycle -h,D), over an algebra A with involution *, consists of a 
representation of A on a Hilbert space h together with an unbounded self-adjoint operator 
D with compact resolvent, such that [D, a] is bounded for every a ϵ A. 

If the eigenvalues λ
n
 of \D\ are of the order of n1/d as n → ∞, we say that the K-cycle is 

(d, ∞)-summable (cf. Section 5). On the algebra of functions on a compact Riemannian 
spin manifold, the Dirac operator determines a K-cycle that is (d, ∞)-summable, where d = 
dimM. Finer regularity of functions, such as infinite differentiability, is easily expressed 
using the domain of powers of the derivation δ, δ(α) = [|D|,a]. 

We shall not be too specific about the choice of regularity; our discussion applies to any 
degree of regularity higher than Lipschitz. 

The value of the following construction is that it will also apply when the *-algebra A is 
noncommutative, or when D is no longer the Dirac operator. The reader can have in mind 
either the Riemannian case or the slightly more involved case in which the algebra A is 
the *-algebra of matrices of functions on a Riemannian manifold, provided one bears in 
mind that the notion of exterior product no longer makes sense over such an algebra. 

We shall begin with the notion of connection on the trivial bundle, i.e., the case of ‘elec-
trodynamics’, and we shall first define vector potentials and the Yang-Mills action in that 
case. We shall then treat the general case of arbitrary hermitian bundles, i.e., in algebraic 
terms, of arbitrary hermitian. finitely generated projective modules over A. 

We wish to define k-forms over A as operators in h of the form 

ω = Σ aj/ο [D, aj/1]...[D,αj/k], 
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where the aj/i are elements of A represented as operators on h. This idea arises because, 
although the operator D fails to be invariant under the representation on h of the unitary 
group u of A, 

µ = {u ϵ A ; u*u = uu* = 1}, 

the following equality shows that the failure of invariance is governed by a 1-form in the 
above sense: ωu = u[D,u*], that is, 

uDu* = D + wu. 

Note that is self-adjoint as an operator in h, thus it is natural to make the following 
definition: 

Definition 3. A vector potential V is a self-adjoint element of the space of l-forms 
Σ aj/0[D, aj/1], where aj/k ϵ A. 

One can immediately check that in the basic example of the Dirac operator on a spin 
Riemannian manifold, a vector potential in the above sense is exactly a 1-form v on the 
manifold M and that this form is imaginary, the corresponding operator in the space of 
spinors being given by the Clifford multiplication: 

V = i γ(v) (i =√-1 )· 

The action of the unitary group U on vector potentials is such that it replaces the operator 
D + V by u(D + V)u*, thus it is given by the algebraic formula 

γ
u
(V) = u[D, u*] + uVu* (u ϵ U). 

We now need only define the curvature or field strength Θ for a vector potential, and use 
the analogue of the above Formula 2 to integrate the square of Θ: the formula 

YM(V) = Trw(02|D|-d) 

should give us the Yang-Mills action. 

The formula for Θ should be of the form Θ = dV + V2; the only difficulty is in defining 
properly the ‘differential’ dV of a vector potential, as an operator in h. 

Let us examine what happens: the naive formula is: 

If V = Σ aj/0 [D, aj/1] then dV = Σ [ D, aj/0, aj/0][D, aj/1]. 

Before we point out what the difficulty is. let us check that if we replace V by γu(V), 
where 

γu(V) = u[D. u*] + Σ uaj0 [D, aj/1 ]u*, 

then the curvature is transformed covariantly : 
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d(γ
u
(V)) + γ

u
(V)2 = u(dV + V2)u*. 

As this computation is instructive, we shall carry it out in detail. First, in order to write 
γu(V) in the same form as V, we use the equality 

[D,aj/1]u* = [D,aj/1u*] - aj/1[D,u*]. 

Thus, γ
u
(V) = u[D,u*] + Σ uaj/0 [D, aj/1u*] — Σ uaj/0 aj/1 [D, u*], and we have 

dγ
u
(V) = [D, u][D, u*] + Σ[D,uai/j][D,aj/1u*] - Σ[D,uaj/0 aj/1][D,u*]. 

We now claim that the following operators in h are indeed equal: 

a) dγu(V) + γu(V)2, 
B) u(dV + V2)u*. 

For, the operator a) is equal to 

dγ
u
(V) + (u[D, u*] + uVu*)2 

= dγu(V) + u[D, u*]u[D, u*] + u[D, u*]uVu* + uVu*u[D, u*] + uV2u* 

= dγu(V) - [D, u][D, u*] - [D, u]Vu* + uV[D, u*] + uV2u* 

= Σ[D,uaj/0][D,αj/1 u*]-Σ[D, uaj/0 aj/1]][D,u*] - [D,u]Vu* + uV[D,u*] + uV2u* 

= udVu*+uV2u*, 

where the last equality follows from 

Σ[D,u]αj/0[D,αj/1µ*] - Σ[D,u]αj/0 aj/1[D,u*] = [D,u]Vu*, 

aj/0][D, aj/1u*] — ) Σu[D, aj/0] aj/1 [D, u*} = udVu*, 

aj/1][D, u*] = uV[D, u*]. 

The difficulty that we overlooked is the following: the same vector potential V might be 
written in several ways as V = Σaj/0 [D, aj/1], so that the definition of dV as 

d V = Σ [D, aj/0 ] [ D, aj/1] 

is ambiguous. 

To understand the nature of the problem, let us introduce some algebraic notation. We 
let Ω* A be the universal differential graded algebra over A. It is by definition equal to 
A in degree 0 and is generated by symbols da (a ϵ A) of degree 1 with the following 
presentation: 

a) d(ab) = (da)b + adb (Va, b ϵ A), 
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β) d1 = 0. 

One can check that Ω*A is isomorphic as an A-bimodule to the kernel Ker(m) of the 
multiplication mapping m : A ® A → A, the isomorphism being given by the mapping 

Σai ® bi ϵ Ker(m) → > Σ aidbi ϵ Ω1 A. 

The involution * of A extends uniquely to an involution on Ω* with the rule 

γ) (da)* = -da*. 

The differential d on Ω*A is defined unambiguously by 

d(a°da1... dan) = da0da1 ... dan (Vaj ϵ A), 

and it satisfies the relations 

δ) d2ω = 0 (Vw ϵ Ω*A), 
ε) d(ωιw2) = (dw1)w2 + (—1)aωιω1dω2 (Vwj ϵ Ω*A). 

Proposition 4. (1) The following equality defines a *-representation π of the universal 
algebra Ω*(A) on h: 

π(a°da1 ... dan) = a°[D, a1]... [D, an] (Vaj ϵ A). 

(2) Let Jo = Ker π C Ω* be the graded two-sided ideal of Ω* given by Jo(k) = {w ϵ 
Ωk, π(w) = 0} ; then J = Jo +dJo is a graded differential two-sided ideal οf Ω*(A). 

The first statement is obvious; let us discuss the second. By construction, J
0 is a two-sided 

ideal but it is not in general a differential ideal, i.e., if w ϵ Ωk(A) and π(w) = 0, one does 
not in general have π (dw) = 0. This is exactly the reason why the above definition of 
Σ[D, aj/0][D,aj/1] as the differential of E aJ

0
[D, aj1] was ambiguous. 

Let us show however that J = Jo + d Jo is still a two-sided ideal. Since d2 = 0 it is obvious 
that J is then a differential ideal. Let ω G J(k) be a homogeneous element of J ; then ω is 
of the form ω = w1 + dw2, where uq G Jo Π Ω*1, w2 G Jo Π Ωk- 1. Let w' G Ωk' and let us 
show that ωω1 G J(k+k' K We have 

uW' = w1w' + (dw2)ω = w1w' + d(w2w' ) — ( — 1)k- 1w2dw' 

= (uqu/ + ( — 1)kw2dw' ) + d(w2w' ). 

However, the first term belongs to Jo Π Ωk+k' and w2w' G Jo Π Qk+k 1. 

Using (2) of Proposition 4, we can now introduce the graded differential algebra 

Ω*d = Ω*(a)/J. 

Let us first investigate Ωod, Ω1d and Ω2D. 
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We have J Π Ω° = Jo Π Ω° = {0} provided that we assume, as we shall, that A is a 
subalgebra of £(fj). Thus ΩoD = A. 

Next, J Π Ω1 = Jo Π Ω1 + d( Jo Π Ω0 ) = J0 Π Ω1, thus Ω1D is the quotient of Ω1 by the kernel 
of π, and it is thus exactly the A-bimodule π(Ω1 of operators ω of the form 

ω = zW^a; 1 (a> G Λ)· 

Finally, J Π Ω2 = Jo Π Ω2 + d(Jo Π Ω1) and the representation π gives an isomorphism 

Ω^Ξ^Ω^/π^ΛΠΩ1)). (*) 

More precisely, this means that we can view an element ω of Û2
D as a class of elements p 

of the form 

P = Σαί[D, a1j][D,α2j] (akj G A) 

modulo the sub-bimodule of elements of the form 

PO = Σ[D, BOJ][D, B1J] (BKJ € A, Σ boj[D, D,b1j] = °)· 

It is now clear that since we work modulo this subspace tt(d(Jo Π Ω1)), the question of 
ambiguity in the definition of du; for ω G π(Ω1) no longer arises. 

The equality (*) makes sense for all k, 

Ω^ ^(Ω^/ΤΓ^ΟΠΩ*-1)), (*) 

and allows us to define the following inner product on ΩkD: for each k let hk be the Hilbert 
space completion of TT(Ω*) with the inner product ♦ 

(TuT2)k = Trw,(T2*T1
|D|-d) (VTj € tt(Qk)). 

Let P be the orthogonal projection of 5)k onto the orthogonal complement of the subspace 
tt(d(Jo Π Ω*- 1)). By construction, the inner product (Ρω1,ω

2
) = (Ρω1,Ρω2) for Uj G 

TT(ΩK) depends only on their class in ΩkD. We denote by Ak the Hilbert space completion 
of ΩkD for this inner product; it is, of course, equal to Phk· 

Proposition 5. (1) The actions of A on Ak by left and right multiplication define com-
muting unitary representations of A on Ak. 

(2) The functional YM(Y) = (dV + V2,dV + V2) is positive, quartic and invariant 
under gauge transformations. 

7u(V) = udu* -f uVu* (Vu£U(A)). 

(3) The functional 1(a) = Ττ
ω

(θ2\Ό\ d), Θ = 7r(da + a2) is positive, quartic and gauge 
invariant on {a G Ω*(.4), a = a*}. 
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(4) One has YM(V) = inf {I(a); π(α) = F}. 

Let us say a few words about the easy proof. Since tt(d(Jo Π Ωk-1)) C π(Ω*) is a sub-
bimodule of π(Ω*) and since the left and right actions of A on h* are unitary, it follows 
that P is a bimodule morphism: 

P(asb) = aP(s)6 (Va, 6 6 Λ f € hk). 

Thus (1) follows. As for (2), one merely notes that by the above calculation, with dV now 
unambiguous, Θ = dV + V2 is covariant under gauge transformations, whence the result. 
For (3), one again uses the above calculation to show that da + a2 transforms covariantly 
under gauge transformations. 

Finally, (4) follows from the property of the orthogonal projection P: as an element of Λ2, 
dV + V2 is equal to Ρ(π(da + a2)) for any a with π(α) = V, and since the ambiguity in 
7r(da) is exactly 7r(d(Jo Π Ω1)) one gets (4). 

Stated in simpler terms, the meaning of Proposition 5 is that the ambiguity that we met 
above in the definition of the operator curvature Θ = dV + V2 can be ignored by taking 
the infimum 

YM(y) = infTr
a;

(^2|Prti) 

over all possibilities for Θ = dV -f V2, dV =E[D, a°j][D, a1j·] being ambiguous. The action 
obtained is nevertheless quartic by (2). 

We shall now check that in the case of Riemannian manifolds with the Dirac K-cycle, 
the graded differential algebra Ω*D is canonically isomorphic to the de Rham algebra of 
ordinary forms on M with their canonical pre-Hilbert space structure. The whole point 
is that Proposition δ gives us these concepts in far greater generality and the formula 
in (4) will allow extending to this generality, in the case d = 4, the inequality between the 
topological action and the Yang-Mills action YM. 

We now specialize to the Riemannian case, where A is the algebra of functions (with some 
regularity) on the compact spin manifold AT, and D = 6M is the Dirac operator in the 
Hilbert space L2(M. S) of spinors. We let C be the bundle over M whose fiber at each 
p € M is the complexified Clifford algebra Cliffc(T*p(M)) of the cotangent space at p G M. 
Any bounded measurable section p of C defines a bounded operator 7(p) on f) = L2(M, 5). 
For any f°,..., fn £ A one has 

tt(fodf1 ... dfn) = in7(f°df1 · df2 · ... · dfn), 

where the usual differential df is regarded as a section of C, and · denotes the product 
in C. 

For each p G M, the Clifford algebra Cp has a Z/2 grading given by the parity of the 
( k) number of terms ξj,Sj G T*p(M) in a product ξ1 · S2 * · · · * Sn, and a filtration, where Cp 

is the subspace spanned by products of η < k elements of T*p(M). The associated graded 
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algebra is canonically isomorphic to the complexified exterior algebra Ac (T*p(M)) and we 
shall write σ* :C(k) —> Akc(T*p) f°r quotient mapping. 

Using the canonical inner product on C given by the trace in the spinor representation, one 
can also identify /\kc with the orthogonal complement of in C(k); equivalently, if we 
let Ck be the subspace of C(k) of elements of the same parity as k, then Akc

 = Ck
 Θ Ck~2. 

The differential algebra Ω*D is determined by the following lemma: 

Lemma 6. Let be the Dirac K-cycle on the algebra A of functions on M and let 
k e N. Then, a pair T1, T2 of operators in h is of the form T1 = π(ω), T2 = tt(dw) for 
some ω € Ak(A) if and only if there exist sections p1, P2 of Ck and Ck+1 such that 

T1 = 7(Pj) (j = 1.2), V-1dak(p1) = a
k+1

(p
2

). 

Here σk(ρ1) is an ordinary k-form on M and d is the ordinary differential. Note that for 
k > d = dim M one has σ&(ρ) = 0. The proof is straightforward. 

We can now easily determine the graded differential algebra Ω*D. First, let us identify 
π(Ω*) with the space of sections of Ck\ Lemma 6 then shows that 

tt(d(J
0
 ΠΩk- *)) = Kerafc. 

(If p is a section of Ck with σ*(p) = 0 then the pair of sections p1 = 0, p2 = p of Ck 1 and 
Ck fulfills the condition of Lemma 6, so that p = 7r(da;) for some ω, π(ω) = 0.) Thus σ* 
is an isomorphism Ω^ = sections of Akc(T*), which, again by Lemma 6, commutes with 
the differential. We can then state: 

Formula 3. The mapping a0 da1 ...dan —> ina°d
c
a1 ... d

c
an for aj C A extends to a 

canonical isomorphism of the differential graded algebra A*D with the de Rham algebra 
of differential forms on M. Under this isomorphism, the inner product on ΩkD is the 
Riemannian inner product of k-forms: 

(ω,ω') = I ω Λ *w'. 

The last equality follows from the computation of the Dixmier trace for the operator in 
S) = L2(M, S) associated with a section p of the bundle C of Clifford algebras: 

Trw( p\D\- d) = [M trace(p(p))dv(p). 

As an immediate corollary of Formula 3. we have 

YM(V) = f ||dV||2dv. 
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Let us now extend the definition of the action YM to connections on arbitrary hermitian 
vector bundles. 

First of all, we need to express in algebraic terms—i.e., using only the involutive algebra 
A—the concept of hermitian vector bundle over Μ. A vector bundle E is entirely char-
acterized by the right A-module £ of sections of E (having the same regularity as the 
elements of A); the local triviality of E and the finite-dimensionality of its fibers translate 
algebraically into the statement that £ is a direct summand of a free module AN for some 
finite TV, or, in fancier terms, that £ is a finitely generated projective module over A. 

The hermitian structure on E, that is, the inner product (£, η)
ρ
 on each fiber E

p
, permits 

constructing a sesquilinear mapping 

( , ) : £ x € - A, 

given by (ξ,η)(ρ) = (ξ(ρ), t?(p))P· The mapping ( , ) satisfies the following conditions: 

1) (Sα, nb) = α*(ξ, n)6 (Vξ,η e £, a,b e A), 

2) <s,s> >0 (Vs€£), 
3) £ is self-dual for ( , ). 

Thus, the hermitian vector bundles over M correspond bijectively to the hermitian, finitely 
generated projective modules over A in the following sense: 

Definition 7. Let A be a *-algebra with unity and let £ be a finitely generated projective 
module over A. A hermitian structure on £ is given by a sesquilinear mapping ( , ) : 
£ x £ —► A satisfying the above conditions 1 ), 2) and 3). 

We shall use this concept only in the case where A is a subalgebra stable under the 
holomorphic functional calculus in a C*-algebra. in which case all reasonable notions of 
positivity coincide in A. 

In this case, all hermitian structures on a given finitely generated projective module £ 
over A are isomorphic to each other and are thus obtained as follows: one writes £ as a 
direct summand £ = eAN of a free module £Q = AN, where the idempotent e € Mj^(A) 
is self-adjoint, and one then restricts to £ the hermitian structure on AN given by 

(ξ,η) = Σ$ηί e Λ (Υξ = (Si), n? = (N
i

) G ΛΝ). 

The algebra EndA(e) of endomorphisms of a hermitian, finitely generated projective mod-
ule £ has a natural involution, given by 

(Τ*ξ,η)=(ξ.Τη) (Vf,,6f). 

With this involution. EndA(5) is isomorphic to the reduced *-algebra eMN(A)e. 

As above, we now let (h, D) be a K-cycle over A, and the ,4-bimodule of operators in 
of the form V = Σ a, [D, bi], ai, bi € A. 
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Definition 8. Let Z be a hermitian, finitely generated projective module over A. A con-
nection on Z is given by a linear mapping V : £ —> Z ®A Ω^ such that 

V(£a) = (V£)a + ζ ® da (VÇ G Z, a G A). 

A connection V is compatible (with the metric) if and only if 

(S,Vn)-(Ve,n> = d(i,77> (V£,T7 G £). 

The last equality has a clear meaning in Ωρ. In the computations, one should remember 
that (da)* = —da* (Va G A), and if V£ = ®ω,·, ωί € Ω^, then (V^ry) = ^ω*{ξί,η). 

Such connections always exist; for £ expressed as eAN as above, one may take V as follows: 

(VoS = en, where nj = d£j. 

Two compatible connections V and V' on Z differ by an element Γ G Hornet(£, Z (S)A Ω1D). 

As in Proposition 5, we shall now give two equivalent definitions of the action functional 
YM(V) on the affine space C(Z) of compatible connections. 

The group U(Z) of unitary automorphisms of Z, U(Z) = {uG EndA(£); uu* = u*u = 1}, 
acts by conjugation 7

U
(V) = a Vu* on the space C(£). To define the curvature Θ of a 

connection V, one first extends V to a unique linear mapping Vfrom Z to £, Z = Ζ ®A Ω£*D, 
such that 

V(£ <g> ω) = (νξ)ω + ξ ® da; (VS G £, ω G Ω^), 

and one checks that this mapping satisfies 

V(n ω) = (Vn)w + ( — 1)9ηηdω 

for every homogeneous 77 G £ and ω G Ω*D. It then follows that θ = V2 is an endomorphism 
of the right Ω*D-module £; it is determined by its restriction to £, again denoted Θ: 

Θ G HomA(£, £ ®A Ω2D). 

Next, using the inner product on Ω2D and the hermitian structure on £, one gets a natural 
inner product on 

HomA(£. £ OA Ω2D). 

Using this, we make the following definition. 

Definition 9. YM(V) = (θ,θ). 

By construction, this action is gauge invariant, positive and quartic. It is moreover obvious 
from the above Formula 3 in the case of the Dirac K-cycle on a Riemannian spin manifold 
that one has: 
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Formula 4. Let M be a Riemannian spin manifold with its Dirac K-cycle (h,D). Then, 
the notion of connection (Def. 8) is the usual one, and 

YM(V) = fM ||O||2HSdv, 

where Θ is the usual curvature of V. 

Thus, we recover in this case the usual Yang-Mills action. For computational purposes, 
and also to see the curvature as an operator in fj, we shall now mention the easy adaptation 
of Proposition 5, (4) to the general case. 

First of all, any compatible connection in the sense of Definition 8 is the composition 
with π of a universal compatible connection, i.e., a linear mapping fulfilling precisely the 
conditions of Definition 8: 

V : £ —► £ 0,4 Ω*. 

To see the surjectivity of the mapping ΤΓ : CC(£) —> C(£), where CC(£) is the space of 
universal compatible connections, it is enough to check that the special ‘Grassmannian’ 
connection V0 is of this form and that π is a surjection of Ω1 onto π(Ω2 ). Next, a universal 
compatible connection extends uniquely as a linear mapping 

V : £ ®A Ω* —> £ <S>A Ω* 

such that V is equal to V on £ ® 1 and such that 

ν(ηω) = (Vr/)a; + (—1) eSηηάω 

for every homogeneous η in £ ®A Ω* and a,’ G Ω*. * 

The curvature θ = V2 is then an endomorphism of the induced module £ = £ ®A Ω* 
over Ω*, and π(θ) makes sense as a bounded operator in the Hilbert space £ (&A h, as does 
the following operator Dv-· 

Dν(S O η) = ξ Θ Dη + ((1 O π)Vξ))η (V£ G £, η G h); 

the analogue of the action I of Proposition δ, (1) is then given by 

/(V) = Tr„(
!
r(0)2|r>vr

<')· 

One then proves in the same way that, for a given compatible connection V G C(£), 

YM(V) = inf{/(V1); π(νθ = V}. 

Finally let us mention that the basic inequality between the characteristic number c21 + C2 
of a hermitian vector bundle and the infimum of the Yang-Mills action does extend to the 
general non commutative case (cf. [Co] theorem 5 of chapter 6 section 4). 
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Product of continuum by discrete and the symmetry breaking mechanism. 

We have shown how to extend, to our context of finitely summable if-cycles (h, D) over 
an algebra A, the concepts of gauge potentials and Yang-Mills action, as well as the way 
in which this action is related to a topological action in the case of dimension 4. In this 
section we shall give several examples of computations of this action. We first recall briefly 
its definition and use the opportunity to add to it a fermionic part. 

We are given a *-algebra A and a (d, oo)-summable K-cycle over A. This gives us 
a representation on f) of the universal differential algebra Ω*Α: 

π(α°dα1 ... dak) = a°[D, a1]... [D, ak] (Va·7 £ ^4), 

which defines a quotient differential graded algebra 

Ωΐ,(Λ) = A*(A)/ J, J = Jo + dJo, 4k) = Ω* n KerTT. 

A compatible connection V on a hermitian, finitely generated projective module £ over A 
is given by a linear mapping 

V : £ —> £ 

that satisfies the Leibniz rule and is compatible with the inner product. The affine space 
C(£) of such connections is acted on by the unitary group U(£) of the *-algebra of en-
domorphisms EndA(E). This action transforms covariantly the curvature θ = V2 of such 
connections, and 

YM(V) = Trw(tt(O)2|D|-d) 

is a gauge invariant quartic, positive action on C(£). 

In the case of the trivial module £ = A (with the right action of A on itself), a vector 
potential is a self-adjoint element V of Ω1b, and the following expression is also gauge 
invariant: 

(ψ, (D + π(V))ψ) (ψ € h, V 6 Ω1D), 

where the unitary group U = U(£) = U{A) acts on S) by restriction of the action of A, 
whereas it acts on vector potentials by gauge transformations: 

7u(V) = ud(u*) + uVu* (u eu, V 6 Ω0). 

This is the fermionic action that we want to add to the action YM(V); it extends to the 
case of arbitrary hermitian, finitely generated projective modules £ over A, by means of 
the next lemma. 

Lemma 10. Let A, £, be as above. Then: 
(1) The tensor product £ OA h is a Hilbert space with inner product given by 
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(ξι  η1, ξ2  η2> = < η1, (ξ1, ξ2) η2> (ξj  ε, ηj  h). 
(2) For any compatible connection V, the following equality defines a self-adjoint op-

erator Dv in the above Hilbert space: 

D(ξ  η) = ξ  Dη + ((1  π)(ξ  ε, η  n). 

Thus, the fermionic action is now given by 

(Ψ, ΒνΨ) (Ψ € S ®A ?), V € C{£)), 

and one checks that it is invariant under gauge transformations by elements of U(ε). 

The total action is 

£(ν,ψ) = λΥΜ(ν) + (ψ,£νΨ>, 

where λ is a coupling constant. 

We shall compute it in two cases: a) the discrete case of a 2-point space; b) the product 
case of a 4-dimensional manifold by case a). In order to see what the relevant concepts are 
in the O-dimensional case a), we first need to discuss product spaces briefly. We are given 
two triples 

(A1 , h1, D1), (A2, h2, D2) 

and we assume that one of them is even, i.e., that we are given a Z/2 grading, say ϒ1 
on h1. The product is then given by the triple (A, h, D), where 

A = A1  A2, h = h1  h2, D = D1  1 + ϒ1  

This corresponds to the external product of K-cycles. There is an obvious notion of 
external product of hermitian finitely generated projective modules over the Aj. 

Next, the formula D2 = D21  1 + 1  D22, which follows from the anticommutation of 
D1 with ϒ1, shows that dimensions add up, that is, if Dj is (pj. ∞)-summable then D is 
(p1 + p2. ∞)-summable; moreover, once the limiting procedure Limw is fixed, one can show 
that if one of the two terms is convergent then 

Trω((T1  T2)|D|-P) = Tr ω (T1|D1|-p1) Trω(T2|D2|-p2) (Tj  L(hj)). 

All of this is true provided that pj ≥ 1, but in the case we are interested in (Example b)) 
we have p1 = 4, p2 =0. The corresponding formula turns out to be 

Tr J(T, ®To)\D\-p) =ΎιΑΤΑΌ^\-ρ)Ίτ^(Τ,). 

where Trace is the ordinary trace. 
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To understand how this occurs, one can use the following general equality assuming that 
|D|-1  L(p, ∞): 

for all G 

Thus, the O-dimensional analogue of the action YM(V) is just given by Trace(π(θ)2 ). 

Example a). The space we are dealing with has two points a and b. Thus, the algebra 
A is just the direct sum C 0 C of two copies of C. An element f  A is given by two 
complex numbers f (a), f(b)  C. Let (h, D, ϒ) be a O-dimensional K-cycle over A ; then 

h is finite-dimensional and the representation of A in h corresponds to a decomposition 
of h as a direct sum = h + hb, with the action of A given by 

If we write D as a 2 x 2 matrix in this decomposition, 

we can ignore the diagonal elements since they commute exactly with the action of A. We 
shall thus take D to be of the form 

where Dba = D*
ab

 and Dba
 is a linear mapping from

 ha
 to h0. We shall denote this linear 

[1 0] 
mapping by M and take for ϒ the Z/2 grading given by the matrix [0 -1] = ϒ. We 

thus have 

/ = C0C % = S)a®f>b 

Let us first compute the metric on the space X = {a, b}, given by Formula 1 of the first 
part of this section. Given f  L, we have 

Thus, the norm of this commutator is |f(b) — f(α)|λ, where λ is the largest eigenvalue ||M|| 
of M. Therefore 
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d(a,b) = sup{|f(a) - f(b)|, ||[D,f]|| ≤ 1} = l/λ. 

Let us now determine the space of gauge potentials, the curvature and the action in two 
cases. 

case a): ε = A (i.e., the trivial bundle over X) 

First, the space Ω1(A) of universal 1-forms over A is given by the kernel of the multipli-
cation m : A  A → A, m(f  g) = fg. These are functions on X x X that vanish on 
the diagonal. Thus, Ω1(A) is a 2-dimensional space; if e  A is the idempotent e(a) = 1, 
e(6) = 0, this space has as basis 

ede, (1 — e)de, 

so that every element of Ω1(A) is of the form λede + μ(1 — e)d(l — e). The differential 
d : A → Ω1(A) is the finite difference 

df = (∆f)ede - (Δf)( 1 - e)d(l - e), Δf = f(a) - f(b); 

it is a derivation with values in the bimodule Ω1(A) which fails to be commutative : fω # ω f 
for ω  Ω1, f  A. 

Also, if Μ # 0 then the representation π : Ω*(A) → is injective on Ω1(A), so that 
Ωl(A) = ΩID(A). We have 

A vector potential is given by a self-adjoint element of Ω1D, i.e., by a single complex 
number Φ, with 

Since V = —Φede + Φ(1 — e)de. its curvature is 

θ = dV + V2 = —Φdede — Φdede + (Φede — Φ(1 — e)de)2, 

and. using the equalities ede(l — e) = ede. e(de)e = 0, (1 — e)de(l — e) = 0, we have 

θ = —(Φ + Φ)dede — (ΦΦ)dede. 

Under the representation π, we have 

This yields the following formula for the Yang-Mills action: 

YM(V) = 2(|Φ + 1|2 - l)2Trace((M*M)2), 
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where Φ is an arbitrary complex number. The action of the gauge group U = U( 1) x U( 1) 
on the space of vector potentials, i.e., on Φ, is given by 

ϒy(V) = udu* + uVu*; 

for u = u
a

e + ub (1 — e), this gives 

ϒu(V) =(u
a

e + ub(l - e))(uade - ubde) 

+ (u
a

e + Ub (1 - e)) ( — Φede + Φ(1 — e)de) (û
a

e + ub(1 — e)) 

=ede + ubua( 1 — e)de — u
a
übede — (1 — e)de 

— uaubΦede + ubuaΦ(1 — e)de, 

which, on the variable 1 + Φ, just means multiplication by 

Thus, in this very simple case our action YM(V) reproduces the usual situation of broken 
symmetries; it has a non-unique minimum, |Φ + 1| = 1, which is acted upon nontrivially 
by the gauge group. The fermionic action is in this case given by 

<ψ,(D + π(V))ψ), 
where the operator D + π(V) is equal to 

which is a term of Yukawa type coupling the fields (1 + Φ) and ψ. 

case β): Let us take for ε the nontrivial bundle over X = {a, 6} with fibers of dimen-
sions n

a
 and nb, respectively, over a and b. This bundle is nontrivial if and only if n

a
 # nb; 

we shall consider the simplest case n
a
 = 2, nb = 1. The finitely generated projective 

module ε of sections is of the form 

ε = fA2, 
where the idempotent f  M2(A) is given by the formula 

in terms of the notations of a). 

To the idempotent / there corresponds a particular compatible connection on ε, given by 
0ξ = fd£ with obvious notations. An arbitrary compatible connection on S has the form 

ξ = 0ξ + pξ 

where p = p* is a self-adjoint element of M2 (Ω1D(A)) such that fp = pf = p. If we write 
p as a matrix, 
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these conditions read as follows: 

ep21 = p21, ep22 = p22 = p22e, p12e = p 12, 

thus we get 

p11 = -Ф1ede + Φ1(1 - e)de, p
21 = Φ2ede, p12 = p*

21
, p22 = 0, 

where Φ1, Φ2 are arbitrary complex numbers. 

The curvature Θ is given by 

Θ = fdfdf + fdpf + p2 

An easy calculation gives the action YM(V) in terms of the variables Φ1, Φ2 : 

YM(V) = (l + 2(1 - (|Φ1 + 1|2 + |Φ
2
|2))2

)ΤR((Μ*Μ)
2
). 

It is by construction invariant under the gauge group U( 1) x U(2). What we learn in ex-
ample β) rather than a) is that the choice of vacuum corresponds to a choice of connection 
minimizing the action, and in case β) there is really no preferred choice of Vo, the point 0 
of the space of vector potentials (case a)) having no intrinsic meaning. In fact, the space 
of connections realizing the minimum of the action YM is a 3-sphere 

{(Φ1, Φ2)  C2: |Φ1 + 1|2 + |Φ2|2 = 1} 

whose elements have the following meaning. Let E
a
 (resp. Eb) be the fiber of our hermitian 

bundle over the point a (resp. b) of X ; then dimE
a
 = 2, dimEb = 1. As we saw above, the 

differential d : A → Ω1(A) is the finite difference. One way to extend it to the bundle E 
is to use an isometry u : Eb → Ea

 and the formula 

(∆ξ)
α
 = ξα - uξb, (∆ξ)b = ξb - u*ξ

α
. 

All minimal connections V are of the form 

ξ = (∆ξ)α  ede + (∆£)b (1- e)d(l - e). 

Since the minimum of YM( ) is > 0 we also see that the bundle E is not flat; it does not 
admit any compatible connection with vanishing curvature. Since the dimension of the 
space X is 0, the action YM has of course no topological meaning. However, we shall now 
return to the 4-dimensional case and work out the case of the product space in detail. 

Example b). (4-dimensional Riemannian manifoldM) x (2-point space X). 
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Let us fix the notations: M is a compact Riemannian spin 4-manifold, A1 the algebra 
of functions on M and (h1, D1, ϒ1) the Dirac K-cycle on A1; let A2, h2, D2 be as in 
Example a) above, that is, A2 = C  C, h2 is the direct sum h2 = h2, a  h2, b, and D2 is 
given by the matrix 

Let A = A1  A2, h = h1  h2 and D = D1  1 + ϒ1  D2. 

The algebra A is commutative; it is the algebra of complex-valued functions on the space 
Y = M x X, which is the union of two copies of the manifold M: Y = Ma U Mb. 

Let us first compute compute the metric on Y associated with the K-cycle (h, D): 

To the decomposition Y = M
a
 U Mb there corresponds a decomposition of A as A

a
  Ab, so 

that every f  A is a pair (fα,fb) of functions on M. Also, to the decomposition of h2 as 

£2 =*32,a 0^2,6, 

there corresponds a decomposition h = ha  hb, in which the action of f = (fα, fb)  A 
is diagonal: 

In this decomposition the operator D becomes 

where ∂M is the Dirac operator on M and 75 is the Z/2 grading of its spinor bundle. 

This gives us the following formula for the ‘differential’ of a function / G A: 

The differential [D.f] thus contains three parts: 

a) the usual differential dfa of the restriction of / to the copy M
a
 of M; 

β) the usual differential dfb of the restriction of / to the copy Mb of M; 
7) the finite difference Δ/ = f(pa) - f(pb), where p

a
 and pb are the points of Mα, Mb 

above a given point p of M. 

The norm of the operator [D.f] can be computed easily: if λ is the norm of M, i.e., the 
largest eigenvalue of |M| = (M* M)1/2, then 
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where ||df
a
(p)|| is the length of the gradient of fa

 at p  M
a

. 

We thus obtain easily: 

Proposition 11. (1) The restriction of the metric d on M
a

 UMb to each copy (M
a
 or Mb) 

of M is the Riemannian geodesic distance of M. 
(2) For each point p = p

a
 of M

a
, the distance d(p

a
,Mb) is equal to λ-1 and is attained 

at the unique point pb. 

Now recall that, given a metric space (Y,d) and two subsets Υ1, Y2 of Y, their HausdorfF 
distance d(Y1, Y2) is given by 

d(Y1, Y2) = sup{d(x,Y2),x  Y1; d(x, Y1),x  F2
}. 

Thus, the metric d on M
a
 U Mb = Y is clearly related to the following definition of the 

Gromov distance between two metric spaces (Χ1, d1) and (X2,d2): 

Definition 12. Let (X1,d1) and (X2,d2) be two metric spaces. Then, given ε > 0, the 
Gromov distance δ(Χ1,Χ2) is smaller than e if and only if there exists a metric d on 
X = X1 U X2 such that a) d|Xj = dj, and b) d(X1,X2) < ε. 

Thus, we see that if we try to take different Riemannian metrics ga,gb on the two copies 
M

a
, Mb of M, say by letting 

then Proposition 11 fails unless the Gromov distance between g
a
 and gb is less than e = 1/A, 

A = ||M||. 

Let us now pass to the computation of the .4-bimodule Ω1D, of 1-forms over the space Y. 
The above computation of [D,f] = π(df) for /  Λ shows that an element a of the 
4-bimodule Ω1D = π(Ω1) is given by: 

a) a usual differential form ωα on Ma; 
β) a usual differential form ωb on Mb; 
7) a pair of complex-valued functions δ

a
, δb on M. 

The corresponding operator in h is given by 

the bimodule structure over 4 is given, with obvious notations, by 
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{fai /ô)(wa)^b·) &ai 8b) — {fa^aifb^bifa8aifb8b)i 
{j-^ai^bi 8ai 8b)i^fai fb) = (fa^ai fb^bi fb^ai fa^b)· 

The involution * is given by (ω
a
,ωb, δa, δb)* = (-ω

a
, -ωb, δb,δa). 

The terms δ
α

, δb correspond to the bimodule of finite differences on passing from one copy 
M

a
 to the other copy Mb of M. Note that even though A is commutative, this bimodule 

is not commutative ; for, if it were commutative then the finite difference would fail to be 
a derivation. With the above notations, the differential f  A → π(df) reads as follows: 

f = (fa, fb) → (dfα, dfb, fb) - fa, fa - fb)  Ω1D. 

When we project on M, the bimodule can be viewed as a 10-dimensional bundle over M, 
given by two copies of the complexified cotangent bundle, and a trivial 2-dimensional 
bundle: 

T;(M)c0T;(M)c0C0C; 

however, one must keep in mind the nontrivial bimodule structure in the last two terms. 

As in the case of the Dirac operator on Riemannian manifolds (Lemma 6), let us compute 
the pairs of operators of the form π(ρ) = T1, π(dp) = T2 for p  Ω1(A). Given p = 
Σfjdgj  Ω1 (A), with fj, gj  A, we have 

where ω
a
 = Σfjadgj

a
, ωb = Σfjbdgjb and 

δa = Σfja (gjb - gja), δb = Σfjb (gja - gjb). 

We have π(dp) = Σπ(dfj) (dgj), which gives the 2x2 matrix 

where ξ
α
 = Σ df

a
dgj

a
 and ξb = Σdfjbdgjb are sections of the Clifford algebra bundle 

C2 over M. whereas 

ηb= Σ((fja - fjb)dgj
a
 (gja- gjb) dfjb), 

ηa = Σ ((fjb - fja)dgjb - (gjb - gja)dfj
a
)· 

Using the equalities 
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dδ
a
 = Σ(fja - gjb + dgja) + (gja - gja) dfj

a
), 

dδb = Σ(fjb(dgja - dgjb) + (gja - gjb)dfjb), 

ωa = Σfjadgja, ωb = Σfjbdgjb, 

we can rewrite η
α
 and ηb, as follows : 

η
α
 = ωb - dδ

a
 - ω

a
, ηb = ω

a
 - dδb - ω

b
,. 

As in the Riemannian case, the sections ξ
α
, ξb of C2 are arbitrary except for σ2(ξα) = dω

a 

and σ2(ξb) = dωb. This shows that the subspace π(d(Jo ∩ Ω1)) of π(Ω2) is the space of 
2x2 matrices of operators of the form 

where ξ
α
 and £b, axe sections of C°, i.e., are just arbitrary scalar-valued functions on M, 

so that ϒ(ξa) = ξα, ϒ(ξb) = ξb· 

A general element of π(Ω2) is a 2 x 2 matrix of operators of the form 

where aα,αb, are arbitrary sections of C2, h
a
,hb are arbitrary functions on M and βa,βb 

are arbitrary sections of Cl (i.e., 1-forms). We thus get: 

Lemma 13. Assume that M*M is not a scalar multiple of the identity matrix. Then, an 
element of Ω2

D is given by: 

1) a pair of ordinary 2-forms σ
α

,σb, on M: 
2) a pair of ordinary1-forms βa, βb on M ; 
3) a pair of scalar functions h

a
, hb on M. 

The hypothesis M*M # Aid is important since otherwise the functions ha,hb are elimi-
nated by π(d(Jo ∩ Ω1)). 

Using the above computation of π(dp) we can. moreover, compute (σ
α
, σb,, β

α
, βb,, ha, hb) ; 

for the differential do; of an element ω = (ω
a
, ωb, δ

α
, δb,) of Ω1D, we get: 

1) σ
α
 = dω

a
, σb, = dωb; 

2) β
α
 = ωb +ω

a
 dδ

a
, βb =ωa

 + ωb - dδb: 
3) h

a
 = δ

α
 + δb, hb = δ

a
 + δb. 

Thus, we see that the differential dω  Ω2
D involves the differential terms dω

a
, du;*,, dδ

a
, 

dδb, as well as the finite-difference terms ωa - ωb, δa + δb, but in the combinations such as 
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ωb — ω
α
 — dδ

a
 imposed by d(df) = 0. Next, let us compute the product ωω1  Ω2D of two 

elements ω = (ωa, ωb, δa, δb), ω' = (ω'
a
, ω'b, δ'

a
,δ'b) of Ω1D ; we get: 

1) σ
α

=ω
α
  ω'

α
, σb = ωb  ω'b; 

2) βa = δ
a

 ω'b - δ'
α

 ω
α

, βb = δbω'a - δbωb; 
3) h

a
 = δa δ'b, hb = δbδ'

a
. 

The next step is to determine the inner product on the space Ω2
D of 2-forms. By definition, 

we take the orthogonal complement of π(d(J0 ∩ Ω1)) in π(Ω2) equipped with the inner 
product (T1, T2) = Τr

ω
(Τ*1Τ2|D|-4). An easy calculation then gives: 

Lemma 14. Let Xλ∂(M*M) be the orthogonal projection of the matrix M*M onto the scalar 
matrices λ∂id. Then, the square norm of an element (σ

α
, σb, βa, βb, h

a
,hb) of Ω2

D is given 
by 

∫M (Na||σa||2 + Nb||σb||2 dv + tr (M*M) ∫M (||βa||2 + ||βb||2)dv 

+ tr((M*M - λ(M*Μ))
2
) x (∫M(||ha||2 + ||hb||2)dv, 

where N
a
 = dimha, Nb = dimhb. 

We are now ready to compute the action YM(V). We shall take the hermitian bundle 
on Y = Ma

 U Mb that has complex fiber C2 on the copy M
a
 of M, and trivial with one-

dimensional fiber C on the copy Mb of M. In other words, we consider the product of the 
example of Section 1 by the example a), β) on the space X. From the above description 
of Ω1D, we see that if V is a compatible connection on E then it is given by a triple: 

a) a usual connection 
a
 on the restriction of E to M

a
; 

β) a usual connection b on the restriction of E to Mb; 
ϒ) a section u on M of the bundle Horn(Eb,Ea

) of linear mappings from the fiber EbjP 
to the fiber Ea.p. 

Both a) and β) have the obvious meaning, while 7) prescribes the value of the finite-
difference operation on sections ξ of E. At the point p

a
, this finite difference is 

(Δξ)(ρ
α

) — ζ{ρα) up£(pb)  Epa
 — C , 

whereas at the point pb it is given by 

(Δξ)(ρb) = ξ(pb) - u*pξ(pa)  E
Pb

 = C. 

Of course, the choice of u is given by a pair Φ1, Φ2 of complex scalar fields on M, namely 
the two components of u(l) for the basis of C2 (cf. Example a), β)). 

The gauge group U — EndA(ε) is the group of unitary endomorphisms of the bundle E 
over Y = Ma

 U Mb, or. equivalently, the group 

U = Map(M, U(1) xU(2)). 
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Its actions on the U(2) connection a and on the U(1) gauge connection b are the obvious 
ones, and the action on a field u  Hom(Eb,Ea) is given by composition. 

Let us be more explicit in the description of V as a linear mapping from the space E of 
sections of E to ε A Ω1D. An element of ε A Ω1D is given by: 

1) a usual differential form ω = (ω
α
,ωb)οη Y = M

a
 U Mb, with coefficients in E: 

2) a section δ = (δ
a

,δb) on Y = M
a
 U Mb of the bundle E. 

The mapping V is then given by 

(ξa, ξb) = (a ξa, b ξb), (ξα - uξb), (ξb - u*ξa) 

for any section ξ = (ξα, ξb) of E. 

Since the restriction of E to M
a
 is trivial with fiber C2, we may as well describe 

a
 by a 

2 x 2 matrix[ω11 ω12 ω21 ωa22] of 1-forms on M that is skew-adjoint. Similarly, & is given by 

a single skew-adjoint 1-form and u by a pair of complex fields (1 + φ1,φ2) = u(l)· 

With these notations, the connection V is given by the equality 

ξ = fdξ + ρξ  ε A Ω1D (ξ  ε), 

where ε = fA2, f  Μ2(Α) being the idempotent f = [1, 0 0, e] = (0,1)  A, and where 

p  Μ2(Ω1D) is the 2 x 2 matrix whose entries are the following elements of Ω1D : 

Pu — (ωa11,ωb11, φl, φ1 ), 
P12 = (wa12,0, 0, φ2), 
P21 = (ωa21,0, φ2, 0), 0), 
P22 — (ωa22, 0, 0, 0), 

or. equivalently, 

The curvature Θ is then the following element of f M2(Ω2
D)f: 

θ = fdfdf + fdpf + p2, 

which is easily computed using the above computation of 

d : Ω1D → Ω2D, A : Ω1D x Ω1D → Ω2D. 

As we saw in Lemma 13, elements of Ω2D have a differential degree and a finite-difference 
degree (a,/?) adding up to 2. Let us thus begin with terms in Θ of bi-degree (2,0). To 
compute them we just use the formulas 1) following Lemma 6: 
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σ
α
 = dω

a
, σb = dωb; σ

α
 = ω

α
 Λ ω'

α
, ab=ωb  ω'b. 

We thus see that the component θ(2’0) of bi-degree (2,0) is the following 2 x 2 matrix of 
2-forms on Ma U Mb: 

= dωα +ωα
  ωα, θb(2,0) = dωb + ωb ωb

 = [dωb11 0 0 01] . 

Next, we look at the component of bi-degree (1,1) and use the formulas 2): 

βα = ωb - ωα - dδ
α 

βb = ω a ωb - dδb 

βα = δ
α

ω'b -ω
α

δ'
α 

βb = δbω'a - ωbδ'b 

Thus, θ1,1) is the following 2 x 2 matrix of 1-forms on M
a
 U Mb: 

Similarly, we have 

Finally, we have to compute the component θ(0,2); we use the formlas 3): 

ha = δ
α + δb 

ha = δα + δb 

h
a
 = δ

α
δ'b 

hb = δb δ'
a 

We then have 
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Thus, 

YM() = I2 + I1+ I0, 

where each Ij is the integral over M of a Lagrangian density given by the following formulas. 

First, 

I2 ·. |dωα+ωα ωa|2N
a
 + |dωb|2Nb, 

where Na = dim ha, Nb = dim hc and the norms are the square norms for the curvatures 
of the connections a and Vb, respectively. 

Next, 

where V is the covariant differentiation of a pair of scalar fields, given by 

Finally, 

Io : (l+2(l-(|l+ φ
1

|2 + |φ
2
|2))2)Tr((λJ(M*M))2), 

where λ1· is the orthogonal projection in the Hilbert-Schmidt space of matrices onto the 
orthogonal complement of the scalar multiples of the identity. These terms are obtained, 
with the right coefficients, from the computation of the Hilbert space norm on Ω2D. 

The fermionic action is even easier to compute. We have 

<ψ, Dψ> = J0 + J1, 

where ψ  ε A h, ϒ7ψ = ψ, is given by a pair of left-handed sections of S  ha denoted 

by [ψ1 ψa2] , and a right-handed section of S denoted by ψb. Both Jo and J1 are given 

by Lagrangian densities: 
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J0 : ψ0, (d + iy(wa))^“ + + iy(u>b))i/>b, 

J1 ’ i/>
b
M[(l +φι),ψ2]Ψα + h.c. 

We can now make the point concerning this example b): modulo a few nuances that we 
shall deal with, the five terms of our action 

I0 + I1 +I2 + J0 + J1 
are the five terms of the Glashow-Weinberg-Salam unification of electromagnetic and weak 
forces for N generations of leptons (where N = Na = Nb is the dimension of fj

a
, fjb). 

Let us describe, using conventional notations of physics, what are the five constituents of 
the G.W.S. Lagrangian, which we write directly in the Euclidean (i.e., imaginary time) 
framework. For each constituent, we give the corresponding fields and Lagrangian: 

C = CQ + Cf + £φ + + Cv, 

where: 

1) CG· The pure gauge boson part is just 

where Gμν = δμWva – dvW^ + ge
a

b
c
WnbW

uc
 and Γμν = όμΒ

μ
 — δ

ν
Βμ are the field 

strength tensors of an SU(2) gauge field Wμα and a U(1) gauge field Βμ. 

2) Cf\ The fermion kinetic term has the form 

where the fi (resp. fR) are the left-handed (resp. right-handed) fermion fields, which 
for leptons and for each generation are given by a pair, i.e., an isodoublet, of left-

handed spinors (such as VL ), and a singlet (eR), i.e., a right-handed spinor. 

We shall return later to the hypercharges Y'L, Fh, which for leptons are given by 
YL = -1, YR = -2. 

3) £φ: The kinetic terms for the Higgs fields are 

where Φ = is an SU(2) doublet of complex scalar fields Φ1 and Φ2 with hyper-

charge Υφ = 1. 
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4) Ly: The Yukawa coupling of Higgs fields with fermions is 

cY = -Y}H,rUL . *)Λ + H}rf'R(i
+ · Λ)], 

where if//» is a general coupling matrix in the space of different families. 

5) Cv: The Higgs self-interaction is the potential 

where Λ > 0 and μ2 > 0 are scalars. 

Let us now spell out the dictionary between our action and the Glashow-Weinberg-Salam 
action: 

Noncommutative geometry Classical field theory 

vector φ G S <8U f), ηφ = φ chiral fermion / 

differential components of pure gauge bosons W, B 
connection ωα, u>b 

finite-difference component Higgs field Φ 
of connection (1 + δα), 8b 

h CG 

I1 

Jo £v 

J0 £f 

J1 CY 

A lot more work is necessary to interpret the standard model Lagrangian (with its quark 
sector) in the above way. It will be done (cf. [Co-L]) in the next sections. 
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7. The notion of manifold in non commutative geometry. 

In this section we shall first expound classical results of the theory of manifolds and their 
characteristic classes, in particular those of D. Sullivan, which exhibit the central role 
played by K-homology. We shall then explain how to formulate Poincaré duality in K-
homology in the non commutative context. Our aim is to free the notion of manifold from 
the hypothesis of commutativity of the coordinates. We shall then apply the obtained 
notion to give a geometric interpretation of the standard model. The phenomenology of 
high energy physics is contained in the Lagrangian of the standard model which in turns 
determines the fine structure of space time as a manifold in the above sense. 

The classical notion of manifold. 
A d-dimensional closed topological manifold X is a compact space locally homeomorphic to 
open sets in Euclidean space of dimension d. Such local homeomorphisms are called charts. 
If two charts overlap in the manifold one obtains an overlap homeomorphism between open 
subsets of Euclidean space. A smooth (resp. PL ...) structure on X is given by a covering 
by charts so that all overlap homeomorphisms are smooth (resp. PL...). We refer to the 
course by François David in this volume for a more detailed discussion of PL manifolds. 
By definition a PL homeomorphism is simply a homeomorphism which is piecewise affine. 

Smooth manifolds can be triangulated and the resulting PL structure up to equivalence 
is uniquely determined by the original smooth structure. We can thus write: 

(1) Smooth => PL => Top. 

The above three notions of smooth, PL and Topological manifolds are compared using the 
respective notions of tangent bundles. A smooth manifold X possesses a tangent bundle 
TX which is a real vector bundle over X. The stable isomorphism classof TX in the real 
K-theory of X is classified by the homotopy class of a map: 

(2) X BO. 

Similarly a PL (resp. Top) manifold possesses a tangent bundle but it is no longer a 
vector bundle but rather a suitable neighborhood of the diagonal in X x X for which the 
projection (x,y) — x on X defines a PL (resp. Top) bundle. Such bundles are stably 
classified by the homotopy class of a natural map: 

(3) X -> BPL (resp. B Top). 

The implication (1) yields natural maps: 

(4) BO — BPL - B Top 
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and the nuance between the three above kinds of manifolds is governed by the ability to 
lift up to homotopy the classifying maps (3) for the tangent bundles. (In dimension 4 this 
statement has to be made unstably to go from Top to PL.) It follows for instance that 
every PL manifold of dimension d < 7 possesses a compatible smooth structure. Also for 
d > 5, a topological manifold Xd admits a PL structure iff a single topological obstruction 
SeH*{X,l/2) vanishes. 

For d = 4 one has Smooth = PL but topological manifolds only sometimes possess smooth 
structure (and when they do they are not unique up to equivalence) as follows from the 
works of Donaldson and Freedman. 

The KO orientation of a manifold. 
Any finite simplicial complex can be embedded in Euclidean space and has the homotopy 
type of a manifold with boundary. The homotopy types of these manifolds with boundary 
is thus rather arbitrary. For closed manifolds this is no longer true and we shall now discuss 
this point. 

Let X be a closed oriented manifold. Then the orientation class μχ G H
n
(X, Z) = Z 

defines a natural isomorphism: 

(5) a G H1 X — a  μχ G H
n
-i X 

which is called the Poincaré duality isomorphism. This continues to hold for any space Y 
homotopic to X since homology and cohomology are invariant under homotopy. 

Conversely let X be a finite simplicial complex which satisfies Poincaré duality (5) for 
a suitable class μχ, then X is called a Poincaré complex. If one assumes that X is 
simply connected (π1(Χ) = {e}), then [Mi-S] there exists a unique up to fibre homotopy 
equivalence spherical fibration E X over X (the fibers p-1 (b), b G X have the homotopy 
type of a sphere) which plays the role of the stable tangent bundle when X is homotopy 
equivalent to a manifold. Moreover, in the simply connected case and with d = dim X > 5, 
the problem of finding a PL manifold in the homotopy type of X is the same as that of 
promoting the Spivak normal bundle to a PL bundle. There are, in general, obstructions 
for doing that, but a key result of D. Sullivan [ICM. Nice 1970] asserts that after tensoring 
the relevant abelian obstruction groups by Z [1/2], a PL bundle is the same thing as a 
spherical fibration together with a KO orientation. This shows first that the characteristic 
feature of the homotopy type of a PL manifold is to possess a KO orientation 

(6) vx G KO*(X) 

which defines a Poincaré duality isomorphism in real K theory, after tensoring by Z [1/2]: 

(7) a G KO*(X)i /2 a  νχ G KO*(X)1/2 · 
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Moreover it was shown that this element νχ G KO*(X) describes all the invariants of 
the PL manifolds in a given homotopy type, provided the latter is simply connected and 
all relevant abelian obstruction groups are tensored by Z [1/2]. Among these invariants 
are the rational Pontrjagin classes of the manifold. For smooth manifolds they are the 
Pontrjagin classes of the tangent vector bundle, but in general they are obtained from the 
Chern character of the KO orientation class νχ. These classes continue to make sense for 
topological manifolds and are homeomorphism invariants thanks to the work of S. Novikov. 

We can thus assert that, in the simply connected case, a closed manifold is in a rather 
deep sense more or less the same thing as a homotopy type X satisfying Poincaré duality 
in ordinary homology together with a preferred element νχ G KO*(X) which induces 
Poincare duality in KO theory tensored by Z [1/2]. In the non simply connected case one 
has to take in account the equivariance with respect to the fundamental group ττ1(Χ) = Γ 
acting on the universal cover X. 

Fredholm modules and K-homology. 
In the above discussion we used, without defining it properly, the KO homology KO*(X). 
By definition this is the generalized homology theory dual to real K-theory. The latter clas-
sifies real vector bundles over X exactly as K(X) classifies complex vector bundles. M.F. 
Atiyah gave in [At2] a natural operator theoretic interpretation of the cycles in KO*(X) 
(in fact in K* (X) the K-homology dual to (complex) K-theory). This interpretation was 
fully developed thanks to the work of Brown-Douglas-Fillmore in operator theory and of 
Miscenko and Kasparov on the Novikov conjecture. 

The basic cycles in the K-homology K*(X), X a compact space, are given by Fredholm 
modules (H,F) (definition 1 of section 5) on the commutative C*-algebra C(X). (We 
refer to [Co] for the small nuance between Fredholm modules and pre Fredholm modules 
for which the condition F2 = 1 is relaxed to F2 — 1 compact.) Using even (resp. odd) 
Fredholm modules up to homotopy (cf. [Kas]) and the obvious operation of direct sum 
of such modules, one obtains an abelian group K0(X) (resp. K1(X)). The generalized 
homology theory thus obtained on the category of metrisable compact spaces is the Steen-
rod homology dual to K-theory [Kam-S]. The description of KO homology KO*(X) is 
entirely similar but requires the discussion of real C*-algebras and a more systematic use 
of Clifford algebras. In [Sim2], I. Singer conjectured that the Sullivan KO orientation of 
PL or of topological manifolds could be directly constructed from elliptic theory on the 
manifold, as a Fredholm module (H, F) over C(X), thus providing a direct analytical 
proof of Novikov’s theorem on rational Pontrjagin classes. This conjecture was proven by 
Sullivan and Teleman [S-T]. First, D. Sullivan showed that any topological manifold X of 
dimension different from 4 admits an essentially unique Lipschitz (resp. quasi conformal) 
structure. To define these notions we just need to give the definitions of Lipschitz (resp. 
quasi conformal) homeomorphisms between open subsets of Euclidean space. They are: 

(8) Lipschitz 3Λ > 0 such that 

Λ d(x,y) < ά(ψ(χ\φ(υ)) < Λ 1 d(x,y) Va:, y 

here d(a, b) = ||b — a|| is the Euclidean distance. 
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(9) Quasi conformal 3K < oo such that 

Vz,y. 

Oriented Lipschitz manifolds admit a natural signature operator which defines an un-
bounded Fredholm module (H,D) over the C*-algebra C(X). 

Quasi conformal manifolds admit bounded measurable conformal structures and the work 
of Donaldson and Sullivan [D-S] provides exactly the ingredients necessary and sufficient 
to construct the even Fredholm module (Ή, F) that we considered in section 5 for even 
dimensional manifolds (cf. [C-S-T] [Co]). This leads ([C-S-T]) to local formulae for the 
rational Pontrjagin classes of topological manifolds of dimension different from 4. In di-
mension 4 the work of Donaldson and Sullivan [D-S] shows that the Yang-Mills theory can 
still be done for quasi conformal manifolds and thus that many 4-dimensional topologi-
cal manifolds do not admit quasi conformal structures. In some sense a quasi conformal 
structure is the minimal amount of structure required to develop the Yang-Mills theory 
and to construct the Donaldson invariants. As is clear from section 5 it is also the minimal 
amount of structure required to develop the quantized calculus. 

Poincaré duality in K-homology and non commutative C* -algebras. 
The notions of Fredholm module and of homotopy between them make sense over any, not 
necessarily commutative C*-algebra A, thus defining the analogue of K-homology in the 
non commutative case. Both groups K* (A) of K-theory and K* (A) of K-homology of a 
C*-algebra A are special cases of the bivariant functor KK of Kasparov (cf. [Kas]) and 
we shall use the corresponding notation: 

(10) KK(C.A) = K*(A) 

is the K-theory of the C*-algebra A (cf. section 4) 

(11) KK(A. C) = K*(A) 

is the K-homology of the C*-algebra A. 

Thus for A = C(X) one has KK(C,A) = K*(X) and KK(A,C) = K*(X). (The functor 
X — C(X) is contravariant.) An even (resp. odd) Fredholm module (H,F) over a C*-
algebra A yields an element in KK(A, C). Exactly as in the commutative case one has, in 
the general case, a cup product operation in the Kasparov bivariant theory. 

A bilinear, associative intersection product is defined, given C*-algebras A1, A2, B1, B2 
and D: 

(12) KK (A1, B1 0 D) 0D KK(D 0 A2, B2) — KK (A1 0 A2, B1 0 B2). 
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We refer to [Kas] for the properties of the intersection product (cf. also [Co]). One way to 
remember these properties is to think of the elements of KK(A,B) as (homotopy classes 
of) generalized morphisms from A to B, the intersection product then being composition. 
For any C*-algebra the intersection product provides the abelian group KK(A,A) with a 
ring structure, whose unit element will be denoted 1A. 

Now let A and B be C*-algebras and let us assume that we have two elements 

(13) aeKK(A®B,C), β eKK(C,A®B) 

such that 

(14) 
β <gu a = 1B G KK(B, B), 
3 CR)R a = 1A G KK(A.A). 

It then follows from the general properties of the intersection product that there are canon-
ical isomorphisms 

(15) 
K*(A) = KK(C.A) = KK(B,C) = K*(B), 
K*(B) = KK(C,B) = KK(A,C) = K*(A) 

that exchange the K-theory of A with the K-homology of B. 

More explicitly, the mapping from K*(A) to K*(B) is given by the intersection product 
with a: 

(16) x G K*(A) = KK(C, A)-^x®Aa£ KK(B, C) = K*(B). 

The inverse mapping from K*(B) = KK(B,C) to Km(A) is given by the intersection 
product with B: 

(17) y € K*(B) = KK(B,C) — B ®B y e KK(C,A) = K*(A). 

More generally, for any pair of C*-algebras C and D, we have canonical isomorphisms 

(18) 
KK(C, A ® D) = KK(C (8) B, D) 
KK(C, B ® D) = KK(C ® A, D), 

which show that the above pair α, β establishes a duality between A and B with arbitrary 
coefficients. 
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In ([Kas7],[Co-S]) an example of this duality was worked out with A = C(V), B = C0(TV), 
where V is a compact smooth manifold, A is the C*-algebra of continuous functions on V, 
and TV is the total space of the tangent bundle of V. The differentiable structure of V then 
provides, through the pseudo-differential calculus, the desired elements a  KK(AB, C), 
β  KK(C, A B) fulfilling the above condition (14). 

The Thom isomorphism for vector bundles ([Kas1]) provides a natural KK-equivalence 
(i.e., an isomorphism in the category of C*-algebras with KK(A,B) as the morphisms 
from A to B) 

(19) C0(TV)  Cv, 
where CV is the C*-algebra of continuous sections of the bundle over V of Clifford algebras 
Cp = Cliff C (Tp(V)). We thus get, using the ΚΚ-equivalence, a natural duality between 
A = C(V) and B = Cv. We shall now describe in greater detail the corresponding elements 

(20) a  KK(C(V)  Cv, C)), β  KK(C,C(V)  Cv). 

Since, as a rule, K-homology is always more difficult than K-theory, we shall concentrate 
on the description of a. The description of β is much simpler. 

We shall describe a as a very specific K-cycle on C(V)  Cv· we let h be the Hilbert 
space of square-integrable differential forms on V, which is equipped with a Riemannian 
metric g: 

(21) h=L2(V,Λc*T*)· 

We let D = d + d* be the self-adjoint operator in h given by the sum of the exterior differ-
ential d with its adjoint d*. The action of C(V) on h is the obvious one, by multiplication. 
For the action of Cv we have the following: 

Lemma. If (h, D) is the K-cycle over C(V) given above, then the commutant on h of the 
algebra generated by C(V) and the [D,f] (f  C(V), ||[D,f]|| < ∞) is canonically isomor-
phic to the algebra of bounded measurable sections of the bundle C of Clifford algebras. 

Indeed, the commutant of C(V) on S) is the algebra of bounded measurable sections of 
the bundle End(/\) of endomorphisms of /\c T*, so that it is enough to compute for each 
p  V the commutant of the algebra generated by the operators γ(ξ), ξ  T*(V), where 

(22) γ(ξ)η = ξ Λ η + ί
ξ

η (η  
C

T*(V)). 

However, γ defines a representation of the Clifford algebra Cp on the Hilbert space /\c T* 
with 1  /\c T* as cyclic and separating vector, so that its commutant is also given by a 
canonical representation of Cp, given explicitly by the formula 
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(23) γ'(ξ)η = (-1)∂η (ξΛη - i
ξ
η) (V η  c T*(V))· 

This K-cycle (h,D) over C(V)  CV defines the fundamental class of V in K-homology, 
α  KK(C(V)  C

V
,C)), and yields for instance the construction of the Dirac operator 

with coefficients in a Clifford bundle ([Gi1]) as the natural mapping 

(24) K.{Cv)^K'{C(V)). 

The K-theory class β  KK(C,C(V)  CV) is easier to describe; it is just the family, 
parametrized by p  V, of Bott elements βρ  K*(CV) obtained from the Bott periodicity 
applied to a small disk centered at p  V. 

In general, CV is not Morita equivalent to C(V). Giving a Spinc structure on V determines 
such a Morita equivalence and thus permits replacing a and β by equivalent elements 

(25) a  KK(C(V)  C(V), C), β  KK(C,C(V)  C(V)). 

This time a is given by the Dirac K-cycle on V and the two representations of C(V) on 
are identical, thus yielding the diagonal representation of C(V)  C(V) on h. This is a 

very special feature of the commutative case: if A is abelian then every A-module is in a 
trivial way an A-bimodule, since one then has the diagonal homomorphism A  A → A. 
In general, as we saw above, the fundamental class in K-homology involves an algebra A, 
its Poincaré dual B and (A,B)-bimodules. 

The lesson that we want to draw from this discussion is that the K-homology fundamental 
class of a quantum space is given by a bimodule, not just a module, (H-D). 

We should of course stress that we are interested in the actual K-cycle (H, D) over A  B 
and not only in its stable homotopy class. 

We also need to discuss briefly the non simply connected case. For a non simply connected 
manifold X the above construction of the Poincaré duality isomorphism should be done 
using the universal cover X instead of X, and Γ-equivariantly where Γ = π1(Χ) is the 
fundamental group of X (cf. [Kas]). One thus obtains elements α,β of the Γ-equivariant 
groups KKΓ (cf. [Kas]). 

Non commutative manifolds. 
Without giving a final definition of a non commutative Riemannian manifold X we shall 
combine our original discussion of the metric aspect in non commutative geometry (sec-
tion 6) together with the above discussion of ordinary manifolds to describe the natural 
ingredient of such a notion. We let A be the involutive algebra of coordinates on the 
quantum space X. By reference to KO (versus if) theory we no longer assume A to be 
an algebra over C but just over R. The full structure (both manifold and metric) should 
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be given by a K-cycle (Ή, D) over the algebra A. (Note that it makes sense to say that 
the representation of A in H, is involutive, we take Ή to be a complex Hilbert space.) 

Following the above lemma, the Poincare dual algebra B turning (Ή, D) into an A  B0 

K-cycle, should be defined by: 

(26) B = {b  A' ; [[D, a], b] = 0 V a  A , [D, b] bounded} . 

Of course one should assume that B is large enough to insure that the class a of (Ή, D) 
in KK(A  B0, C) defines a Poincaré duality isomorphism by the formula (15) (at least 
rationally). 

Finally the discussion should involve the “fundamental group” Γ of X, which in the non 
commutative case has no reason to be a usual group but rather a “discrete quantum group”. 
This “group” should act on H making the whole picture Γ-equivariant. 

We shall not rush to write down final axioms but rather present what should be the 
prototype of such a generalized Riemannian manifold, namely space time (in its Euclidean 
version t → it) as revealed by the Lagrangian of high energy physics: the standard model. 

In [Co] we give other non commutative examples such as the non commutative torus and 
we also show how the cohomology of differential forms in Ω*D(A) is related to the cyclic 
cohomology HC*(B), in the above general situation. 
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8. Geometric interpretation of the standard model. 

In this section we shall describe the (non commutative) geometric structure of space time 
which is given by the phenomenological Lagrangian of high energy physics, namely the 
standard model. This “example” should be analyzed further with great care since it is the 
basic example of geometry provided by nature. 

We shall first describe the Lagrangian itself from the notes by J. Ellis (Les Houches 1981). 
We shall then describe the geometric structure of the finite space F, it will be a “non 
commutative Riemannian manifold” in the sense of section 7. After giving the computation 
of the corresponding Lagrangian on (4 dim continuum) xF we shall discuss a general 
unimodularity condition which will give here the known values to the hypercharges and 
give the equality between the Lagrangian of our model and the standard model Lagrangian. 

The standard model 
Just as for the Glashow-Weinberg-Salam model for leptons, the Lagrangian of the standard 
model contains five different terms, 

L = L
G + Lf + Lφ + LY + L

V

, 

which we now recall together with the field content of the theory. 

1) The pure gauge boson part LG. 

where Gμvα is the field strength tensor of an SU(2) gauge field W
μα

, Fµ is the field strength 
tensor of a U( 1) gauge field Βμ and Ημvb

 the field strength tensor of an SU(3) gauge 
field Vμb. This last gauge field, the gluon field, is the carrier of the strong force; the gauge 
group SU(3) is the color group, and is thus the essential new ingredient. The respective 
coupling constants for the fields W, B. V fields will be denoted g, g' g", consistent with 
the previous notations. 

2) The fermion kinetic term Lf. 
To the leptonic terms 

one adds the following similar terms involving the quarks: 
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For each of the three generations of quarks one has a left-handed isodoublet 

(such as two right-handed SU(2) singlets (such as and each quark field 

appears in 3 colors so that for instance there are three UR fields: ur

R, uy
R, ub

R. All of these 
quark fields are thus in the fundamental representation 3 of SU(3). 

The hypercharges YL, YR are identical for different generations and are given by the fol-
lowing table: 

e, μ,τ ν
e
νμν

τ
 u,c,t d,s,b 

YL -1 -1 1/3 1/3 

YR -2 4/3 -2/3 

These numbers are not explained but are set by hand so as to get the correct electromag-
netic charges Qem from the formulas 

2Qem = YL + 2I3, 2Qem = YR, 

where I3 is the 3rd generator of the weak isospin group SU(2). 

3) The kinetic terms for the Higgs fields: 

where φ = φ
1 is an SU(2) doublet of complex scalar fields with hypercharge Yφ = 1. 

This term is exactly the same as in the G.W.S. model for leptons. 

4) The Yukawa coupling of Higgs fields with fermions: 

where Hff' is a general coupling matrix in the space of different fermions, about which 
we must now be more explicit. First, there is no Hff' ≠ 0 between leptons and quarks, so 
that LY is a sum of a leptonic and a quark part. Since there is no right-handed neutrino, 
the leptonic part can always be put into the form 

LY,lepton = -G
e

(L
e

 . φ)e
R
 - G

μ
(L

μ
 · φ)μ

R
 - Gτ(L

T

 · φ)τ
R
 + h.c., 

where L
e
 is the isodoublet ve,L and similarly for the other generations. The coupling 

constants G
e

, Gτ provide the lepton masses through the Higgs vacuum contribution. 
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The quark Yukawa coupling is more complicated owing to new terms which provide the 
masses of the up particles, and to the mixing angles. The new terms are of the form 

GLuRφ, (*) 

where the isodoublet is obtained from a left-handed up quark and a mixing 

qL of left-handed down quarks (taken from the three families). Also, φ needs to have the 
same isospin but opposite hypercharge to the Higgs doublet φ and is given by 

(**) 

We refer to [Ell] for more details on this point, to which we shall return later. 

5) The Higgs self-interaction: 

has exactly the same form as in the previous case. 

Thus, we see that there axe essentially three novel features of the complete standard model 
with respect to the leptonic case: 

A) The new gauge symmetry: color, with gluons responsible for the strong interaction. 
B) The new values 1, 4, -2 of the hypercharge for quarks. 
C) The new Yukawa coupling terms (*). 

We shall now briefly explain how these new features motivate a corresponding modification 
of the geometric model of section 6, which led us above to the G.W.S. model for leptons. 
First, our model will still be a product of an ordinary Euclidean continuum by a finite 
space. 

In section 6, for the algebra A of functions on the finite space, we took the algebra C
a
  Cb. 

But since we then considered a bundle on {a, b} with fiber C2 over a and C over b, we 
could have in an equivalent fashion taken A = M2(C)  C and then dealt with vector 
potentials, instead of connections on vector bundles. Let us see how C) leads to replacing 
A = M2(C)  C by A = H  C, where H is the Hamilton algebra of quaternions. The 
point is simply that the equation (**) which relates φ and φ is the same as the unitary 
equivalence 2 ~ 2 of the fundamental representation 2 of SU(2) with the complex-conjugate 
or contragradient representation, i.e., we have 

g U(2), JgJ-1 =g  gSU(2). 

Let us simply remark that x  M2(C), JxJ -1 = x defines an algebra, the quaternion 
algebra H. 
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Next, let us see how A) leads us to the formalism of bimodules and Poincaré duality of 

Section 7. Indeed, let us look at any isodoublet of the form dL of left-handed quarks. 

It appears in 3 colors, 

“i “i “1 

drL dyL dbL 

which makes it clear that the corresponding representation of SU(2) x SU(3) is the external 
tensor product 2SU(2)  3SU(3) of their fundamental representations. It is easy to convince 
oneself that even if one neglects the nuance between U(n) and SU(n) in general, there is 
no way to obtain such groups and representations from a single algebra and its unitary 
group. The solution that we found, namely to take (A, B)-bimodules, with B = C M3(C) 
(and A = C  H as above) is in fact already suggested by the following picture in the paper 
[Ell] of J. Ellis, very close to that of the diagonal Δ  X x X in Poincaré duality: 

[[[reproduction of Fig. 6.1 of cited reference goes here if possible]] 

We just refine it by taking algebras—CH for the y-axis, CM3(C) for the x-axis—instead 
of groups, which allows us to better account for the leptons (by the C of C  M3(C)). 

Finally, we shall get a conceptual understanding of the numbers B) from a general uni-
modularity condition that makes sense in noncommutative geometry, but we need not 
anticipate on that point. 

We are now ready to describe in detail the geometric structure of the finite space F which, 
once crossed by R4, gives the standard model. 

Geometric structure of the finite space F 
This structure is given by an (A, B)-module (h,D,γ), where A is the *-algebra C  H 
while B is the *-algebra C  M3(C). Unlike B, the algebra A is only an algebra over R. 
The *-representations π of A on a finite-dimensional Hilbert space are characterized (up 
to unitary equivalence) by three multiplicities: n+, n_, m, where hπ = Cn+ Cn_ C2m; 
if a = (λ, q)  A = C  H, then π(α) is the block diagonal matrix 

where the quaternion q is q = a + βj with a. β  C  H. The representation of the complex 
*-algebra B on gives a decomposition 

in which 3 acts by π(b) = b0  (1  b1) for b = (b0,b1)  C  M3(C), thus the commuting 
representation of A is given by a pair π0, π1 of representations on h0 and h1. The (A, B)-
bimodule h is thus completely described by the six multiplicities: (n0+,n0_,m0) for π0 and 
(n1

+

, n1-, m1) for π1. We shall take these to be of the form 
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(η0
+
,η0_,m0) = Ν( 1,0,1), {n1

+
,n1

-

,m1) = N(1,1,1) 

(where N will eventually be the number of generations N = 3). We shall take the Z/2 
grading γ in h to be given), by the element γ = (1,-1) of the center of A. Finally, we shall 
take for D the most general self-adjoint operator in h that anticommutes with γ (Dγ = 
-γD) and commutes with C B, where C  A is the diagonal subalgebra {(λ, λ), λ  C}. 
(As we shall see, D encodes both the masses of the fermions and the Kobayashi-Maskawa 
mixing parameters.) It follows that the action of A and the operator D in h0 (resp. h1) 
have the following general form (with q = a + βj  H): 

where Me, Mu
,Md are arbitrary N x N complex matrices. 

Since π0 is a degenerate case (M
u
 = 0) of π1 , we just restrict to π1 in order to determine 

A straightforward computation gives π1(Σajda'j) with aj,a'
j
  A, aj = (λj,qj), qj = 

aj+ Βjj, q'j = a'j + β'jj ; we have 

where X, Y are the matrices 

with 

φ1 = Σ λi (α'
i

 - λ'i), φ
2
 = Σ λ

i

β'
i

, 

φ'
1
 = Σ[α(λ'i -α'i)+βiβ'1]. φ'2 = Σα[-αiβ'i+βi(λ'i- α'i)]. 

It follows that Ω1
D,(Α) = Η  Η with the A-bimodule structure given by 

(λ, q)(q1,q2) = (λq1,λq2) (Vq1,q2 H), 
(q1,q2)(λ,q) = (q1q,q2λ) (Vλ  C, q  H), 
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and the differential d being again the finite difference: 

d(λ, q) = (q-λ,λ-q)HH 

(just set q1 = φ1 + φ2j, q2 = φ'1 +φ'2j with the above φ’s). 

Finally, the involution * on Ω1
D
(Α) is given by 

(q1,q2)* = (q*2,q*
1
) (Vq

j
  H). 

The space U of vector potentials is thus naturally isomorphic to H, and a similar compu-
tation shows that Ω2

D(A) = H  H with the A-bimodule structure 

(λ,q)(q1,q2)(λ',q') = (λq
1
λ',qq

2
q') (Vλ, λ'  C, q,q'  H); 

the product Ω1
D

, x Ω1
D

 → Ω2
D, is given by 

(q1,q2) Λ (q'
1

, q'2) = (q1q'2,q2q'l), 

and the differential d : Ω1
D → Ω2

D by 

d(q1,q2) = (q1 +q2, q1 +q2). 

Thus, the curvature θ of a vector potential V = (q,q*) is 

θ = dV + V2 = (q + q* + qq*, q + q* + q*q) = (|1 + q|2 - 1)(1,1), 

where q → |q| denotes the norm of quaternions. 

We thus see that the action YM(V) = Trace (π (θ)2) (we are in the 0-dimensional case) is 
the same symmetry-breaking quartic potential for a pair of complex numbers as in section 
6. 

The detailed expression for the Hilbert space norm on Ω2
D(A) = H  H is given, for 

ω = (q1,q2), qj = αj + βjj, by 

||ω||2 = λ
1
|α

1
|2 + μ

1
|β

1
|2 + λ

2
(|q

2
|2), 

where 

Λ, = Trace (|Me)|
4))|4) + 3Trace(|Μd|4 + |M

u
|4), 

μ1
 = 6Trace(|Md|2|M

u
|2), 

λ
2
 = 1Trace(|M

e
|4 +3(|M

d
|4 + |M

u
|4 + 2|M

d
|2|M

u
|2)). 

Finally, we shall investigate what freedom we have in the choice of the self-adjoint operators 
D0, D

1
 in h0, h1 in the above example. Two pairs and give identical 

results if there exist unitaries Uj : hj→ h'
j

 such that: 

a) UjDjU*j = Dj (j = 1,2), 
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β) Ujπj(a)Uj* = π'
j

(α) (Va  A, j = 1,2). 

Making use of this freedom, we can assume that D0 is diagonal in h0 and has positive 
eigenvalues e1, e2, e3. Thus, the situation for D0 is described by these 3 positive numbers. 

For h1 , a general element of the commutant of π1(Α) is of the form 

where the Vj are unitary operators when U1 is unitary. 

Conjugating D1 by U1 replaces Md and M
u

, respectively, by 

M'd = V1MdV*3 M'
U
 = V2M

U
V

3
*. 

We thus see that we can assume that both M
u
 and Md are positive matrices and that one 

of them, say M
u

, is diagonal. 

The invariants are thus the eigenvalues of M
u
 and Md, i.e., a total of 6 positive numbers, 

and the pair of maximal abelian subalgebras generated by M
u
 and Md . Since any pair A1, 

A2 of maximal abelian subalgebras of M3(C) are conjugate by a unitary W, WA1 W* = A2, 
which is given modulo the unitary groups U(Aj), there remain 4 parameters with which 
to specify W so that WMdW* is also diagonal. Such a W corresponds exactly to the 
Kobayashi-Maskawa mixing matrix of the standard model. 

Geometric structure of the standard model 

We shall show in this section how the standard model is obtained from the product ge-
ometry of the usual 4-dimensional continuum by the above finite geometry F. Thus, we 
let M be a 4-dimensional spin manifold and L2,∂Μ, γ5) its Dirac K-cycle. The product 
geometry is, according to the general rule for forming products, described by the algebras 

A = C∞(M) (C Η), B = C∞(M)  (C  M
3
(C)). 

The Hilbert space H = L2(M,S) where hF is described in c) above, i.e., hF = 

h0  (h1  C
3). There is a corresponding decomposition H = H

0
  (H

1
  C3), with 

corresponding representations π j of A on Hj. 

Then D = ∂M  1 + γ5  where DF is as above. This gives a decomposition D = 
D0 0 (D\  1), where, according to c), we take M

e
, M

u
 and Md to be positive matrices: 
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We shall first restrict attention to the algebra A, the case of B being easier. Note that 
A = C∞(M, C) C∞(M, H), so that every a Є A is given by a pair (f, q) consisting of a 
C-valued function f on M and an H-valued function q on M. 

Let us first compute Ω1D (.Α). Given p = Σα
3
dα'

3
 Є Ω1(A), with a

3
, a'

s
 Є A, we have 

a
3
 = (f

s
, qs), a'

s
 — (f's, qs'), where fs, fs' are complex-valued functions on M and q

s
, q'

s
 are 

H-valued functions on M, of the form 

qs = +
a

s
 + βsj, q

3
 = a'

s
 + β

3
j. 

Then 

where A = Σfsdf's is a C-valued 1-form on M, and W1 + W2j = W = Σq
s

dq's is an 
H-valued 1-form on M (cf. [ ]). 

Also, are complex-valued functions on M given by the same formulas as above for 
the finite geometry, namely, 

This means that the pair (q, q') of H-valued functions, given by q = φ1 +φ2j, q' = 
satisfies 

(«>«') = Σ
α,ύία

·°' 
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where, using the notations of b), Aa'
s
 = (q'

a
 — — q's) is the finite-difference operation, 

while the A-bimodule structure on the space of H 0 H-valued functions (q1,q2) is given by 

(f, q) (q1, q2) = (fq1, qq2), (q1, q2)(f, q) = (q1q, q2f ) for all (f, q) € A 

This shows that Ω1D(Α) is the direct sum of two subspaces: 

Ω£,(Λ) = Ω£-0)ΦΩ2’1), 

where: 

Ω the subspace of elements of differential type, is the space of pairs (A, W) 
consisting of a C-valued 1-form A on M and an H-valued 1-form W on M; 

the subspace of elements of finite-difference type, is the space of pairs (q1, q2) 
of H-valued functions on M, with the above A-bimodule structure. 

The geometric picture is that of two copies MR and ML of M, with C-valued functions 
on MR, and H-valued functions on ML. More generally, the differential forms on MR are 
C-valued, whereas on ML they are H-valued, exactly as in Atiyah’s book [At4]. Of course 
the finite difference mixes both sides, so they are not independent. 

Given an element a = (f, q) of A. the element da of Ω1D has a differential component 
(df, dq), given by the C-valued 1-form df and the H-valued 1-form dq; and a finite-
difference component (q — f, f — q). 

The involution * on Ω1D is given by 

((A,W),(q1, q2))* = ((-A, -W),(q2, q1)), 

so that a vector potential V is given by: 

a) an ordinary U(1) vector potential on M; 
3) an SU(2) vector potential on M (cf. [At4]); 
7 ) a pair q = a + βj of complex scalar fields on Μ. 

The next step is to compute ΩD(A) as well as the product 

Ω x Ω1D —► Ω2D 

and the differential d : Ω1D —► Ω2D. 

We shall first state the result. It holds provided a certain nondegeneracy condition is 
satisfied, namely, that the following matrices are not scalar multiples of the identity matrix: 

M2d or 1/2 M2d + M2u), M2d or M
e

2 or M2u. 

The result then is that an element of Ω2D(A) has: 

1) a component of type (2,0) given by a pair (F, G) consisting of a C-valued 2-form F 
and an H-valued 2-form G on M; 

128 



2) a component of type (1,1) given by a pair (ω1,ω2) of quatemionic 1-forms ωι, ω2 
on M; 

3) a component of type (0,2) given by a pair (q1, q2) of quatemionic functions on M. 

Moreover, with the obvious notations, the following formulas hold: 

d((A,W),(q1, q2)) 
= {(dA, dW),(dq1 + A - W, dq

2
 + W - A), (q1 + q

2
, q1 + q2)}, 

{(A,W), (q1, q2). ((A', W'),(q'1, q '2)) 

= {(A ̂ A', W W), (Aq'1 - q1W', Wq'
2
 - q

2
A', (q1 q'2, q2, q'1)}; 

they show that we are dealing with the graded tensor product of the differential algebra 
of M(the de Rham algebra) by the differential algebra ΩD of the finite space F. 

In order to compute the Hilbert space norm on Ω2d(A), we have to explicitly write down the 
class in τ(Ω2(A))/π( J) associated with an element ((F, G), (ωι, ω

2
), (q1, q2)) of Ω2

D
(A). 

We shall first write what happens for 1 ; the case of πο is a degenerate case obtained by 
taking M

u
 = 0. The subspace r(J) only interferes with the elements of degree 0 in the 

Clifford algebra, and any element of π( J) is given by 5 complex-valued functions a, β, γ, 
Y, Z on M, whose representation in 1 is given by: 

where 

In the Hilbert space 0, the same element is represented by 

with 

The elements (F, G) and (ω1, ω2) of degree (2, 0) and (1, 1) have canonical representatives 
given by the following expressions, where w = αk + βkj and ak, βk are complex-valued 
1-forms on M: 

129 



for ϋ)ι, 

for 0, 

for 1, 

in ̂ 0. 

The component (q1, q2) of degree (0,2), qi = ai + βij, has the following representative 
modulo π( J): 
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The nondegeneracy condition ensures that the various terms such as a1 M2d do not disap-
pear modulo p(J). It is now straightforward, as in Section 6, to compute the action. One 
gets the five terms of the U(1) x SU(2) part of the standard model, with the new Yukawa 
coupling; terms C), but before we discuss the coefficients with which they arise we need 
to show how to reduce the gauge group U(A) x U(B) of the theory to the global gauge 
group U( 1) x SU(2) x SU(3) and obtain the intricate table of hypercharges of the standard 
model. Note that we did not make the straightforward calculation of vector potentials and 
action for the algebra which yield a pure gauge action with group U(1) x U(3). 

Unimodularity condition and hypercharges 
We shall now see how, from a general condition of unimodularity valid in the general 
context of noncommutative geometry, one obtains the intricate table of hypercharges of 
elementary particles: 

e, μ, τ ν&νμντ
 u, c, t d, s, b 

YL -1 -1 1/3 1/3 

YR -2 4/3 -2/3 

(Note that since we are dealing with the Lie algebra of U(1), this table is only determined 
up to a common scale.) 

* 
To obtain these values and at the same time obtain the global gauge group U(1) x SU(2) x 

SU(3), we shall simply replace the local gauge group U(A) x U(B) by its unimodular 
subgroup SU relative to A. 

In our context, the notion of determinant of a unitary makes sense provided that a trace τ 
is given. More precisely by [Harp-S], given a C*-algebra C and a self-adjoint trace r on C 
(i.e., τ(x*) = r(x) for all x Є C), one obtains the phase of the determinant of a unitary u 
as follows: 

where u(t) is a smooth path of unitaries joining u to 1. Thus, this phase is only defined 
in the connected component Uo(C) of the identity, and it is ambiguous, by the image 
<T.K0(C)) of K0(C) under the trace r, which is a countable subgroup of R. 

The condition Phase
r
(u) = 0 is well-defined and gives a normal subgroup of U(C). We let 

S
T
U(C) be the connected component of its identity element. 

Now let A and B be *-algebras and let (,D) be a (d, ∞)-summable bimodule over A, B. 
We shall apply the above considerations to the C*-algebra Con generated by A and B 
and to the family of traces r on C given by the self-adjoint elements p = p* of the center 
of A: 

T
P
(X) = Tr

ω
(ρxD d) (Vx Є C). 
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We thus get a normal subgroup SA(C) of the unitary group of C by intersecting all of 
the S

T
, τ = τρ as above. Since U(A) x U(B) is a subgroup of U(C), its intersection with 

SA(C) gives a normal subgroup S(A,B) of U(A) x U(B). We shall see what S(A,B) is, in 
simple examples, but our main point now is: 

Theorem 1. Let (Α, Β, Ή, D) be the product geometry of a 4-dimensional Riemannian spin 
manifold by the finite geometry F. Then, the group S(A,B) is equal to Map(M, U(1) x 
SU(2) x SU(3)) and its representation in Ή is, for the U(1) factor, given by the above 
table of hypercharges. 

By construction, A = C∞(M) ® AF, B = C∞(M) ® BF, H = L2(M, S) ® F, D = 

∂M Θ 1 + γ5 ® DF and it follows by a straightforward argument that 

S(A,B) = Map (M,S(AF,Bf)), 

where S(AF,BF) is defined as above, but using the ordinary trace in the finite-dimensional 
space S)F instead of the Dixmier trace. Thus, we need only compute the group S(AF,BF) 
over a point, and its representation in F. Now, every self-adjoint element p of the center 
Z(AF) is of the form p = γ1e+λ2(1 — e), where the Xj are real numbers, e = (0,1) Є CφΗ 
and 1 — e = (1,0). It follows easily that 

S(AF, Bf) = (U(Af) X U(BF)) ∩ (SU(e
F

) x SU((1 - e)F)). 

In other words, the unimodularity condition means that the action is unimodular on both 
e)F and (1 — e)F. Let, then, U be an element of U(AF) X U(BF)- It is given by a 
quadruple 

U = ((λ, q),(U, V)); λ € U(1), q Є SU(2),u Є U(1),v Є U(3). 

We have F = ο O (1 φ) C3 and, with the notations of b), the action of U on F is 
given by 

πο(λ,q)u 0 (τ1(λ, q) ® v). 

This operator restricts to both eF and (1-e)F and we have to compute the determinants 
of these restrictions. With N = 3 generations, we get 

det(U
e

) = u2*3 x (det(v))2x3. det(U1_
e

) = (λu)3 x (det v)2x3, 

hence the unimodularity condition means exactly that 

A = u. det v = u 1. (*) 

It follows that S(AF, BF) = U( 1) x SU(2) x SU(3). Let us compute the table of hyper-
charges, say, for example, by taking u as generator, as it is represented. Since A = u, for 

o we get 
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which corresponds to hypercharge 2 for eR, μR, TR and 1 for eL, μL, TL and ve, νμ, vT. 

For 1 we get v = VOU-1/3 with VO Є SU(3) and u1/3 a cube root of u, so that 

which corresponds to hypercharge 2/3 for dR, SR, bR; 4/3 for uR, cR, tR; and 1/3 for the 
left-handed quarks. An overall sign is of course irrelevant (change u to u_1), so we get the 
desired table. 

Remarks. 1) Let A be the algebra of functions on a 4-dimensional spin manifold Μ, let 
(, D)) be the sum of N copies of the Dirac K-cycle (L2,∂Μ) on M, and B the commutant 
of A U [D, A] on ). Then, the group S(A,B) is the group Map(M, SU(N)) of local gauge 
transformations associated with the global gauge group SU(N). 

2) To the above reduction of the gauge group there corresponds a similar reduction 
of bivector potentials V, which in the case of Theorem 1 means that V is traceless in the 
spaces eF and (1 — e) F, and in the case of Remark 1 yields the corresponding SU(N) 
pure gauge theory. 

We are now ready to compare our theory with the standard model of electro-weak and 
strong interactions. We first note that the bimodule over A, B of Theorem 1 is not 
irreducible, i.e., the commutant of the algebra generated by A, B and D does not reduce 
to C. With generic Me, Mu, one can check that this commutant is C4 so that 
splits as a direct sum of 4 irreducible bimodules, three for the three lepton generations, 
i.e., for o, and one for 1 which is irreducible. 

Theorem 2. Let (A.B,D) be the product geometry of a 4-dimensional spin Riemannian 
manifold by the finite geometry F. Let S(A.B) be the reduced gauge group and V the 
corresponding space of bivector potentials. Then, the following action gives the standard 
model with its 18 free parameters: 

where λA, λβ belong to the commutant of the bimodule and 0A, θB are the respective 
curvatures. 

The proof is straightforward, given Theorem 1 and the above computations. 
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In order to transform our interpretation of the standard model into a predictive theory it 
is important to solve the following problems: 
1) Find a non trivial finite quantum group of symmetries of the finite space F. 
2) Determine the structure of the Clifford algebra of the finite space F, given by the linear 
map from the space H 0 H of 1-forms in the algebra of endomorphisms of HF which to a 
1-form Σα1 dbi associates Σαi[D, bi]. 
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