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is given by:

YulF%s o) = 53 [ PP AP AGE RIS VS € C=(N)

Thus to get (*) one can take D = @y ® 1, where 1 is the identity
g X q matrix, so that § = L*(N,S)® C? = L*(N,S ® C?), and take
for § a smooth map z — §(z) from N to the Grassmannian G,,
of r-dimensional subspaces of C? whose Chern classes c;, ¢, satisfy
c? 4+ ¢, > 0. (It is a rather strange fact that in many examples where
(*) is computed, for a quadruple (9, D, v, §), its value turns out to
be an integer.)

In our case we next need to extend the action of C®OC C A to A
and thus the natural choice is to take N = M, so that the action of
Ais given by a = (f, f') — fé6 + f'(1 = 6) € L(9H).

Thus let us fix § € C*(M, G,,) and consider the 4* summable
K-cycle on A given by:

1) =L}M,S®C7), 2)D=py®l, 3)7=7m0l

4) (f,f)=(f6+f(1-68) VEen, (f,f)eA

Lemma 5.3 The metricd on X = M UM associated to the K -cycle
(9,D,7) coincides with the Riemannian metric dy on both copies of
M and for z, y on different copies one has:

d(z,y) = inf(dm(z, 2) + dm(z,y) + €(2)),
where p(z) = £(z)™! is the norm of the differential d§(z).

If the function £(z) varies slowly this metric is essentially the same
as that of Model II, but for the two copies of M in X to be very close
it is not at all necessary that u(z) be large everywhere. In fact x may
very well vanish on a very large proportion of M: provided it takes
large values u(z;) at some point in a neighbourhood of size € of z one
will control d(z,z’) by 2¢ + pu(z;)™'.

The lemma follows from the equality:

i[D,a] =df § + (f — f')d6 + df'(1 - §), fora=(f f)€ A

We now proceed exactly as for Model II, and fixing the same finite
[1.1)-, 1

& (0.1)
field content and the bosonic part of the action of Theorem 1 of Section
4. Since the conditions of Theorem 2 of Section 4 are fulfilled we know
that the minimum of the action cannot be 0.

projective module £ = A? over A we compute the
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As for Model II we let the connection V be of the form V¢ =

ed{ +p€, where p=—p" € Mz(QI(A)). We write p = [ P11 P12 ]
P P22

and pu = 3 aiij dbrij, akj = (futjs fraj)s Oy = (Ghtjs Ghaj)-
Then the field content is as in Model II given by the fields:
A1 = T fujdgnj, A; i B f{lj dg;ua

A; Zf;zjdggzp W = Eféljdgglj?
$1 = T fa(9u;—9115)s ¢2 = T fa;(9215 — 93,;)-

As in Model II there are additional fields such as the ¥’s and the
two others given by:

X = qu,- dQ;U Y = Zféljdgﬂi'

However all these 6 fields will decouple and will be ignoréd by min-
imizing the action over them. If one takes them into account one
gets the following formulae for the matrix elements of the curvature

m(V?) = m(edede + edp + p?) = 0 = b1 6, 4
631 632

6, = 6(dA; + Al + 41— (1 + b1 + 6101 + $202)(d6)?)

* {(—d<51 = (d;l +1)A;, + X)édé

+6d8(~(d + 1A, —HW + XN +[ T

+ (1= 6)(dA] + A" + ¥, — W'W — (1 + 61 + 6161)(d6)*),
b3y = —ds(dy +1)(1 —8)(d6)? + (1 — 6)db(d24, - Y)

~(dos + W(l+ )+ A0, = Y)(1 = 8)dé

+(1 = 8)(dW — W 4] + A, W +9),
62 = (1 —|¢21?)(1 — 6)(d6)? + (dA; + A2 — WW™ + w,)(1 = é).

One then checks that the component of degree 2 in the Clifford
algebra of each 6;; is independent of the six fields ¥y, ¥, ¥1, ¥, X, Y
and that the freedom in the choice of these fields precisely cancels the
component of degree 0 of 6;;. Thus for instance in the term:

(—ddy — (1 + 1)A + X)6 d8 + §db6(—(y + 1) 4} — & W + X)),

the 1-form X disappears in the component of degree 2 and if one takes
~ddy, — (61 +1)A + X — (1 + 1)A, — $:W + X = 0 one cancels the
component of degree 0.

Thus to compute our action we can just ignore the fields ¥, X, YV
and only consider the components of degree 2 of 6;;, in other words
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we are just working with matrices of ordinary differential forms. We
then rewrite the relevant part of §;; as follows:

6y = 6(dA; — (|61 + 11> + |¢af* — 1)(d6)?)
+ (dr + (1 + 1)(A4] — A1) — g2 W™)(1 - 8)d6 + ( )
+ (1 - 8)(dA} = W™W — (|1 + 1|* - 1)(d6)?),

0y = "¢2(£1 +1)(1- 6)(d5)2
+ (doz + (1 + 1)W + @2(A; — Ay))(1 - §)ds
+(1=8)(dW + WA, + A, W)

02 = (1-16a2*)(1 - 6)(d8)* + (dA; - WW")(1 - §).

We can, as for Model II, simplify these expressions using the
A, -W-
W A
d¢ + X¢, X = T — A1, applied to the pair ¢ = (¢, + 1, ¢»).
Thus our action is the sum I(p) = |61;|> + 2/|6;2]* + |022|* of the
L? norms? of the §;;. Each 6;; is a ¢ x ¢ matrix of 2-forms and at
each point z € M we are using the tensor product Hilbert space
H = AT; ® M,(C), where M, (C) is endowed with the Hilbert-
Schmidt inner product. In such a tensor product the four subspaces
1®6)H(1®6), 1®(1-6)H(1®4), (1®68&)H(1®(1-24.))
and (1®(1 - 6.))H(1 ® (1 — é.)) are pairwise orthogonal. This then
allows us to express I(p) using the curvature matrix G = dT + T2 of
the connection T', as follows:

I(p) = |8(dA; - (|gI* - 1)(d8)*)
+1(1 - 8)(Gn - (I8'* - 1)(d8)*?
+2|(1 = 8)(Gn — ¢* ' (d6)*)?
+ (1= 8)(Gar + (1 — |471(d8)*?
+ 2idxo A (1 - 8)dé1%.

connection T = and the covariant derivative dy¢ =

In order to have orthogonality of terms such as (1 — §)G2; and
&*¢*(dé)? we just need to know that the two matrices of 2-forms:

K =5§(d6)?, K'=(1-6)ds)?

are orthogonal to the subspace AT, ® 1 of H for every z € M. This
means that the 2-forms w = tr(K), w’ = tr(K’) should be identically
0, which we shall assume from now on.

We can now write down our action in simple terms:

o) = [ ¢,
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where the Lagrangian [ is:

L = dim(6)|dA:|* + dim(1 — 6)|G|? + 2|dxé A T2
+ (I8 - 1*(IK* + |[K')*) + | K",

where G is the field strength tensor of the connection T and where
I'=(1-6)dé, K =§(dé)?, K' = (1 - §)(dé)*. Note that I'> = 0 and
|dT + I'?]2 = |K|* + |K'|>.

We now have to face the question of the choice of §. This ought
to be a very interesting problem in general relativity since it is this
choice which specifies the geometric structure of our “double-sheeted”
space-time X = M U M, besides the choice of the Riemannian metric
on M. In fact, it is clear from the form of the Lagrangian £ that the
metric g of M only enters by its conformal class, the choice of volume
element is thus dictated by the last term: (|¢|> —1)*(|K|* + |K'[?), i.e.
by the Yang-Mills norm of the field I'. The only term which remains
then is |dx# A T'|? and to understand it we need to understand the
Euclidean norm? on each cotangent space T7(M), given by:

(*) €~ AT

There is no reason in general why this norm? should be related to the
norm? ¢ — |£|? since the choice of ' = (1—§)dé is a priori independent
of the choice of the metric on M.

We shall just content ourselves with the following example where
for symmetry reasons the two norms are proportional. Thus (cf. [1])
we let M = S* be the 4-sphere which we identify with P,(H) the
quaternionic projective space, and we choose for § the basic instanton,
i.e. the map to the Grassmannian of quaternionic lines in H?, viewed
as a subspace of the real Grassmannian G45. It follows then from the
natural SO(5) equivalence of this situation that while the choice of
this instanton uniquely specifies the volume form of S*, i.e. specifies
the metric in its conformal class, the norm? given above by (x) is
proportional to the metric. An extension of this to other manifolds
ought to be linked with Penrose’s twistor theory (cf. [1]).

Using the computations at the end of the discussion of Model II we
thus see that provided (x) is proportional to |£|* we do get exactly the
Weinberg-Salam bosonic sector. There is however one number which
in Model III plays the role of [y, u* in Model II and hence ought
to be quite large, it is: [, |[K|* + |K'|?, or better [, (K')?, i.e. the
instanton number, which is an integer. We shall leave the discussion
of the relations between our Model III and general relativity, of its
fermionic content, anomalies etc. to later investigations.
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