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CYCLIC COHOMOLOGY, THE NOVIKOV CONJECTURE
AND HYPERBOLIC GROUPS

Alain CONNES and Henri MOSCOVICI

Introduction

Novikov’s conjecture on the homotopy invariance of higher signatures [28] can be formulated
as follows: given a finitely presended group I" and a compact oriented smooth manifold M , to-
gether with a continuous map 1 : M — BT, the generalized signatures ( L(M)Uv%*(§), [M]),
where ¢ runs over all classes in H*(BI',Q) and L(M) denotes the total Hirzebruch L -class of
M , are homotopy invariants of the pair (M, ). In other words, if h : N — M is a homotopy
equivalence of oriented smooth manifolds, then (L(N)-h*(¥*(£)), [N]) = (L(M)-¢*(&), [M]).
The validity of this conjecture has been established, by a variety of techniques, for many groups
I', most notably for closed discrete subgroups of finite component Lie groups. The latter result is

due to Kasparov [24] and its proof is based on bivariant K -theory.

In this paper we present a new and more direct method for attacking the Novikov conjecture,
which yields a proof of the conjecture for Gromov’s (word) hyperbolic group [18]. These groups
form an extremely rich and interesting class of finitely presented groups, which differs significantly,
both in size and in nature, from the groups for which Novikov’s conjecture was previously known.
First of all, as pointed out by Gromov [18], they are "generic" among all finitely presented groups
in the following sense: the ratio between the number of hyperbolic groups and all groups with a
fixed number of generators and a fixed number of relations, each of length at most £, tends to
1 when £ — oo [18, 0.2(A)]. Secondly, when adding at random relations to a (non-elementary)
hyperbolic group, one obtains again a hyperbolic group [18, 5.5]. Thirdly, the cohomology of any
finite polyhedron can be embedded into the cohomology of a hyperbolic group [18, 0.2(c)]. Also,

T This work was done under partial support of the National Science Foundation.
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many of the hyperbolic groups exhibit "exotic" properties, like Kazhdan’s Property T [18, 5.6] or

being non-linear (in a non-trivial way).

Our approach is based on expressing the higher signatures in terms of the pairing between
cyclic cohomology and K -theory (cf. [8]). The hyperbolicity assumption plays a twofold role:
first, it ensures, via a deep result of Gromov [18; 8.3T], that every class £ € H*(BT,T) can be
represented by a bounded group cocycle, and secondly, it enables us to make use of a critical norm
estimate (first proved by Haagerup [20] for free groups), recently extended by Jolissaint [23] and
de la Harpe [21] to hyperbolic groups.

The paper is organized as follows. Using the Alexander-Spanier realization of the cohomology
of a smooth manifold, reviewed in §1, we defined in §2 localized analytic indices for an elliptic
operator. Then, in §3 we prove a refinement of the Atiyah-Singer Index Theorem, giving a coho-
mological formula for these "higher" indices. In §5, we extend this theorem to covering spaces,
which provides us with a powerful tool for attacking the Novikov conjecture. As a by-product of
the proof of the Localized Index Theorem, we were also led to construct a cohomology theory of
de Rham type for arbitrary C* -algebras (to be discussed in another paper). This is touched upon
in §4, where we digress to explain the link between localized indices and entire cyclic cohomology

[9]. Finally, §6 contains the proof of the Novikov conjecture for hyperbolic groups.

The main results of this paper have been announced in [12]. We have reasons to believe that
by using entire cyclic cohomology rather than standard (polynomial) cyclic cohomology, the scope
of our method can be enlarged to encompass the groups which Gromov calls semihyperbolic [18,

0.2(E), Non-definition].
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§1. ALEXANDER-SPANIER COHOMOLOGY.

The Alexander-Spanier version of the cohomology of a smooth manifold will be an important
ingredient in our construction of higher analytic indices. For the convenience of the reader unfa-
miliar with it, we devote this preliminary section to a review of some aspects of it which are needed

in the present paper.

Let us start by recalling the definition of the Alexander-Spanier cohomology with real coeffi-
cients, of a topological space M (for details, see [32; Chap. 6]). With ¢ > 0, let C4(M) be the
vector space of all functions ¢ from M?*! to R; a coboundary homomorphism 6§ : C4(M) —
C9*1(M) is defined by the formula

g+l

Gp)a’,..., 2% = 3 (= Dip@,..., 2,2, .. 2,
=0

and C*(M) = {C%(M), 6} is a cochain complex over R. Its cohomology is trivial, except in
dimension 0. The nontrivial cohomological information is concentrated in the subcomplex of
"Icoally zero" cochains. An element ¢ € CI(M) is said to be locally zero if there is an open
covering U of M such that ¢ vanishes on the neighborhood U%*! = |J U9*! of the g™ di-
agonal of M. If ¢ is locally zero then, evidently, so is 6. One obt[{aielz:s thus a subcomplex
Cy(M) = {C§(M),8} of C*(M). The corresponding quotient complex C' (M) = {C*(M), 5}
is called the Alexander-Spanier complex of M with coefficients in R and its graded cohomol-
ogy space H (M) is called the Alexander-Spanier cohomology of M (with real coefficients). If
@ € CI(M), we shall denote by % its image in C*(M) and by [] the corresponding cohomol-

ogy class.

From now on we shall assume that M is an m -dimensional, oriented, C*™ manifold (Haus-
dorff and with a countable basis of open sets). A more appropriate Alexander-Spanier complex
for this situation is FN(M ) = C%, (M) /C;O,O(M ) defined in the obvious way by means of C®
cochains. At some point we shall also need the Borelian version, EB(M ) = C;; M)/ CE,O(M ), de-
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fined in terms of Borel cochains. We let Hy, (M), resp. E(M ) denote the corresponding graded

cohomology spaces.
(1.1) LEMMA. The canonical homomorphism from Heo(M), resp. Hy(M), 10 H (M) is an
isomorphism.
Proof. The standard proof of the fact that H" (M) is naturally isomorphic to the Cech cohomol-
ogy H*(M) with coefficients in the constant sheaf R [32; Sec. 6.8], applies as well to Fm M),
resp. E(M ).O0

In view of the above lemma, we shall suppress the subscript oo (resp. f) in the notation of

the Alexander-Spanier cohomology. In fact, since we shall always be dealing with C* manifolds,

we shall also omit from now on the subscript co in the notation of the Alexander-Spanier complex.

In order to define a homomorphism of complexes from C'(M) to the de Rham complex
A*(M), we endow M with a Riemannian metric and choose an open covering B with the follow-
ing properties:

(a) B is locally finite;

(b) each B € B is a geodesically convex ball, whose center and radius will be denoted z,

and r, , respectively);

(c) the square of the Riemannian distance, d%(z,y),isa C*® function of z and y on BZ;

(d) if B B and z° € B, the function sending v € T; M, ||v|| < rp to d*(z°, ezp, v)

has positive definite Hessian on ezp;; (B);
(e) thesets Bys3 = {z € M;d(zp,z) < rp/3} fromacovering B3 of M.

All the required properties, except perhaps (d), are standard. Concerning (d), there is in fact a local
expansion for the square of the distance in a normal coordinate neighborhood (cf. [13, (2.2)]) which
gives the strengthened version:
d*(z°,2) = |lv — o°|* - 31- > Rijre(zgvivg(v; — v))(ve — v))
5,7,k L
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GY) + higher order terms,

0

where z" = e:cpzﬂvu, T =exps v.

Let X9 denote the standard simplex {t = (to,...,t;) € [0,1]9*!; to+---+t5 =1} in R?*,

(1.2) LEMMA. Ifx=(z"%...,29 € Bf}g and t = (to,...,tq) € X9, the function sending y €

9 . q .
M1y t;d%(z*,y) has a minimum which is attained in a unique point Y t;z* € M. Moreover,
1=0 =1

this point depends differentiably on (x,t) € Bf;; x X9,

Proof. Choose B € B suchthat x € B;’;; . Let p, be the minimum value of the above function
on B. Note that

q9
pp < Y tid@, 2 <1 /9.
1=0

Hence, if the function takes a smaller value at some y € M, then

ugl.‘lqu(z ) <rg/3.

Therefore, d(z,,y) < 2rg/3, in particular y € B. This shows that the minimum exists and it
is attained in B. Now in B, due to (d’), our function has only one critical point, which, by the

implicit function theorem, depends differentiably on x and t. O

Given x € 83;31 we now define a C* simplex sg[x] : Z¢ — M by setting
q -
sqlX](to, .. t)) = ) tiz’.
=0

Together with the covering B , it will be convenient to fix a collection of functions x = {X}¢>0

such that:

(f) xq € C®(M), support x, C B?! and x, = 1 on a neighborhood of the ¢

diagonal in M9*;

(g) xq(z’(o), ey ZT@) = xq(zo, ...,2%), Vr € 8441 = the permutation group of order

(g+1)!.



Let now A*(M) = {AY(M),d} be the de Rham complex of differential forms on M . Given
w € AI(M), we define p(w) € CI(M) by

pw)(@’, ..., 29) = xg(°, ..., 29) w.
8g[2°,...,29]

The vanishing of x4 outside U9*! gives an obvious meaning to the right hand side for any

(z%,...,2% € M%*! | Itis also clear that the class

Pw) = pw) € CU(M)

is independent of the choice of B and x with the above properties. The map 7 : A*(M) — ' (M)

thus defined is a homomorphism of complexes, i.e.

6p(w) = p(dw) .

Indeed, from the definition of the simplex s4[x] it follows easily that its boundary 9sg[x] can be
expressed as follows:

g
0 ) 0 —1 i+l .
dsgz",...,2% = E (-1)'sq1lz",...,2* ", 2*", ..., 2];
=0

thus, the claimed identity is a consequence of Stokes’ theorem for chains. O

(1.3) LEMMA. The induced homomorphism in cohomology p* : Hjp(M) — H' (M) is an

isomorphism.

Proof. The map p induces a homomorphism of presheaves from the de Rham presheaf A* to
the Alexander-Spanier presheaf C*. Since H9(A*) and H9(C*) are locally zero (see [32; Chap.
6) for terminology) if ¢ > 0, and H°(A*) = H%(C*) = R, the induced homomorphism p :
HI(A*) — H9(C") is evidently a local isomorphism for all ¢ > 0. From the uniqueness theorem

of the cohomology of presheaves [32, Thm. 6.8.9], one obtains, for each ¢ > 0, an isomorphism

1 : HIA*(M)) — HY(C* (M),
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where the "roof" signifies passage to the sheaf completion. But A* is already a sheaf, and thus

A* = A*, whereas C* = C" .0

(1.4) COROLLARY. The following subcomplexes of C" can be used to compute H (M) :

(1) C. (M) = {Co(M),6}, Co(M)=CLUM)/CLUM)NCIM),

where C&(M) = {p € CIM); p(™?,...,27@) = sgn(r)p(’,...,29), V1 € Sp};

) C, (M) = {C,(M),5}, C,(M)=CiM)/CLM)NC{M),

where C3(M) = {p € CIM); p(2°,...,29) =0 if z* = 2**! for some 0 <i< q—1};

(1) Ca(M) = {T3(M), 6}, TL(M) =C{M)/CYM)NC{(M),

where CL(M) = {p € CI(M); p(3},...,2%,2%) = (-1)%p(z°, 2}, ...,29)}.

Proof. They are obviously subcomplexes and one has 5;(M ) C 6;(M ) C U:,(M ). Since p

lands in C,, , the statement follows from Lemma (1.3). O

In order to find an explicit formula for a left inverse to p*, it will be helpful to bring into the
discussion the universal complex of the Fréchet algebra A = C*(M). We recall its definition:
Q°(A) = A, QI(A) = Ker(ABA ™2 en
A, and QI(A) = Ql(ﬁ)g . -?Ql(ﬂ) (g times) for ¢ > 1; it is equipped with a continuous

A), which is, in an obvious way, a bimodule over

coboundary homomorphism 8 : QI(A) — Q%*1(A), uniquely characterized by the equations

of=1f—-f®1, Vfe A4,

ofPof'®---®afH=0f"'0af'®---®af1, VIOf,...,fleA.

There is a natural surjection v of CI(M) = A®---&A (g + 1 times) onto QI(M), which
sends an elementary tensor f'® f1®---® f1€ CIM) to f3f'®@---® 3f1 € QUM). In
8



particular, it sends

g+l
$S0f'® 0= )% '@1ef®  ® & f
=0

to

%81 '®---®3fM=0"0a3f' ®---®a3f1.

On the other hand, by the universality of {Q*(A),3}, there exists a canonical morphism of com-

plexes pu: Q*(A) — A*(M) such that

p(f81 ' ®@---®afh =% A...ABf.

Composing it with the morphism v : C*(M) — Q*(A), we obtain a morphism of complexes
A=pov:C*(M)— A*(M), which evidently vanishes on Cj(M). Thus, it induces a morphism
X :C (M) — A*(M), characterized by:

X' @@ =f%9f A...Af1.

For an arbitrary cochain @ € CY(M) one has therefore:
A@)',..., 09 =

1 7] a
— e (1) C))
q! E sgn('r) 351 aeq p(za EIPLEIV Y.\, eIpzsq”f . )IE,'=0 .
€S,
(1.5) LEMMA. The morphism of complexes X : C' (M) — A*(M) is a left inverse of P :
-
A

A*'(M) — 6‘(M) and it induces a two sided inverse of p* in cohomology.

Proof. According to the definitions of p and A, if w € AY(M)

1
Mp@)) = 77 3 sgn(r)”

: ‘I"ES'

where
o d

dey 0 &g -/:'[z,e:cp,s,v’(l),...,ezp,s,u’(i)]

9
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To compute the right hand side, we can work in a neighborhood B € B of = and assume, without

loss of generality, that

w|B = f(u)du;, A...Ady;,

in normal coordinates centered at z. Thus, if (u;(t,€),...,um(t,€)) are the coordinates of

q
u(t, €) = 4z, e:l:pzsv"(l), cers ezp,sqv’(“)] (t) =toz + E taezpzsav"(“) .
a=1
one has:
, ] o ou,,
wz(ul, ceesy uq) = e ttg<1 3—81- e -a—'e—- [f(u(t, 8)) det ( a';b (t, E))] ;=0 dt]_ A A dtq .
0<ty,...stg<1 .

Recall now that u(t, €) is the unique solution of the system:

d 1 :
B tod*(z, exp u) + Etadz(eszeav'("), ezpzu)] =0, st=1,...,m.

a=1

Using the same expansion for d? as in (d’), but in normal coordinates centered at z, the system

becomes:
q
- 1
tou; + ) ta | (u; — &qt] @y _ gei > &ju(z)v}(“)v?“)(uk ~ gav[®)
a=1 ikt
+ higher order terms =0, 1=1,...,m.

Differentiation with respect to € at 0, gives

Ju;

385

g=0 ~ ‘bY% >

therefore

Ui(t,€) = ) ta(eav]® + O(e2)).

a=1
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Introducing this expression into the above formula of w;(vl, ...,v%) one obtains:

w;(vl, e, vl = f(@) det(v:;(b))dtl A...Adt,

el
0<ty,...,tg<1

= %f(z) det(du;, (0" ®)) = wy 'V, ..., 01@).

Thus

A, .., v) = %%sgn(r)w;(vl,...,v“)

1
=— sgn(Mw: (™D, ..., v"D) = w (v!,...,v9).

' fEs'

This proves the first part of the statement. The second part follows from Lemma (1.3). O

We conclude this section with a brief discussion of the Alexander-Spanier cohomology with
compact supports. It can be defined as follows: CZ(M) is, by definition, the subspace of CL,(M)
consisting of those ¢ € C&%(M) whose restriction to the complement M — A of some relatively
compact set A belongs to CY(M — A). Evidently, Co(M) Y CZ (M) is contained in CH(M)
and one considers the quotient Ca(M) = CI(M) /Cg o(M). The coboundary homomorphism &§
is well-defined on 53(M ), giving a complex 5:(M ). Its cohomology F:(M ) is the Alexander-
Spanier cohomology with compact supports of M . This is of course, the smooth version, but again
one can easily adapt the arguments in [32; Sec. 6.9] to show that F:(M ) is naturally isomorphic

to the singular cohomology with compact supports H, T(M).

It is obvious that X maps _é:(M ) to AZ(M) = the de Rham complex with compact supports,
and it is also clear that § maps A2(M) to C,(M). Since Xop = Id, it follows that X is surjective

and p is injective. The same is true about the induced homomorphisms
X H (M) — Hip (M), resp. p*: Hyp (M) — H,(M).
In particular, if the cohomology with compact supports of M is finite dimensional, X" and 7

are seen to be isomorphisms. We leave to the diligent reader the task of proving this fact for an

11



arbitrary C* manifold. We mention though the following consequence, which will be helpful in

the next section.

(1.6) REMARK. The cohomology "ﬁ:(M ) can be computed by means of the complex
{C)cc(M), 8}, where C (M) = C{ (M) N CE(M™) and
C3 (M) = G}, (M)/CS . (M) N CY(M).

e
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§2. LOCALIZED ANALYTIC INDICES

As a refinement of the analytic index of an elliptic symbol, we shall construct for each even-
dimensional Alexander-Spanier cohomology class (with compact support) on a C* manifold M
a localized index map from the K -group KO(T*M,T*M — M) to €. When M is compact,
K%T*M,T*M — M) is the K -theory with compact support KO(T* M) and the ordinary index

map corresponds to the unit class [1] € ﬁo(M ).

We shall need, and freely use, several basic facts of pseudo-differential calculus on mani-
folds, strictly included among those employed in [3,I]. Here is some related notation which will
be used in what follows. Given two C* complex vector bundles E, F over M we denote
by W'(M, E,F) the set of order r classical pseudo-differential operators A : CP(M,E ®
|A|'/2(M)) — C=(M, F @ |A|'/>(M)), where |A|*(M) stands for the line bundle of a -densities
on M. Its inclusion in the definition has the effect that the distributional kernel A(z,y) of

A € ¥'(M; E, F) is a section of the bundle Hom(E, F) ® |A|'/2(M x M), i..

A(z,y) € Hom(E,, F;) ® |A|'*T,M ® |A'*PT,M , V(z,y)e M x M.

The subset of differential operators is denoted DO"(M; E, F') and the subset of elliptic operators
is denoted ¥"(M; E, F)~!. By Psy"(M; E, F) we denote the set of "principal symbols" of order
r,i.e. the subspace of C*(T*M — M, Hom(nx*E,n*F), where 7 is the projection onto M,
formed of sections which are homogeneous of degree r. The subset of elliptic symbols is denoted
Psy"(M;E,F)~!. When E = F' we shall suppress the second bundle from the notation and when
E = F = the trivial bundle we shall omit the bundle altogether.

Let A%,..., A9 € WY°(M; E); we define the distribution tr(A°,..., A7) on M9*! by the

formula

tr(4°,..., A% (p) = (-1 f tr(A°(2°,2")... A1a%, 2°)p(a’, ..., 29), Vp € CP(M™).

For a fixed p € C® (M%), we also set

() (A%, .-, A?) =tr(A°,..., AN(p), VA’ € Y°(M;E).
13



(2.1) LEMMA. () Let ¢ € C“{'“(M). Then 1(p) € O}(‘P""(M;E)) = the space of q-
dimensional cyclic cochains of the algebra Y*°(M; E), i.e.

()AL, ..., A1, A% = (=) (p)(A°,..., A}, A7) VA e ¥®(M;E).

(ii) 7 : C3 (M) — CX(¥Y*°(M; E)) is a homomorphism of complexes, i.e.

T(6p) = br(p),

where b is the coboundary of the cyclic cohomology complex [8].

(iii) If ¢ > 0, A7 € ¥°(M;E) and f/ € DO"(M;E), j=0,...,q, one has

() A%+ £0,..., AT+ f9) = 7(p)(A°, ..., AY).

Proof. The first property follows from the cyclicity of the trace and the skew cyclicity of ¢ . The
second can be checked by a straightforward calculation. Finally, (iii) is a consequence of the fact

that ¢ vanishes along diagonals z/ = z/*! . O

To motivate our definition of the localized indices, let us recall, in an operator algebraic lan-
guage, the definition of the ordinary analytic index map for M compact. One starts with the exact
sequence of C* -algebras

0— Ky — Ly - C(S*M) -0,

where Kjs = the algebra of compact operators on L%(M; IAII/ (M), L M = the norm closure
of WO(M) in the algebra of all bounded operators on L2(M; |A|'/2(M)), S*M is the unit co-
sphere bundle corresponding to a Riemannian metric, s is the inclusion and ¢ is obtained from
the principal symbol map o, : YO(M) — C®(T*M — M) by restricting the symbols to S*M .
This sequence gives rise to a six term exact sequence of K -groups:

KiKy) - Ki(Ly) — Ki(C(S*M)

01 lo
Ko(C(S*M)) <~ Ko(Ly) < Ko(Km).

14



Since K;(Kpy) = Ki(€) = 0, one of the two connecting maps is trivial. The other one,
denoted @, gives the analytic index map Indez : KX(T*M) — Z of [3;], §6], after the canonical
identifications K1(C(S*M)) = KX(T*M) and Ko(Ky) = Ko) = Z. More explicitly, the
general algebraic definition of the connecting map in K -theory leads to the following recipe for
constructing the analytic index of an elliptic symbol @ € Psy’(M; E, F)~!. The symbol & =
(2 "“’0_1) defines, after embedding E in a trivial bundle, an element of GL%,(C*(S*M))
(where the superscript 0 indicates the connected component of identity) for N sufficiently large.
It can, therefore, be lifted to GLY(¥%(M)). For example, if one chooses A € ¥O(M; E, F) with
opr(A) = a and B € ¥YO(M; F, E) with 0,(B) = a~!, then Sy = I — BA € ¥~Y(M; E) and
S, =1 —-AB e ¥Y~1(M; F), hence

Sy —B - SyB
( A S

L= )G‘PO(M;EQF)

defines such a lift. By definition,

d([a]) = [P] — [e],

where P and e are idempotents defined as follows:

Ig 0 0 0
P=L J e= :
0 0 0 Ir

The definition of d([a]) can be shown to be independent of the lift L . In particular, one may
improve, at no extra cost, the choice of the parametrix B such that Sp and S; are smoothing
operators. Then

Sg So(I + Sp)B
R=P—e¢e=

) EY®°M;E® F)
S1A ~-5?

and one has

TrR=TrS; —TrS; = Index 4,

which explains why @ can be regarded as the analytic index map.
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Evidently, the analytical index map does not capture fully the local information carried by the
symbol. It disregards for instance the possibility of localizing at will, around the diagonal, the
above construction. By taking advantage of this important feature, we shall construct a pairing of
the above projections with arbitrary Alexander-Spanier cocycles on M , which will recapture the

stable information carried by the symbols.

We now proceed to describe this pairing. Since the compactness of the manifold is not really
relevant to this point, we shall drop this assumption and replace it with the use of cohomology with
compact supports. Consider a cocycle ¢ € .Zg'w(M ), thatis p € CK‘CG(M ) and 6 € C‘S”(M ).
Let L be an invertible lift of the symbol @ such that L(z,y) = 0 outside a "small" neighborhood
of the diagonal, the "size" of which depends on where §¢ vanishes, in a way which will be obvious
from the context. Such a lift can be manufactured, for example, by localizing the support of A and

B in the above construction. Denoting as before,

Ig 0 0 0
Pp=L L1, Ry = Pp —
0 O 0 Irp

we define
Indy(a) = 7(p)(RL, ..., RL) = (~1)? / 6 (RL@", 7). Ru (%, z)p(a’, ..., 29).
Mat

One has to check that the definition makes sense, i.e. that the right hand side is indepdendent of
the lift L. If g is odd, in view of Lemma (2.1) (i), this is obvious; it is also uninteresting, since it
gives Ind,(a) = 0. So, we shall assume from now on that ¢ is even.

(2.2) LEMMA. Let {Py;s € [0,1]1} c Y%M;V) be a one-parameter family of idempotents
piecewise C! (as a map from [0,1] to OpU(M s E, F), topologized as in [3,1, §5]). Then

1
()P, ..., P1) — 1(p)( P, ..., Po) = (¢ + 1)_/; 7(6p)(Ts, Ps, ..., Py)ds,

where Ty = (1 — 2P) 4 P,.
16



Proof. We notice that %P, = [T, P,] and therefore,

L@ Par..o P = Y @) o, [Tus Pal ., Py
0

S (q + I)T(P)([Tn Pa]: Psa .. °$Ps)~

This last expression is easily recognized to coincide with (g + 1)b7(0)(Ts, Ps, . .., Ps) , which by

Lemma (2.1)(ii) is in turn equal to (g + 1)7(6¢) (T, Ps, ..., Ps). O

We can now show that I'nd,(a) is well-defined. Note thatif ¢ =0 and ¢ # 0 then M must
be compact, in which case this follows from the fact that d([a]) is well-defined (see, e.g. [6, Sec.
8.3]). Thanks to Lemma (2.2), essentially the same proof will work for ¢ > 0. Indeed, let Lo, L;
be two invertible lifts of @ = (2 _‘(')_l ) with support sufficiently localized around the diagonal.

Let P; = L; (Ig g) L; 1 where 1 = 0,1. By Lemma (2.1)(iii), it suffices to check that

T(@)(Po, . .., Po) = 1(0)(P1,..., P1).

Each member of this identity remains unchanged if one replaces P; by ﬁ- = (g‘ OEC;F) , the
advantage being that one can now employ a well-known recipe to construct a path of idempotents

joining 1'50 and }'51 . Namely, one first defines a path of invertibles by setting

- LiLy! 0\ fcos® —sin%\ /LoLT! 0\ [/ cos% sin%
’ 0 0 sin%  cos % 0 0 —sin%  cos %

and then one defines ﬁ, = J,ﬁoJ,‘ 1. V¥s € [0,1]. Since in the process the support has been

maintained localized, Lemma (2.2) gives the desired equality.

Evidently, if ¢ is altered by adding a locally zero cochain Ind,(a) remains unchanged. Thus,

we can in fact set, for a € PsyO(M B, )1,

Indz(a) = Indy(a)

and the definition is unambiguous. The next lemma shows that the localized index map thus defined
actually depends only on the cohomology class [].
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(2.3) LEMMA. If $ € C{,,(M), then Indsy(a) =0.

c

Proof. With P = Pr, and L as above, one has:

Indsy(@) = T6Y)(P, .., P) = br)(P, .., P)

=1@)P,...,P) = —1@)P,...,P);

here we made use of (2.1)(i)-(ii) and of the fact that ¢ is even. O

Recalling Remark (1.6), we conclude that we have defined, for each class [p] € ﬁ:"(M') ,an
index map Ind[p) on the set of all elliptic principal symbols (of order 0). It remains to show that

this map descends to K -theory.

(2.4) THEOREM. Forany [p] € ﬁ:”(M ) the map Indg) from elliptic symbols to C induces
a homomorphism Indg : KO(T*M,T*M — M) —C.

Proof. For the convenience of the reader, we briefly review the definition of the relative K -group
K%T*M, T*M — M) in the spinifof [3,I]. Consider the set C(T"*M, T* M — M) of triples (o, E, F)
where E, F are C* complex vector bundles over T*M and o : E|pep—p — Flrep— is an
isomorphism. Two such triples (¢, E, F) and (¢', E', F,') are isomorphic if there are isomor-
phisms a : E — E', B : F — F' suchthat 6'oa = Boo over T*M — M. Two triples
(0, E*, F*), i = 0,1, are called homotopic if there exists an element (¢, E,F) € C(T*M x
[0,1], (T*M — M) x [0,1]) such that (¢*, E*, F*) is isomorphic to (¢, E,F) | T*M x {i},
1 = 0, 1. The set of homotopy classes, C = C(T" M, T*M — M), equipped with the direct sum op-
eration, forms an abelian semigroup. It contains a subsemigroup Cy = Cy(T*M,T*M — M) rep-
resented by triples (¢ : E, F) with ¢; E — F an isomorphism defined everywhere. The quotient

semigroup C/Cy is actually a group, which can be taken as the definition of K'(T*M,T*M—M).

In particular each elliptic principal symbol a € Psy’(M; E, F)~! defines an element
(a,7*E,n*F) in C = C(T*M,T*M — M), homogeneous of degree 0. Let C° be the subset of all
suchelementsin C . Itis well-known and easy to see that the set of homotopy classes in C? exhausts
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the whole group K%(T* M, T* M — M) . Indeed, since M is a deformation retract of T*M (which
is paracompact), any (¢, E, F) € C isisomorphic to a triple (a,, 7*Eo, 7*Fp) € C°, where Ep, Fiy
are the restrictions of E, F' to the zero-section and a, is extended by homogeneity of degree 0
from the restriction of ¢ to the co-sphere bundle S*M = {¢{ € T*M, ||€|| = 1} (corresponding
to a Riemannian metric on M ). Moreover, this isomorphism is unique up to homotopy if the

isomorphisms E = n*Ey, F = «n*Fy are chosen to be the identity on the zero-section.

The map Ind[p) being already defined on €%, all we need to check is that if (a, 7*E, 7*F) €
CoUT*M x [0,1], (T*M — M) x [0,1]) then Indp is constant along the path {a,} where a,
corresponds to (a,7*E,n*F) | (T*M — M) x {s}, s € [0,1]. Since M is paracompact, one
has E = Ey x [0,1], where Eg = E|M x {0} and similarly F' = Fy x [0, 1] (cf. [22; Cor.
4.5)), so that a, € Psy’(M; Eo, Fp)~!, Vs € [0,1]. Let {A,} (resp. {B,})bea C! pathin
YO(M; Eo, Fy) (resp. WO(M; Fy, Ey)) such that o,p,(A,) = as (resp. 0,-(B,) = a;!) and each
Ay (resp. B,) is supported in a sufficiently small neighborhood of the diagonal. Denote by L, the
lifting of @, manufactured from A, and B,, and by P, the corresponding idempotent. Again,

we may assume ¢ > 0, and then the claim follows by applying Lemma (2.2) to the path {P,}. O

The localized index maps thus defined can be easily transferred to elliptic operators. Namely,

if (] € H, (M) and A € ¥"(M; E,F)™!, we define

Indig)A = Indg(a),

where a € Psy’(M; E, F) is uniquely determined by the condition a | S*M = opr(A) | S*M.
As in the case of the ordinary index, it will be useful to relate these indices to heat operators.
Since for the computation of a [{] -index we can always pick a representative ¢ with compact
support, there will be no loss of generality in restricting our attention to compact (oriented, even-
dimensional) manifolds M . (We shall elaborate a bit on this point later). Furthermore, since for
M compact, KE('I‘*M ) is generated modulo 2 -torsion by signature-type symbols (see [2, §7]),
it will suffice to consider elliptic differential operators (actually generalized signature operators
would already be enough).
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So let us assume that M is compact and that D € DO"(M; E, F)~!. Then

—-3D*D

I-e?
0D ="pp

D*e¥Y"(M; F,E)
is a parametrix for D . Indeed, one has

S{):I—Q_D:e—iD‘D, SI=I__DQ=8—-%DD"

The corresponding idempotent has the expression:

—_— e—D'D e—éD‘D I—c:D-DDt
(D) = .
e-inn‘ D I — e-DD*

Via the one-parameter family of idempotents

e—D'D e~ 3D°D( Ie DD )3+ pe
P(D) = 1 DD* | 1
e—,DD‘(I—e‘ —)~*D I — e DD*

where s € [0, %], P(D) is seen to be homotopic to the self-adjoint idempotent (found by A.

Wasserman [35]):

e—D*'D e~ 3D DI=¢-2"0y} e
W (D) = . DD :
e~ 30D (1= 22} I — e-DD*

Passing to heat operators we have lost, of course, the localization property. Fortunately, this
can be remedied by replacing D with the family tD, ¢ > 0, and letting ¢ — 0. More exactly,
one has the following "localized" version of the McKean-Singer formula.

(2.5) LEMMA. Let W(t) = WD), W'(t) = W(t) — (g ?) t > 0. Then, forany @ €

Z3(M) one has
T(W'®),...,W'®) = Ind,D + O(1t™).

Proof. When ¢ = 0 the statement follows from the classical McKean-Singer formula. We may
therefore assume that ¢ > 0.
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Choose a € C*(M x M) with support contained in a sufficiently small neighborhood of the
diagonal (depending on 8¢ ), such that & = 1 on some neighborhood of the diagonal and a > 0
everywhere. Define, for s € [%, 1] and ¢t > 0, the operator Q,(t) € ¥~ "(M; F, E) by

Q,®)(z,y) = alz,y)* 2Q(tD)(z, y)alz,y)"}.

Since Q) — QD) € Y~®(M; F, E),each Q,(%) is a parametrix for ¢D . Moreover, for s > %
and t > 0, the suport Q,(t) remains inside the support of a. Thus, if we denote by Ps(t) the

corresponding indempotent, one has

T(P)(Ps(t), ..., (Ps(t)) = IndytD = Ind,D ,

forany 3 <s<1andt>0.

On the other hand, for s € [%, 1], let P,(t) = Ps(tD). Applying Lemma (2.2) to the path

s — Py(t), s € [0, 1], one obtains
1
Ind,D — (@)W (@),...,W(@)=(¢g+ 1)]{; T(00)(Ts(t), Ps(t), ..., Ps(t))ds

1
—(@+1) fl |, TERNTL, Pu®) ..., P,

by the remark above. It remains to show that the latter integral is an O(t*°).

Since ¢ is cyclic we can replace each Py(t) by R,(t) = Py(t) — (8 ?) and, more impor-

tantly, since 8¢ is locally zero we only need to estimate

f tr(Ty(t)(2°, 2" )Ry (t) (2", 2%) ... Ry(t)(2?*, 20))
C(p)

where C(p) = {(@%,...,29*); d?(2°,z!) +-- - +d*(z9*},20) > p} with p > O fixed. In turn, the

above integral is a sum of 29*! integrals of the form

f tr(A)(z°, z") ... AT (t)(z?, 20)),
C(p)
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where for each 0 < i < g+ 1, A% = fi(t2A) with A either D*D or DD* and fi a Schwartz

function on R* which has a holomorphic extension to a domain containing R*. On the other

g+l
hand, since C(p) C |J C*(p), where
i=0

. - 1
C"(p) = {(ZO,...,$Q+1); dz(:r‘, $‘+1) > mp}: i“_'os""qls

1
c(n ={@",...,=2"); @™,z > —9},
qg+2
it is enough to estimate the integrals

[ (@)= 2. [ @A), 20).
Cp)
By Cauchy-Schwartz, the square of the absolute value of such an expression is majorized by

TR ER S | (TN PR

f d2(zt,2541)> ,—:‘zP j#

Now tD is a (pseudo) differential family in the sense of Widom, so we can invoke [33, §§5-6] (see

also [34, §5]) for the estimates:

H |71 (#?A)||%4s = OE™), for some fixed v > 0
J#

and

f |Ff @A)z, ) = 0¢™),
Az )2 750

uniformly for s € [},1]. O
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§3. THE LOCALIZED INDEX FORMULA

We shall now use the heat equation approach, in Getzler’s improved version [14], to find the
topological expression of the localized analytic indices of elliptic operators. Actually, we shall
prove a stronger, local formula which establishes the desired equality directly at the level of forms,

belonging to Q*A on one side and to A*(M) on the other side.

The "localization" of the problem will also enable us to reduce it, as usual, to the case of twisted
Dirac operators. Therefore, we shall temporarily assume that M is compact, even dimensional,
oriented and equipped with a spin structure. We denote by S = S* @ S~ the corresponding spin
bundle, endowed with the standard metric and connection. Given any complex vector bundle E
over M , with metric and connection V g, we denote by Pg , or simply D, the corresponding Dirac
operator, acting on the sections of S®E . Since M has an underlying Riemannian structure, which
in particular gives a volume element, we now stop using the bundle of half densities and revert to the
more standard notation. We adopt, however, the Clifford algebra conventions in [14]; in particular

DE —DE .

Givesp € Z}4(M), we want to compute
Ind,Pg = im 7(@)W'ED), ..., W' (tD))

(cf. Lemma (2.5)), where

Ig+ 0
W'(tD) = (eﬂDl +e,1,:2D2w(_t2D2)tm, . ( S*@E ) -
0 —Is-ge

lﬁﬂ_,} 0
w(z)={( =) #>
1

y z=0

Regarding now ¢ as an element of Q29(A) (see §1), we can write it as a sum of a series

0=y f10f,®...03fX
p=1
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which converges absolutely in the Fréchet topology of Q(4A). Thus, it will be sufficient to com-

pute
I; D) = tli_xpo rW)W'@ED),...,W'iD))

for an elementary tensor

v=,9f'®---0a3f4, feA.

Note that there is no a priori reason for the above limit to exist and it is rather remarkable that it

can be calculated, as we shall see below.

It is easy to check that if A?,..., A% € W¥*°(M) then

T(P)(A°,. .., A%) = Tr(AHfOLA°, f1]...[4%7 1, F2)).

Therefore, the quantity to be computed is

16, D) = i Try((€P” - P u (D MD)W @), £11...'®), £,

where T'ry = T'r o 7 is the supertrace. We shall use Getzler’s symbolic calculus [14] to find this
limit.
Let I1(t) denote the operator under T'r,. In the notation of [14], II(t) € OpS~*°(E). In

particular, Theorem 3.7 in [14] applies to give:

Tr, II(t) = 2x)~2" [ troo 1 (TIX))(z, £)dzdé, t>0;
™M

here 2n =dim M , tr, is the pointwise supertrace, ¢ denotes the Getzler symbol map [14; p. 170]
from OpS~°(F) to S®(F) (= S®(S ® E), equipped with the Getzler filtration [14; p. 169]),
0,1 is the rescaled symbol [14; (3.1)] and dzd§ is the symplectic measure on T*M .

In order to organize the computation, it will be convenient to introduce an auxiliary algebra
A(D) . By definition, A(P) is the algebra generated (in a strictly algebraic sense) by A,«, D, (A +
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P31, ~ € C— [0, oo[ , and operators of the form u(—P?) with u a Schwartz function on [0, oo
which admits a holomorphic extension to a complex neighborhood of [0, co[ . All elements of A(D)
are thus (possibly unbounded) operators on L*(M; S ® E), which also belong to OpS>®(E). If
A € A(D), we denote by A(t) the operator obtained by replacing P with tD, t > 0, in the

expression of A . For example, the operator Il(t) introduced above corresponds to
=P’ - P w(-pHD) W', 111... W', 14

where

W' =P - P’ w(-D?)D)y.

Since AW) C OpS™(E), any operator A € A(PD) has a well-defined order (with respect
to the Getzler filtration on OpS*°(E)). We introduce the notion of asymptotic order for elements
of A(PD) as follows. If A belongs to the subalgebra Agsr(D) generated by A, v and P, we
form A(t), assign to t the order —1, then define the asymptotic order of A as being the total
order of A(t). In particular P2 has asymptotic order 0. We give the same asymptotic order 0 to
any function of -p2. Finally, we extend the definition to the whole A(P) in the usual fashion.
We shall use superscripts to indicate the Getzler order and subscripts to indicate the asymptotic
order. Thus AL(P) means the subspace of A(D) consisting of operators of Getzler order r and

asymptotic order k.

The following result is the "Fundamental Lemma" of Getzler’s symbolic calculus. Although

not explicitly stated, it is practically proved and implicitly used in [14].

(3.1) LEMMA. (i)Let A€ Ay(D). Then,if A€ S"(E),

0-1(A®) = a+O0(t), o@t) € $™1(B);

a will be called the asymptotic symbol of A € Ao(D) and will be denoted ao(A) .
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(ii) If A, B € A(D), one has ao(AB) = ao(A) * 0o(B); here » denotes the Getzler multipli-

cation of symbols, defined by the rule

(a* b)(z, &) = e BT 3a(z, &) A b(z, £),

where R € A2 (M) ® AX(M) is the curvature tensor and the rest of the notation identical to that
of [14].
(3.2) EXAMPLES. We list below a few symbols which will be needed in the ensuing calcula-
tions.

(i) 01Dz, &) =it71¢;

(i) 01 (E2D2)(z, §) = — ¢+ Q + 37(R),
where Q = V% is the curvature of (E, Vg) and 7(R) is the scalar curvature of M ;

(iii) o4-1([ED, )z, &) = df , f € 4;

(iv) 01 ([D2, f1)(=, £) = 2it(df, €) +1*Af ;

V) 0-1([t°D?, f)(, &) = —2(df, §)€ + O®), O(t) € SXE);

Vi) 0,1 (A +82DH)I)(z,6) = A — H(z, §)~! +O@), Ot) € S7(E),

where

1 a 0

—1er—Llpe 9y _ L

16 5'&',5?)—@

(the notational conventions being the same as in [14]);

(vii) 04-1(u(=t2D2))(z, &) = u(H)(z, £)) + Ot), O(t) € S~°(E), for any u(—D?) € AD).

The first five formulae are easy to check, the sixth is proved in [14, p. 177] and so is (vii)
for the special case u(z) = e~%. To prove (vii) in the general case, one writes u = vV | with v

Schwartz, and then one employs then a similar argument as for the exponential function. O
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We now return to the operator I1. Denoting u(z) = ei’w(z), z>0, A=u-DHD,

Al = uw(-D[D, f/] and B’ = [u(-D?), f/1D, for j =0,...,2q, we can write

= (P — A)f°eP?, 111+ A + Bl)y...([eP7, £29] + A% + BU)y.

Of course, we are only interested in the "diagonal part" II°Y, more precisely in estimating
Tr II(t) = TrJ1°¥(t) near t = 0. With this goal in mind, we shall make, in the course of the proof
of the following lemma, a preliminary assessment of the terms involved in the expression of IT®

(after the multiplications have been performed).
(3.3) LEMMA. II® has asymptotic order 0.

Proof. As a general remark, we note that since A, A7, B/ are odd, only the products containin g
an even number of them will occur in the expression of I1®. Also, except for A which has

asymptotic order 1, all other factors have asymptotic order < 0.

We now take an inventory of the terms involved, beginning with those which will give no

contribution to the asymptotic symbol.

1°. Terms starting with eP? and containing at least one factor of the form [t:]D2 , f71. Clearly,
aro([emz, fj ]) = 0. Since the rest of the factors have asymptotic order 0, the asymptotic order of

suchatermis < —1.

2° . Terms starting with €P” and containing at least two factors B, B . A priori, they have
asymptotic order 0, but we can actually see that the asymptotic symbol of such a term vanishes.
Indeed, remark that:

D, u(-P?] =0,

(D, [u(=P2), f1] = [u(-D2), (D, f1] € 4_1(D),

and the graded commutator

D, D, f1l: = P2, f1€ A_1(D).
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Thus, without changing the asymptotic symbol of the term, we can bring the two D ’s next to each

other, effectively lowering the asymptotic order by 2.
D,'.t
3°. Terms starting with A and containing more than one factor of the form [e” , f’] (hence

at least three such factors). They manifestly have asymptotic order < —1.

4° . Terms starting with A and containing at least a factor B? . Note that, even a priori, they
have asymptotic order < 0, since they have to contain a factor [eDz, f*1. In fact, arguing as in

case 2°, one sees that their asymptotic symbol vanishes.
Here are the terms which will contribute to the asymptotic symbol:

50, T =eP?’fOUlnA%y. .. A%y = (—1)%2eP?f0A! ... A% it clearly has asymptotic order

6°. Tj=eP fOAly.. AT 1yBiqAT*ly A%y = (—1)2eP" fO4) .. A-1BIATH | A%,
J=1,...,2q; again, all factors have asymptotic order 0.

7°. Zj=—AfPAly.. AT 5P, filq ATty A%y = (~1)TH AfOAL ..
AI-1[eP? §71AJ*) . A% j=1,...,2q;the fact that A has asymptotic order 1 is compensated
by [eP?, f7]1 having asymptotic order —1. O

We are now ready to begin the actual calculations.
(3.4) Computation of the contribution of T .

One has

00(T) = (= 1)00(eP”) » 104 5ou(-D?) » df! # - 5 5o(u(~D?) * df
= (=1%o’ u(~-DH2) A fOdf' A... A dfH.

But
e % — e—2s q 2 2
e-—zu(z)ﬁ! =e 7 (_____:;:___) =-/ .. f e—(1+sl+——-+s,):c)d31 o dsq
1 1

hence

2 2
so(eP u(-p2)%) = / f oo(e" ot 0D g, | g,
1 1
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By (3.2)(vii),
00(e®P*)(z, &) = e*H(z, £),

which really means (e~*H - 1)(z, €). Since R(¢, 3‘%) commutes with the other terms in H(z, £),

and so does @, one obtains

OO(CSDZ)(Q;, £) = e““lffz—x‘zﬂ(ﬁ'z , 383))8‘@ '

The exponent of the first exponential is the harmonic oscillator Hp, over the ring AT, M,

with m = 1‘3R A R . Its Fourier transform is therefore the harmonic oscillator

KR=—A+1 RARX,X), ze€T.M=R™.

6

By Mehler’s formula (see [14, p. 173] or [15, p. 114]), its heat kernel has the expansion

—sK _ -n SR/2 1z
e **R(X,Y) = (4mws) " det (——-—-———inh 3R/2)

sR/2 X + YY) — ﬂ) yi
e:rpE 4s [(tanth/Z) XX +YY) 2(sinth/2 ‘-J-X'Y )

In particular,

/ (e"*HRr . 1)(&)d¢ = / e *Br(¢ n)dedn = 2n)*"e*XR(0,0)

1/2
L e sR/2
=TS det(sinth/Z) ’

Therefore, setting s = 1 + s +--- + 84, one has

, . 1/2
D e o P [P [ eR2
fao(e u(=P))(z,§)dE{ == /1 [1 8" det (sinth/Z)

AeQds,...ds,.
Applying the supertrace, which amounts to multiplying by (%)“ and taking the top degree

component, one finally obtains:

—2n _ ~—1 R/ 2 12
2n) [T‘M trs0o(T)dzd€ = Bo(—1)¥(2ns) fu det (-—-——-——--—-Sinh R/2

Atre@ A fOdfY AL AdFH,
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where
/ [ (1484 +38,) %sy..

(3.5) Computation of the contribution of 2 T;.
J-—

One has
T; = (-1)%eP" 1041 .. 477 (211n f WA+ DD, ff]dx) pA* ... AM
where C is a suitable contour in €, oriented counterclockwise. Since
[A+PH7™, 1= -0+ PYP2, P10+ DY),
one obtains
Tj = (-1)71eP? 041 4/ (2; f uQ)A +DH7I D2, FIDO + D" ‘d.\) AT AN
At this point we take advantage of the fact that only the (super) trace is needed and replace T by

~ 1)q+1
i=

2w

f (—D)2 O+ P21 A A% 04 AT () + DD, FIDdA,

thus bringing the two resolvents on the same side of [P2, f7]. Clearly,

}ina Tr,Tj(t) = t1i_% Tr,Tj(t) = 2m) ™" f tryoo(Tj)dzdé .

TsM

Now in computing ag(f}) we can pass the first oo((A + P%)~1) over the intermediate terms all the
way till it reaches the second oo((\ + P2)~1). Thus, we get:
0o(T5) = (=1)IV =TT N AN fOdFV AL A dFTY

x 00(eP w21 (D! (—D2) 00D, F1D).
By (3.2)(v), 0o([D?, f71D)(z, &) = —2(df’, £)¢ and by (3.2)(vii),

00(eP*uM 1 (— D! (—P?) = e Hu20~ 1 (H ) (H).
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Introducing these expressions in the above formula and, at the same time rearranging the df ’s, we
obtain:
00Tz, &) = (~1)2%f' A ... AdfTT x (" H))u (H)W (H))(z, &)
* (df7, E)Exdf I AL AdFR.

As before, we can rewrite the term in H as follows:

e Hy2-1(Hyw!'(H) = 51— —yX Ir=H
q

d\

L gd ) .
"2 [ .[ (rrtds, ... dsq r-m

=l [ f (814 +sg)e~1++Hs,  ds,

___[ [(s—l)e *His, ...dsg,

where we have set s =1+31+---+3,4.

Thus,

lim T, Ty(¢) = (2m) 2" (%) (—1)? [ fodfi A AdfTTE AW AAFTI AL AP,
= M

where

- j [ =0 ([ 00+ @, ede) do...ds

Now, for any f € C®(M),

(df, €)6 =) &tbea(Ne},

ab
where {eg} is an orthonormal basis of T; M and {e}} its dual basis. On the other hand, given

any symbol gq(z, £€), of even degree as a form, one checks by a straightforward calculation that
a 1 a a
9@, &) » £26° = [€°6 - ;¢ R(—E
1_0
- SR 3¢’ e;,)z'\R(&E
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therefore
@, O+ (0,06 = | T €€ealDei - 3 5 ERGzz, ) Acjeats)
ab a,b

_ %E 553(;%, ea) A epeq(f)
ab

1 F; ] p) .
*3 g R(ﬁ- €a) A R(gg, ep)ea(fey | g(z, &)

= (df, )6 — 7db, E)ER&,%) N - 7€ ARGz, gmadf)

1
e.gmim)f_)ﬂ( g8 Wil ).

The second and the fourth term vanish since

E Roec,es) A€y = ) (Rlee,ep)er, ec)e; Az Aey =0,
ktb

by the Bianchi identity. It follows that
@; f (€ 1)(E)» (df, £)¢d€ = f (df, )€ A (€7 - 1(©)dE
- f €A 3(5"? gradf)e~*H - 1)(€)d¢

Let us prove that the second integral vanishes. One first remarks that

R(aie' gTadf)f - E R(ey, gradf)e; =0,
b

as above. Therefore,
[ £ A Rca%. eradf)(e*E - 1)(E)dE = [ R‘:_e’ gradf)(€ A (e=*F - 1)(€))dé = 0,

since & A (e7*H - 1)(¢) is a Schwartz function (with values in AT M ).

Thus,
g = f (dff, €€ A (e - 1)(e)de

=) ealf)ey Ae? f g et - 1(oe.
a,b
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We now use the harmonic oscillator to evaluate the latter integrals. Namely, by Fourier transform-

ing,

Ty ] ¢ebeER . 1)(E)dt = [ ¢ebe=ER (¢, m)dedn

a o
~(2my™ ( 3505 355° -’*“R) 0,0,

which can be computed from Mehler’s formula, giving

1/2
Ly = ;ﬂ.ns—(ml) (ﬂ) det (L{Z) d .

tanhsR/2/ , sinhsR/2
It follows that
;= l'n"‘.s_(“‘“l)t:";;" det el 2 t E ea(fe} A _SR[2
772 sinh sR/2 " 7 \tanhsR/2)

But, again because of the Bianchi identity,
" sR/2 -
Eb: e A (mh 2 /2) Ee,,a,,,, e

which implies that
1/2
v L n )09 gor [_SRI2 j
By=gre e det| narz) MY

and hence

12
j=—o ﬂde A[ / ( sR/2 ) e*9(s — 1)s~?™Dgs, . ..dsg.

sinh sR/2
It follows that
l . 8R/2 1,2
. (1) = ——8 (—1)9 il o
t]l_r.ﬂo Tr,gT} (t) 2q q( 1) (21‘1) [M det (sinh 3R/2)
Atred A fOdf' AL A dfH
where

2 2
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Bq is the same constant as in (3.4) and

2 2 (a+1) Q'
Q, = s 9 s, .. . ds, = W
. /1 /1 b= g+ 1)

Therefore, the total contribution of the terms T and T, 1 < j < 2g¢, is:

2a 1/2
_ e o wen G sR/2
}%Tr,(T(t)+j§I}(t))—( e [Mdct (——Sinth /2)

AtreQ A O AL AdfA. m]

2
(3.6) Computation of the contribution of 3, Zj .

J=1
One has
Zj = (-1)AAL . AP’ pl1a71 L A%
= (C1)THHA 041 gi-1 (ﬁ f e O+ D)1 D2, 10 + Dz)—ldx) A A%
C

Arguing as in (3.5), we replace it by

. (_1)q+j+1

= f (=DXTN\+DH) 1A ANAOA . AT le A+ DY TID?, f1d),
C
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whose asymptotic symbol is
00(Zj) = (~1DITdFI AL AN FOFU AL A dF oo (~u2(—D2)eP?) x o o(DID2, £7])
=2(=1)3f0%f A AT A WD) B ) (, £) « (dfT EVEAAFTTV AL A dFA.

Now, as we have seen in (3.4),
2 2
uzq(H)e“fI:[ [ e"Hdsl...dsq, s=1+s1+---+34.
1 1
Thus,
-~ 2 2 - .
[ 00(Zj)(z, £)dE = 2(-1)?[ [ FOdfY A NN AT AL A dfds, .. . ds,.
1 1
Inserting the expression of &; found in (3.5) we obtain
2 2
[oo(zj)(:r, §)d¢ = (—l)qw“[ : / s~(ntlesQ
1 1
1/2
Adet(ﬂ) dsi...dsq A fdf' A ... A df*S

sinhsR /2
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which in turn gives

sR/2

1/2
—_ Q 0 7,1 2q
sinth/Z) Atre“ A fodf A...Adf1.

11_1.1(1] TrsZj(t) = (—1)¥27i) "y [M det (
Recalling that ag = @:ﬂéﬁ’ it follows that

. : 1/2
, . _ q - —13 q' _ﬂ
}%Tr.EZj(ﬂ 29(—1)*(2m1) @q+ 1) [M det (sinhR/Z)

Atre9 A fOdfIA.. . AdfA.

Before collecting the above results in a single statement, let us recall that the A -form of a

Riemannian manifold with curvature R is defined by

) 1/2
AR) =det | - z;;f?/ -
sinh(—5-R/2)

and the Chern character form of a bundle E with connection V%; has the expression

ch(st) = {y e_T&"vi‘ .

Adjusting the constants to these definitions, we summarize the preceding computation as follows.

(3.7) PROPOSITION. Let M be a compact, oriented, spin manifold of dimension 2n , let D g
be the Dirac operator on M with coefficients in a vector bundle E and let f°,....fX € A =

C>®(M). With W(D g) being the heat kernel idempotent associated to D g, one has

1 —_
HmTr(W (P 5) — -——i—j-)fo[W(tDE), f11... WD g), £24))

_CD gt
(27)? (29)!

[ AR) A ch(VHfOf' A... A df .
M

The constant multiplying the above integral looks rather mysterious at this point. The reason

why precisely these constants should occur will be made clear in the next section.

(3.8) REMARK. Under the same assumptions as above, one has

lm Tr(1/° (W ¢P g), £'1... W @D ), ) = 0.
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The computation is similar to the one above, only easier. In fact, it parallels the treatment of the
. : 2 2, . .
terms which start with P , except that the factor ¢P? is omitted. Tt is easy to see that the effect

of this change is to replace the constant £, in (3.4) by

2 2
ﬂ&:/ f (84 +8g)7%dsy...dsg
1 1
and 6, in (3.5) by

2 2
6;=f1 [1 (s1++--+8g)(s1++--+89)"ds; ...dsg = ;.

Thus the constant replacing oy is

I _ nl 1 _
ag=p,—6,=0,
hence the claim. O

We conclude the present section with the statement of the general localized index theorem.

Let M be an arbitrary C* manifold and B € ¥"(M; E, F)~! an elliptic pseudo-differential
operatoron M . If b = 0,.(B), then the triple (b, #*E,n* F') defines a class in KYT*M, T*M —
M). We denote by chb € H®(T*M,T*M — D*M) its image via the Chern homomor-
phism. Here D*M denotes the closed unit disk bundle (with respect to some Riemannian metric)
and H*(T*M,T*M — D*M) can be thought of as the cohomology of the de Rham complex
A*(T*M,T*M — D*M), consisting of differential forms on T*M with supportin D*M .

(3.9) THEOREM. Let B be an elliptic pseudo-differential operator on M and let [p] €
H(M). Then

_ 1 ¢ dkimM Xz (T
Ind)B = i (2q)!( 1) (chopr(B)T (M)A[P], [T"M]) .

Here T(M) = Todd(TM ®C) is the index class of M, H*(T*M,T*M — D*M) is regarded as

a module over H}(M) in the usual way and T*M is given the symplectic orientation.

Proof. For g = 0, this is precisely the cohomological statement of the Atiyah-Singer index the-
orem [3, III]. We shall therefore assume henceforth that ¢ > 0. The theorem can be reduced to
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Proposition (3.6) in a way which parallels the well-known reduction of the general index theorem

to the case of Dirac-type operators (see [2] or [16]). Let us indicate briefly the steps involved.

First, if M is not orientable, let ﬁ be its orientable double cover. On lifting B to B and
[@] to [@]™ on M , one obtains Indm-ﬁ = 2Indp) B. This can be easily seen if we choose
the representative ¢ sufficiently localized around the diagonal in M24*! | On the other hand, the

cohomological formula also gets multiplied by 2. Thus, we may assume M orientable.

Secondly, since ¢ can be chosen with compact support (see Remark (1.6)) and Ind,B =
Indyb (where b = g, (B)), bearing in mind the fact that a lift for (g bal ) can be constructed
in an "almost" local fashion, one sees that Ind,B remains unchanged if we modify M outside a
sufficiently large relatively compact domain, and so does the right hand side of the equation. This

allows us to reduce the proof of the case when M is compact.

Thirdly, when M is odd-dimensional, the proof can be reduced to the even-dimensional case
as follows. Consider on the circle S! the operator C : C®(S!) — C*®(S') defined by

ing _ | ne® 18 forn >0
e )_{ne‘“", forn <O0.

It is elliptic, pseudo-differential, Indez(C) =1 and (chop (C), [T'S‘]) = —1 (see [16], Lemma
3.9.4]). On N = M x S! form the operator

p=pac=(;29 5&4)

acting on (LAM;E)®@ LA(SY)® (L2 (M, F)® L%(SY)). Although not quite a pseudo-differential
operator, D can be uniformly approximated by pseudo-differential operators in their natural topol-

ogy (after adjusting its order to 1, to match the order of C). One easily checks that

sn_ (B*BRI+I®C*C 0
DD—( 0 BB‘®-1+1®CG')
therefore,
. —~3B*B o ,—sC*C
e il = (e o ¢—sBB* g e—.cc*)
and
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. e-aB‘B ® esC"CC e-—sB‘BB- ® eaC‘C'
e DD —

e*BB°p g e—?CC* _ ,—sBB* ® e—¢CC* o

Consider now the parametrix

1 — e3D*D 1
Dy=12""pe_ [ i0'Dpe
QWD) DD [0 e ds.

We "localize" it, but only around the diagonal of M , by means of a cut-off function a € C*°(M x

M) as in the proof of Lemma (2.5), that is, we replace it by the parametrix

1
QW) = / ae PP p*ads.
0
Assuming, as we may, that B is also sufficiently localized, one has

Indye1D = 1(p ® NR(D), ..., (D)),

with (p ® 1)((z°,6°),..., (%4, 6%)) = (2, ...,z%) and R(D) = the "difference idempotent"
associated to é(D) .

Remark that if we introduce a "coupling constant" in the above construction, the index will not

change. More precisely, setting Dg = D®pBC , one has

Indye1D = Indyg1Dg = 1(;p ® 1)(R(Dp), ..., R(Dp)).

We can now let B — oo, which has the effect of "decoupling" the two cocycles in the right hand
side of the above equation. Indeed, since e~F’CC converges strongly to the projection |1) onto
KerC =C-1 and ¢ 7°CC" o 0, one has e *F°D" Dp* _, ¢*B°Bp* |1) strongly, therefore

(9)- Jim R(Dg) = R(B). This, in turn, implies that
Jim (o ® 1)R(D),...,R(D)) = r(p)(R),..., R(0)),
therefore,

Ind,g1D = Ind,B.
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On the other hand, it follows from [16; Lemma 3.9.3] that
(chopr(D) - T(N) - X[@ ® 11, [T*N1) = (chopr(B) - T(M) - X[ ® 1], (T* M))
 (chapr(C), [T*S"]) = —(chopr(B) - T(M) - X[p], [T* M) .

This completes the third reduction step.

Thus, we are reduced to proving the theorem for an elliptic symbol on an even-dimensional,
oriented, Riemannian manifold. Since module 2-torsion, KO(T*M) is spanned by symbols of
generalized signature operators, it is enough to check the statement for such operators. But a gener-
alized signature operator is a generalized Dirac operator (in the sense of [19]). It remains to remark
that the proof of Proposition (3.7), based on symbolic calculus, has a local nature and therefore
applies not only to Dirac operators with twisted coefficients but to generalized Dirac operators as

well. O
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§4. ASYMPTOTIC CHERN CHARACTER IN K -HOMOLOGY

In this section we digress to relate the localized analytic indices to the Chern character in K -
homology. The link is established via the notion of "asymptotic Chern character” of a 6 -summable

Fredholm module, which is interesting in its own right and will be defined below in full generality.

We recall [9] that an even 0 -summable Fredholm module (X, D, ) over a unital C* -algebra
A consists of a Z, -graded Hilbert space ¥ with grading -, on which A acts (viaa s -representation)
by even operators, and an unbounded odd selfadjoint operator D such that:

(a) the set {a € A; [D,a] is densely defined and extends to a bounded operator } is norm

densein A;
(B) Tr(e‘mz) <oo,Vt>0.

(4.1) LEMMA. Let A be a unital C* -algebra and (X, D,~) an even 6 -summable Fredholm

1/2
module over A. Let Ry = (e-"D’ +u(t2D2)£tD) ~, where v(z?) = e 37" (-1:;';32-) =
Ri+3(1—9) and F;=2P; - 1.

One has:

() Po=P=P? and F}=1;

(i) [Fi,a] € L! (trace class operators), Va € A;
(iii) ‘li_fflo"[ﬂ,ﬂ]" =0,Va€ A.

Proof. The first assertion is immediate (and was in fact checked in Section 3). The second one
is also clear, since Ry € L£! thanks to the condition ( B) above and [Fi,a] = [Re,a], Va € A,

because 4 commutes with A.

Let us prove (iii). Given u € S(R), write

u(D) = -i!; [ > 8(s)e**Dds.
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Since

- l - -
[e“‘D, a) = [ eth[‘-’D’ a]euD{l-—t}dt ;
0

for all a € A such that [D, a] is b-ounded, one has

(= -]

(D, all < D, alllo= [ [8(2)| |slds = C(D, al]|.

This easily implies

[, alll = (R, a]|| = O®),

forany a € A as above. The set of such a’s being densein A and {F;} being a bounded family,

the same estimate continues to hold forany a € A.

We now recall the definition of the fundamental bicomplex of [8] associated to a unital Banach
algebra A. Forany n € N={0,1,...} C™=C"(A, A*) is the linear space of continuous n + 1
linear forms ¢ on A, equipped with the norm

lell = sup lo@’,...,a"|, d'€4,
lefi<1

and C™! = {0}. The bicomplex is obtained by setting CP? = CP~? for any p,q € Z_and
defining two anticommuting differentials d; of degree 1 and dz of degree —1 as follows:

1
—4q

dy|CPi=(—q+1), dz|0'p'q=p B,

where

bp)@’,...,a™") = Y (—Vp(@,...,d /", .. a™) + (D)™ p@™, a’, . a7,
j=0

and

By = AByp,
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with Bp and A defined by
(Bop)@’,...,a" ) =p(1,a%...,a" ) — (=1)"p(@’,...,a" ", 1),

(AP)@’,...,a" ) = ”El(—l)“"‘”\b(af, AL TR, o 0 T g
j=0
Since we are interested here in C* -algebras, it is perhaps appropriate to point out that the
cyclic cohomology of a C* -algebra A, i.e. the cohomology of cocycles with finite support in the
above bicomplex, is known in many cases and not particularly interesting. At the opposite end, the
cohomology with arbitrary supports is trivial (cf. [8; Lemma 36]) for any Banach algebra. To obtain
a more useful cohomology theory one needs to restrict the growth of the cocycles. Such a growth
condition was employed in [9] for the definition of the entire cohomology of a unital Banach algebra

A . In our present context, one would take A to the subalgebra A = {a € A; [D, a] bounded} .

The growth requirement we shall introduce here, motivated by the following two lemmas, has

the distinctive feature of applying to cochains defined on the whole C* -algebra.

(4.2) LEMMA. With the notation of Lemma (4.1), define for t > 0 and q € IN the cochains
T34 € C™ gs follows:
(0 = Tr(Ref"),

1.3...(2¢ -1
50 FH) = (—1) 32,51:, Ve (F LB, 1. [F, £5)), ¢>1.

Given a finite subset X of A, let

p(r*; 2) = sup Tm (sup [ (/°, .., FD%
keN 7%

where the last sup is taken over the set {(f°,..., f2); all f* € T except at most k. Then:
() di73, +da15,,,=0, V¢t >0, Vg€ N;
(i) p(r*;X) < oo and }ina p(rt,2)=0.

Proof. (i) is straightforward (see [9]).
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(ii) The inequality

2q .
ITr(FfLF, £11. .. (B, £2D) < 100 - IR, £, T T IR, £711)
j=2

implies that
p(r*; E) < sup|[F, al||*.
acZ
The fact that tlin?) p(r%; Z) = 0 follows now from (4.1)(iii). O

(4.3) LEMMA. The notation being as above, there exists a family of cochains {aiq +I}qe]N ;
05441 € C2*, Wt > 0, such that:

i) dlaﬁq_l + dgaﬁq“ = f;fiq, Vi>0,Vg>1;
(i) p(et X) < oo and tl_ugxo p(e:,Z)=0, VEC A, I afinite subset.

Proof. Let A; = — fzﬂ ; it is by construction a trace class operator. Define

2%
t 0 2-1, _ (=1 13...20- DS, .
azq_l(f oo f )= 2q 2e+1 4! E( 1y
J=0
-Tr(FfLFe, ). .. (Fy LS, £741]. LR, £41).
The equation (i) is checked by a calculation identical to that in the proof of Prop. 7.3 of [9].

The assertion (ii) is proved by the argument used in Lemma (4.2). O

(4.4) DEFINITION. An (even) asymptotic cocycle over a C* -algebra (with unit) A is a fam-
ily {Téq}qEIN’ of cocycles 'rﬁq € C™ defined for all ¢ > 0, such that (4.2) (i), (ii) and (4.3)
(i), (i) holds. The particular asymptotic cocycle 7¢ defined in Lemma (4.2) will be called the
asymptotic Chern character of the @-summable Fredholm module (¥, D,+) and will be denoted
ch*(X, D, 7).

One can develop, following the pattern of [9], a cohomology theory based on asymptotic cocy-

cles. For the purposes of the present paper however, only the pairing with the K -theory is needed.

(4.5) PROPOSITION. Let 7t be an asymptotic cocycle over the C* -algebra A. Let e €
M. (A) be an idempotent. Then:
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(i) for t sufficiently small the series

(rt,e) = E(riq#tr)(c, o)
70

is absolutely convergent and its value is independent of t ; by definition,
@ Mr)m® ® 1°,..., mH @ f20) =tr(m",..., mM ) (f°,..., f), if m'e M),
fleA;
(ii) the above pairing induces an additive map from Ky(A) to C;

(iii) if (X, D,«) is a 0 -summable Fredholm module over A, one has for t sufficiently small

(ch*(X, D, %), [€]) = IndexD} ;

here D} = e De*, with e* =e¢ | e(H* @ CF)e.

Proof. (i) By (4.2) (ii), the radius of convergence of the series

E z“(fgq#tr)(e, vees€)
¢=0

tends to oo as ¢ — 0. In particular, the above series converges absolutely at z = 1, for ¢ small

enough. Furthermore, since

d
E(‘r{q#tr)(c, coer€) = (d105,_1H#tr + daol  H#tr)(e, .. ., €)

(cf. (4.3) (1)) and the series corresponding to the right hand side converges absolutely for ¢ small
(cf. (4.3) (i), it follows that %(r‘, e) given by an absolutely convergent series. By [9, Lemma

1.7], this latter series has sum zero.

(ii) After freezing t at a sufficiently small value, one can argue as in [9, Proof of Theorem 1.8]
(cf. also the proof of Lemma 2.2).

(iii) The strategy of [9, Section 7], consisting in replacing D, via homotopy, by Dy = D —
eD(1 — e) — (1 — e)De, applies verbatim, giving the claimed equation. O
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As mentioned before, the above construction leads naturally to the definition of a cohomology
theory for arbitrary C® -algebras, as well as to the construction of a Chern character from K -
homology to the cohomology with asymptotics cocycles. This will make the subject of another

paper. Here we shall only restate the results of §3 in these terms.

(4.6) THEOREM. Let M be an even-dimensional, compact, Riemannian manifold, E a Z, -
graded (complex) Clifford bundle with metric and connection, ¥ = L*(M,E) and ¥ the corre-

sponding (generalized) Dirac operator. Then:

(i) (X,D,v) is a 0 -summable Fredholm module over the C* -algebra A = C(M) of contin-

uous functioyon M ;

(ii) when restricted to the dense subalgebra A = C\(M), the asymptotic character ¢ =

ch*(X,D,~) converges when t — 0 to the cocycle ¥ with components

o 1 (=17
0 2. | P
qu(f )"".lf ) q! (27ri)q

[ chopr(P)A T(M)A fOdf' A ... AdfH,
M

i.e. to the current ch,(D) which gives the classical Chern character of [P] € Ko(M) [5].
Proof. (i) is clear (cf. [9]).

(ii) Replacing F; by 2P; — 1 = 2R; — «y, one has

3...2¢q-1
Bl £ = 020D (T RSB £1)... P £4)

1 .
- 5Tr (qfO[Pg,fll..-[Ptafqu) .

The limit of both terms was computed in Proposition (3.7) and Remark (3.8); although the
result was stated only for twisted Dirac operators, it actually holds for generalized Dirac operators,

as we already noted in the proof of Theorem (3.9).

The fact that ) r{q converges to 0 is a consequence of the finite summability of the
2g>dimM
Fredholm module (¥, D,~y) and will be proved below in full generality.

(4.7) LEMMA. Let (X, D,~) be as in Lemma (4.1).
45



0

Q) If 1%...,f8 e A={f € A; [D, f] bounded}, then

2
. . _1.42n2
7570 -, £l < CUYSON T -ND, #2001 - Trem 2 Pe2,

j=1

where C is an absolute constant.

Gi) If (X,D,w) is p-summable then . ‘r‘ converges to 0 when t — 0 as a cocycle on
2>p
A, endowed with the norm |||a||| = ||e|| + ||[D, a]|| ac d.

Proof. (i) One has

1.3...(2¢g—1
(£, .., 2] = |(~ 1728 ;!" DT (B fRs, 1. [Rey £20)]
< 227 Y Tr(F fOLR:, f11... (R, £4))|.

Recall that R; = (e~ +e” w tD)vy,withwe . Arguing as in Lemma (4.1),
Il that R, 2D 4 ¢=38'D%y(¢2D2)it D ith w € S(R). Arguing as in Lemma (4

we can find ¢ < oo, independent of D, such that

max{||e~*%, f1ll, |le~**P*wDAD, 1} < ellD, 71,  Vf € 4.
Writing
(Re, [l = [e—éﬂ)?’ f]e—i‘ZDz +e—itZD2[e—§t2D2’ 1
+[e3°D? 11~ 17Dy 12Dyt D + e~ 3D [e~ 3"y 12 D)t D, £,
it follows from the above inequality applied to tD that

ILRe, fll2g < 4ctlILD, £1]| - lle 2D o .

Thus, (i) follows from Holder’s inequality.

(ii) With k = [p] + 1, one has

| E Tr(e 2902 = ¢y (e_?"‘tzﬂ'z(:r - tze_‘l‘ﬂz‘pz)_l) )
29>k

so that (ii) follows from the estimate (cf. [11]):

Tre P’ =0¢™?), t—0. O
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(4.8) REMARK. Suppose that Proposition (3.7) was established in the less precise form:

lim T'r(Ref°[Pe, £'1... [P, f1) = ¢q [M choprD) A T(M) A fOdf' A ... A df*

with the constants ¢, undetermined. Then Theorem (4.6) (ii) would have given

2
Bulf0, .y 129 = (1128 ;" cq f cho (@) A TM) A Odf* A .. A dFS.

In conjunction with (5.4) (iii), this implies

Index g =Y (- 1)92'-'

q=0

X ¢q [M(cho’p,(ll)) A T(M))2mn—g) A (tr(evzﬁ))zq

..(29 - 1)
q!

for any vector bundle with connection (E, VEg). Thus, the constant ¢4 can be determined from

the Atiyah-Singer index formula:

-2q-1) _ (=1)

q 9 =
(=172 g = 2riyig!’

ie.

1 q'
= iy Qg
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§5. HIGHER I -INDICES

We shall now extend the I' -index theorem of Atiyah and Singer ([1], [31]), from the I"-trace
case to higher I' -cocyles. Throughout this section I will denote a countable discrete group, acting
properly and freely on a smooth manifold M, with compact quotient M = I‘\ﬁ . It will be

convenient to fix a Riemannian metric on M and endow M with the lifted metric.

To begin with, let us introduce an algebra which is needed in the construction of the higher
I' -indices. This algebra, to be denoted A, consists of all I"-invariant, bounded operators A on
L*(M) whose Schwartz kernel A(Z,9), a priori only a distribution on MxM satisfying the
I' -invariance property

A(g'?f, g'ﬁ)':A(&'sms V"[Er,

is actually a C* function with compact support modulo I"'. A more complete (and suggestive)
notation for this algebra is Cg"(ﬁ Xr M ).
We now proceed to construct homomorphisms from A to CI'® Ry and CI'® Eﬁl where Rz

(resp. f.ir )is the algebra of smoothing operators in L2(M) (resp. Hilbert Schmidt operators).

Let {Bi,...,B,} be an open covering of M by small balls B;, domains of smooth cross-
sections f; : B; — M for the canonical projection =« : M — M. Let (X:)i=1,...r be a smooth
partition of unity subordinate to the above covering. We shall assume, as we may, that each x:/ 2

is a smooth function. The following formula defines a I" -equivariant isometry U from Lz(ﬁ )

into L2 (M x {1,...,r} x I):
UE)(z,i,9) = ;@) /?t(@B(z)) Vgel, zeM, ie€{l,...,r}.

The adjoint of this isometry is given by the following equality:

U@ =Y x;@'*n(z,5,%/px) VieM,
J
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where %/Bj(z) € T is the unique element g of ' such that gfBj(z) = Z. Forany A € A =
C?(ﬁ xr M), let 0(A) = UAU*; its Schwartz kernel is given by:

0(A)(z,3,9; 9, ], b) = xi (@) *x; @) > A(gBi(), hB;(y)) -
A straightforward calculation shows that

0(A) =" plg) ® b,(4),
gel

where p denotes the right regular representation of I' and 6,(A) € M,(Rps) is the matrix of

smoothing operators given by:
O5(A))s (@, 9) = ;@) *x;)' P ABi(2), 985 W)) -

The compactness of UB;(B;) and of the support of A, together with the fact that I" acts properly
on M, ensure that 6,(A) = 0 except for finitely many g’s. Thus 6(A) belongs to the algebraic

tensor product CI" ® M, (R)s) where CI" denotes the complex representation ring of I".
(5.1) LEMMA. (i) @ is an algebra homomorphism of A into CI' @ M,(Rps).

(ii) The induced homomorphism 0, : Ko(A) — Ko@I ® R )y) is independent of the choice of
{Bj,Bj, xj}-
Proof. (i) Follows from the equality U*U =1

(ii) Let {B}, B}, x;} be another set of data as above. A straightforward computation shows
that for any A € A, one has 6'(A) = VO(A)V*, where V is the partial isometry V = U'U* =
(Vij), where V;j = p(gij) ® (xix;)'/?, with g;; € T being the unique element of T" such that
Bl(z) = g;;B;(z) for Vz € B:N B > and (xX'x;j)'/? is the multiplication operator by the smooth
function x!(z)"/2x;()"/? in L*(M). Thus, V is a multiplier of the algebra €T ® M, (R ).
By a general result of algebraic K theory, the induced K theory maps 6. and 6, of Koy(A) to
Ko(CTI' ® Rp) coincide. O
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Using an orthonormal basis of eigenfunctions for the Laplacian A on M associated to a given
Riemannian metric one can identify the algebra R with the algebra R of matrices (aij); jeN
such that

sup s"'j‘|a.-,-| < 00 Vk,£ € IN.
i,jelN

This identification, together with the above lemma, give rise to a canonical homomorphism

0 : Ky(A) = KoCI'® R).

With minor and obvious modifications, all of the above remains valid if we introduce bundles

<
into the picture. Thus, L2(M) gets replaced by L%(M, E), whre E is a (Hermitian) vector bundle
over M, LA(M) by L*(M, E), where E = x*E ,and C®(M x-M) by C®(MxT'M, EQE®*),

consisting of I'-invariant, compactly supported mod I', smooth kernels A such that

A7) € Hom(E,E,)* E,®E,, V&NHeMxM.

We are now ready to define a K -theoretical index map indr : Ko(M) — Ko@I' ® R). Let
D : >, E*) — C®(M,E-). As explained in [1], D is invertible modulo A = C®(M xr
M . E® E‘) . More explicitly, one can lift almost local parametrices @ of D to I -invariant
parametrices Q and D,sothat Sy =I—QD, 8 =I - D@ € A. From such a parametrix Q

one can manufacture the idempotent

. [ 82 Sa+8)0
= [~0~ e ~0 Q] € My(A).
D I1-8

Thus, the reduced class
B=181-[(3 ?)] € ko

(5.2) DEFINITION. The K -theoretical index of a T -invariant elliptic operator D on Mis
defined as follows:
indrD = O((R)) € Ko@T' ® R).
50



It is straightforward to check that the assignment D — indr(ﬁ) induces a map from the K -

homology group Ko(M) (canonically isomorphic to .K,?(T‘M ) to Ko@I'® R).

We shall now show that, at the expense of replacing the algebra Rjps by the algebra £i, of
all Hilbert Schmidt operators in L%(M), we can simplify the construction of @, , by means of a

Borel cross-section S of = : M- M. Indeed, let 8 be a bounded Borel cross-section, i.e., with

B(M) compact. We define a homomorphism 67 : 4 — CI'® L2 by

6°(4) =) plg) ® 64(4), 65 (A)(z,y) = A(B(z), 9BY)) -

gerl’

Given {B;, i, X; }si=1,..r as above, the following r X 1 matrix of multipliers of CT'® £2 imple-
ments the K -theory equivalence of the maps 6, and 0.V = (V)j=1,..,r » With Vj = Zip(g;5) ®
1 E,.x}/z, where (E;)i-,.., is a suitable Borel partition of M and g;; € T is such that A(z) =

9ijPj(z), Vz € E;N B;.

The higher T -indices of the elliptic operator D will be obtained by pairing indrD with
cyclic cocycles on €' ® R constructed from group cocycles on I'. We recall that the graded
cohomology group H*(I') = H*(I',C) of T is by definition the graded homology group associated
to the complex C*(T" : ') = {C*(T : IN,d}, whose p-cochains are functions ¢ : I[?*! — C

satisfying the invariance condition
c(y *905--+,9 'gp) =C(Qoa-—-,9p): VQ:QOv--sgp € F)

and with coboundary given by the formula

ptl

(dc)(gﬂ's ey gp+1) = E(_l)‘-c(QO'l ey @i-15G45 .-+, gp+1) .
=0

Since we only deal with real or complex coefficients, the above complex can be replaced by the

subcomplex Cz(I": I'), where

CE(:T) ={c € CP(T:1);e(gr(0)s-- - » Ir(p)) = 8gn(1)c(go, ..., 9p), VT € Spu1},
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without altering the cohomology.

Let ¢ € ZE(I : ) be a p-cocycle of the latter complex. According to [8], it defines a cyclic
p-cocycle 7#tr, or abbreviated 7., on CI" ® R, via the formula

fc(.f()@'ﬂoa"':.fp@ﬂp=tr(£0---ﬂp) E fo(gﬂ)fl(gl)-"fp(gp)c(lsghglm:“',9192“-99):

gog1.-gp=1

where f0,...,f? € €T and A°,...,47 € R. Note that this cocycle extends to €T’ @ L2 if
p =2 1. The pairing theory developed in [8] turns this cyclic cocycle into an additive map [7.] :
Ko@I' ® R) — C. Explicitly,

[re)([e] — [ﬂ)=?e(ev°-se)"":Fc(fl---sf);

here e, f are idempotent matrices with entries in (CI' ® R)™ = the unital algebra obtained by

adjoining the identity to €I" ® R, and 7; is the canonical extension of 7, to (CI’' ® R)™.

By definition, the (¢, I")-index of D is the number

IndenD = [r)(indrD).

It only depends on the cohomology class [¢] € H*(I') and is linear with respect to [c].

For the clarity of the ensuing discussion, it will be appropriate to recall in some detail the
canonical identification of H*(I') with the cohomology of a K (T, 1) -space. So let X be such
a space and let X X+ X be its universal covering. Following [17], we denote by C‘(ff 0 iy
the complex whose p-cochains are I'-invariant functions ¢ : X P, C. There is an obvious

homomorphism Vy : C‘(J? :T) = €*(X), where C*(X) isthe singular complex of X. Precisely,

(Vxe)(©) = (o (€o), - - -, 0 (ep)) Vo:¥ - X,

with {ep,...,e,} denoting the vertices fo the standard simplex ¥» c RP*!. In fact, Vx maps
C'()? : I) to the subcomplex Cf-()?) of I'-invariant singular cochains on X . Since this latter
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subcomplex can be canonically identified with C*(X), we thus get a natural homomorphism Vy :
C‘()? : ) — C*(X). As explained in [17, p. 256], due to the fact that X is contractible, the
map induced by Vx on homology, vx : H,(C*(X : I)) — H*(X), is an isomorphism. On
the other hand, any I"-equivariant map n : X — T induces a homomorphism n* : H*(I') =
H,(C*T :T)) = H,(C*(X : ). This toois an isomorphism (cf. [17, loc. cit.]), which moreover
is independent of 1. The composition &+ = vy o p* : H*(I') = H*(X) provides the canonical

identification between the two graded cohomology groups.

We now return to our I'-principal bundle M M. Starting with a group cocycle ¢ €
ZP(" : T), we can construct an Alexander-Spanier p-cocycle $, on M as follows. Fix an
arbitrary cross-section 8: M — M . Let (2°,..., zP) € MP*1;if there is a connected, open subset
U of M, which admits a continuous local cross-section By : U — M , such that @@°,...,z°) €

UP*! | we define

0e(z°,...,2P) = c(By(z®)/B(z°), ..., Bu(z?)/B(zP));

otherwise, we set <pc(:r:°, ...,ZP) = 0. Since ¢ is I -invariant, the cochain ¢, is well-defined.
Moreover, since dc = 0, one has 6§, = 0. The Alexander-Spanier cocycle thus defined depends
on the choice of the global cross-section 8. Its cohomology class, however, is independent of .

As a matter of fact, the following strengthened statement holds.

(5.3) LEMMA. Let ¢y : M — X be a continuous map to a K(I', 1) -space. If [c] € H*('),
then [@.] € H' (M) corresponds to Y*(1[c]) € H*(M) via the usual identification between the

singular and the Alexander-Spanier cohomology.

Proof. Let M =4*X =+ M be the pull-back of X -+ X . Consider as above, but this time
for M - M , the complex C‘(ﬂ : I') of I'-invariant "straight" cochains on M , together with
its natural homomorphism to the singular complex of M, V) : C‘(ﬂ : ) = C*(M). Evidently,
one has
VMmod® =" oVx,
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where 12; : M — X is the canonical lift of ¥ : M — X . Therefore, in view of the above

discussion, if ¢ € ZE(T : ") then

$*@le]) = (vag 0 $°* o n*)le]

for any I"-equivariant map n : X — I'. Given across-section 8 : M — M, we can certainly

choose n so that

~

(n 0 P)@) = F/P(x(@)), Vie M.

Thus, if U is a connected open subset of M admitting a continuous cross-section By : U — M,

¢ : 3P — U is a singular p-simplex, and & denotes its I"-invariant lift to M , one has
©e(0(€0), - - -, 9 (ep)) = e(Bu (0 (€0))/B(a (€0)); - - ., Bu (0 (ep))/ B(0 (ep)))
= (@ (e0)/ B (€0)), ..., B (ep)/ Blo (ep))
= ¢((n 0 P)@(e0), - - ., (7 0 P)F (ep)))
=Vu@*n*e)@) = B*Van'e)(0),

which is precisely our claim.0

We come now to the main result of this section, which provides a cohomological formula for

the higher I' -indices of a I"-invariant elliptic operator.
(5.4) THEOREM. Let M be a compact smooth manifold, I' a countable discrete group, M-

M a I -principal bundle over M and D a T -invariant elliptic differential operator on M . For

any group cocycle ¢ € z&*a* : ), one has

& (_l)dimM q!
IndenD = =G o1

(chapr(D)T (M)Y*(alc)), [T* M]),

where ¢ : M — BT is the map classifying the covering M-oM.

Proof. For g = 0, this is the Atiyah-Singer L?-index theorem for covering spaces. Thus, we

may assume that ¢ > 0.
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Choose a Borel cross-section g : M — M , which is bounded and almost everywhere smooth,
and use it to form the Alexander-Spanier cocycle ., € Z p (M) corresponding to ¢ € Zm T :
I'). By Lemma (5.3), ¥*1[c] and [$,] represent the same cohomology class (modulo canonical

identifications). Thus, in view of Theorem (3.9), we are reduced to checking the equality

Ind(c_r)ﬁ = Indg,D
Let s
= S So(I +30)
S\D —
be the difference idempotent constructed from a paramemx Q of D by therecipe explained before.

] € M(A)

Let 6 : A — CI' ® L2 be the homomorphism manufactured from the cross-section 3. One has
Ind.nD = 1.0(R),...,0(R))

N Trg (R0, (R)...0,,B)ec(l,g1,...,91...9p)-
gog1.gp=1

It is convenient to change variables as follows:

’Yl=gli 'TZ=9192:---, 1p=gl---gp.

One obtains
IndenD =3 o, ..., W) TrOy R0 1, (B)... 01 | (R)O1(R)
T yeyVpET r
[ Y et ptr BB, bR @), 1B
MeH! My-Tp

R(vp-1B8zp-1), 1B@p) R(7pB(zp), B(z0))dz: . . . dzp.

Observe now that if By : U — M is a smooth local cross-section, there exists precisely one

element (v1,...,7p) € I?*! such that (B(z0), 118(z1), ..., 7B (=p)) € By(U)P*!, and moreover,
¢(1,41,-.,%) = ©Pe(Z0,...,Zp). From the construction of R, which is obtained by lifting a
difference idempotent R on M supported around the diagonal in M X M , it follows immediately

that

Ind(c,r)ﬁ = /Mwl ©e(Z0, ..., zp)tr(R(zo, 21) . .. R(Tp, Z0))dzo . . . dzp

=Ind, D. O
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§6. Application to the Novikov Conjecture

The applications of the Higher I"-Index Theorem (5.4) to the Novikov conjecture and its cir-
cle of ideas depend on the identification of the " C* -completion"” of the I"-index, attached in the
previous section to a I' -invariant elliptic operator, as a C; (I') -index in the sense of Mishchenko-

Fomenko [27]. We begin, therefore, by establishing this fact.

As before,let M — M bea I -principal bundle over the compact manifold M , and let D :
C“(ﬁ , EY > C”(ﬁ . E~) bea I'-invariant elliptic differential operator. Letting I" act by right
translations on C;(I'), the reduced C* -algebra of I", we can form the induced flat C}(I) -vector
bundle ¥ = C*() xr M over M. Then D, or equivalently D : C®(M, E*) — C®(M, E-),
gives rise to an elliptic C7(I') -operator, D =I® D : C®(M,V ® E*) - C*°M,V® E"),
whose C;(I) -index, sndgsr)P , belongs to Ko(C;(I)).

(6.1) LEMMA. Letj:CI'®@R — C; (@K be the tensor product of the inclusion maps CI" —»
C; (') and R — K (= the C* -algebra of compact operators on a separable infinite-dimensional
Hilbert space). Denote by jg : Ko@TI' @ R) — Ko(C; (")) the induced homomorphism on K -
theory. Then

Jk(indrD) = indgxyD .

Proof. Let L2(M, V® E) denote the (left) Hilbert C; (') -module of L? -sections of the C;(I)-
vector bundle V ® E . We shall identify C*(M, V ® E) C LXM, V ® E) with C®*(M,&.(D®
E)l‘ , the space of I -invariant smooth sections of é:(l") QF , where C;(T') is the trivial C;(T)-
bundle C2(T) x M, To(I) = #*@:()) = C*() x M, and T acts by right translations on
C}(I) and trivially on E. With this identification, D becomes I ®r D = the restriction of
I1® D :Cc>M,C,(0 e EY) —» c>M,T, ) ® E) to C>M,T, (1) ® E*)'. Let Q bean
almost local parametrix for D and let 6 denote its canoncial lift to M. Then Q = I ®r é is
a C; (') -parametrix for D,ie. So=I— QD and §; =TI — DQ are compact C?(I') -operators.
One, therefore, has:
indenP =171-[(3 )] »
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where

( $2 so(I+so)Q) =
=IQ®rpP.
S0 I-— 82

Let us note that any smoothing C?*(I") -operator § : C~(M, T, (M@ E)T — Cc>M, T, E)"
is given by a kernel section (Z,9) — $(Z, %) € C;(I'®@ Hom(E,, E;) (where C;(I') is identified
with Endger)(C; (') via the right multiplication), satisfying the I'-invariance property:

S(9Z,99) =6, * S, 9) * 8,1, VgerT;

here 8,(7) =0 if v #g and §,(g) = 1.

Let us choose now a Borel, bounded, almost everywhere smooth cross-section g for « : M-

M . Tt yields an isomorphism of C;(I') -modules

B* : L*(M,V ® E) = L*(M,C;(1 ® E)

as follows: if u € C“(ﬁ ,&:(F) ® E‘)r then

B*u)(z) =uP@) e C/TN®E;, VzeM.

Given an operator S on L2(M,V ® E), we set
7(§)=peSo ().

If § is a smoothing operator as above, such that its kernel section is compactly supported modulo

", one can compute explicitly 7(§) as follows. Let v € C®°(M,V @ E) and u = (8*)"v; then
(r($)0)(=) = (Sw)(Ba)) = fﬁu@) v $(B(), D7

. [Mzu(gﬁ)*s(ﬁ(ﬂi),gfﬁdﬂ

gel’

= / E u(@) * 6,-1 * $(B(z), g¥)dy

M ot

= [MEv(y) * Eﬁ(y)/ff* 69_1 * $(B(z), g¥)dy ,

gel’
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and after the substitution g = h - B(y)/¥ one obtains

@) =3 [ o)+ Gyt » SBG@), HWHMy.
her /M

In particular, if § = I ®r &, where § is the lift of an almost local smoothing operator S :

C (M, E) — C*®(M, E), then its kernel section is of the form

SEN=605EPN, EGNeMxM.

Therefore,

7(8) =) 1) ® (5,
gerl’

where r(g) is the right translation by g € I' on C; (), i.e. 7(§8) corresponds to 9(§). Then
7(P) corresponds to 0(P), which implies that

indgxnD = indgeqyr(D) = jx(indrD). u)

We now proceed to apply the previous results to the problem of the homotopy invariance of
higher signatures. Solet M be a compact, oriented, smooth manifold. For most of the discussion,
we shall also assume that M is even-dimensional. Let ¥ : M — BI be a continuous map to
the classifying space of a countable discrete group I'. We denote by MY 5 M the pull-back,
via ¢, of the universal covering ET" = BI". By means of I"-equivariant "algebraic surgery" (cf.
[26], [24]), one associates to the I -principal bundle MY 5 Mana priori homotopy invariant,
Mishchenko’s symmetric signature, o[M, %] € LOCT) = the Witt group of (equivalence classes
of) non-singular, Hermitian forms over the ring with involution €I". The inclusion j : CI" —
C;(I') induces a homomorphism jg, : L°en) — Ky(C; (@), since LO(C:(I" )) can be naturally
identified with Ko(C;(I)).

Now let D = d +d* : A*(M) — A—(M) be the signature operator on M2", let DY be its
I -equivariant lift to M¥ and let D¥ be the induced C; () -signature operator with coefficients
in ¥ = C*(T) xr M. Itis known that (see [24], [25], [26])

L0 (M, $]) = indgerD? .
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Applying Lemma (6.1), we obtain:

(6.2) LEMMA. With the above notation, one has

jxGndrD¥) = ji(0 [M,$]) € Ko(CH(D)).

In particular, jx(indrﬁ‘f’) depends only on the oriented homotopy type of M .

Combining this with Theorem (5.4) gives the following partial solution to Novikov’s conjec-

ture.

(6.3) PROPOSITION. Let H; (I',C) be the subspace of H*(I',C) consisting of all classes
§ € H*(I',C) with the following property: there exists a cocycle ¢ € Zy([I : '), with [c] = £,
such that [r;] : Ko@CT' ® R) — C extends to amap [7.] : Ko(C}()) = C, ie. [T.] o jx = [7e].

Then the higher signatures
Signg(M,¥) = (LIMyP*(§), [M]), &€ Hy(T,0),

are invariants of the oriented homotopy type of M .

Proof. Indeed,if € =[c] € H,zg(I“,C) , by Lemma (6.2) and Theorem (5.4), one has

2n q!
Qi) (2q)!

%.(r(0 (M, ¥)) = Ind. DY = (LM)P*(a(€)), IM]),

where L(M) is the stable Hirzebruch class of M (cf. [3, III], p. 577). The left hand side depends
only on the homotopy type of M and the right hand side is proportional to Sign¢(M,).0

Thus, proving the Novikov conjecture amounts to showing that the "extendable” cohomology
exhausts the entire cohomology ring of I". We shall see that this is the case when T" is hyperbolic.

But first, we need the following technical lemma.

(6.4) LEMMA. Let I be afinitely generated discrete group, equipped with a word length func-
tion g v |g|. Let C = C@T ® R) be the closure under holomorphic functional calculus of CT' ® R
inC;I®K.
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G) If A€ C, A=(aij) with ai; € C2(T), then

3
Ni(4) = ( > Vk(ﬂij)z) < oo, Vk € N
i,jeIN

where

u@) =Y A +lgh*a@P?,  VYaeCrm:;

gel

(C*() is regarded as a subspace of £X(T') in the usual way: a € C?(T) is identified with the
function a(8.) € £2(I) ).

(i) Let 7 € Zf (CI) be a cyclic p-cocycle, with p > 1, which is continuous with respect to
the norm vy, for some k € N. Then t#tr € ZY@T @ R) is continuous with respect to Ny and

extendsto C.

Proof. (i) We shall construct a subalgebra B of C;(I") ® K, which contains CI' ® R, is closed
under holomorphic functgnal calculus (see [8], Chap. I, Appendix 3) and such that Ni(A) < oo
forany A€ B and k € IN.

To this end, we let A, resp. D, be the (unbounded) operator in £2(IN), resp. £2(IN), defined
by:

As;=jé; (JEN), resp. D& =|gls, (@€I).

Next, we consider the (unbounded) derivations 8 = ad D of L(¢*(")) and J = ad(D ® I) of

L(EX(T) ® £2(IN)), and set:

B={AeC!(ND®K |5*)o (I ®A)isbounded Yk € N}.

First we claim that B contains CI' ® R . Indeed, if A = A(g) ® S, with g € I', A the left
regular representation and S € R, then 3*(A)o (I®A) = 8%(\(g)) ® SA; but both 8¥(\(g)) and
SA are bounded.



Secondly, since {T' € C;(IN® K | T o (I ® A) bounded } is evidently a left ideal, B is a
subalgebra, in fact a left ideal in

Boo = n Domain 3* .
k>0

Now B, is stable under holomorphic functional calculus and, therefore, so are its left ideals.
Finally, let us check that Ni(A) < 0o, VA € B. As Dé, =0, one has
@A) o I@NE®6) =7 *a;j(b) ® 6
ielN
=i Y, lolfaij(@95; ® 6.

(g,)erxIN

Thus, there exists C < oo such that
S 1oPHles@? < €572
(gs)erxIN

therefore,

Y Y loPai@f <0,  VkEN,

i,jeIN g€l
which implies Ni(A) < oo, Vk € N.

(ii) We need to show that, VA?,..., AP eCT @ R,

|(retitr)(A°, ..., AP)| < const - Np(A®)- - - Nyp(AP).

But
(r#tr) (A%, A= Y 7@l ..ual )
$0,81,-ip€IN
and, since by hypothesis
0
|fc(“?o,£1 PRRES “':"p.io)l < const - ""(a’io,l} R p"(aa,io)) !
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the required estimate follows from the inequality

3
P
> b, <]l ( 2 (“ff)z) ’ Vof; 20,
=0

8.0,3-1 r"!"pEN ‘:JEN
validfor p> 1.0

We shall now apply the previous results to prove that Gromov’s hyperbolic groups satisfy the
Novikov conjecture. For technical reasons, it will be convenient to work with a larger class of

finitely generated groups, namely the groups I" satisfying the following two conditions:

(PC) (Polynomial Cohomology) for any § € H*(I',CC), there exists a representative ¢ € Z3(T :
D), [c] = &, which has polynomial growth (with respect to some word length function g — |g|,

gel);

(RD) (Rapid Decay) there exists k € N and C > 0 such that

llallZsr < 02(1 +|g)*a@)?, Va €CT .
gel

A finitely generated group I' which is hyperbolic (with respect to some word metric) enjoys
both these properties. Indeed, according to a result of Gromov (c.f [17], 8.3T), any € € H?(T',C),
with p # 1, can be represented by a bounded cocycle. On the other hand, the inequality ||a|| <
const - 1»(a), Ya € CI', has first been proved by U. Haagerup [20] for free groups, then by P.
Jolissaint [23] for classical hyperbolic groups and recently it was extended by P. de le Harpe [21]
to the general hyperbolic groups of Gromov. One advantage of working with the class of groups

satisfying (PC) and (RD) is that it is closed under the direct product operation.

(6.5) PROPOSITION. Let I" be a finitely generated group satisfying (PC) and (RD). Then
H I,©O)=H*'T,0).

Proof. Using the trick of Jolissaint [23] for estimating 7. when ¢ € Z;(I" : I') has polynomial
growth, the statement follows from [10; Chap. II, Theorem 7] and Lemma (6.4)(ii). O
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(6.6) THEOREM. Let I be a finitely generated group satisfying (PC)and (RD), M a compact,
oriented, smooth manifold, and ¢ : M — BT a continuous map. Then all higher signatures

Signe(M, ), £ € H*(T',C) are oriented homotopy invariants.

Proof. For M even-dimensional, the theorem follows from Propositions (6.3) and (6.5). If M
is odd-dimensional, one replaces ¢ : M — Bl by y x [ : M x S' = BI'x S! =B(I'x Z). O

In the even-dimensional case, we can formulate a slightly more precise result, which extends

the classical Hirzebruch Signature Theorem to higher I"-cocycles.

(6.7) THEOREM. With the above notation, assume in addition that M has even dimension 2n .
Let {=[cle H ?"(I‘,C) with ¢ € Zﬁ"' (" : T') of polynomial growth. Choose a representative H =
H* € M@ for the Mishchenko symmetric signature o[M,v] € LOCT) and let SpecH C
R — {0} be its spectrum in the regular representation on £*(I'). Then the function of several

complex variables

PL(‘\OS"‘)AZQ) =Tc((A0 . H)_lv”)(Azq - H)—l)s

initially defined on a sufficiently small polydisc around the origin, admits an analyic extension to

(€ — SpecH)2* | In particular, if

et = ——1— (A — H) ld) (C* = contour around R* N SpecH)
27y Jox

are the projections corresponding to the positive, resp. negative, part of H € L(E2(T") @ T¥), then

one can define, by analytic continuation,

1
r(et,...,et) = Criyar [(c*)rw Fe(Xo,...,A29)dAo- - - dAg.

The difference

Sign(H) = 1.(e*,...,e") —1.(e”,...,e7)

is an oriented homotopy invariant of M . Moreover, one has

2n gq!
(2m)? (29)!
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Proof. To define F, for |\,| small (as well as for |);| sufficiently large) one uses the polyno-
mial growth of ¢ € z&"(r : I'). The fact that F, extends analytically to (C — SpecH )2+l s
a consequence of Proposition (6.5) (or rather of its proof). Notice that SpecH remains the same
when H is viewed in Mi(C?(I'), so that e* can also be regarded as elements of Mi(C; ().

As such,

[e*] — [e7] = jL(a [M, ¥]) € Ko(C; (T),
by the very definition of the map j, . It follows from (6.2) that

[e*] — [e7] = jkGndr-DY),

therefore,

Sign.H =7.(e*,...,e") —Tele™,...,€7)

= [1.)(indr-Dy) = Ind Dy . =

Although we have taken a more direct route, our method does imply, for hyperbolic groups,

Kasparov’s strengthened version of the Novikov conjecture (cf. [24], p. 192):
(SNC ﬁdD) The homomorphism B : RK,(BI") — K,(C;(I')) is rationally injective.

(6.8) THEOREM. Kasparov’s Strong Novikov Conjecture (SNC pe ) holds for any finitely gen-
erated group T satisfying (PC) and (RD).

Proof. Since replacing I by I" X Z switches the parity of the K -groups, it suffices to treat the
even case. We recall that BT can be realized as a locally compact, ¢ -compact space, and that
RKy(BI) ael indlim{Ko(X) | X compact, X C BI'}. Furthermore, in terms of the Baum-
Douglas realization [5] of the K -homology, the map B can be described as follows (see also
[3]). Let (M, F, ) be a topological Ko-cycle on BI',i.e., M is an even-dimensional Spin®-
manifold, F is a vector bundle over M and 4 : M — BT a continuous map, and let Dz be the
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Dirac operator on M , with twisted coefficients in F'. Then

B.[PF]) o indc:n)Dr,

where Dp = I®@PDF : C®°(M,VQFQ®S") = C®(M,V®F®S™) with ¥V = C; (') x.¢*(ET).

Assume now that B(.[Pr]) = 0, for some virtual bundle F'. From (6.1), (6.3), (6.5) and (5.4)
it follows that (ch.(¥.[PFrl), €) = 0, V€ € H*(BT,Q), where ch, : Ko(BI') — H,,(BT',Q)
is the Chern character in K -homology [5]. Since ch, is a rational isomorphism, the statement

follows. O

(6.9) REMARK. According to a theorem of Gromov-Lawson [19], a compact manifold which
admits a metric with sectional curvature K < 0 cannot carry a non-flat metric with scalar curva-
ture k > 0. Combining Rosenberg’s results [30] with our Theorem (6.8) one obtains the following
partial extension of the Gromov-Lawson theorem to the case when the condition K < 0 isreplaced

by the requirement that the combinatorial sectional curvature be < 0:

No closed K (I', 1) -manifold, with T" hyperbolic, can admit a non-flat metric of positive scalar

curvature.
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