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CYCLIC COHOMOLOGY, THE NOVIKOV CONJECTURE 

AND HYPERBOLIC GROUPS 

Alain CONNES and Henri MOSCOVICI † 

Introduction 

Novikov’s conjecture on the homotopy invariance of higher signatures [28] can be formulated 

as follows: given a finitely presended group Γ and a compact oriented smooth manifold Μ, to-

gether with a continuous map ψ : M → ΒΓ, the generalized signatures < L(Μ)ψ*(ξ), [Μ]>, 

where ξ runs over all classes in H*(ΒΓ,Q) and L(M) denotes the total Hirzebruch L -class of 

Μ, are homotopy invariants of the pair (Μ, ψ). In other words, if h : N → M is a homotopy 

equivalence of oriented smooth manifolds, then <L(N).h*(ψ*(ξ)) , [N] = L(Μ)·ψ*(ξ), [Μ]. 

The validity of this conjecture has been established, by a variety of techniques, for many groups 

Γ, most notably for closed discrete subgroups of finite component Lie groups. The latter result is 

due to Kasparov [24] and its proof is based on bivariant K -theory. 

In this paper we present a new and more direct method for attacking the Novikov conjecture, 

which yields a proof of the conjecture for Gromov’s (word) hyperbolic group [18]. These groups 

form an extremely rich and interesting class of finitely presented groups, which differs significantly, 

both in size and in nature, from the groups for which Novikov’s conjecture was previously known. 

First of all, as pointed out by Gromov [18], they are "generic" among all finitely presented groups 

in the following sense: the ratio between the number of hyperbolic groups and all groups with a 

fixed number of generators and a fixed number of relations, each of length at most l, tends to 

1 when l → ∞ [18, 0.2(A)]. Secondly, when adding at random relations to a (non-elementary) 

hyperbolic group, one obtains again a hyperbolic group [18, 5.5]. Thirdly, the cohomology of any 

finite polyhedron can be embedded into the cohomology of a hyperbolic group [18, 0.2(c)]. Also, 

† This work was done under partial support of the National Science Foundation. 
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many of the hyperbolic groups exhibit "exotic" properties, like Kazhdan’s Property T [18, 5.6] or 

being non-linear (in a non-trivial way). 

Our approach is based on expressing the higher signatures in terms of the pairing between 

cyclic cohomology and K -theory (cf. [8]). The hyperbolicity assumption plays a twofold role: 

first, it ensures, via a deep result of Gromov [18; 8.3T], that every class ξ  Η*(ΒΓ,C) can be 

represented by a bounded group cocycle, and secondly, it enables us to make use of a critical norm 

estimate (first proved by Haagerup [20] for free groups), recently extended by Jolissaint [23] and 

de la Harpe [21] to hyperbolic groups. 

The paper is organized as follows. Using the Alexander-Spanier realization of the cohomology 

of a smooth manifold, reviewed in §1, we defined in §2 localized analytic indices for an elliptic 

operator. Then, in §3 we prove a refinement of the Atiyah-Singer Index Theorem, giving a coho-

mological formula for these "higher" indices. In §5, we extend this theorem to covering spaces, 

which provides us with a powerful tool for attacking the Novikov conjecture. As a by-product of 

the proof of the Localized Index Theorem, we were also led to construct a cohomology theory of 

de Rham type for arbitrary C* -algebras (to be discussed in another paper). This is touched upon 

in §4, where we digress to explain the link between localized indices and entire cyclic cohomology 

[9]. Finally, §6 contains the proof of the Novikov conjecture for hyperbolic groups. 

The main results of this paper have been announced in [12]. We have reasons to believe that 

by using entire cyclic cohomology rather than standard (polynomial) cyclic cohomology, the scope 

of our method can be enlarged to encompass the groups which Gromov calls semihyperbolic [18, 

0.2(E), Non-definition]. 
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§1. ALEXANDER-SPANIER COHOMOLOGY. 

The Alexander-Spanier version of the cohomology of a smooth manifold will be an important 

ingredient in our construction of higher analytic indices. For the convenience of the reader unfa-

miliar with it, we devote this preliminary section to a review of some aspects of it which are needed 

in the present paper. 

Let us start by recalling the definition of the Alexander-Spanier cohomology with real coeffi-

cients, of a topological space M (for details, see [32; Chap. 6]). With q ≥ 0, let Cq(M) be the 

vector space of all functions φ from Mq+1 to R; a coboundary homomorphism δ : Cq(M) → 

Cq+1(M) is defined by the formula 

and C*(M) = {Cq(M),δ} is a cochain complex over R. Its cohomology is trivial, except in 

dimension 0. The nontrivial cohomological information is concentrated in the subcomplex of 

"lcoally zero" cochains. An element φ  Cq(M) is said to be locally zero if there is an open 

covering U of M such that φ vanishes on the neighborhood Uq+1 = U Uq+1 of the di-
UU 

agonal of Μ. If φ is locally zero then, evidently, so is δφ. One obtains thus a subcomplex 

C*0(M) = (Cq0(M), δ} of C*(M). The corresponding quotient complex C*(M) = {Cq(M),δ} 

is called the Alexander-Spanier complex of M with coefficients in R and its graded cohomol-

ogy space Η* (M) is called the Alexander-Spanier cohomology of M (with real coefficients). If 

φ  Cq(M), we shall denote by φ its image in Cq(M) and by [φ] the corresponding cohomol-

ogy class. 

From now on we shall assume that M is an m -dimensional, oriented, C∞ manifold (Haus-

dorff and with a countable basis of open sets). A more appropriate Alexander-Spanier complex 

for this situation is C*∞(M) = C
*

∞(M)/C*∞, 0(M) defined in the obvious way by means of C∞ 

cochains. At some point we shall also need the Borelian version, C*β(M) = C*β(Μ)/C*β 0(M), de-
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fined in terms of Borel cochains. We let H*∞(M), resp. Η*β(Μ) denote the corresponding graded 

cohomology spaces. 

(1.1) LEMMA. The canonical homomorphism from H*∞(M), resp. Η*β(Μ), to H*(M) is an 

isomorphism. 

Proof. The standard proof of the fact that H* (Μ) is naturally isomorphic to the tech cohomol-

ogy H*(M) with coefficients in the constant sheaf R [32; Sec. 6.8], applies as well to , 

resp. H*β(Μ). □ 

In view of the above lemma, we shall suppress the subscript ∞ (resp. β ) in the notation of 

the Alexander-Spanier cohomology. In fact, since we shall always be dealing with C∞ manifolds, 

we shall also omit from now on the subscript ∞ in the notation of the Alexander-Spanier complex. 

In order to define a homomorphism of complexes from C (Μ) to the de Rham complex 

Λ*(M), we endow M with a Riemannian metric and choose an open covering B with the follow-

ing properties: 

(a) B is locally finite; 

(b) each B  B is a geodesically convex ball, whose center and radius will be denoted xB 

and rB, respectively); 

(c) the square of the Riemannian distance, d2(x, y), is a C∞ function of x and y on B2 ; 

(d) if B  B and x0  B, the function sending v  T
Xg

M, ||v|| < r
B
 to d2(x0,exp

XB
v) 

has positive definite Hessian on exp- 1(B) ; 
B 

(e) the sets B1/3 = {x  M; d(x
B

, x) <r
B
/3} from a covering Β1/3

 of Μ. 

All the required properties, except perhaps (d), are standard. Concerning (d), there is in fact a local 

expansion for the square of the distance in a normal coordinate neighborhood (cf. [13, (2.2)]) which 

gives the strengthened version: 
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(d') + higher order terms, 

where x0 = exp
xB

 v0, x = exp
xB

 v. 

Let Σq denote the standard simplex {t = (t0,..., tq)  [0,1]q+1 ; t0 + · · · + tq = 1} in Rq+1. 

(1.2) LEMMA. If x = (x0,..., xq)  Bq+1 and t = (t0,..., tq
)  Σq, the function sending y  

has a minimum which is attained in a unique point . Moreover, 

this point depends differentiably on (x, t)  Βq+1 x Σq. 

Proof. Choose B  B such that x  Βq+1 . Let μΒ be the minimum value of the above function 

on B. Note that 

Hence, if the function takes a smaller value at some y  M, then 

Therefore, d(xB, y) ≤ 2rB/3, in particular y  B. This shows that the minimum exists and it 

is attained in B. Now in B, due to (d'), our function has only one critical point, which, by the 

implicit function theorem, depends differentiably on x and t. □ 

Given x  Βq+1 we now define a C∞ simplex sq[x] : Σq → M by setting 

Together with the covering B , it will be convenient to fix a collection of functions χ = {χq}q≥0 
such that: 

(f) χq  C∞(Mq+1), support χq  Bq+1 and χq ≡ 1 on a neighborhood of the 

diagonal in Mq+1 ; 

(g) χq(xτ(0),..., xτ(q)) = χq(x0,..., xq), "τ  Sq+1 = the permutation group of order 

(q + 1)!. 
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Let now Λ*(Μ) = {Λq(M), d} be the de Rham complex of differential forms on Μ. Given 

ω  Λq(Μ), we define ρ(ω)  Cq(M) by 

The vanishing of χq outside Uq+1 gives an obvious meaning to the right hand side for any 

(x0,..., xq)  Mq+1. It is also clear that the class 

is independent of the choice of B and χ with the above properties. The map p : Λ*(M) → C* (M) 

thus defined is a homomorphism of complexes, i.e. 

Indeed, from the definition of the simplex sq[x] it follows easily that its boundary ∂sq[x] can be 

expressed as follows: 

thus, the claimed identity is a consequence of Stokes’ theorem for chains. □ 

(1.3) LEMMA. The induced homomorphism in cohomology ρ* : H*dR(M) → H* (Μ) is an 

isomorphism. 

Proof. The map ρ induces a homomorphism of presheaves from the de Rham presheaf Λ* to 

the Alexander-Spanier presheaf C* . Since Hq(Λ*) and Hq(C*) are locally zero (see [32; Chap. 

6] for terminology) if q > 0, and H0(Λ*)  H0(C*)  R, the induced homomorphism ρq* : 

Hq(Λ*) → Hq(C*) is evidently a local isomorphism for all q ≥ 0. From the uniqueness theorem 

of the cohomology of presheaves [32, Thm. 6.8.9], one obtains, for each q ≥ 0, an isomorphism 
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where the "roof signifies passage to the sheaf completion. But A* is already a sheaf, and thus 

Λ*  Λ*, whereas C*  C*. □ 

(1.4) COROLLARY. The following subcomplexes of C* can be used to compute H* (M) : 

(i) 

where 

(u) 

where 

(iii) 

where Cq(Μ) = {φ  Cq(M) ; φ(x1
,
..., xq, x0) = (-1)qφ(x0, x1, ..., xq)}. 

Proof. They are obviously subcomplexes and one has C*
a

(M)  C*(M)  C*
v
(M). Since ρ 

lands in C*
a

, the statement follows from Lemma (1.3). □ 

In order to find an explicit formula for a left inverse to ρ*, it will be helpful to bring into the 

discussion the universal complex of the Fréchet algebra A = C∞(M). We recall its definition: 

Ω0(Α) = A, Ω1(Α) = Ker(AA multiplication A), which is, in an obvious way, a bimodule over 

A , and Ωq(Α) = Ω1(A)· · Ω1(A) (q times) for q ≥ 1 ; it is equipped with a continuous 
A A 

coboundary homomorphism ∂ : Ωq(Α) → Ωq+1(A), uniquely characterized by the equations 

There is a natural surjection v of Cq(M)  AA (q+ 1 times) onto Ωq(M), which 

sends an elementary tensor f0  f1  · . .  fq  Cq(M) to f0∂f1  . . .  ∂ fq  Ωq(M). In 
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particular, it sends 

to 

∂(f0∂f1  . ..  ∂ fq) = ∂ f0  ∂f1  ...  ∂ fq. 

On the other hand, by the universality of {Ω*(A), ∂}, there exists a canonical morphism of com-

plexes μ : Ω*(Α) → Λ*(M) such that 

μ(f0 ∂ f1  ...  ∂ fq) = f0 ∂ f1 Λ ... Λ ∂ fq. 

Composing it with the morphism v : C*(M) → Ω*(Α), we obtain a morphism of complexes 

λ = μ ο v : C*(M) → Λ*(Μ), which evidently vanishes on C*0(M). Thus, it induces a morphism 

λ : C*(M) → Λ*(M), characterized by: 

λ(f0  f1  ... ® fq)- = f0 ∂ f1 A ... Λ ∂ fq. 

For an arbitrary cochain φ  Cq(M) one has therefore: 

λ(φ)x(υ1,..., νq) = 

(1.5) LEMMA. The morphism of complexes λ : C* (M) → Λ*(M) is a left inverse of ρ : 

Λ*(M) → C* (Μ) and it induces a two sided inverse λ* of ρ* in cohomology. 

Proof. According to the definitions of ρ and λ, if ω  Λq(M) 

where 
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To compute the right hand side, we can work in a neighborhood B  B of x and assume, without 

loss of generality, that 

in normal coordinates centered at x. Thus, if (u1(t, ε),..., um(t, ε)) are the coordinates of 

one has: 

Recall now that u(t, ε) is the unique solution of the system: 

Using the same expansion for d2 as in (d'), but in normal coordinates centered at x, the system 

becomes: 

+ higher order terms = 0, i = 1,..., m. 

Differentiation with respect to at 0, gives 

therefore 
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Introducing this expression into the above formula of ωτxυ1,..., vq) one obtains: 

Thus 

This proves the first part of the statement. The second part follows from Lemma (1.3). □ 

We conclude this section with a brief discussion of the Alexander-Spanier cohomology with 

compact supports. It can be defined as follows: Cqc (M) is, by definition, the subspace of Cq∞(M) 

consisting of those φ  Cq∞(M) whose restriction to the complement M — A of some relatively 
def 

compact set A belongs to Cq0(M — A). Evidently, Cqc, 0(M) = 0(M) is contained in Cqc(M) 

and one considers the quotient Cqc(M) = Cqc(M)/Cqc,0(M). The coboundary homomorphism δ 

is well-defined on Cqc(M), giving a complex C*
c
(M). Its cohomology H*

C
(M) is the Alexander-

Spanier cohomology with compact supports of Μ. This is of course, the smooth version, but again 

one can easily adapt the arguments in [32; Sec. 6.9] to show that H
C
(M) is naturally isomorphic 

to the singular cohomology* with compact supports H*(M). 

It is obvious that λ maps Cc(M) to Λ*c(M) = the de Rham complex with compact supports, 

and it is also clear that ρ maps Λ*c(M) to C*
c
(M). Since λ o ρ = Id, it follows that λ is surjective 

and ρ is injective. The same is true about the induced homomorphisms 

λ* : Hc(M) → H*dR,c(M), resp. ρ* : H*dR,c(M) → 

In particular, if the cohomology with compact supports of M is finite dimensional, λ* and ρ* 

are seen to be isomorphisms. We leave to the diligent reader the task of proving this fact for an 
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arbitrary C∞ manifold. We mention though the following consequence, which will be helpful in 

the next section. 

(1.6) REMARK. The cohomology H*c(M) can be computed by means of the complex 

and 
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§2. LOCALIZED ANALYTIC INDICES 

As a refinement of the analytic index of an elliptic symbol, we shall construct for each even-

dimensional Alexander-Spanier cohomology class (with compact support) on a C∞ manifold M 

a localized index map from the K -group K0(T*M, T*M — M) to C. When M is compact, 

K0(T*M, T*M — M) is the K -theory with compact support K0c(T*M) and the ordinary index 

map corresponds to the unit class [1]  H0(M). 

We shall need, and freely use, several basic facts of pseudo-differential calculus on mani-

folds, strictly included among those employed in [3,I]. Here is some related notation which will 

be used in what follows. Given two C∞ complex vector bundles E, F over M we denote 

by Ψτ(Μ, E, F) the set of order r classical pseudo-differential operators A : C∞c(M, E  

|Λ| 1/2(M)) → C∞(M, F |Λ|1/2(M)), where |Λ|α(Μ) stands for the line bundle of α -densities 

on Μ. Its inclusion in the definition has the effect that the distributional kernel A(x, y) of 

A  Ψr(Μ; E, F) is a section of the bundle Hom(E, F)  |Λ|1/2(M x Μ), i.e. 

A(x, y)  Hom(E
y

, F
x

)  |Λ|1/2T
x
M  |Λ|1/2TyM, "(x, y)  Μ x Μ. 

The subset of differential operators is denoted DOr(M; E, F) and the subset of elliptic operators 

is denoted Ψr(Μ; E, F)- 1. By P syr(M; E, F) we denote the set of "principal symbols" of order 

r, i.e. the subspace of C∞(T* M — Μ, Ηοm(π* Ε, π* F), where π is the projection onto Μ, 

formed of sections which are homogeneous of degree r. The subset of elliptic symbols is denoted 

P syr (M; E, F)- 1. When E = F we shall suppress the second bundle from the notation and when 

E = F = the trivial bundle we shall omit the bundle altogether. 

Let A0,..., Aq  Ψ∞(Μ; E) ; we define the distribution tr(A0,..., Aq) on Mq+1 by the 

formula 

For a fixed φ  Cc∞(Mq+1) , we also set 
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(2.1) LEMMA. (i) Let φ  Cqλ, (M). Then τ(φ)  Cqλ (Ψ∞(M;E ; E)) = the space of q -

dimensional cyclic cochains of the algebra Ψ∞(M; E), i.e. 

τ(φ)(Α1, ..., Aq, A0) = (- l)qτ(φ)(A0, ...,A1, Aq) " Aj  Ψ∞(Μ; E). 

(ii) τ : C*λ, c(M) → C*λ(Ψ∞(Μ; E)) is a homomorphism of complexes, i.e. 

τ(δφ) = bτ(φ), 

where b is the coboundary of the cyclic cohomology complex [8]. 

(iii) If q > 0, AJ  Ψ∞(Μ; E) and fj  DO0(M; E), j = 0,... , q, one has 

τ(φ)(Α0 + f0,..., Aq + fq) = τ(φ)(Α0, ..., Αq). 

Proof. The first property follows from the cyclicity of the trace and the skew cyclicity of φ. The 

second can be checked by a straightforward calculation. Finally, (iii) is a consequence of the fact 

that φ vanishes along diagonals xj = xj+l. □ 

To motivate our definition of the localized indices, let us recall, in an operator algebraic lan-

guage, the definition of the ordinary analytic index map for M compact. One starts with the exact 

sequence of C* -algebras 

0 → KM → LM → C(S* M) → 0, 

where KM = the algebra of compact operators on L2(M; |Λ|1/2(M)), LM = the norm closure 

of Ψ0(Μ) in the algebra of all bounded operators on L2(M; |Λ|1/2(M)), S* M is the unit co-

sphere bundle corresponding to a Riemannian metric, i is the inclusion and σ is obtained from 

the principal symbol map : Ψ0(Μ) → C∞(T* M — M) by restricting the symbols to S* M. 

This sequence gives rise to a six term exact sequence of K -groups: 
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Since K1(KM) = K1(C) = 0, one of the two connecting maps is trivial. The other one, 

denoted ∂, gives the analytic index map Index : Κ0c(Τ* Μ) → Z of [3;I, §6], after the canonical 

identifications K1(C(S* M))  K0c(T* M) and K0(KM)  K0(C)  Z. More explicitly, the 

general algebraic definition of the connecting map in K -theory leads to the following recipe for 

constructing the analytic index of an elliptic symbol a  P sy0(M; E, F)- 1. The symbol a = 

(a _a-1 ) defines, atyer embedding E in a trivial bundle, an element of GL0N-(C∞(S* M)) 

(where the superscript 0 indicates the connected component of identity) for N sufficiently large. 

It can, therefore, be lifted to GL0N(Ψ0(M)). For example, if one chooses A  Ψ0(Μ; E, F) with 

σpr(Α) = a and B  Ψ0(Μ; F, E) with σpr(B) = a- 1, then S0 = I - BA  Ψ-1(Μ; E) and 

S1 = I - AB  Ψ- 1(Μ; F), hence 

defines such a lift. By definition, 

where P and e are idempotents defined as follows: 

The definition of ∂([a]) can be shown to be independent of the lift L. In particular, one may 

improve, at no extra cost, the choice of the parametrix B such that S0 and S1 are smoothing 

operators. Then 

and one has 

which explains why ∂ can be regarded as the analytic index map. 
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Evidently, the analytical index map does not capture fully the local information carried by the 

symbol. It disregards for instance the possibility of localizing at will, around the diagonal, the 

above construction. By taking advantage of this important feature, we shall construct a pairing of 

the above projections with arbitrary Alexander-Spanier cocycles on Μ, which will recapture the 

stable information carried by the symbols. 

We now proceed to describe this pairing. Since the compactness of the manifold is not really 

relevant to this point, we shall drop this assumption and replace it with the use of cohomology with 

compact supports. Consider a cocycle φ  Ζq
 CC

(M), that is φ  Cq
 CC

(M) and δφ  C0q+1(M). 

Let L be an invertible lift of the symbol a such that L(x, y) = 0 outside a "small" neighborhood 

of the diagonal, the "size" of which depends on where δφ vanishes, in a way which will be obvious 

from the context. Such a lift can be manufactured, for example, by localizing the support of A and 

B in the above construction. Denoting as before, 

we define 

One has to check that the definition makes sense, i.e. that the right hand side is indepdendent of 

the lift L. If q is odd, in view of Lemma (2.1) (i), this is obvious; it is also uninteresting, since it 

gives Indφ(a) = 0. So, we shall assume from now on that q is even. 

(2.2) LEMMA. Let {Ps; s  [0,1]}  Ψ0(M; V) be a one-parameter family of idempotents 

piecewise C1 (as a map from [0,1] to Op0(M; E, F), topologized as in [3,I, §5]). Then 

where 
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Proof. We notice that d/dsP
3
 = [T

s
, P

3
] and therefore, 

This last expression is easily recognized to coincide with (q + l)bτ(φ)(T
s

, P3,..., Ps), which by 

Lemma (2.1)(ii) is in turn equal to (q + 1)τ(δφ)(Τs, Ps,..., Ps). □ 

We can now show that Ιndφ(a) is well-defined. Note that if q = 0 and φ  0 then M must 

be compact, in which case this follows from the fact that ∂([a]) is well-defined (see, e.g. [6, Sec. 

8.3]). Thanks to Lemma (2.2), essentially the same proof will work for q > 0. Indeed, let L0, L1 

be two invertible lifts of a = 0 - a-1 ) with support sufficiently localized around the diagonal. 

Let Pi = Li (IE 0) Li-1 where i = 0,1. By Lemma (2.1)(iii), it suffices to check that 

τ(φ)(P0,..., P0) = τ(φ)(P1,..., P1). 

P 0 

Each member of this identity remains unchanged if one replaces Pi by Pi = 0
 0E F) , 

advantage being that one can now employ a well-known recipe to construct a path of idempotents 

joining P0 and P1. Namely, one first defines a path of invertibles by setting 

and then one defines P
s
 = J

s
P0Js-1 , "s  [0, 1]. Since in the process the support has been 

maintained localized, Lemma (2.2) gives the desired equality. 

Evidently, if φ is altered by adding a locally zero cochain Ιndφ(a) remains unchanged. Thus, 

we can in fact set, for a  Psy0(M; E, F)- 1, 

and the definition is unambiguous. The next lemma shows that the localized index map thus defined 

actually depends only on the cohomology class [φ]. 
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(2.3) LEMMA. If ψ  Cq-1 (Μ), then Indδψ(a) = 0. 

Proof. With P = PL and L as above, one has: 

Indδψ(a) = τ(δψ)(P,..., P) = bτ(ψ)(Ρ,..., P) 

= τ(ψ)(Ρ,..., Ρ) = -τ(ψ)(Ρ,...,Ρ); 

here we made use of (2.1)(i)-(ii) and of the fact that q is even. □ 

Recalling Remark (1.6), we conclude that we have defined, for each class [φ]  Ηev(Μ), an 

index map Ind[φ] on the set of all elliptic principal symbols (of order 0 ). It remains to show that 

this map descends to K -theory. 

(2.4) THEOREM. For any [φ]  Hev(M) the map Ind[φ] from elliptic symbols to C induces 

a homomorphism Ind[φ] : K0(T* M, T* M — M) → C. 

Proof. For the convenience of the reader, we briefly review the definition of the relative K -group 

K0(T* M, T* M—M) in the spintof [3,I]. Consider the set C(T* M, T* M—M) of triples (σ, E, F) 

where E, F are C∞ complex vector bundles over T* M and σ : F|T* M-M is an 

isomorphism. Two such triples (σ, E, F) and (σ', E', F,' ) are isomorphic if there are isomor-

phisms α : E → E' , β : F → F' such that σ' o α = β ο σ over T*Μ — Μ. Two triples 

(σi, Ei, Fi), i = 0, 1, are called homotopic if there exists an element (σ, E, F)  C(T* M x 

[0,1], (T* M — Μ) x [0, 1]) such that (σi, Ei, Fi) is isomorphic to (σ, E, F) | T* M x {i}, 

i = 0,1. The set of homotopy classes, C = C(T* M, T* M — Μ), equipped with the direct sum op-

eration, forms an abelian semigroup. It contains a subsemigroup CØ = CØ(T* M, T* M — M) rep-

resented by triples (σ : E, F) with σ ; E → F an isomorphism defined everywhere. The quotient 

semigroup C/CØ is actually a group, which can be taken as the definition of K0(T* M, T* M—M). 

In particular each elliptic principal symbol a  P sy0(M; E, F)-1 defines an element 

(α, π* E, π* F) in C = C(T*Μ, Τ* Μ—Μ), homogeneous of degree 0. Let C0 be the subset of all 

such elements in C. It is well-known and easy to see that the set of homotopy classes in C0 exhausts 
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the whole group K0(T* M, T* M—M). Indeed, since M is a deformation retract of T* M (which 

is paracompact), any (σ, E, F)  C is isomorphic to a triple (α
σ

, π* Ε0, π* F0)  C0, where E0, F0 

are the restrictions of E, F to the zero-section and ασ is extended by homogeneity of degree 0 

from the restriction of σ to the co-sphere bundle S* M = {£  T* M, ||ξ|| = 1} (corresponding 

to a Riemannian metric on M ). Moreover, this isomorphism is unique up to homotopy if the 

isomorphisms E  π* Ε0, F  π* F0 are chosen to be the identity on the zero-section. 

The map Ind[φ] being already defined on C0, all we need to check is that if (α, π* Ε, π* F)  

C0(T* M x [0, 1], (T* M — M) x [0, 1]) then Ind[φ] is constant along the path {a
s

} where a
s 

corresponds to (α,π* Ε, π* F) | (T* Μ — Μ) x {s}, s  [0, 1]. Since M is paracompact, one 

has E  E0 x [0,1], where E0 = E|M x {0} and similarly F  F0 x [0,1] (cf. [22; Cor. 

4.5]), so that a
s
  Psy0(M; E0, F0)- 1, "s  [0, 1]. Let {A

s
} (resp. {B

s
}) be a C1 path in 

Ψ0(Μ; Ε0, F0) (resp. Ψ0(Μ; F0, E0) ) such that ) = a
s
 (resp. σpr(Β

s
) = as-1 ) and each 

A
s
 (resp. B

s
 ) is supported in a sufficiently small neighborhood of the diagonal. Denote by Ls the 

lifting of as manufactured from As and Bs, and by Ps the corresponding idempotent. Again, 

we may assume q > 0, and then the claim follows by applying Lemma (2.2) to the path {Ps}. □ 

The localized index maps thus defined can be easily transferred to elliptic operators. Namely, 

if [φ]  Hev c(M) and A  Ψr(Μ; E, F)- 1, we define 

Ιnd[φ]Α = Ind[φ](a), 

where a  P sy0(M; E, F) is uniquely determined by the condition a | S* M = σpr(Α) | S* M. 

As in the case of the ordinary index, it will be useful to relate these indices to heat operators. 

Since for the computation of a [φ] -index we can always pick a representative φ with compact 

support, there will be no loss of generality in restricting our attention to compact (oriented, even-

dimensional) manifolds Μ. (We shall elaborate a bit on this point later). Furthermore, since for 

M compact, K0 c(T* M) is generated modulo 2-torsion by signature-type symbols (see [2, §7]), 

it will suffice to consider elliptic differential operators (actually generalized signature operators 

would already be enough). 
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So let us assume that M is compact and that D  DOr(M; E, F)- 1. Then 

is a parametrix for D. Indeed, one has 

The corresponding idempotent has the expression: 

Via the one-parameter family of idempotents 

where s  [0, 1/2], P(D) is seen to be homotopic to the self-adjoint idempotent (found by A. 

Wasserman [35]): 

Passing to heat operators we have lost, of course, the localization property. Fortunately, this 

can be remedied by replacing D with the family tD, t > 0, and letting t → 0. More exactly, 

one has the following "localized" version of the McKean-Singer formula. 

(2.5) LEMMA. Let W(t) = W(tD), W'(t) = W(t) - (0 0, t > 0. Then, for any φ  

Ζq(Μ) one has 

. . ., W'(t)) = IndφD + O(t∞). 

Proof. When q = 0 the statement follows from the classical McKean-Singer formula. We may 

therefore assume that q > 0. 
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Choose α  C∞(M x M) with support contained in a sufficiently small neighborhood of the 

diagonal (depending on δφ ), such that α ≡ 1 on some neighborhood of the diagonal and α ≥ 0 

everywhere. Define, for s  [1/2, 1] and t > 0, the operator Q
s
(t)  Ψ- r(Μ; F, E) by 

Since Q
s
(t) — Q(tD)  Ψ-∞(Μ; F, E), each Q

s
(t) is a parametrix for . Moreover, for s > 1/2 

and t > 0, the suport Qs(t) remains inside the support of α. Thus, if we denote by Ps(t) the 

corresponding indempotent, one has 

τ((φ)(P
s
(t),..., (Ps(t)) = IndtφtD = IndφD , 

for any 1/2 < s ≤ 1 and t > 0. 

On the other hand, for s  [1/2, 1], let Ps(t) = Pas(tD). Applying Lemma (2.2) to the path 

s → Ps(t), s  [0,1], one obtains 

by the remark above. It remains to show that the latter integral is an O(t∞). 

Since δφ is cyclic we can replace each P
s
(t) by R

s
(t) = P

s
(t) — and, more impor-

tantly, since δφ is locally zero we only need to estimate 

where C(ρ) = {(x0,..., xq+1); d2(x0, x1) + · · · + d2(xq+1, x0) ≥ ρ} with ρ > 0 fixed. In turn, the 

above integral is a sum of 2q+1 integrals of the form 
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where for each 0 ≤ i ≤ q + 1, Ai s = fi s(t2 D) with Δ either D* D or DD* and fi s a Schwartz 

function on R+ which has a holomorphic extension to a domain containing R+. On the other 
q+1 

hand, since C(ρ)   Ci(ρ), where 
i=0 

it is enough to estimate the integrals 

By Cauchy-Schwartz, the square of the absolute value of such an expression is majorized by 

Now tD is a (pseudo) differential family in the sense of Widom, so we can invoke [33, §§5-6] (see 

also [34, §5]) for the estimates: 

for some fixed v > 0 

and 

uniformly for s  1]. □ 
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§3. THE LOCALIZED INDEX FORMULA 

We shall now use the heat equation approach, in Getzler’s improved version [14], to find the 

topological expression of the localized analytic indices of elliptic operators. Actually, we shall 

prove a stronger, local formula which establishes the desired equality directly at the level of forms, 

belonging to Ω* Α on one side and to Λ*(M) on the other side. 

The "localization" of the problem will also enable us to reduce it, as usual, to the case of twisted 

Dirac operators. Therefore, we shall temporarily assume that M is compact, even dimensional, 

oriented and equipped with a spin structure. We denote by S = S+  S- the corresponding spin 

bundle, endowed with the standard metric and connection. Given any complex vector bundle E 

over Μ, with metric and connection VE, we denote by DE , or simply D, the corresponding Dirac 

operator, acting on the sections of SE. Since M has an underlying Riemannian structure, which 

in particular gives a volume element, we now stop using the bundle of half densities and revert to the 

more standard notation. We adopt, however, the Clifford algebra conventions in [14]; in particular 

= —DE . 

Give φ  Ζ2q(Μ), we want to compute 

(cf. Lemma (2.5)), where 

and 

w(x) 

Regarding now φ as an element of Ω2q(A) (see §1), we can write it as a sum of a series 
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which converges absolutely in the Fréchet topology of Ω2q(Α). Thus, it will be sufficient to com-

pute 

for an elementary tensor 

ψ = f0∂ f1 ··· ∂ f2q, fj  A. 

Note that there is no a priori reason for the above limit to exist and it is rather remarkable that it 

can be calculated, as we shall see below. 

It is easy to check that if A0,..., A2q  Ψ∞(Μ) then 

τ(ψ)(Α0,..., A2q) = Tr(A2q f0[A0, f1]...[A2q-1, f2q]). 

Therefore, the quantity to be computed is 

where Tr
s
 = Tr o γ is the supertrace. We shall use Getzler’s symbolic calculus [14] to find this 

limit. 

Let 11(t) denote the operator under Trs. In the notation of [14], 11(t)  OpS-∞(E). In 

particular, Theorem 3.7 in [14] applies to give: 

here 2n = dim Μ, trs is the pointwise supertrace, σ denotes the Getzler symbol map [14; p. 170] 

from OpS-∞(E) to S∞(E) (= S∞(S  E), equipped with the Getzler filtration [14; p. 169]), 

σt-1 is the rescaled symbol [14; (3.1)] and dxdξ is the symplectic measure on T* M. 

In order to organize the computation, it will be convenient to introduce an auxiliary algebra 

Α(D). By definition, Α(D) is the algebra generated (in a strictly algebraic sense) by A, γ, D, (λ + 
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D2)-1 , γ  C — [0, ∞[, and operators of the form u(—D2) with u a Schwartz function on [0, ∞[ 

which admits a holomorphic extension to a complex neighborhood of [0, ∞[. All elements of A (D) 

are thus (possibly unbounded) operators on L2(M; S  E), which also belong to OpS∞(E). If 

A  Α(D), we denote by A(t) the operator obtained by replacing D with tD, t > 0, in the 

expression of A. For example, the operator ∏(t) introduced above corresponds to 

where 

Since Α(D)  OpS∞(E), any operator A  Α(D) has a well-defined order (with respect 

to the Getzler filtration on OpS∞(E) ). We introduce the notion of asymptotic order for elements 

of Α(D) as follows. If A belongs to the subalgebra Adiff(D) generated by A, γ and D, we 

form A(t), assign to t the order — 1, then define the asymptotic order of A as being the total 

order of A(t). In particular D2 has asymptotic order 0. We give the same asymptotic order 0 to 

any function of —D2. Finally, we extend the definition to the whole Α(D) in the usual fashion. 

We shall use superscripts to indicate the Getzler order and subscripts to indicate the asymptotic 

order. Thus Ατ k(D) means the subspace of Α(D) consisting of operators of Getzler order r and 

asymptotic order k. 

The following result is the "Fundamental Lemma" of Getzler’s symbolic calculus. Although 

not explicitly stated, it is practically proved and implicitly used in [14]. 

(3.1) LEMMA. (i) Let A  Ar 0(D). Then, if A  Sr(E), 

σt-1 (A(t)) = a + O(t), O(t)  Sr-1(E) ; 

a will be called the asymptotic symbol of A  A0(D) and will be denoted σ0(Α). 
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(ii) If A, B  A(D), one has σ0(AB) = σ0(Α) * σ0(Β) ; here * denotes the Getzler multipli-

cation of symbols, defined by the rule 

where R  Λ2(M)  Λ2(M) is the curvature tensor and the rest of the notation identical to that 

of [14]. 

(3.2) EXAMPLES. We list below a few symbols which will be needed in the ensuing calcula-

tions. 

(i) σt-1 (tD)(x, ξ) = it-1ξ ; 

(ii) σt-1(t2D2)(x, ξ = - |ξ|2 + Q + 1/4T(R) , 

where Q = V2
E is the curvature of (E, VE) and τ(R) is the scalar curvature of M ; 

(iii) σt-1([tD, f])(x, ξ) = df, f  A ; 

(iv) σt-1([t2D2, f])(x, ξ = 2itdf, ξ> + t2Df ; 

(v) σt-1([t2D2,f])(x,ξ) = -2df,ξξ + O(t), O(t)  S2(E); 

(vi) σt-1((λ + t2D2)-1)(Χ, ξ) = (λ-H(x, ξ))-1 + O(t), O(t)  S-3(E), 

where 

(the notational conventions being the same as in [14]); 

(vii) σ(u(-t2D2))(x, ξ) = u(H)(x, ξ)) + O(t), O(t)  S-∞(E), for any u(-D2)  Α(D). 

The first five formulae are easy to check, the sixth is proved in [14, p. 177] and so is (vii) 

for the special case u(x) = e- x. To prove (vii) in the general case, one writes u = v(N), with v 

Schwartz, and then one employs then a similar argument as for the exponential function. □ 
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We now return to the operator Π. Denoting u(x) = e1/2xw(x), x ≥ 0, A = u(—D 2)D, 

Aj = u(-D2)[D, fj] and Bj = [u(—D2), fj]D, for j = 0,..., 2q, we can write 

Π = (eD2 - A)f0([eD2, f1] + A1 + B1)γ... ([eD2, f2q] + A2q + Β2q)γ. 

Of course, we are only interested in the "diagonal part" ∏ev, more precisely in estimating 

Trs∏(t) = Trs∏ev(t) near t = 0. With this goal in mind, we shall make, in the course of the proof 

of the following lemma, a preliminary assessment of the terms involved in the expression of Πev 

(after the multiplications have been performed). 

(3.3) LEMMA. ∏ev has asymptotic order 0. 

Proof. As a general remark, we note that since A, Aj , Bj are odd, only the products containing 

an even number of them will occur in the expression of Πev . Also, except for A which has 

asymptotic order 1, all other factors have asymptotic order ≤ 0. 

We now take an inventory of the terms involved, beginning with those which will give no 

contribution to the asymptotic symbol. 

1°. Terms starting with eD2 and containing at least one factor of the form [eD2, fj]. Clearly, 

σ0([eD2, fj]) = 0. Since the rest of the factors have asymptotic order 0, the asymptotic order of 

such a term is ≤ — 1. 

2°. Terms starting with eD2 and containing at least two factors Bj, Bk . A priori, they have 

asymptotic order 0, but we can actually see that the asymptotic symbol of such a term vanishes. 

Indeed, remark that: 

[D, u(-D2)] = 0, 

and the graded commutator 
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Thus, without changing the asymptotic symbol of the term, we can bring the two D’s next to each 

other, effectively lowering the asymptotic order by 2. 

D2 
3°. Terms starting with A and containing more than one factor of the form [eD2 , fj] (hence 

at least three such factors). They manifestly have asymptotic order ≤ — 1. 

4°. Terms starting with A and containing at least a factor Bj. Note that, even a priori, they 

have asymptotic order ≤ 0, since they have to contain a factor [eD2, fk]. In fact, arguing as in 

case 2°, one sees that their asymptotic symbol vanishes. 

Here are the terms which will contribute to the asymptotic symbol: 

5°. T = eD2f0 Α1γΑ2γ... A2qγ = (-1 )qeD2f0 Al... A2q ; it clearly has asymptotic order 

0. 

6°. Tj = γ... Αj-1γΒj γΑj+1γ... A2Qγ = (-1)qeD2 f0 A1... Aj-1Bj Aj+1 ...A2q, 

j = 1,..., 2q ; again, all factors have asymptotic order 0. 

7°. Zj = -Αf0 Α1γ... Aj-1γ[eD2, fj]γΑj+1γ... Α2qγ = (-1)q+j Af0 A1... 

Aj-1[eD2, fj]Aj+1... A2q, j = 1,... , 2q ; the fact that A has asymptotic order 1 is compensated 

by [eD2, fj] having asymptotic order — 1. □ 

We are now ready to begin the actual calculations. 

(3.4) Computation of the contribution of T. 

One has 

But 

hence 
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By (3.2)(vii), 

which really means (e-sH · l)(x, ξ). Since R(ξ, ∂/∂ξ) commutes with the other terms in H(x, ξ), 

and so does Q, one obtains 

The exponent of the first exponential is the harmonic oscillator HR , over the ring ΛT* M, 

with y
re

-^-— = 1/16 R A R. Its Fourier transform is therefore the harmonic oscillator 

KR = -D + 1R Λ R(X, X), x  T
x
M  R2n. 

16 

By Mehler’s formula (see [14, p. 173] or [15, p. 114]), its heat kernel has the expansion 

In particular, 

Therefore, setting s = l + s1 + ... + sq, one has 

Applying the supertrace, which amounts to multiplying by (2/i)n and taking the top degree 

component, one finally obtains: 
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where 

(3.5) Computation of the contribution of 

One has 

where C is a suitable contour in C, oriented counterclockwise. Since 

one obtains 

At this point we take advantage of the fact that only the (super) trace is needed and replace Tj by 

thus bringing the two resolvents on the same side of [D2, fj]. Clearly, 

Now in computing σ0(Tj) we can pass the first σ0((λ + D2)-1 ) over the intermediate terms all the 

way till it reaches the second σ0((λ + D2)- 1). Thus, we get: 

σ0(Tj) = (—1q+1+2q-jdfj+1...Λ df2q Λ f0df1 Λ ... Λ dfj-1 

* σ0(eD 2 u2q-1(-D 2)u'(-D2)) * σ0([D2, fj]D). 

By (3.2)(v), σ0([D2, fj]D)(x, ξ = -2<dfj, ξ>ξ and by (3.2)(vii), 

σ0(eD2u2q-1(-D2)u'(-D2)) = e-Hu2p-1(H)u'(H). 
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Introducing these expressions in the above formula and, at the same time rearranging the df’s, we 

obtain: 

As before, we can rewrite the term in H as follows: 

where we have set s = 1 + s1 + · · · + sq. 

Thus, 

where 

Now, for any f  C∞(M), 

where {e
a

} is an orthonormal basis of T
x
M and {e*b} its dual basis. On the other hand, given 

any symbol q(x, ξ), of even degree as a form, one checks by a straightforward calculation that 
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therefore 

The second and the fourth term vanish since 

by the Bianchi identity. It follows that 

Let us prove that the second integral vanishes. One first remarks that 

as above. Therefore, 

since ξ Λ (e- sH · 1)(ξ) is a Schwartz function (with values in ΛT*xM ). 

Thus, 
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We now use the harmonic oscillator to evaluate the latter integrals. Namely, by Fourier transform-

ing, 

which can be computed from Mehler’s formula, giving 

It follows that 

But, again because of the Bianchi identity, 

which implies that 

and hence 

It follows that 

where 
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βq is the same constant as in (3.4) and 

Therefore, the total contribution of the terms T and Tj , 1 ≤ j ≤ 2q, is: 

(3.6) Computation of the contribution of 

One has 

Arguing as in (3.5), we replace it by 

whose asymptotic symbol is 

Now, as we have seen in (3.4), 

Thus, 

Inserting the expression of wj found in (3.5) we obtain 
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which in turn gives 

Recalling that it follows that 

Before collecting the above results in a single statement, let us recall that the A -form of a 

Riemannian manifold with curvature R is defined by 

and the Chern character form of a bundle E with connection V2
E has the expression 

Adjusting the constants to these definitions, we summarize the preceding computation as follows. 

(3.7) PROPOSITION. Let M be a compact, oriented, spin manifold of dimension 2n, let DE 

be the Dirac operator on M with coefficients in a vector bundle E and let f0,..., f2q  A = 

C∞(M). With W (DE) being the heat kernel idempotent associated to DE, one has 

The constant multiplying the above integral looks rather mysterious at this point. The reason 

why precisely these constants should occur will be made clear in the next section. 

(3.8) REMARK. Under the same assumptions as above, one has 
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The computation is similar to the one above, only easier. In fact, it parallels the treatment of the 

terms which start with eD2, except that the factor eD2 is omitted. It is easy to see that the effect 

of this change is to replace the constant in (3.4) by 

and δq in (3.5) by 

Thus the constant replacing αq is 

hence the claim. □ 

We conclude the present section with the statement of the general localized index theorem. 

Let M be an arbitrary C∞ manifold and B  Ψr(Μ; E, F)-1 an elliptic pseudo-differential 

operator on M. If b = σpr(Β), then the triple (b, π* Ε, π* F) defines a class in K0(T* M, T* M — 

M). We denote by ch b  Hev(T* M, T* M - D* M) its image via the Chern homomor-

phism. Here D* M denotes the closed unit disk bundle (with respect to some Riemannian metric) 

and H*(T* M, T* M — D* M) can be thought of as the cohomology of the de Rham complex 

ΛT* M — D* M), consisting of differential forms on T* M with support in D* M. 

(3.9) THEOREM. Let B be an elliptic pseudo-differential operator on M and let [φ]  

H2
c

q(M). Then 

Here T (M) = Todd(TM C) is the index class of M,H* (T* M, T* M T* M - D* M) is regarded as 

a module over H*c(M) in the usual way and T* M is given the symplectic orientation. 

Proof. For q = 0, this is precisely the cohomological statement of the Atiyah-Singer index the-

orem [3, III]. We shall therefore assume henceforth that q > 0. The theorem can be reduced to 
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Proposition (3.6) in a way which parallels the well-known reduction of the general index theorem 

to the case of Dirac-type operators (see [2] or [16]). Let us indicate briefly the steps involved. 

First, if M is not orientable, let M be its orientable double cover. On lifting B to B and 

[φ] to [φ]~ on Μ, one obtains Ind[φ]~B = 2 Ind[φ]B. This can be easily seen if we choose 

the representative φ sufficiently localized around the diagonal in M2q+1. On the other hand, the 

cohomological formula also gets multiplied by 2. Thus, we may assume M orientable. 

Secondly, since φ can be chosen with compact support (see Remark (1.6)) and IndφB = 

Indφb (where b = σpr(B) ), bearing in mind the fact that a lift for 0 b-1 ) can be constructed 

in an "almost" local fashion, one sees that IndφB remains unchanged if we modify M outside a 

sufficiently large relatively compact domain, and so does the right hand side of the equation. This 

allows us to reduce the proof of the case when M is compact. 

Thirdly, when M is odd-dimensional, the proof can be reduced to the even-dimensional case 

as follows. Consider on the circle S1 the operator C : C∞(S1) → C∞(S1) defined by 

It is elliptic, pseudo-differential, Index(C) = 1 and <chσpr(C), [Τ* S1]) = — 1 (see [16], Lemma 

3.9.4]). On N = M x S1 form the operator 

acting on (L2(M; E)  L2(S1))  (L2(M, F)  L2(S1)). Although not quite a pseudo-differential 

operator, D can be uniformly approximated by pseudo-differential operators in their natural topol-

ogy (after adjusting its order to 1, to match the order of C ). One easily checks that 

therefore, 

and 
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Consider now the parametrix 

We "localize" it, but only around the diagonal of Μ, by means of a cut-off function α  C∞(M x 

M) as in the proof of Lemma (2.5), that is, we replace it by the parametrix 

Assuming, as we may, that B is also sufficiently localized, one has 

with (φ  l)((x0, θ0),..., (x2q, θ2q)) = φ(x0,..., x2q) and R(D) = the "difference idempotent" 

associated to Q(D). 

Remark that if we introduce a "coupling constant" in the above construction, the index will not 

change. More precisely, setting Dβ = DβC, one has 

We can now let β → ∞, which has the effect of "decoupling" the two cocycles in the right hand 

side of the above equation. Indeed, since e-β2c*c converges strongly to the projection |1> onto 

KerC = C . 1 and e-β2cc* to 0, one has e-sβ2D*DD* → e-sB*BB*  |1> strongly, therefore 

(s)- lim R(Dβ) = R(B). This, in turn, implies that 

therefore, 
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On the other hand, it follows from [16; Lemma 3.9.3] that 

This completes the third reduction step. 

Thus, we are reduced to proving the theorem for an elliptic symbol on an even-dimensional, 

oriented, Riemannian manifold. Since modulo 2-torsion, K0c(T* M) is spanned by symbols of 

generalized signature operators, it is enough to check the statement for such operators. But a gener-

alized signature operator is a generalized Dirac operator (in the sense of [19]). It remains to remark 

that the proof of Proposition (3.7), based on symbolic calculus, has a local nature and therefore 

applies not only to Dirac operators with twisted coefficients but to generalized Dirac operators as 

well. □ 
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§4. ASYMPTOTIC CHERN CHARACTER IN K -HOMOLOGY 

In this section we digress to relate the localized analytic indices to the Chern character in K-

homology. The link is established via the notion of "asymptotic Chern character" of a θ -summable 

Fredholm module, which is interesting in its own right and will be defined below in full generality. 

We recall [9] that an even θ -summable Fredholm module (H, D, γ) over a unital C* -algebra 

A consists of a Z2 -graded Hilbert space H with grading γ, on which A acts (via a * -representation) 

by even operators, and an unbounded odd selfadjoint operator D such that: 

(α) the set {a  A ; [D, a] is densely defined and extends to a bounded operator } is norm 

dense in A ; 

(β) Tr(e-tD2) < ∞, "t > 0. 

(4.1) LEMMA. Let A be a unital C* -algebra and (H, D, γ) an even θ -summable Fredholm 

module over A. 

and 

One has: 

(i) Pt = Pt* = P2t and F2t = 1 ; 

(ii) [Ft, a]  L1 (trace class operators), "a  A ; 

(iii) lim||[Ft, a]|| = 0, "a  A. 

Proof. The first assertion is immediate (and was in fact checked in Section 3). The second one 

is also clear, since Rt  L1 thanks to the condition (β) above and [Ft,a] = [Rt, a], "a  A, 

because γ commutes with A. 

Let us prove (iii). Given u  S(R), write 
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Since 

for all a  A such that [D, a] is bounded, one has 

This easily implies 

||[Ft, a] || = ║[Rt, a] || = O(t), 

for any a  A as above. The set of such a’s being dense in A and {Ft} being a bounded family, 

the same estimate continues to hold for any a  A. 

We now recall the definition of the fundamental bicomplex of [8] associated to a unital Banach 

algebra A . For any n  N = {0,1,...} Cn = Cn (A, A*) is the linear space of continuous n + 1 

linear forms φ on A, equipped with the norm 

ai  A, 

and C-n-1 = {0}. The bicomplex is obtained by setting Cp,q = Cp- q for any  Z and 

defining two anticommuting differentials d1 of degree 1 and d2 of degree —1 as follows: 

where 

and 

Βφ = AB0φ, 
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with B0 and A defined by 

Since we are interested here in C* -algebras, it is perhaps appropriate to point out that the 

cyclic cohomology of a C* -algebra A, i.e. the cohomology of cocycles with finite support in the 

above bicomplex, is known in many cases and not particularly interesting. At the opposite end, the 

cohomology with arbitrary supports is trivial (cf. [8; Lemma 36]) for any Banach algebra. To obtain 

a more useful cohomology theory one needs to restrict the growth of the cocycles. Such a growth 

condition was employed in [9] for the definition of the entire cohomology of a unital Banach algebra 

A. In our present context, one would take A to the subalgebra A = {a  A; [D, a] bounded}. 

The growth requirement we shall introduce here, motivated by the following two lemmas, has 

the distinctive feature of applying to cochains defined on the whole C* -algebra. 

(4.2) LEMMA. With the notation of Lemma (4.1), define for t > 0 and q  N the cochains 

rt2q  C2q as follows: 

Given a finite subset Σ of A, let 

where the last sup is taken over the set {(f0,..., f2q) ; all fi  Σ except at most k. Then: 

(i) 

(ii) 

Proof. (i) is straightforward (see [9]). 
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(ii) The inequality 

implies that 

The fact that lim ρ(τt; Σ) = 0 follows now from (4.1)(iii). □ 

(4.3) LEMMA. The notation being as above, there exists a family of cochains 

σt2q+1  C2q+1, "t > 0, such that: 

(i) 

(ii) Σ a finite subset. 

Proof. Let D
t
 = — d/dt Ft ; it is by construction a trace class operator. Define 

The equation (i) is checked by a calculation identical to that in the proof of Prop. 7.3 of [9]. 

The assertion (ii) is proved by the argument used in Lemma (4.2). □ 

(4.4) DEFINITION. An (even) asymptotic cocycle over a C* -algebra (with unit) A is a fam-

ily {τt2q}qN ’ of cocycles τt2
q
  C2q defined for all t > 0, such that (4.2) (i), (ii) and (4.3) 

(i), (ii) holds. The particular asymptotic cocycle τt defined in Lemma (4.2) will be called the 

asymptotic Chern character of the θ -summable Fredholm module (H, D, γ) and will be denoted 

cht(H, D, γ). 

One can develop, following the pattern of [9], a cohomology theory based on asymptotic cocy-

cles. For the purposes of the present paper however, only the pairing with the K -theory is needed. 

(4.5) PROPOSITION. Let τt be an asymptotic cocycle over the C* -algebra A. Let e  

Mk(A) be an idempotent. Then: 
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(i) for t sufficiently small the series 

is absolutely convergent and its value is independent of t ; by definition, 

(ii) the above pairing induces an additive map from K0(A) to C ; 

(iii) if (H, D, γ) is a θ -summable Fredholm module over A, one has for t sufficiently small 

<cht(H, D, γ), [e]> = IndexD+e ; 

here D+ = e De+, with e+ = e | e(H+  Ck)e. 

Proof. (i) By (4.2) (ii), the radius of convergence of the series 

tends to ∞ as t → 0. In particular, the above series converges absolutely at z = 1, for t small 

enough. Furthermore, since 

(cf. (4.3) (i)) and the series corresponding to the right hand side converges absolutely for t small 

(cf. (4.3) (ii)), it follows that d/dt<τt, e> given by an absolutely convergent series. By [9, Lemma 

1.7], this latter series has sum zero. 

(ii) After freezing t at a sufficiently small value, one can argue as in [9, Proof of Theorem 1.8] 

(cf. also the proof of Lemma 2.2). 

(iii) The strategy of [9, Section 7], consisting in replacing D, via homotopy, by D1 = D — 

eD( 1 — e) — (1 — e)De, applies verbatim, giving the claimed equation. □ 
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As mentioned before, the above construction leads naturally to the definition of a cohomology 

theory for arbitrary C* -algebras, as well as to the construction of a Chern character from K -

homology to the cohomology with asymptotics cocycles. This will make the subject of another 

paper. Here we shall only restate the results of §3 in these terms. 

(4.6) THEOREM. Let M be an even-dimensional, compact, Riemannian manifold, E a Z2 -

graded (complex) Clifford bundle with metric and connection, H = L2(M, E) and D the corre-

sponding (generalized) Dirac operator. Then: 

(i) (H, D, γ) is a θ -summable Fredholm module over the C* -algebra A = C(M) of contin-

uous functionon M ; 

(ii) when restricted to the dense subalgebra A = C1(M), the asymptotic character τt = 

cht(H, D, γ) converges when t → 0 to the cocycle τ with components 

i.e. to the current ch*(D) which gives the classical Chern character of [D]  K0(M) [5]. 

Proof. (i) is clear (cf. [9]). 

(ii) Replacing Ft by 2Pt — 1 = 2Rt - γ, one has 

The limit of both terms was computed in Proposition (3.7) and Remark (3.8); although the 

result was stated only for twisted Dirac operators, it actually holds for generalized Dirac operators, 

as we already noted in the proof of Theorem (3.9). 

The fact that r
t2q

 converges to 0 is a consequence of the finite summability of the 
2q>dimM 

Fredholm module (H, D, γ) and will be proved below in full generality. 

(4.7) LEMMA. Let (H, D, γ) be as in Lemma (4.1 ). 
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(i) If f0,..., f2q  A = {f  A; [D, f] bounded}, then 

where C is an absolute constant. 

(ii) If (H, D, γ) is p-summable then ∑ τt 2q converges to 0 when t → 0 as a cocycle on 
2q>p 

A, endowed with the norm |||a||| = ||a|| + ||[D, a]||, a  A. 

Proof. (i) One has 

Recall that Rt = t2D2 + e 1/2t2D2w(t2D2)it D) γ, with w  S (R). Arguing as in Lemma (4.1), 

we can find c < ∞, independent of D, such that 

"f  A. 

Writing 

it follows from the above inequality applied to tD that 

Thus, (i) follows from Holder’s inequality. 

(ii) With k = [p] + 1, one has 

so that (ii) follows from the estimate (cf. [11]): 
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(4.8) REMARK. Suppose that Proposition (3.7) was established in the less precise form: 

with the constants cq undetermined. Then Theorem (4.6) (ii) would have given 

In conjunction with (5.4) (iii), this implies 

for any vector bundle with connection (E, VE) · Thus, the constant cq can be determined from 

the Atiyah-Singer index formula: 

i.e. 
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§5. HIGHER Γ-INDICES 

We shall now extend the Γ-index theorem of Atiyah and Singer ([1], [31]), from the Γ-trace 

case to higher Γ -cocyles. Throughout this section Γ will denote a countable discrete group, acting 

properly and freely on a smooth manifold Μ, with compact quotient Μ = Γ\M. It will be 

convenient to fix a Riemannian metric on M and endow M with the lifted metric. 

To begin with, let us introduce an algebra which is needed in the construction of the higher 

Γ -indices. This algebra, to be denoted A, consists of all Γ -invariant, bounded operators A on 

L2(M) whose Schwartz kernel A(x, y), a priori only a distribution on Μ x M satisfying the 

Γ -invariance property 

A(g.x, g - y) = A(x, y), " γ  Γ, 

is actually a C∞ function with compact support modulo Γ. A more complete (and suggestive) 

notation for this algebra is C∞c(M XΓ Μ). 

We now proceed to construct homomorphisms from A to CΓ RM and CΓ L2M where RM 

(resp. L2M ) is the algebra of smoothing operators in L2(M) (resp. Hilbert Schmidt operators). 

Let {B1,..., B
r
} be an open covering of M by small balls Bi, domains of smooth cross-

sections βi : Bi → M for the canonical projection π : M → Μ. Let (χi)i=1,...,r be a smooth 

partition of unity subordinate to the above covering. We shall assume, as we may, that each xi1/2 

is a smooth function. The following formula defines a Γ -equivariant isometry U from L2 (M) 

into L2(M x {1,..., r} x Γ): 

The adjoint of this isometry is given by the following equality: 

"x  M, 
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where χ/βj(x) ϵ Γ is the unique element g of Γ such that gβj(x) = x. For any A ϵ A = 

C∞c(M XΓ Μ), let θ(A) = U AU* ; its Schwartz kernel is given by: 

A straightforward calculation shows that 

where ρ denotes the right regular representation of Γ and θg(A) ϵ Μ
Τ
(RΜ) is the matrix of 

smoothing operators given by: 

( θg(A))ij(x, y) = Xi(x)½Xj(y)½A(βi(x), gβj(y)). 

The compactness of βj(Bj) and of the support of A, together with the fact that Γ acts properly 

on Μ, ensure that θg(A) = 0 except for finitely many g’s. Thus θ(A) belongs to the algebraic 

tensor product Γ  ΜR(RΜ) where Γ denotes the complex representation ring of Γ. 

(5.1) LEMMA, (i) θ is an algebra homomorphism of A into Γ  · 

(ii) The induced homomorphism θ* : K0(A) → Κο( Γ  RM) is independent of the choice of 

{Bj, βj, Xj} · 

Proof, (i) Follows from the equality U*U = 1. 

(ii) Let {B'j, β'j, X'j} be another set of data as above. A straightforward computation shows 

that for any A ϵ A, one has θ'(A) = Vθ(A)V* , where V is the partial isometry V = U'U* = 

(Vij), where Vij = p(gij)  (X'
i

X
j
)½, with gij ϵ Γ being the unique element of Γ such that 

β'i(x) = g
ij
βj(x) for x ϵ Β'

i
 ∩ Bj , and (X'

i

Xj)½ is the multiplication operator by the smooth 

function x!i(x)½Xj(x)½ in L2(M). Thus, V is a multiplier of the algebra  Γ  Μ
Γ
(RΜ)· 

By a general result of algebraic K theory, the induced K theory maps θ* and θ'
*
 of K0(A) to 

K0(T  RM) coincide. □ 
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Using an orthonormal basis of eigenfunctions for the Laplacian Δ on M associated to a given 

Riemannian metric one can identify the algebra RM with the algebra R of matrices (aij)i,jϵIN 

such that 

k, ℓ ϵ . 

This identification, together with the above lemma, give rise to a canonical homomorphism 

Θ : K0(A)Κ0(Γ  R). 

With minor and obvious modifications, all of the above remains valid if we introduce bundles 

into the picture. Thus, L2(M) gets replaced by L2(M, E), whre E is a (Hermitian) vector bundle 

over Μ, L2M) by L2(M, Ẽ), where Ẽ = π*Ε, and C∞c(MxΓM) by C∞C(ΜxΓΜ, ẼẼ*), 

consisting of Γ -invariant, compactly supported mod Γ, smooth kernels A such that 

We are now ready to define a K -theoretical index map indΓ : K0(M) → Κ0(Γ  R). Let 

D : C ∞(M, Ẽ+) → C∞(M, Ë-). As explained in [1], D is invertible modulo A = C∞

c
(M XΓ 

M, Ẽ  Ẽ*) . More explicitly, one can lift almost local parametrices Q of to Γ -invariant 

parametrices Q and D, so that S0 = I — QD, S1 = I — DQ ϵ A. From such a parametrix Q 

one can manufacture the idempotent 

Thus, the reduced class 

(5.2) DEFINITION. The K -theoretical index of a Γ -invariant elliptic operator D on M is 

defined as follows: 
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It is straightforward to check that the assignment D → indΓ(D) induces a map from the K -

homology group K0(M) (canonically isomorphic to K0c(T*M)) to Χ0(Γ  R). 

We shall now show that, at the expense of replacing the algebra RM by the algebra of 

all Hilbert Schmidt operators in L2(M), we can simplify the construction of θ
*
 , by means of a 

Borel cross-section β of π : M → Μ. Indeed, let β be a bounded Borel cross-section, i.e., with 

β(Μ) compact. We define a homomorphism θβ : A → Γ  L2 by 

Given {B
i

, β
i
, Xi}i=1, ..., r as above, the following r X 1 matrix of multipliers of CΓ  L

2 imple-

ments the K -theory equivalence of the maps θ* and θβ* : V = (Vj)j
=1
, with Vj = Σiρ(gij)  

1 EiXj½ , where (Ei)i=1,...,s is a suitable Borel partition of M and ϵ Γ is such that β(x) = 

, x ϵ E
i
 ∩ Bj. 

The higher Γ -indices of the elliptic operator D will be obtained by pairing indΓD with 

cyclic cocycles on Γ  R constructed from group cocycles on Γ. We recall that the graded 

cohomology group Η*(Γ) = H*(Γ, ) of Γ is by definition the graded homology group associated 

to the complex C*(Γ : Γ) = {C*(Γ : whose p-cochains are functions c : Γp+1 →  

satisfying the invariance condition 

c(g . g0,…, g . gp) = c(go,..., gp), g, g0,..., gP ϵ Γ, 

and with coboundary given by the formula 

Since we only deal with real or complex coefficients, the above complex can be replaced by the 

subcomplex C*α (Γ : Γ), where 

CαP(Γ : Γ) = {c ϵ CP( Γ : Γ) ; c(gr(0),..., gr(p)) = sgn(τ)c(go, ..., gp), τ ϵ Sp+1}, 
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without altering the cohomology. 

Let c ϵ Ζpα(Γ : Γ) be a p-cocycle of the latter complex. According to [8], it defines a cyclic 

p-cocycle τ
c
#tr, or abbreviated τc, on T  R, via the formula 

where f0,..., fp ϵ Γ and A°,..., Ap ϵ R. Note that this cocycle extends to T  L2 if 

p ≥ 1. The pairing theory developed in [8] turns this cyclic cocycle into an additive map [τc] : 

K0(Γ  R) → . Explicitly, 

[τc]([e] - [f]) = τc(e,..., e) - τc(f,..., f) ; 

here e, f are idempotent matrices with entries in (Γ  R)~ = the unital algebra obtained by 

adjoining the identity to Γ  R, and τc is the canonical extension of τc to (Γ  R)~. 

By definition, the (c, Γ) -index of D is the number 

Ind(c,Γ)D = [T
c
](indΓD). 

It only depends on the cohomology class [c] ϵ Η*(Γ) and is linear with respect to [c]. 

For the clarity of the ensuing discussion, it will be appropriate to recall in some detail the 

canonical identification of H*(Γ) with the cohomology of a K(Γ, 1)-space. So let X be such 

a space and let X → X be its universal covering. Following [17], we denote by C*(X : Γ) 

the complex whose p -cochains are Γ -invariant functions c : X → . There is an obvious 

homomorphism Vx : C*(X : Γ) → C*(X), where C*(X) is the singular complex of X. Precisely, 

(VXc)(σ) = c(σ(e0),...,σ(ep)), σ : ∑P → X, 

with {e0,..., ep} denoting the vertices fo the standard simplex ∑P  P+1. In fact, Vx maps 

C*(X : Γ) to the subcomplex C*
Γ
(X) of Γ -invariant singular cochains on X. Since this latter 
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subcomplex can be canonically identified with C*(X), we thus get a natural homomorphism Vx : 

C*(X : Γ) → C*(X). As explained in [17, p. 256], due to the fact that X is contractible, the 

map induced by Vx on homology, νX : H*(C*(X : Γ)) → H*(X), is an isomorphism. On 

the other hand, any Γ -equivariant map η : X → Γ induces a homomorphism η* : Η*(Γ) = 

H*(C*(Γ : Γ)) → H*(C*(X : Γ)). This too is an isomorphism (cf. [17, loc. cit.]), which moreover 

is independent of η . The composition i = νX ο η* : Η*(Γ)  H*(X) provides the canonical 

identification between the two graded cohomology groups. 

We now return to our Γ -principal bundle M → Μ. Starting with a group cocycle c ϵ 

ΖΡ(Γ : Γ), we can construct an Alexander-Spanier p -cocycle φc on M as follows. Fix an 

arbitrary cross-section β : M → Μ. Let (X0,..., xp) ϵ Mp+1 ; if there is a connected, open subset 

U of Μ, which admits a continuous local cross-section βU :U → Μ, such that (x0,..., xp) ϵ 

, we define 

φc(x°,…, xp) = c(βU(x0)/β(x0) βU(xp/β(xΡ)) ; 

otherwise, we set φc(x0, · · · , xp) = 0. Since c is Γ -invariant, the cochain φ
c is well-defined. 

Moreover, since dc = 0, one has δφc = 0. The Alexander-Spanier cocycle thus defined depends 

on the choice of the global cross-section β. Its cohomology class, however, is independent of β. 

As a matter of fact, the following strengthened statement holds. 

(5.3) LEMMA. Let ψ : M → X be a continuous map to a K(Γ, 1)-space. If [c] ϵ H*(Γ), 

then [φ
c
] ϵ H*(M) corresponds to ψ*(i[c]) ϵ H*(M) via the usual identification between the 

singular and the Alexander-Spanier cohomology. 

Proof. Let Μ = ψ*X→ M be the pull-back of X → X. Consider as above, but this time 

for. M → Μ, the complex C*(M : Γ) of Γ-invariant "straight" cochains on M, together with 

its natural homomorphism to the singular complex of Μ, VM · C*(M : Γ) → C*(M). Evidently, 

one has 
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where ψ : Μ → X is the canonical lift of ψ : Μ → X. Therefore, in view of the above 

discussion, if c ϵ Ζpα(Γ : Γ) then 

for any Γ -equivariant map η : X → Γ. Given a cross-section β : Μ → Μ, we can certainly 

choose η so that 

(η ο ψ)(x) = x/(β(π(x)), x ϵ Μ. 

Thus, if U is a connected open subset of M admitting a continuous cross-section βU : U → Μ, 

σ :Σp → U is a singular p-simplex, and σ denotes its Γ -invariant lift to Μ, one has 

which is precisely our claim!] 

We come now to the main result of this section, which provides a cohomological formula for 

the higher Γ -indices of a Γ -invariant elliptic operator. 

(5.4) THEOREM. Let M be a compact smooth manifold, Γ a countable discrete group, M → 

Μ a Γ -principal bundle over M and D a Γ -invariant elliptic differential operator on Μ. For 

any group cocycle c ϵ Ζ2q α(Γ : Γ) , one has 

where ψ : M → BΓ is the map classifying the covering M→M. 

Proof. For q = 0, this is the Atiyah-Singer L2 -index theorem for covering spaces. Thus, we 

may assume that q > 0. 
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Choose a Borel cross-section β : Μ → Μ, which is bounded and almost everywhere smooth, 

and use it to form the Alexander-Spanier cocycle φ
c
 ϵ Ζ2qβ(Μ) corresponding to c ϵ Z2qα(Γ : 

Γ). By Lemma (5.3), ψ*ι[c] and represent the same cohomology class (modulo canonical 

identifications). Thus, in view of Theorem (3.9), we are reduced to checking the equality 

Let 

be the difference idempotent constructed from a parametrix Q of D by the recipe explained before. 

Let θ : A → T  L2 be the homomorphism manufactured from the cross-section β. One has 

Ind(c,Γ)D = τ
c
(θ(R),..., θ(R)) 

It is convenient to change variables as follows: 

γ1 =g1, γ2 = g1g2,···, γρ = g1··· gρ· 

One obtains 

Observe now that if βU : U → M is a smooth local cross-section, there exists precisely one 

element (γ1,..., γp) ϵ Γp+1 such that (β(x0), γ1β(x1), · · ·, γρβ(xρ)) ϵ βU(U)ρ+1, and moreover, 

c(l, γ1, …·, γp) = φc(x0, ..., xρ) · From the construction of R, which is obtained by lifting a 

difference idempotent R on M supported around the diagonal in Μ x Μ, it follows immediately 

that 

□ 
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§6. Application to the Novikov Conjecture 

The applications of the Higher Γ -Index Theorem (5.4) to the Novikov conjecture and its cir-

cle of ideas depend on the identification of the " C* -completion” of the Γ -index, attached in the 

previous section to a Γ -invariant elliptic operator, as a C*r(Γ) -index in the sense of Mishchenko-

Fomenko [27]. We begin, therefore, by establishing this fact. 

As before, let M → M be a Γ -principal bundle over the compact manifold Μ, and let D : 

C∞(M, E+) → C∞(M, E-) be a Γ -invariant elliptic differential operator. Letting Γ act by right 

translations on C*r(Γ), the reduced C* -algebra of Γ, we can form the induced flat C*r(Γ) -vector 

bundle ν = C*r(Γ) XΓ M over Μ. Then D, or equivalently D : C∞(M, E+) → C∞(M, E-), 

gives rise to an elliptic C*r (Γ) -operator, D = I  D : C∞(M, ν  E+) → C∞(M, ν  E-), 

whose C*r (Γ) -index, ind C*r(Γ)D, belongs to K0(C*r(Γ)). 

(6.1) LEMMA. Let j : TR → C*r(Γ) K be the tensor product of the inclusion maps T → 

C*r(Γ) R → K (= the C* -algebra of compact operators on a separable infinite-dimensional 

Hilbert space). Denote by jK · K0(Γ  R) → K0(C*τ(T)) the induced homomorphism on K -

theory. Then 

jK(indΓD) = indC*τ(Γ)D. 

Proof. Let L2(M, V E) denote the (left) Hilbert C*r(Γ) -module of L2 -sections of the C*r(Γ) -

vector bundle V  E. We shall identify C∞(M, V  E)  L2(M, V  E) with C∞(M,*r(Γ)  

E)Γ , the space of Γ-invariant smooth sections of *r(Γ)  E, where *r(Γ) is the trivial C*r(Γ) -

bundle C*r(Γ) x Μ, 
r

(Γ) = π*(*r(Γ)) = C*r(Γ) x Μ, and Γ acts by right translations on 

C*r(Γ) and trivially on E. With this identification, D becomes I Γ D = the restriction of 

I  D : C∞(M ,(Γ)  E+) → C∞(Μ, *r (Γ)  E-) to C∞(Μ, *r(Γ)  E+)Γ. Let Q be an 

almost local parametrix for D and let Q denote its canoncial lift to Μ. Then Q = I Γ Q is 

a C*r (Γ) -parametrix for D, i.e. S0 = I - QD and S1 = I - DQ are compact C*r (Γ) -operators. 

One, therefore, has: 
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where 

Let us note that any smoothing C*r(Γ)-operator S : C_∞(Μ,*r(Γ)Ε)Γ → C∞(Μ,*r(Γ)E)Γ 

is given by a kernel section (x,y) S (x, y) ϵ C*r(Γ) Hom(Ey, Ex
) (where C*r(Γ) is identified 

with EndC*r(Γ)(C*r(Γ)) via the right multiplication), satisfying the Γ -invariance property: 

g ϵ Γ ; 

here δg(γ) = 0 if γ ≠ g and δg(g) = 1. 

Let us choose now a Borel, bounded, almost everywhere smooth cross-section β for π : M → 

M. It yields an isomorphism of C*r(Γ) -modules 

as follows: if u ϵ C∞(M,r*(Γ)  E)Γ then 

(β*u)(x) = u(β(x)) ϵ C*r(Γ)  E
x

, xϵM. 

Given an operator S on L2(M, V  E), we set 

τ (S)=β*o S o(β*)-1. 

If S is a smoothing operator as above, such that its kernel section is compactly supported modulo 

Γ, one can compute explicitly τ(S) as follows. Let v ϵ C∞(M, V  E) and u = (β*)- 1υ ; then 

57 



and after the substitution g = h· β(y)/y one obtains 

In particular, if S = I Γ S, where S is the lift of an almost local smoothing operator S : 

E) → C∞(M, E), then its kernel section is of the form 

S(x,y) = δe  S(x,y), (x,y) ϵ Μ x Μ. 

Therefore, 

where τ(g) is the right translation by g ϵ Γ on C*r(Γ), i.e. τ(S) corresponds to θ(S). Then 

τ(P) corresponds to θ(P), which implies that 

indC*r(Γ)D = indC*r(Γ)τ(D) = jK(indΓD). □ 

We now proceed to apply the previous results to the problem of the homotopy invariance of 

higher signatures. So let M be a compact, oriented, smooth manifold. For most of the discussion, 

we shall also assume that M is even-dimensional. Let ψ : Μ → ΒΓ be a continuous map to 

the classifying space of a countable discrete group Γ. We denote by M the pull-back, 

via ψ, of the universal covering ΕΓ→ ΒΓ. By means of Γ-equivariant "algebraic surgery" (cf. 

[26], [29]), one associates to the Γ -principal bundle ana priori homotopy invariant, 

Mishchenko’s symmetric signature, σ[Μ, ψ] ϵ L0(Γ) = the Witt group of (equivalence classes 

of) non-singular, Hermitian forms over the ring with involution T. The inclusion j : T 

C*r(Γ) induces a homomorphism jL : L0(Γ) → Ko(C*r(Γ)), since L0(C*r(Γ)) can be naturally 

identified with K0(C*r (Γ)). 

Now let D = d + d* : Λ+(Μ) → -(M) be the signature operator on M2n, let be its 

Γ -equivariant lift to Μψ and let be the induced C*r(Γ) -signature operator with coefficients 

in V = C
r
*(Γ) xΓ M. It is known that (see [24], [25], [26]) 

jL(σ[Μ, ψ]) = indC*r(Γ)Dψ. 
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Applying Lemma (6.1), we obtain: 

(6.2) LEMMA. With the above notation, one has 

jk(indΓDψ) = jL(σ [Μ, ψ]) ϵ K0(Cr*(Γ)). 

In particular, jK(indΓDψ) depends only on the oriented homotopy type of Μ. 

Combining this with Theorem (5.4) gives the following partial solution to Novikov’s conjec-

ture. 

(6.3) PROPOSITION. Let H*ex(Γ,) be the subspace of H*(Γ,) consisting of all classes 

ζ ϵ H*(Γ,) with the following property : there exists a cocycle c ϵ Ζ*α(Γ : Γ), with [c] = ξ, 

such that [τc] : K0(Γ  R) →  extends to a map [tc] : K0(C*τ (Γ)) → , i.e. [τc] ° jK = [τc]. 

Then the higher signatures 

Signξ(M, ψ) = ‹L(Μ)ψ*(i(ξ)), [Μ]), ξ ϵ H*ex(Γ,), 

are invariants of the oriented homotopy type of Μ. 

Proof. Indeed, if ξ = [c] ϵ H2qex(Γ,), by Lemma (6.2) and Theorem (5.4), one has 

where L(M) is the stable Hirzebruch class of M (cf. [3, ΙΠ], ρ. 577). The left hand side depends 

only on the homotopy type of M and the right hand side is proportional to Signξ(M, ψ). □ 

Thus, proving the Novikov conjecture amounts to showing that the "extendable” cohomology 

exhausts the entire cohomology ring of Γ. We shall see that this is the case when Γ is hyperbolic. 

But first, we need the following technical lemma. 

(6.4) LEMMA. Let Γ be a finitely generated discrete group, equipped with a word length func-

tion g  |g|. Let C = C(TR) be the closure under holomorphic functional calculus of  Γ  R 

in C*r(Γ)  K . 
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(i) If A ϵ C, A = (aij) with aij ϵ C*r(Γ), then 

k ϵ N 

where 

a ϵ C*r(Γ) ; 

(C*r(Γ) is regarded as a subspace of ℓ2 (Γ) in the usual way : a ϵ C*r(Γ) is identified with the 

function a(δ
e
) ϵ l2(Γ) ). 

(ii) Let τ ϵ Ζpλ(Γ) be a cyclic p -cocycle, with p ≥ 1, which is continuous with respect to 

the norm vk for some k ϵ N. Then τ#tr ϵ Ζpλ(Γ  R) is continuous with respect to Nk and 

extends to C. 

Proof, (i) We shall construct a subalgebra B of C*τ(Γ)  K, which contains Γ  R , is closed 

under holomorphic functonal calculus (see [8], Chap. I, Appendix 3) and such that Nk(A) < ∞ 

for any A ϵ B and k ϵ IN. 

To this end, we let Δ, resp. D, be the (unbounded) operator in ℓ2(), resp. ℓ2(Γ), defined 

by: 

∆δj = jδj (j ϵ ), resp. Dδg = |g|δg (g ϵ Γ). 

Next, we consider the (unbounded) derivations ∂ = ad D of L(ℓ2(T)) and ∂ = ad(D  I) of 

L(l2(Γ)  ℓ2()), and set: 

B ={AϵC*(Γ)K|∂k(A) o (I  Δ) is bounded k ϵ }. 

First we claim that B contains Γ  R. Indeed, if A = λ(g)  S, with g ϵ Γ, λ the left 

regular representation and S ϵ R, then ∂k(A) ο (I  Δ) = ∂k(λ(g))  SΔ ; but both ∂k(λ(g)) and 

SΔ are bounded. 
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Secondly, since {T ϵ C*r(Γ)  K | T ο (I  Δ) bounded } is evidently a left ideal, B is a 

subalgebra, in fact a left ideal in 

Now B∞ is stable under holomorphic functional calculus and, therefore, so are its left ideals. 

Finally, let us check that Nk(A) < ∞, A ϵ B . As Dδe = 0, one has 

Thus, there exists C < ∞ such that 

therefore, 

which implies Nk(A) < ∞, k ϵ . 

(ii) We need to show that, A0,..., Ap ϵ Γ  R , 

But 

and, since by hypothesis 

61 



the required estimate follows from the inequality 

valid for p ≥ 1. □ 

We shall now apply the previous results to prove that Gromov’s hyperbolic groups satisfy the 

Novikov conjecture. For technical reasons, it will be convenient to work with a larger class of 

finitely generated groups, namely the groups Γ satisfying the following two conditions: 

(PC) (Polynomial Cohomology) for any ξ ϵ Η*(Γ,), there exists a representative c ϵ Z*α(Γ : 

Γ), [c] = ξ, which has polynomial growth (with respect to some word length function g  |g|, 

g ϵ Γ) ; 

(RD) (Rapid Decay) there exists k ϵ  and C > 0 such that 

VaGCr. 

A finitely generated group Γ which is hyperbolic (with respect to some word metric) enjoys 

both these properties. Indeed, according to a result of Gromov (c.f [17], 8.3T), any ξ ϵ Hp(Γ,), 

with p ≠ 1, can be represented by a bounded cocycle. On the other hand, the inequality ||a|| ≤ 

const · v2(a), a ϵ Γ, has first been proved by U. Haagerup [20] for free groups, then by P. 

Jolissaint [23] for classical hyperbolic groups and recently it was extended by P. de le Harpe [21] 

to the general hyperbolic groups of Gromov. One advantage of working with the class of groups 

satisfying (PC) and (RD) is that it is closed under the direct product operation. 

(6.5) PROPOSITION. Let Γ be a finitely generated group satisfying (PC) and (RD). Then 

H*ex(Γ,) = H*(Γ,). 

Proof. Using the trick of Jolissaint [23] for estimating τc when c ϵ Ζ*α(Γ : Γ) has polynomial 

growth, the statement follows from [10 ; Chap. II, Theorem 7] and Lemma (6.4)(ii). □ 
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(6.6) THEOREM. Let Γ be a finitely generated group satisfying (PC) and (RD ), M a compact, 

oriented, smooth manifold, and ψ : M → ΒΓ a continuous map. Then all higher signatures 

Sign ξM, ψ), ξ ϵ H*(Γ,) are oriented homotopy invariants. 

Proof. For M even-dimensional, the theorem follows from Propositions (6.3) and (6.5). If M 

is odd-dimensional, one replaces ψ : M → BΓ by ψ x I : Μ x S1 → ΒΓ x S1 = Β(Γ x Z). □ 

In the even-dimensional case, we can formulate a slightly more precise result, which extends 

the classical Hirzebruch Signature Theorem to higher Γ -cocycles. 

(6.7) THEOREM. With the above notation, assume in addition that M has even dimension 2n. 

Let ξ = [c] H2q(Γ,) with c ϵ Ζ2qα(Γ : Γ) of polynomial growth. Choose a representative H = 

Η* ϵ Μk(Γ) for the Mishchenko symmetric signature σ [Μ, ψ] ϵ L0(Γ) and let SpecH  

 — {0} be its spectrum in the regular representation on l2(Γ). Then the function of several 

complex variables 

Fc(λ ο, · · · , λ2q) = τ
c
((λ0 - H)-1,…,(λ

2q
 - Η)-1), 

initially defined on a sufficiently small polydisc around the origin, admits an analyic extension to 

( — SpecH)2q+l. In particular, if 

(C± = contour around  SpecH) 

are the projections corresponding to the positive, resp. negative, part of H ϵ L(l2(Γ)  k), then 

one can define, by analytic continuation, 

The difference 

is an oriented homotopy invariant of Μ. Moreover, one has 
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Proof. To define F
c
 for |λ

j

| small (as well as for |λ
j

| sufficiently large) one uses the polyno-

mial growth of c  Ζ2q α(Γ : Γ)· The fact that F
c
 extends analytically to (C — SpecH)2q+1 is 

a consequence of Proposition (6.5) (or rather of its proof). Notice that SpecH remains the same 

when H is viewed in Mk(C*r(Γ)), so that e± can also be regarded as elements of Μk(C*r(Γ)). 

As such, 

[e+] - [e-] = jL(σ [Μ, ψ])  K0(C*r(Γ)), 

by the very definition of the map jL. It follows from (6.2) that 

therefore, 

Although we have taken a more direct route, our method does imply, for hyperbolic groups, 

Kasparov’s strengthened version of the Novikov conjecture (cf. [24], p. 192): 

(SNCβQ) The homomorphism β : RK*(BΓ) → K*(C*r(Γ)) is rationally injective. 

(6.8) THEOREM. Kasparov’s Strong Novikov Conjecture ( SNCβQ ) holds for any finitely gen-

erated group Γ satisfying (PC) and (RD). 

Proof. Since replacing Γ by Γ x Z switches the parity of the K -groups, it suffices to treat the 

even case. We recall that ΒΓ can be realized as a locally compact, σ -compact space, and that 

RK0(BΓ) def= ind lim{K0(X) | X compact, X  ΒΓ}. Furthermore, in terms of the Baum-

Douglas realization [5] of the K -homology, the map β can be described as follows (see also 

[3]). Let (M, F, ψ) be a topological K0 -cycle on ΒΓ, i.e., M is an even-dimensional Spinc -

manifold, F is a vector bundle over M and ψ : M → ΒΓ a continuous map, and let DF be the 
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Dirac operator on Μ, with twisted coefficients in F. Then 

where DF = IDF : C∞(M, V F S+) → C∞(M, V  F S-) with V = C
Γ
*(Γ) xΓ ψ*(EΓ). 

Assume now that β(ψ*[DF]) = 0, for some virtual bundle F. From (6.1), (6.3), (6.5) and (5.4) 

it follows that <ch.(ψ*[DF), ξ> = 0, "ξ  H*(BΓ,Q), where ch* : K0(BΓ) → H
ev

(BΓ,Q) 

is the Chern character in K -homology [5]. Since ch
*
 is a rational isomorphism, the statement 

follows. □ 

(6.9) REMARK. According to a theorem of Gromov-Lawson [19], a compact manifold which 

admits a metric with sectional curvature K ≤ 0 cannot carry a non-flat metric with scalar curva-

ture κ ≥ 0. Combining Rosenberg’s results [30] with our Theorem (6.8) one obtains the following 

partial extension of the Gromov-Lawson theorem to the case when the condition K ≤ 0 is replaced 

by the requirement that the combinatorial sectional curvature be < 0 : 

No closed K(Γ, 1) -manifold, with Γ hyperbolic, can admit a non-flat metric of positive scalar 

curvature. 
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