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Introduction

While in the 19th century the concept of entropy appeared in thermo-
dynamics and its connection with statistics was realized, a satisfactory
mathematical theory became available only through the Kolmogorov-Sinai
entropy of automorphisms, which was a byproduct of progresses in infor-
mation theory [1].

Not only did this new mathematical concept of a dynamical entropy
for a measure invariant under a transformation clarify the mathematical
set-up of thermodynamics, especially because it allowed a formulation of
variational principles [2] without appealing again and again to a thermo-
dynamic limit, it became also the key notion in ergodic theory. Through
the work of R. Bowen and D. Ruelle the thermodynamic formulation has
invaded the theory of smooth dynamical systems and appeared to be a
crucial tool for problems such as the iteration of fractional transfor-
mations in C [3].

From the early beginning of the work of Kolmogorov and Sinai it was
clear that a quantum or non—com@utative analogue was required for both
to be applicable in microphysics and to provide an important mathematical
concept which in fact von Neumann and Sinai were asking for. For instance
the work of Cuntz and Krieger on subshifts of finite type leads to a
natural non-commutative C*-algebra together with an automorphism for
which entropy and variational inequalities would be very relevant. As
fas as quantum thermodynamics is concerned, there exists a definition
of entropy density [4] but it refers in a crucial manner to a net of
finite subsystems and thus has no a priori invariance properties as the
KS entropy does. More precisely, in the classical context a corollary of
the KS theorem shows that the entropy density computed on a limit of
finite systems is equal to the KS entropy of space translation. The
latter does not refer to any specific sequence of finite subsystems,
thus is more conceptual and also has stronger invariance properties.

The quantum case, which is the relevant one in nature, is not in
every aspect more complicated than the classical case. For instance, the

KMS condition which ties up the non-commutativity of the algebra or, more
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precisely, the lack of trace property of a state with the one-parameter
group of time evolution is a very relevant and powerful property of
equilibrium states. Certainly it has its classical analogue [5] but even
to state it one has to introduce auxiliary structures beyond the algebra,
the state and the time evolution.

If we are looking for the quantum mechanical generalization of the
dynamical entropy we first have to notice that in the classical case it
is non-trivial only if the generator of the time evolution has a conti-
nuous spectrum. In complete analogy we will construct a dynamical entropy
which is zero for a finite quantum system, i.e. an algebra of type I.
Thus a dynamical entropy > O requires an infinite system and thus a
thermodynamic limit. There exist other definitions [6] of the entropy of
the time evolution of a finite system: there the infinite system is split
into a finite part and an infinite reservoir and the entropy measures how
much the completely positive map of time evolution for the finite part
fails to be unitary. This notion is different from ours; we do not refer
to a division of the system into reservoir and observable subsystem but
consider the - non-commutative - algebra of observables in the thermo-
dynamic limit.

The price of non-commutativity is twofold: even if one starts with
a trace such that the state does not see the non-commutativity of the
algebra, it is no longer true that a finite number of finite subsystems
generate a finite subsystem. In fact, one can easily construct an example
of two finite-dimensional algebras such that they generate an infinite-
dimensional algebra. However, thanks to the progress in quantum statistical
mechanics [7] it was possible to handle the tracial case [8]. The task
was to find a quantity H¢(N],...,Nk) which measures the information con-
tained in the subalgebras Ni CM if the total system M is in a state ¢.
We require

Hy (N N < O, M) if N, CM, ,

k
H¢(leN2s---st) l ]’_zl H¢(Nl) »

H¢(N],N2,...,Nk) §_H¢(¥ N,
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where V Ni i1s the algebra generated by the Ni and for commuting algebras
equality should hold iff ¢ factorizes. Correlations should reduce the
gained information. In this paper we shall generalize, following [8],
this construction of the H's for non-tracial states and make this notion
applicable to the relevant cases of physical systems at finite temperature.
There have been other attempts [9] to extend the classical theory
to type III algebras by restricting the state to a maximal abelian time
invariant subalgebra. This might give insight into macroscopic properties
but is too restrictive for a microscopic theory of systems without non-
trivial invariant subalgebras. In contradistinction our dynamical entropy
may be > O for such systems. The main problem that arises in passing to
the type III case is an incompatibility between a state and a finite-—
dimensional subalgebra in the following sense. In the commutative case
any finite-dimensional subalgebra A of Lm(x,p) yields a conditional
expectation E: L” - A such that p o= ”!A()E' For non-tracial states ¢ a
conditional expectation E: M - A such that ¢ = ¢[A(JE exists only if A
is invariant under the modular automorphism. It is exactly the desired
property of ergodicity which denies the existence of such A's # o 1.
Moreover, this incompatibility is also the cause of the lack of monotoni-
city in A of the usual entropy of ¢|A' Thus already for H¢(A) we cannot
use S(¢§A)' It turned out that the authors (A.C. on the one hand and

H.N. and W.T. on the other) arrived independently at the following formula

Ho(N) = sup  J(S(¢)y,¢; 1) = ¢;(1) Log ¢, (1))
Lo.=¢ i

In [10] this formula proved to be useful to deduce the various properties
of the entropy. In [11] it was used to define the entropy of automorphisms
in the non-tracial situation. In this paper we shall improve the results
of [11] and get a more conceptual understanding of the function
H¢(NI""’Nk) by extending it to completely positive maps with finite
rank.

Roughly speaking, the motivation for our construction is that we try
to map the non-abelian case as well as possible to an abelian situation

where one knows how to compute the dynamical entropy. Thus we introduce
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the notion of an abelian model which is a map P from the algebra A with
state ¢ onto an abelian algebra B with state p such that ¢ = noP. Of
course, P cannot be an algebraic isomorphism but to preserve as much
structure as possible we use for P completely positive maps. In general,
the entropy of u, S(u), is in no way related to the S(¢) and to arrive
at a definition which implies S(u) = S(¢) if A is abelian requires the
following considerations.

An abelian model (B,P,u) is equivalent to a decomposition ¢ = z ui$i
where for a basis e, in B the map P is given by P(A) = X eiai(A) VYA E B
and My = u(ei). If ¢ is given by a density matrix p the model corresponds
to a decomposition of unity z X, = 1, X € A+, such that Wy = ¢(xi) and
$i is given by the density matrix Py = /o X /E?Ui- Thus the model can be
thought of as a measurement of the observables {xi}. The information
gained by the measurement will be € = S(¢) - z uiS($i), the difference
of the entropy of ¢ and its components weighted with their probabilities
My It is zero iff $i = ¢ Vi, in which case no additional information is
obtained. € assumes its maximal value S(¢) iff all ¢i are pure. This
observation was the basis for considering the quantity H¢(N).

The notion of an abelian model still contains the useless possibility
that the $i do not carry different information, for instance, they may
all be equal, ¢ = ¢ Z My In this case S(u) = - Z My log W, may arbitra-
rily exceed S(¢). To discriminate against such models we introduce the
notion of the entropy defect SD(P) = S(u) - e, the difference of the
abelian entropy and the information gain. It attains its minimal value O
1EE $i($j) = 0 for i # j. With the entropy defect we are in the position
to define H¢(N],...,Nk) as the difference of the abelian entropy and the
sum of the entropy defects for the Ni's.

The aim of this paper is to give detailed proofs of these results

and thus to provide a starting point for further investigations.



I. Preliminaries on Relative Entropy

Since the proof by E. Lieb [12] of the Wigner-Yanase-Dyson conjecture,

the main properties of the quantum relative entropy
S(¢,¥) = Trace (pw(log Py = log o¢))

(for states ¢, Y on a finite dimensional C* algebra A; ¢(x) = Tr (p¢x),
v(x) = Tr (pwx) ¥x € A) have been established. By the results of Araki
[13] the relative entropy can be defined for arbitrary normal states on
a von Neumann algebra. The main properties of S(¢,y) are its joint con-
vexity and weak lower semincontinuity. They can be restated by writing S
as a supremum of weakly continuous affine functionals and there is indeed

an explicit way of doing so, due to Pusz, Woronowicz and Kosaki:

Lemma I.l [14]

. * Grod :
Let A be a unital C algebra; ¢, y positive linear forms on A, then the

relative entropy S(¢,y) is given by

s(,0) = sup [ (X - )%y () - T ax®x()] &

where x(t) + y(t) = | and the sup is taken over all step functions x(t)

with values in A which are equal to O in a neighborhood of O.

. C e . *
This definition can be used for arbitrary states over a C algebra.
We shall now list for the convenience of the reader the known properties

of S(¢,9) which will be used in the rest of this paper:

+

(1) Scaling property: S(A]¢,A2w) = A28(¢,¢) + Azw(]) log (lzfli), Ai € R
(2) Positivity: S(¢,)) > O for states ¢, ¢, = 0 iff ¢ = ¢.

(3) Joint convexity: For ki > 0, Zli = | one has

=3

ORI Au) < A, S(8,0.)

i=1



(4)

(5)

(6)

(7)

Monotone properties:

a) Decrease in the first argument. ¢l < ¢2 => S(¢l,w) > S(¢2,¢).

b) Superadditivity in the second argument. S(¢,Zwi) > Z S(¢,wi).
1 i
c) If y: A > B is unital completely positive then

S(¢oy,¥oY) < S(¢,¥)

Lower semicontinuity: The map (¢,y) € Ai X A: +> S(¢,y) € ]-=,»] is

weakly lower semicontinuous.

Martingale convergence: Let (Yu)vEN be a sequence of completely

positive unital maps Y, A » A which converges pointwise in norm to

idA’ then:

S(¢oy s¥ov ) 5 S(6,¥)

Invariance: Let B C A be a subalgebra and E: A - B a conditional

expectation. For any ¢,y € Bt one has:

S(¢0E,yoE) = S(¢,¥)

Remarks I.2

) I

In the following completely posifive unital maps will play a crucial
role. For the convenience of the reader we shall first summarize the
terminology. The word 'unital' stands for containing or preserving
the unit element and 'normal' for commuting with sup. A completely
positive unital map ¢ between two unital c* algebras A and B is a
positive unital map such that the map ¢ between Mn(A) and Mn(B) the

nxn matrices with elements from A (resp. B),
(¢(a))ij = ¢(aij)

is positive. For them positivity is strengthened to Schwarz positivity

* * ; s .
¢(a a) > ¢(a )¢(a). With respect to composition they form a semigroup



which contains *-homomorphisms, in particular the natural inclusion
if ACB. If A or B are abelian, any positive map is completely posi-
tive. In the linear space of linear maps the completely positive
unital maps are a closed convex set., If B C A a positive unital map
with ¢(blab2) = bl¢(a)b2, bi € B, a € A, is called unital condi-
tional expectation. It is automatically completely positive. Let w be
a faithful normal state on a von Neumann algebra A and let B be a unital sub-
algebra. Then there exists a conditional expectation ¢ with wo¢ = w
if and only if the modular automorphism group o” satisfies G? B C B.
In this case w determines ¢ uniquely and we call ¢ canonically asso-
ciated to w.

We do not explicitly write to which algebra S(¢,¥) refers and always
understand this expressed by the states ¢ and Y.

Since S(Adp,AP) = AS(¢,¥) the convexity (3) is equivalent to the sub-

additivity in both arguments:
SORTIRY 1% S(,,0;)

Since the natural inclusion is completely positive, (4b) says in

particular the monotonicity for subalgebras B C A
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IT. Entropy Defect of a Completely Positive Unital Map

Let A, B be unital c* algebras and P: A -~ B a completely positive
unital map. The transpose P maps the state space I(B) to L(A) by
P*(p) = yoP. When B is commutative, i.e. B = C(X) for a compact space X,
it is equivalent to give a completely positive unital map P: A > B or a
weakly continuous map x - P: of X to Z(A) [15].

Let then p be a state on B, i.e. a probability measure du(x) on X.
For each x € X, P: is the state on A defined by Idu(x)Pz(A) = u(P(A)) =
= P:(A). The relative entropy S(P*u,Pz) is a well-defined positive real

number, lower semicontinuous as a function of x € X. We put

e (P) = [ s u,PH)du(x) . (II.1)
H X X

From now on we shall assume the algebras to be finite dimensional. Then

the entropy of a state ¢ over A, defined by [10]

S(¢) = sup € (P)
¢=poP

is finite and
e, (B) = S®™W) - Jdu(x) s(B)) . (I1.2)

Ep(P) enjoys the following properties which can be deduced from (I.1):

Proposition II.2

A >0, A + A, = 1.

a) ED(AIP * AP < Ae (Pl) + Azeu(Pz) for A 1 9

] 1
b) € (P) < S(P¥p). Iff P

172

" ok T

is pure a.e. then EU(P) = S(P*u).

c) Let y: AI > A2 be a completely positive unital map, then EU(P€3Y) <

i_eu(P). Equality holds if y 1s a conditional expectation.
d) One has eu(P) < S(u) for any P.

e) sAy 20, AL + X, = |,

(P) z_A]eu1(P) + Azeuz(P) for A! 9 1 2

€
Aquqtizuz



Definition II.4

The entropy defect SU(P) of the completely positive unital map P: A ~ B

iS the positi_ve real l‘lumber
5 P = S H - £ P

The prototype of a completely positive map with zero entropy defect
is the conditional expectation E from the algebra A of nxn matrices to
a maximal abelian subalgebra B of the centralizer of a given state ¢ on

A with u = ¢»IB.

Proposition II.5

a) su(l!P + A2P2) 3_l]su(P]) + lzsu(Pz) for A]’AZ >0, Al + Az = 1.

1
b) If P is an extreme point of completely positive unital maps, then

Su(P) = S(u) - S(poP).
c) Su(P oY) 3_SU(P) with equality if vy: Al *> Az is a conditional expecta-
tion.

d) For each subalgebra BI of B let PB be the composition with P of the
1

conditional expectation from B to B, canonically associated to u, then

sLI(PB1 VBz) i'su(PB1) ¥ SU(PBz)

where B, VB

I 2 is the subalgebra generated by B, and BZ'

Proof

a), b), c) follow from Proposition II.2.
d) Let us label the minimal projectorsof B, by 1 € {l,..,nl}, of B, by

j € {],..,nz} and of B \/B2 by (i,j). We can assume that B = B, VB,

|

and let Ei be the conditional expectation of B onto Bi determined by

n. Let li . =pu(i,j) be the value of p on the minimal projectors (i,j),
]

then one has, with obvious notations:



P‘I, (k,2) = 8, 65,
P*u = 1§j 159 :,J ’ (El OP); - (§ Al,J :,J)(§ li,j)-]
(B, 0P} = (g YR PR TOR VS
If we let wi,j = Ai,j ;,j’ wi = g wl,j’ wi = % wl,., we get
* *
s, (Pp) = igj(— Mg loB Ay o m Ay L SCRTMPL ) = - i§j S(h,¥; )

*
where § = P p. Similarly

== 1 I 2
s, (Pg.) % S(W,¥1) s, (P ) § 50,0 .

One has Z S(\b,l’:’l j) - S(IPJ:-Z.'J)i

¢ j) = S(w,wi) so that

- 2y =
L sy 9 - L s,

I s, ) >
1,] ] 1’j :

5]
> sQ i ) = s,
1 ] ] 1

using the joint convexity of the relative entropy. O



IIT. The Function Hm(YI""Yn) for Completely Positive Maps

In this section we shall extend the function H¢ of [11], defined
there for arbitrary finite dimensional subalgebras to a more general and
more manageable situation, where the subalgebras are replaced by complete-
ly positive maps. Let A be a unital G algebra and recall [15] that there
is a natural bijection between completely positive maps O: Mn(C) + A and
positive elements of Mn(A). The positive element associated to O 1s the
matrix (Xi') = G(eij) where e,. are the matrix units 1in Mn(C). The
condition O(1) = 1 means that X< 1. This correspondence insures the
existence of plenty such completely positive maps, while in general A
does not contain any finite dimensional subalgebra. The following is based

on the result of Choi and Effros [16]:

Proposition III.|

Let A be a nuclear unital C* algebra. There is a sequence (Ov)uEN of

completely positive unital maps A - A such that

|. For each v there exists a finite dimensional C' algebra Au and unital
completely positive maps 0,° A > Au’ T Av + A such that Ov =T1,00,

2. For any x € A, lim Hev(x) - x|| =o.

Yo
The construction of the function Hy 1s done by comparison with the

abelian situation in which the ambient C* algebra 1s commutative. Let

us start from a c" algebra A, a state ¢ and n completely positive unital

maps Y ,-+5Y, from finite dimensional C' algebras Al,..,An to A.

Definition III.2

An abelian model for (A,¢,Yl,..,yn) is given by

1. An abelian finite dimensional C* algebra B, a state pu on B and sub-

algebras B ,Bn of B.

X
.. . . *
2. A completely positive unital map P: A » B with ¢ = P p.

For each j = 1,2,..,n let Ej: B - Bj be the canonical conditional
expectation (associated to u), then pj = Ej oP OYj is a completely posi-

tive map from Aj to Bj.



We define the entropy of the abelian model as

S(u|VBj) - § 5,(05) (I11.3)

. #* *_* * . . R
with pju = YjP U= yj¢ = ¢ on we can express this quantity in terms of

entropies as follows:

(IIL.3) = Sy ) - Jz g, ) * § {sovy) - Idu|Bj(x) S((4ov) )} <

n
< L S(oy.)
j=1 !

The last inequality comes from the subadditivity S(u[VB_) <l X S(u|B.)'
] ]

Note that this bound does not depend on the abelian model.

Definition III.4

H¢(Yl,..,yn) is the sup of the entropy of the abelian models for (A,¢,{Yj}).

n
*
By (III.3) one has H¢(Yl,..,yn) f_jzl S(Yj¢).

Remarks III.5

Dt . . * . .
|. For any finite dimensional C algebra A there exists a matrix algebra

Mn(C) containing A as a subalgebra and a conditional expectation

Mn E A. Thus Proposition III.6 will show that to compute H¢(Yl,..,yp)

one can assume that all Yj's are maps from a matrix algebra to A.
Moreover, completely positive unital maps from Mn(C) to A correspond

exactly to elements a; of Mn(A)+, I aii = 1 € A. Letting nm(A) be
i

k

the increasing union of the algebras Mn(A), with maps

x 0

X € Mn >
0 0

] = MrL+l 2

we see that we can consider H, as a function defined on all finite

¢

subsets X of

(x e M_(&)", ; x.o = 1)



If A is abelian and the Ai are finite dimensional subalgebras of A,

Y the inclusions we may take

n
B = : Ai . pi = ldlAi and u o= ¢IB

Then Di*x is pure, thus with Proposition II.2b
(0;) = S(p3u) = Sy )
Eu pi - Dil-l = ulBi
Thus the entropy defects vanish and we have the classical definition

H¢(Yl’ v Yn) = S(¢|VAi)

Let Ai be subalgebras of A and Y5 the inclusion. An abelian model 1is
characterized by the minimal projections Qi- in Bj’ the minimal

. . . ]
projections Qi ; 1In B and the map

lloon

PA) = [ o, Q=T e M) Qy,

1""""n 1" "n

= *
P is a completely positive map iff ¢(i) are states over A. ¢ = P

corresponds to
8(A) = T 6.5y @® u@Qg;))
) (1) (1)

Thus an abelian model is in this case in one-to-one correspondence
with a decomnosition of the state ¢. In the GNS-construction such a

decomposition can also be represented in terms of positive elements

X5 z X; = | of the commutant w(A'). ¢(A) = Z ¢(xiA). Thus the defini-
1 i

tion of H can then be written in the following equivalent ways:

n(x) = -x1nx, I ¢, o= o. o, b= ele),
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Hy(Aponh) = sup L] nGe gy (D) + T sy, 100, 0

-4 IA l IA
b, = (1) k=1 i
G @ k
Z n
= sup [)nG,.\(1)) = F T n, (1) +
E¢(i)=¢ G D k=l i "
(i)
n
(k)
+ L1 s
k=1 1 IAk IAk
(k)
= sup [ ] nx,.,) + Z IO 6 Cox; ") 1, )]
Ix ;y=! () S S |4 e lay)
0=X(4)<!
x(i)En(A )

sup  [n(b,. (1) - J7 n(s. (1)) +
i (i) i
19 (3)=¢ <

(k)l ) .

Z Sy ) - ) ’ Dy s
k

The main properties of H¢ are the following:

Proposition III.6

a) Let Gj: Aj > Aj be completely positive unital maps, then

Hy(v; 0055005y, 00) < Ho(ypse0nv,) -

1 n

Equality holds if Aj c Aj is a conditional expectation for all j.

b) If O: A - A are completely positive unital maps with ¢ 00 = ¢, then

H¢(OOYI,..’OOYH)iH¢(Yl""’Yn) .

Equality holds if the O are automorphisms.

n

c) H¢(YI,..,Yn) depends only upon the set {Yl,..,Yn}

= H(y) and so on.

| A

d) With the notations of c¢) one has max{H¢(X),H¢(Y)}
< H¢(X) + H¢(Y)-

H¢(x uy) <

X, that is H(y,y) =



e) Concavity:

)\Hq)-l(Yl’”’Yn) + (]"}\)H¢2(Y],..,Yn) + (n=1)(A In XA + (1=1) 1In(1-}))) =

H)\¢1+(I‘A)¢2(Y1 - B !Yn) i

| A

| A

AH¢1(YI,--.Yn) + (I-A)HM(Y‘,.-,YH) = X 1n XA = (I-)) 1n(1-2) .

f) H¢U\YI + (I—A)Y]',--,?wn + (I-X)Yr‘l) < 3\H¢(Yl,--:Yn) + (I-A)H¢(T;,--,Y;1)-

Proof

Note first that the notion of an abelian model just depends upon the pair
(A,¢) and the integer n but not the Yj's.
a) follows from Proposition III.bc.
b) H¢((e ov;)) = sup [S(n) - { su(EJ. oPoOon)] -
uoP=¢ J

= sup [S(u) - Z s (E.oPo0Boy.)] < sup [S(u) - z su(Ej{;P' oyj)] -
uoPoB=¢ ] ol ] poP'=¢ ]

N H¢((Yj))-

c¢) One has to show that H¢(Y],Y2,..,yn,yn) = H¢(Y1’Y2’°"Yn)'
Given an abelian model (B,p,(Bj),P) for n we get one for n+l taking

Bn+l = C. Then

and since any map to C has zero entropy defect we get the first in-

equality >. To prove that H¢(Yl,..,yn,yn) = H¢(Yl""Yn) let (B,u,(Bj),P)

be an abelian model for n+l. Put Bj = Bj for j = 1,..,n-1 and
. . . )
Bn = BnVBn+l so that (B,u,(Bj),P) 1s an abelian model for n. One has
n n+l
VB! = V B
TR B

thus the answer follows from Proposition III.6d.
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d)

e)

One has to show that H¢(Y|’°"Yk""Yk+p) < H¢(YI""Yk) . H¢(Yk+],-
"Yk+p)° But given an abelian model for k+p, (B,u,(Bj),p) one gets
one for k by taking j € {1,..,k} and for p by taking j € {k+l,..,k+p}.

The inequality then follows from

) + S(UIB )

S(“|13.1v.. ve, )< S(“|B1v.. VB B

k+p k k+1”>" " *"k+p
Concave side

Yi 1 i
Let Ai 2 P gt 3 B{” optimize H¢1(YI""Yn)' resp.

i p@ By (2)
A. = A —— B2 & Bi H¢ (Yl,..,yn). Then we use for H
2

i Apa+(1-1)d2

the abelian model B = B(1) 4+ B(2) B, = B£1’ + B£2), P =P 4+ p(2,

and the state u = Ay, + (l-k)uz. In this case we have
S() = AS(u)) + (1=2)S(uy) = Alnx = (1-2) 1n(1-1)
and similarly for S(UIB.)' Concavity of the entropy tells us
i
S(O0; + (1-0)6,) 0;) 2 AS(8 0v,) + (1-1)S (b, 07,)
and finally

fdulB.(x) = A f du]!B§1,(X) + (1-)) I dule!z)(X) -
X ] Xl ] X2 ]

Using these relations in (III.3) we conclude

=X 1n X - (1-)) 1In(1-2) = ) {AS(u

it (1_;\)5(”2[5!2))
] ]

1B
j

= A1ln A= (1-2) 1n(l-A)} + Z {xs (o, oyj) + (1-0)8 (¢, oyj)
]



- fduB{1,S((¢] 0Y;)) = (1=)) fdquz,S((¢2 0v;) )} =

= AH¢1(Y],--,Yn) + (1—A)H¢2(yl,..,yn) + (n=1)(X In A + (1-1) 1n(1-2)) .

Convex side
Suppose B, P, u are the optimal model (within €) for Hl¢1+(l—l)¢2(Yl""Y2)'
To P and p there corresponds a decomposition

6 =26, + (1-0)¢, = (E) bty Peiy E JCIND

where

€ ﬂ¢(A)' , X,.y 20, z X,., =1 (see III.5,3).

X,.
(1) (1) ) (1)

To this decomposition we associated the decompositions
A) = = . A
¢, (&) Z 8, (x(1HA) 6, (A) (%) 6y (x(5yA)

which define abelian models (B,P(" (1) and (B,P(2 (2 ) where
(a) _ = (1) - (2) -
(1) ¢a(x(i)) such that p = Au + (1=-)u . According to (III.5,3)

we have

Hx¢1+(:-1)¢2(Y]’*-aYn) =S + (1I-N)u @) +

- Sy + (1708 07y, Oy + (1214, 07)) <

L=1 11

<AS(uM ) + (1-2)S( @) = X 1In A = (1=-2) In(l-2) +

+ A
2

I r~192

A =1 1 2

g S(9, 0vy,0,(x; 0v,)) + (1-)) ) L S(0,0v,,,(x; 0Yy)) <
L L

< AH + (1-X)H = A 1ln A - (1=-2) In(l=2) .
- $4 $2



£)

Here we used the short hand notation ¢I(xic>y) for the state
(Lz:]xi oy)(A) = <¢Iixiy(A)|¢]> where ¢] is the vector in the GNS-

construction such that ¢](A) = <¢1|A[¢1> and similarly for ¢,.

Suppose B, P, u are the optimal model for H¢((J\Yi + (l-k)yi)). Then
Hy (O + (10v)) = sGw) - L S(uoE,)) +
+ S0 Oy, + (-0, (Bo Oy, + (=-0YD) wdn, <

S(u) = § S(woE) + 4 I S((@oy) u,(Poy)wdu_+

| A

+ (-0 T S(@ oy u, (Poy) wdu <

| A

NH () + (7)) B(()

due to the convexity of the relative entropy. O
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IV. Continuity of Entropy in the Norm Topology

In this section we investigate the continuity of the function

H¢(y|,..,yn) with respect to the norm topology on the y's,
Iy = ¥'"Il = sup Jly(x) - y' (]
X [il
Lemma IV.]I

Let A be a finite dimensional C* algebra of dimension d, and ¢, ¥ be

. One has:

states on A, € = ”¢ - ¢|

1S(6) - SW)| < 3e@ + log(l +de 1))
- 2

Proof
One has, with n(s) = - s log s, the equality
y t s
AR

thus if we let Tr be the trace on A which is equal to | on any minimal

projection and p¢, p¢ be the density matrices assigned to ¢ and ¢, we

ge‘:'

By construction the integrand is for each value of t an operator of norm

less than one. Thus one has for any § > O:

[S(¢) -S(p)| < &d + £II(D¢+t)_l[t(p¢-ow) +t(p$—p$) +p¢(pw“o¢)pw]-

-1, dt
BRGNP
whose || ”[ is the norm T » Tr|T| on A. One gets
P 1 |
() -S| < 6d + (JEE+ L9 e = 5a + e(3 log(1 +) + ) -

o t2  (1+t)?2
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Taking § = €/d yields the result. O

Lemma IV.2

Let A, B be finite dimensional C algebras, with B abelian and d = dim A.
Let 1 be a state on B. Then for any completely positive unital maps
p,p': A > B one has

|SU(D) 'SU(O')l j_6€(%‘+1og(1-+da-l)) . where € = ”p —p'||
Proof

_ 1 - - T
ISu(p) Su(p )| |ap(p) Eu(p )| and one has

su(p) = fS(o*u,pz) du(x) = S(p'u) - fS(oz)du(x) .

4 =
Furthermore ”p u -p' u|| < €, for any state p and therefore also

* *
”px-p; || < €. Thus the result follows from Lemma IV.l. O

Proposition IV.3

*
Let A be a C algebra, ¢ a state on A and Aj, j=1,..,n, be finite dimen-
. * P .
sional C algebras, Yj,yj be completely positive unital maps from A. to

A. Let d be the max of the dimensions of the Aj's and € = max ”Yj ‘Y5||,
then J

LRCOAPNEERES N Pl 6ne(y + log(l +de ')

Proof
With the notations of Definition III.2,p.=E.oPoy., p! =E. oP oyj.

As Ej and P are contractions, one has ”pj —pjl[ < € for all j and hence:

Isu(oj) = su(pJ!)] < 65(% + log(l +d€_l))

Thus the respective entropies of any abelian model differ by at most
6ns(% + log(l +d€_l)). Taking the sup over all models one can find for

each model for H¢(Y) one for H¢(Y') within the stated margin. O



17

. *
V. Entropy for Automorphisms of Nuclear C Algebras

. * .
Let A be a (unital) C algebra, ¢ a state on A and © an automorphism
of A which preserves ¢.
For each completely positive unital map y: M - A from a matrix
algebra to A the following limit exists by Proposition III.6d):
n-1

- 13 L '
(Y)—llmnH¢(Y,@0Y,---,9 oY)

n»e

B0

Definition V.1

The entropy h¢(e) is the supremum of h¢ e(Y) for all possible y's.

Of course to be able to compute h¢(0) it 1s necessary to have an
analogue of the Kolmogorov - Sinai theorem for the ordinary entropy of
automorphisms. This is achieved in the present context by the following

use of Proposition III.I:

Theorem V.2

Let T be a sequence of completely positive unital maps T An + A such
that for suitable completely positive unital maps o’ A > A one has

T o0 > idA in the pointwise norm topology. Then:

lim h¢,O(Tn) = h¢(®)

n-»o.

Proof

Let B be a finite dimensional c’ algebra and y: B - A a completely posi-
tive unital map. We just have to show that lim h¢ O(Tn) 3_h¢ E}(Y). Let

Yy =1 o00_oy, then lim|ly_ - y|| = O since the y_'s are contractions
n n n % n n

which converge pointwise in norm to y on the finite dimensional algebra

B. Thus Proposition IV.3 shows that lim |h (y) - h (y)| = 0. Next
n-co ¢se n ¢’0

by Proposition III.6a) one has h¢,0(Tn) < h¢,O(Tn) so that

lim h¢,O(Tn) 3Ah¢,e(y). O



Remark V.3

Thanks to Proposition III.6b) it is irrelevant whether we restrict, in
Definition V.1 and Theorem V.2, to matrix algebras instead of arbitrary

finite dimensional C" algebras.

The simplest example of a sequence (Tn) to which Theorem V.2 applies
is that of an AF algebra, i.e. a c algebra which is the norm closure of
an increasing union ? A of finite dimensional unital subalgebras. In
that case we let ¢ An + A be the homomorphism of inclusion, which we
take unital. For .’ A~ An we choose an arbitrary projection of norm
one, the existence of such projections is clear since A is finite dimen-
sional. Of course we cannot require that this projection preserves ¢ but

this is not needed. Since o = 1id one checks that for any such choice

n An Ay’

of ¢'s one has LI ocn(x) + X in norm for any x € A, and we can state:

Corollary V.4

Let A = UE; be an AF algebra, then for any state ¢ on A and automorphism

© € Aut(A,9) one has

5@ = lin b, o(8)

We always take the convention that a subalgebra A, C A is standing for

]
the (completely positive unital) inclusion A] C A.
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VI. Continuity of Entropy in the Strong Topology

In this section we sharpen the results of § IV to the fact that the
function H¢(YI,..,yn) is continuous even with respect to the following

distance on the y's:

Iy = v'Il, = sup |lvy(x) - y' x|l
o " ymiPe ¢

where for any x € A, Hx”¢ = (¢(X*X))]f2-

We fix a matrix algebra M, so that Yi» i=1,..,n, is a completely

d

positive unital map from M, to A (III.5,1 shows that this is not re-

d
stricted). We define the size of an abelian model (B,u,(Bj),P) for

(A,¢,(y.)) as sup dim B..
J j=l,..n ]
Given € > 0, let r(d,e) be the minimum number of balls of radius

€/2 needed to cover the state space of MH(C).

Lemma VI.]I

There exists an abelian model with size smaller than r(d,e) and entropy
1 -1

larger than H¢(Yl,...,yn) ne where e, = 33(5 + log(l +de )).

Proof

Let (B,u,(Bj),P) be an abelian model for (A,¢,(Yj)). We can assume that

n
B =V B. so that if X3 is the spectrum of Bj then elements in X = Sp B
1 n

are parametrized by II Xj' Let (Ui)iEI be a partition of the state space
1

L of Md in subsets with diameters less than €. We can assume that I has

r(d,e) elements. For each j = I,..,n, the map p;, where pj = chaP oyj,

yields a map from X. to I and hence to I, which we call aj. Thus, if
o = Xj, uj(r) = uj(s) => Ho;(r) —p§(3)|| < €. The transpose of aj maps
C(I) to c(xj) = Bj and we let Bj = aE c(1) < Bj. Clearly (B,u,(Bi),P) is
an abelian model with size r(d,e).

Let Ei be the conditional expectation of B onto Bi. Since Bi C Bj
one has E! = F., oE. where F.: Bj > B; is the conditional expectation

associated to the restriction of u. Thus pj = Ej oP oyj is equal to
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Fj opj. To each a © I, there corresponds the minimal projector a?(u) in
B! and therefore a state over B; which we also denote by a. The state
(pj)*(a) = a on opj is the average of the states p (s), SHE XJ for the
normalized measure vJ F (a) which is supported by {s € XJ ,a.(s) = al.

Thus one has:
l* *
. = e < . . =
HpJ (a) DJ(S)” €, s € X. , a; ()

and Lemma IV.] shows that:

[
m

I5¢3" @ - fS(p;(s))dvj| < 3e(y + log(1 + de” )

* *
Since p.y = p! one gets that |e .) — ¢ . <g, f ] = e
psu = psu g | IJ(oJ) u(DJ)[ < or J =1, n

1
Now the entropies of the two abelian models are:

n n
S - .
(“|BIV..VBn) jEI S(u|Bj) + J-Z;E“(QJ) ,
S(U|BEV..VBI;) Z S(Ul E]€ (D )

Thus it remains to show that:

S(upypy) - ) S(uygs) 2 Suyp ) - ) S(up,)
] ] J J

Let p be the measure on Il Xj which is the product of the ulB and F the
j
conditional expectation Bj > Bj. Then the inequality is equivalent to

- S(uoF,uoF) > - S(u,u)

which also holds according to (I.l.4c). O
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Lemma VI.2

Let B be a commutative algebra with dim B = r, p, p' be completely posi-
tive maps from M;(C) to B and y a state on B. Then, if lo -p'||u < €

one has

[s. () - s (") < 8(r,d,e) with lim §(r,d,e) =0 .
H H e+0

Proof

Su(p) - su(p') =—gu(p) + su(p') and since |[uop -~ wop'|l < e, we just

need to evaluate:

[5G ) = S ™)) du(x) where X = Sp B .
X X X
Let € > 0 and Xl = {x € X,u{x} > % gl}, then for x € Xl one has:
-1
(@) =o' @2 <1 e o) - p'(a)llﬁ

for any a € Md. The hypothesis of VI.2 implies

oy = ox*ll < weh 2=, vxex

By Lemma IV.| we have

){ fS(p;:) - S(g;(*)ldp(x) < 352(% + log(l + e;d))
1

Moreover

[ 186D = 501" [du(x) < log d u(X]) < (log d) ¢

XI

Taking € = €2/3 rllB, we get e, = 52/3 r]/3 and hence:
f|5(ox) = S(n; ) |du(x) < e2;3rl/3(%-+310g(1 +de_2/3r_l/3) +logd) =
X

=€3.
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Thus finally ]EU(Y) - Ep(Y')l i_e(% + 3 log(l +d€hl)) 4 €4 and we can

take

2/3 _1/3,3

5(r,de) =0 !¢ 2/3 -1/

+ 3 1og(l-+de- 3) + log d) +€(%4-310g(l+ dE-l)).D

Theorem VI.3

For any d < @ and a > O there exists € > O such that for any c* algebra A
with state ¢, any n and completely positive unital maps Yj’ Yj: Md(C) + A

such that |ly. - v!||.< e V¥j =1,..,n, one has
J ] ¢—
- 1
By (rdsny ) = By )] <ma

Proof

Let (B,(Bj),u,P) be an abelian model, then note that with oj = Ej oP oyj,

' =E.oPoy!, one has
DJ j YJ:

= ! - 1

This inequality follows from the Schwarz positivity of Ej oP, since
pj oEj oP = pyoP = ¢ and (pj{-pi) = (E. if) ) (Yj —Yj)' Now given d < =
and o > O, €, such that 360(5 + log(!l te, d)) = «/3, and then choose

€ > 0 such that with the notation of Lemma VI.2, one has é(r(d,eo),d,s) =
< a/3. Assume ”Yj _Yi||¢ <eVj=1,..,n. By Lemma VI.l, to prove the
inequality VI.3 we just have to show that for any abelian model of size
r, the two entropies differ by at most na/3. But this is exactly the

content of Lemma VI.l, since

oy = eill,.

J < lhvs - xilly <. 0

J

Corollary VI.4

If the Oi are completely positive unital maps with ¢ = Oi = ¢, then again
T _ 1 Lt
due to Schwarz positivity HOi(JYi 0, oyill¢ < Hyi yi]l¢ and under the

hypothesis of VI.3

IH¢((Oi 0v;)) - H¢((@i<3Yi))l < na .
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VII. Entropy for Automorphisms of Hyperfinite von Neumann Algebras

In this section we shall use the estimates of section VI to show
that the entropy of an automorphism O of a nuclear C* algebra A with
invariant state ¢ determines the entropy of the corresponding automor-
phism of the von Neumann algebra w¢(A)" = M, the weak closure of A in
the GNS construction of ¢.

Let us start with a von Neumann algebra M and a normal state ¢.
When we deal with completely positive unital maps Md(C) —Il+ M there is
no special assumption to make. Moreover note that for any abelian model
(B,p,(Bj),P) for (M,¢,(Yj)), with B finite dimensional, the map P satis-
fies poP = ¢, so that P is necessarily normal if p is faithful. We can
always reduce B by the support of py so that we may assume that y is
faithful. This shows that all properties of the function H¢(YI,...,Yn)
apply in the von Neumann algebra context and involve only normal com-
pletely positive maps.

In particular, as in section V, h (y) makes sense for any ¢-

$,0
preserving automorphism O of M and we take:

Definition VII.|I

Let M be a hyperfinite von Neumann algebra, ¢ a normal state on M, and
O € Aut M, $ 00 = ¢. Then the entropy h¢(e) is the supremum of h¢ G(Y)
»

for all completely positive unital maps of a matrix algebra to M.

We shall shortly see that we just need to consider subalgebras of
M instead of arbitrary completely positive maps. A need not contain
finite dimensional subalgebras but its entropy is determined by
those of M = w¢(A)”. For the time note that we cannot apply
Theorem V.2 since M is not nuclear as a c* algebra. (For instance L(H),
dim H = «», does not have the approximation property.)

OQur first task is to compare the c* algebra and von Neumann algebra

definitions:

Theorem VII.2

Let A be a nuclear c* algebra, ¢ a state on A, 0 € Aut A, $00 = ¢. Let
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M = ﬂ¢(A)", 4, O the natural extensions of ¢, O to M, then

ha(e) B h¢(®)

It should be remarked [16] that A being nuclear, we have a hyperfinite

M= n¢(A)".

Proof

Since any abelian model for (A,¢) gives one for (M,E) it is clear that
for any completely positive-unital map Md Y A one has h¢,G(Y) = hE,G(Y)'
This shows that h¢(0) f'hg(@).

Next, since (Remark III.5) completely positive maps Md > A (resp. M)
identify with Md(A)* (resp. Md(M)+) it follows that for any completely

positive unital map Md Y M one can find a sequence (Xn) of completely

¢

positive unital maps: M, » A such that lim ||y - y_||, = 0. Then Theorem
d n>w n¢

VI.4 shows that ha’a(yn) - h$,6(Y) when n + =, O

Our next step is to show that we have

Lemma VII.3

Let M,¢,0 be as above, then sup h¢ o
¥
Y

all finite dimensional subalgebras of M.

(y) = sup h 0(N) where N runs through
N

¢,

Proof

There exists an increasing sequence of finite dimensional subalgebras

N. CN. of M and normal conditional expectations E.: M -+ N., E.E. = E.,
J i+l ] 317 7173 J
such that for any x € M one has Ej(x) + x strongly in the representation
™ L
o (

Now let rj: Nj + M be the homomorphism of inclusion. We just have to

show that for any y, completely positive and unital, y: Md + M one has:

h¢,O(Y) < lim h¢,0(1j)

Let then Yj = tj oEj oy. One has Yj(x) + y(x) strongly for any x € Md and
hence ”Yj = y||¢ + 0 when j » ». Thus, by Theorem VI.4 one gets
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_(y) but by Proposition III. 6a) one has:

G(Yj) gh¢,e(rj)

Since for finite dimensional subalgebras the present definition of
the H¢'s coincides with the one of [11] (see III.5,3) so does h¢,O(N)
for von Neumann algebras.

It is clear that Lemma VII.3 contains implicitely a Kolmogorov-
Sinai theorem, but we shall get a better such result, not invoking the

conditional expectations Ej'

Theorem VII.4

Let M be a hyperfinite von Neumann algebra, ¢ a normal state in M,

O € Aut M, $ 00 = ¢. Let N, be an ascending sequence of finite dimensional

k

von Neumann algebras with U Nk weakly dense in M, then:
k

h¢(@) = lti h¢’e(Nk)

Proof

Let N CM be a finite dimensional subalgebra. We have to show that

¢, (N) < ilm h¢ e( k)

For each k we shall construct a completely positive unital map

;k: N » Nk in such a way that for any x € N one has Yk(x) + X in the
strong topology where Y T oYy and 1, 1s the inclusion Nk + M. It
then follows from Theorem VI.3 that

h, (N) = lim h, _(y,)
$,0 Y3 $,0" 'k
By Proposition III.6a) h¢ e(Yk) (1k), thus the conclusion. To

construct the Yk s one starts from matrxx units (eq ) in N, where the
label q comes from the center of N and for each q, the indices 1, vary
from | to nq. Now if is small enough and k so large that the unit ball
of N is contained in the unit ball of N, up to € in the metric “x-y||# =

k
(¢((x~y) (x-y) + (x=y) (x~y) )) one can (cf. [8]) construct a system
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of matrix units (f?j) in N, such that

k
qQ _ q (¥ 0

||eij fij”qb < 8(e) vi,j,q ,

where §(e) >~ O when ¢ > 0. Now it is not true in general that Z fgi =1,
i,q
but Q = E f?i is a projection and thus we can define Yy by:
i,q

Yk(x) = 0(x) + ¢(x)(1-Q) Vx €EN ,

where 0O is the homomorphism sending egj to fzj' Now Y is completely

positive, unital, and since ¢ (1 - Q) - O when k + « one has Yk(x) + X

strongly for any x € N. O

Properties of the Entropy of an Automorphism VII.5

1) Covariance: h¢(0) = h (0-]00) for all automorphisms o of A (resp. M).

poo

ii) Additivity in ©: h¢(®n) = |n|h(®) V¥n € N.

i1ii) Affinity in ¢: hx¢1+(1~k)¢2(8) = Ah¢1(e) + (l~l)h¢2(6) VO < X < 1.

Proof

. . =3 | Sl
i) Since H¢ oo(c Y sees0 Yk) = H¢(Y1,..,Yk) we have

! g e -1 k=1 _ =1 _ 1 k-1
T H¢ OO(U Y 0 Q00 Y,..,(0 00) 00 y) = % H¢(Y,G 0Y,..,0 0y).

Taking k - « and sup gives 1).
8 {
ii) From III.6d) we can infer the monotonicity

kn-—1
H(Y,00Y,.+,0 0Y,-..,0 oy) >

n(k=1) o

1H(Y,9nOY,--,O )

Suppose y gives, within some €, the sup for h(@n), then

. kn- .
h(g) > lim —L-H(Y,O 0Y,-+,0 Bl oy) > lim . H(Y,On“oy,..,
- kn — kn
koo koo

E)(k—l)n o)
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=1 @™ - o

On the other hand, since M was supposed to be hyperfinite, we have
seen in the Proof of VII.4 that ¥6 > 0, a € N, 1 = I,..,n-1, there

exists a finite-dimensional B and y': 0'N + B such that

o(@%a" - y (@) (@ea - Y (@)) <&
and thus, because of the invariance of ¢ under ©
. . S .
sLet*a* - et a™)) (0 e - oF 1(a))] < &

Vi, 0 < i <n-1, and Yk .

These are the conditions under which VI.3 tells us

nk kn

|H¢(N,ON,..’OHN"°’G _1N) - H¢(Y,GY’ao,0nY!-o’® _]Y)l < E
and since
1, (r,07,--,05") < B, (8,0%8,..,00 ")
we have for N optimizing h(0O)
= ] "
h(0)-¢ = Lim — H o,0n,..,0" Ny < 1im — H_(B,0"B,..,0 "B) <
nk ¢ y =P
k> -
<< hE™
=

iii) Using first ii), then III.6e) we have

(0) - Ah, (@) - (1-A\)h, (®)] =
1 ¢2

Jh?\¢1+(|"l)¢2 ¢

n, _ n, _ _ n
Ih ©™ = Ah, (@) = (1=Mh, (0] <

1
n ' Ade+(1-2) 02

(=) log A = (1-1) log(l=}))

<

Letting n go to infinity gives iii).
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Remark VII.6

If 0 is the modular automorphism of ¢ so is 0_100 for ¢ o0o0:

¢(A@tB) = ¢(B®i_tA) <=> ¢(0Aoo-10tcB) = ¢ oo(Bc-lOi_tcA)

Hence the entropy coincides for conjugate modular automorphisms. Since

for hyperfinite III -factors the entropy of a modular automorphism may

1
assume any value > O, this illustrates the discontinuity of 0 - h¢(9)

since they are all approximately conjugate [17].
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VIII. Estimate of H¢(Nl’°"’Nk)

Combining Theorem VII.2 with Theorem VII.4 the difficulty in com-
puting the entropy h¢(0) of an automorphism of a nuclear C* algebra is
reduced to the estimation of H¢(N1,..,Nk) where the Nj's are finite
dimensional subalgebras of a hyperfinite von Neumann algebra M. A useful

and straightforward upper bound is obtained by Proposition III.6a) and c):

Lemma VIII.I

If NI""Nk are subalgebras of a finite dimensional subalgebra N C M

then: H¢(Nl,...,Nk) < S(¢|N).

Proof
H¢(N1""Nk) ~_<_H¢(N,..,N) = H¢(N) _gS(cblN). a

When ¢ is a trace, one has the following lower bound for H,, which

¢

allows to compute it in many cases:

Proposition VIII.2 [8]

Let Ai be pairwise commuting abelian subalgebras of M and A the algebra

they generate, then, if ¢ is a trace

de(Al’..’An) = S(¢|A) .

This statement is no longer true, even for n = 1, when ¢ is not a trace.
For instance, if M = MZ(C)’ ¢ is a pure state and A is an abelian sub-

algebra of M such that ¢|A is not pure, one has:
0 =H(A) <S§
NESIEEICIN

(One has H¢(A) = 0 because H¢(M) = 0.)

It is however tempting in the setup of Proposition VIII.2 (with ¢
non—-tracial) to construct an abelian model (cf. Def. III.2) where Bj = Aj,
B is the abelian algebra generated by the Aj's and p is the restriction
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of ¢ to B. What is missing still is the completely positive map P from

M to B. The inclusion y: B + M is completely positive, but we need also
a completely positive map from M to B. Given two von Neumann algebras Ml'
My, with faithful normal states ¢l, ¢2, every unital completely positive
map y: M] . M2 such that ¢2 oy = ¢l has a canonical adjoint YT: M2 -+ M],

uniquely determined by the equality:

(¢;/2 . ¢]2/2)0Y - ¢i/2 Y+(x) ¢:/2 vV x EMZ .

Here we have used the following notation, given a von Neumann algebra M,
a faithful normal state ¢ and an x € M, we let wx = ¢1/2 X ¢Il2 € M, be

the linear functional on M such that:

b, =80y od, L) = e ot 0 vyen,

¢, t €ER is the modular automorphism group of ¢. By [18] the map

¢1/2

where ¢
X > ¢1/2 X is a completely positive bijection of M with the linear

span of the face of ¢ in M, . Thus:

Proposition VIII.3

a) Let y: MM, be completely positive unital with ¢,0Y = ¢], then its

adjoint Y*: My, > M, is completely positive unital with ¢| oy = ¢2.
b) One has (y oy')+ = Y'+ 0Y+, y++ =y
¢) If y is the inclusion of a von Neumann subalgebra Ml c M2 and Utz(nl) =

= M] ¥ t €ER, then Y+ is the canonical conditional expectation of M2 on M].

Proof: Cf. [18]. O

Coming back to the above discussion we can now consider the complete-
ly positive map P = Y+ from M to B, where y is the inclusion y: B =+ M.

Then B, u = ¢|B’ Bj’ P = Y+ is an abelian model. For each j, Ej =i

I e =+

o . 3 it 3 +
where lj is the inclusion Bj + B. Thus Ej oP = (1j 0Y+) = (y 01j)+ Yj

1.
and E. oPoy. = y. oy.. Thus we get:
] YJ YJ YJ C
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Proposition VIII.4

Let Ai’ i=1,..,n, be pairwise commuting abelian aubalgebras of M and A
the algebra they generate. Then
m

1.
Hy (A, 80) > S(8),) g S¢IAj(Yj °Y;)

where yj: Aj + M is the inclusion.

Let us now compute su(YT 0y) where y is the inclusion of the finite-
dimensional abelian algebra A in M and u = ¢[A' Let TEREELN be the minimal

projections of A.

Lemma VIII.5

- 1/2 1/
Let “ij = (¢ e, ¢

2
)(ej)y uj = ¢(ej)' Then

+ = -
SU(Y oy) = i?j n(uij) § n(uj)-

Proof
One has by VIII.3a) u oY+ oy = u. Thus su(y+ oy) = z S(wj)uj wvhere wj is

.. . +
the composition of the pure state u(e.+*)/u. with y oy. Furthermore,

J
W el ) = 61 %e 0! P ey = uy;

+
ijj(ei) = U(er (ei))
Thus:

1- - —
S(wj) = g n(uij/uj) and SU(Y oY) = i?j ”(”ij) § n(uj) . 0

Corollary VIII.6

a) Let N C M be a finite dimensional subalgebra which is invariant under
the modular automorphism group ci, t €R, then H¢(N) = S(¢|N).
b) Let N CM be a finite dimensional subalgebra, let H¢ be the centralizer,

i.e. the set of elements of M which are invariant under ci, assume that

N N M, contains an maximal abelian subalgebra of N, then

b

H¢(N) = S(¢|N)



Proof

It is enough to prove b) since, if Gt(N) =NV t €ER, the centralizer

of ¢]N is M¢ N N. Let then A C H¢ N N be maximal abelian in

N. One has A C N¢ where § = ¢|N and henci S(¢|N) = S(¢|A). Thus pij =
= Sij”j and by Lemma VIII.5 one has s¢(y 0yY) = 0 where y: A CM is the

inclusion. The conclusion follows from VIII.4.

Remark VIII.7

Given a finite dimensional subalgebra N of M, the difference 6¢(N) =
= S(¢|N) - H¢(N) is a positive convex function of ¢. In particular,
{¢,6¢(N) = 0} is a convex set which contains all states for which the
hypothesis of VIII.6b) holds.

Corollary VIII.S8

Let Nl""Nk be finite dimensional subalgebras of M and assume that they
contain abelian subalgebras Aj c Nj n M¢ pairwise commuting and such that

A=V Aj is maximal abelian in the algebra N generated by the Nj's. Then:

H¢(Nl 3. ’Nk) = S(¢|N)

Proof

One has S(¢|N) = S(¢|A) since A C M¢, thus Prop. VIII.4 applies, with

+ .
; ) =0 A. CM.. O
s¢(\rJ OYJ) since : "

In realistic situations however M, is often trivial and it becomes

L

crucial to estimate s¢(y+ 0Y). By Lemma VIII.5 it is a measurement of the
lack of commutativity between A and ¢.

We shall now estimate H¢(Nl,..,Nk) in the following situation, the
Nj's are pairwise commuting matrix algebras Nj C M with the same dimension
d, and each Nj contains a matrix subalgebra Mj C N., dim Mj = d' satisfy-

ing the following condition of commutation with ¢:

b. .
vV x € Mj one has Ho?lz(ouilz(x)) - x|| <€ |x|| where o = ¢|Nj.
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Proposition VIII.9

Under the above hypothesis, one has
1 “lyy '
H¢(N],..,Nk) 3_S(¢|A) 6ke(2 + log(de )) - 2k log(d/d'") ,

where A =V A is the algebra generated by maximal abelian subalgebra Aj

of the centrallzer of ¢j in Nj.

Proof

First H¢(Nl""Nk) > H¢(M1,..,Mk) and we just have to prove the inequa-
lity for the latter. We construct an abelian model as follows, B = A,

Bj = Aj, u = ¢[B and the completely positive map P is the adjoint of the
inclusion Yg? B » M. Now for each j the expectation Ej: B -+ Bj is the
adjoint of the inclusion Bj C B so that Ej oP = (YB.)+ where Yg.: Bj-+M is

the inclusion. Let Yo Mj + M be the inclsuion, we need to evaluate the
]

entropy defect of (YB.)*. Yy, F o and then use:
j i

H 0o d) > 8(8p)) = 1 s (a)

Let Yé_’ Yﬁ- be the inclusions in Nj, so that:
] )

— ' =
Yg, = Yy. °Yp, ° M, = Yy, Yy,
j j j j j j

+ _ i AT t '
Yp, oMy, = (g ) o lyy ) ovy ovy
] J ] J ] ]
We claim first that || (y )+ oYy oy' - y' || < €. This follows from
N. N - M. M: =
J J J J
Lemma VIITI.I1O

Let N € M be a von Neumann subalgebra and { = ¢|N’ y: N > M the inclusion.

Let X € N be in the domain of UV{Z with ULp /z(x) in the domain of c¢/2

then:

HY* oy(x) - xi1 i}lcifz(oﬁifz(x)) - xl
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Proof
For any y € N one has: wI/Z y w]fz(YTY(X)) = (¢1/2 y ¢l/2)(x) and
@y 00 = we?, 000 = 8,000 = 0y oD 6?0t 0.

Thus for y > O one gets:
12y W H ot ovm -0 < u lo? 0t o - x|l
y Y = ¥y i/2°-i/2
Thus by Lemma IV.2 one has:
s (@) =s, (vt ) oy )| < 6eG + log(de™))
PR u 13j MJ. - 2

A ’ + . .
It remains to estimate su(Yé_ oyﬁ_) where now everything takes place in-

side Nj. This follows from: A

Lemma VIII.II

Let P C N be matrix algebras, ¢ a state on N, Yp? P - N the inclusion,
A an abelian maximal subalgebra of N in the centralizer of ¢. Then

5¢(YZ(JYP) < 2 log d" where d" = dim N/dim P.
Proof

.I.
Let py = ¢!A’ o = YA 0 Yp- One has:

s,(@) =) - Suoa) + [ S(a)du(x)

Since A CN is the conditional expectation of N onto A. Thus

..f.
0> YA
s, (a) = S(0) - S(4ovp) + [ S(u 0vp)dux)

where W, is a pure state on N for each x € Sp(A). Since for matrix algebras

P CN implies N = P& P', subadditivity [7] tellsus S(¢) - S(¢IP) < S(¢|P,) <
" _ "

< log d" and S(wx[P) = S(wxlp,) < log d". O
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IX. Entropy of Space Translations for the Gibbs State of a One-Dimensional

Quantum System with Finite Range Interaction

We shall adopt the notations of [19]. Thus we represent the lattice
points by Z and for each lattice point j we have a matrix algebra A(j) =
= Mq(C) where q is finite independent of j. To each subset I C Z we asso-
ciate the C' algebra A(I) = '@) A(j). We let TS(H), n € Z, be the auto-
morphism of A(Z) given by thieiattice translation by n. As in [19, 2.12]
we let & € A([0,r]) be the contribution of one lattice site to the inter-
action, and r the range of the interaction. The Gibbs state ¢¢ for the

infinite system is invariant under the generator 0O = TS(I) of space trans-

lations, and our aim is to evaluate the entropy h¢(®).

Theorem IX.]I

Assume to every I' = [0,n] and € > O there exists an I = [-N,n+N] such

that, with ¢ the restriction of ¢ to A(I)
“Of/Z(OfiIZ(Q)) - qll <elall V Q € A(T")

and lim N/n = 0. Then h¢(0) is equal to the mean entropy

n—+«

hm(O) = S(¢) = lim —

S(¢ )
HSTTRRMEIC

The mean entropy is introduced in [ 4 ] where it is shown to converge and,
in fact, to be an infimum. Examples where the above condition is satisfied

will be discussed in the Appendix.

The inequality h¢(O) < S(¢) is obvious since by Corollary V.4 one has

h¢(6) = lim h¢ 0(A{O,n]) and the algebra generated by the GSA([O,n]),
: N> ’

s =0,1,..,k, is equal to A([O,n+k]) so that by VIII.I:
1

k 1
i Hy(AC0,n1),..,07AC[0,0])) < 3 S(d| 5 ([0, nsk]))



36

When k »~ «, the right hand side of the inequality converges to S(¢). To
prove the other inequality we just have to find, given € > O, intervals
I, J such that h¢,@(A(I)) 1-F%T S(¢|A(J)) - €. In order to exploit Prop.
VIII.9 we choose I of the form: [-N,n+N] for n €E N, N € N. We let

I' = [0,n].

Lemma IX.2

Let I, I' as above, ¥ be the restriction of ¢ to A(I) and € > O such that:

lo? b @) - all <ellall  vaeaan .

Let CO C A(I) be an abelian maximal subalgebra of the centralizer of Vy,

let m > n+2N and Ck = @kmco; C the abelian C" algebra generated by the
Ck’ k > 0, and ¢C the restriction of ¢ to C. Then
| m N
oA 2 3y (") - 0Cerg) .
Proof

_ ok _ amk ' !
For any k, let Nk =0 (A(I)) and Mk =0 (A(1I')). Then Nk’ Mk satisfy

the hypothesis of Prop. VIII.9. Moreover log(dim Nk) = (n+2N)log q while

log(dim Mk) = n log q, thus with obvious notations:

1 -1
H¢(N0"'$Nk) i S(¢|C[0,-.,k]) - 6k€(§ + 1Og 2 + (n+2N)1Og q) 4kN logq'

Now
] . 1 1 1
—h (A(I) =1im — H (N ,..,N. ) > — (lim +— S(¢ ))
mo, om o MK 970 "k —m oo K |clo,..,k]
-1
6€(1/2 +log(e ) + (n+2N)log q) _ 4N loga:

m

We now have to evaluate the entropy h (O ) of the one-sided shift

on the abelian C algebra C. Note that the entropy of the restriction of
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b to C 1s equal to S(¢!A(I)) since C0 is an abelian maximal subalgebra

of the centralizer of ¢.

Lemma IX.3

Let 1 > n > 0 be such that, with m > n + 2N as above,

[60Q; Q,) - ¢(Q)(Q) | < n [lQ,Il llQ,ll

for any Q1 € A(I'),Q2 € AU (I +mk)). Then with the above notations one

has: ki}

1 m |
w ) 2w Sury) O -

Proof

Let X be the spectrum of the abelian c* algebra C[1 w[ ? i.e. the algebra
$]
generated by the Gmk(co) = Ck for k > 1. Then the desintegration of ¢C
on C = CO x C' is of the form ¢C = f(wx X ax)du(x) where each W is a
state on CO which by the above inequality IX.3 is such that ”wx-¢lc | <
(o]

< nV x € X. The entropy of the shift is [1]

; S(wx)dux = S(¢|C) = S(¢|C|)

and by Lemma IV.l one has:

] =

[s(q:|C ) - fS(wx)du(x)[ < 3n(; + log(l +dn )
0 X

where d = dim CO = qn+2N. Thus:

-1
| m 1 _3n _ 3n log(n ) _

2m m

Let us now show that the hypothesis of Lemma IX.3 is fulfilled for

a given n > 0 as soon as n- (n+2N) is sufficiently large.
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Lemma IX.4

Given n > 0, there exists p € N such that
[4€Q, @) = ¢(Q¢Q) | < n oIl llQ,ll

for any Q] = A(]—m’—p])’ Q2 € A([p,+m[)‘

Proof

¢ satisfies the Gibbs condition, which tells us, that the interaction W

between the right and the left can be removed by the factor

1
G=Texp [f U? W dyl ,
o Y

such that Q » ¢(GQ) is a product state for A(]-=,0[) x A([0,+=[). As shown
in [19] G is a bounded essentially local operator. From the uniform

clustering property of ¢ ([19,(8.41)]) it follows:
[6(Q) - ¢(cQ) | < n [l v Q € A(z\ 1-p,pl) .
For Q, € A(]-=,-p]), Q, € A([p,+=[) one has with [lo;Il <1,
[6(6Q,Q,) - ¢(Q,Q) | <, lo(6Q) = 0@ <ny  §=1,2,

¢(GQ1Q2) = ¢(GQ])¢(GQ2) )
thus:

16(Q,Q,) - ¢(@)¢(Q,)| <3n . O
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It remains to discuss in which physical situations the conditions
of Theorem IX.l are satisfied.

We have to estimate
¢ 1
lo3 /5025, @) - all

for Q i A(I'? and ¢ = ¢|A(I)' | .
O—iIZQ is a bounded operator belonging to A(I). If we are dealing
with a one-dimensional lattice system with finite range interaction, it
is shown in [19,4.28], that all local operators are analytic with respect
to time automorphism, therefore, the above norm is bounded. If we are
considering a more than one-dimensional lattice system with short range
interaction a corresponding statement is only available for temperature

above a critical one [20].

Lemma A.l

Assume that A = (X A. and the time evolution is given by a ¢ € A([0,r]).

j€z - _

Let H = Y ©(J) and H
Jel

automorphism of ¢ = ¢|A(I)' Then

I be the operator that implements the modular

W = exp[HIIZ] EXP[_EI] EXP[HIIZ] )

and W 1is a bounded operator concentrated on the boundary of I, i.e.

Wo=W +W, W € A[-N,0] (X) Aln,n+N] and [1w21[ < e(N).

1 1
Proof

This follows from combing the estimates in [19] and [20]. If we can use
the Campbell-Baker-Hausdorff formula, i.e. if the temperature is high

enough so that the series converges, we can obtain

H, = H. +V "



with V located on the boundary such that
_ 1/2
exP[HI/ZI exP[-HIIZ] =T expl £ (9 V dy]

gives the following desired bound:

Lemma A.2

Under the assumptions of (A.l1) there exists a critical temperature B;l<<w
such that for B < Bc, with ¢ a 1/B KMS state, there exists V € > O an N,

such that with y = ¢|A[-N n+N]’

lo? (¥ @) - all <ellell V¥ n,Q € alo,nl.

For quasifree states it is easier to control ﬁI such that we obtain
the estimate for all temperatures:
Lemma A.3

Let ¢ be a quasifree interaction. Then Bc = o,

Proof

Let a be a fermionic destruction operator at a lattice point x € Z,
* 1 _ _ 2 . . .
{ax,ax.} = éx,x' and a(f) ; axfx, f € 2%(Z). The time evolution is

governed by h € B(22(2)),
Tt a(f) = a(elht £)

We have for the KMS state w (with temperature = 1)

wa(f)*a(e)) = (fF]—+e)

l+e

Denote by OI (resp. GIC = l-OI) € B(22(2)) the projection operators onto
I CZ (resp. its complement I¢). The modular automorphism Ty of mIA is
I

generated by hI
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s tht
1 a(f) = a(e £f) , f e 22(1) , (A.4)

which is determined by

with h. =0_h, . 0,, h =0 h _© Thus
I j B LT IC IC IC I
0. (1 +eh1)e -0 1 0. =
1 I 71 o 1 0 1
I ,h I
= 0,(1 +eh)GI = @IehO Jo a +eMo C]'l 0 ehE)I ,
1 1 I 1€
and similarly for I€. Together these relations say
h. +h_ ¢
I -
e S eh—elehe -0 Ceh@I—eIehe o _a seMo 1710 ceheI -
I 1 1 il i I
h h -1 h
Olce GI[OI(] +e )GI] @Ie GIC . (A.5)

We want to estimate ”Gilz(OE;I£Q)) -Qqll <ellQllvqe Ap,. We are look-

ing for an operator that implements Oi/ZU“i/ZQ for Q € A, thus an operator

that satisfies

Ua(f) Ul = ace’ £) - ae’ ¥ £) ,
*
_— -
where e" = (l-OI,)e (I-—@I,) +®I, and therefore e" f = e © f = f for
all f with supp £ € I'.
We write e' e” =e'' = e*® e in its polar decomposition, i.e.

*- * M .
s=s, p=p . Then U can be written in the form



A.4

exp (1 Za*sa) exp (Za*pa) .

Thus
lu-1]]| i'“exp (Za*pa) -1]] + |lexp (iz a*sa) -1} g_e”plh -1 + eHS”1 -1,
We observe

e =11l < le” -1l

let® -1l < N =11l + ¥ =11l < 2l -1]
If ||eQ-—1||l < € < e, this implies HQHl < 2e if e is sufficiently
small, and equivalently if HQH1 <Ee<eg then HeQ-I||‘ < 2g. Further

e T | W Ty e e | L L

thus we only have to estimate Hv]|h.

With e ' = 1 +D, we have

w n
-D 1 1
v, Il, = logsdyll, = fI- 3 £ < [nll, —— 10g :
n=1 oIl 1-lIp|
So what remains to show is that ”D||] and therefore ||D|| go to zero if

I and I' are sufficiently separated. For this purpose we have first to

construct

v -ns2 (hpthped/2
e = g e
to use VIII.I1O.

To extract its square root we employ the integral representation

s 2
aRE, = e e
(o]

a2+a+b a?+a

and hence



= 2
exp (=h/2) exp (—12-(hI +h ) -1 f da exp (=h/2) ah b : h
o al+e +b  al+e
with-b = 0.¢0 _ +0.eP0o [0 (1+eMo 1710 elo. + 1 1C
I IC I Ic IC Ic Ic I

This gives the bound

it - 2
oIl = 1¢e" - 1op,ll < [ o €72 ——20—| flp —

|
a2 +e' +b c>¢2+eh . l

Observing eh-+b = exp (hI-+h c) > 0 and h bounded from below, we note
I

| <ec.

2480 4p

Furthermore b is of the form b = ¢, © +c, 0 eh 0. with ¢, and ¢
1 Ic 2 Ic I 1 2

bounded operators. What remains is an estimate of

1 h 1
— 0, and loe e 0, ——0.,]
cc2+eh I ] IC I 02 +eh I 1

o

IC

For these trace norms we use the inequality
M| <} /] <e.|Me,>?

where the e, are any orthonormal basis. We shall use as basis the vectors
|x> which are 1 at the site x and zero otherwise. If h is in Fourier
space multiplication with e(p) € C2([0,27)), then in this basis we have

the matrix elements

27 ip(x-y) 2m ’

_ 1 e 1 (x—-
g8 (x=y) = <yl—=lx> = [ dp = [ ap PCX7Y)
ol +e 0 245\P |x--y|2 0
. et eE . €|2 eE B 2e€ )]
(a2+e€)2 (ef+a2)2 (eF+a?2)3

for x # y and < 2n/(1+a2) for x = y. Altogether this shows
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g, (x =¥

< c(a) for x =y
withfdac(a)=c<°°.NowifIc={—w<xi—N}andI'={Oixin},
o]
then

< c::/NI/2 .

1 c 1 v 1/2 Fi
fas I1° —— all, < f R TR e
) ac+e x=1 y=-w x=1 (x+N)
With our assumption on h we also have <x|eh|y> 5_c/(lx—y|2) and a similar
bound can be worked out for the other term in b.

Combining these estimates, (A.3) follows. O
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