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ON THE COHOMOLOGY OF OPERATOR ALGEBRAS

A, CONMES

Abstract, Any amenable C#* algebra is nuclear. Injective von Meumann algebras
are characterized by the vanishing of their cohomology with coefflclents in dual

normal Banach bimodules,

Introduction. As in [l] or [3] , 8 Banach algebra A 18 called ameénable when

any norm continuous derivation & of A in a dual Banach A-bimodule is a coboun-
dary, In [5] 7.9 ] 7.6 , B.E. Johnson showed that any C*® algebra A which is an
inductive limit of type 1 c* algebras is amenable as a Banach algebra, He left
opeén the exlstence of non amenable c algebras. We show below that any amenable
C* algebra is also nuclear. It is very likely that any nuclear C¥ algebra is

aménable but we leave this question open.

In thelr work on the cohomology of operator algebras [63, [?], [a] » B.E,
Johnson, R.V. Kadison and J. Ringrose introduced the notiom of normal dual Banach
H=-bilmodule, where H 13 a von Neumann algebra. They showed that any von Neumann
algebra M which 1s generated by an increasing sequence of finite dimensional
# algebras has the following property : Any derivation & of M in a normal

dual Banach M-bimodule is a coboundary.

We shall prove the converse : 4f M {18 a von Neumann algebra with separable
predual and all (continuous) derivations of M in normal dual Banach bimedules
are coboundaries, then M 18 generated by an increasing sequence of finlte dimen-

sional * algebras, This class also colncldes with the class of Injective or of



seml discrece vonm Reumann algebras [3] . It seems that "amenable" is the best

terminology to qualify this class.

We now fix the notations for the sequel of the paper. et A be a Banach
algebra. Then a Banach space X which 18 also an A-bimodule is called a Banach
A-bimodule when for some K >0 one has '|!.u!_,‘|:|.|[Jt £ Kllall ||§|!x llbl] for all a,b €A,
=eX.

I1f furthermore X 1s (isometrie te) the dual of a Banach space X, and for

each a € A the operators £ *af , E+pga of X In X are XX ) continuous,

then ¥ 18 called a dual Banach A-bimodule.

Mow {f M 18 a von Neumann algebra and X 18 a dual Banach M bimodule,
one says that X is normal when for any E ¢ X and M € :* the functionals

xeM*<nxE> or < M,Ex > are normal functionals on M .

Since von Neumann algebras are in general not norm separable the requirement

of normaley for M-bimodules is a necessity to avold pathological phenomenas.

Let A be a Banach algebra, X a Banach A-bimodule. Then a derivaction &
of A In ¥ 1is a continuous linear map of A In X such that

E(ab) = &(a)b + al(b) , Va,b £ A .

We say that a von Neumann algebra is amenable when all derivacions of M
in normal dual Banach M-bimodules are coboundaries. By [ﬁ] thm 5.6, this is the
same as asking that all normal derivations (i.e. n* & is normal for any

n e X,) be coboundaries.

Theorem 1. Let M be a von Meumann algebra with separable predual. Them H 1s

amanahle 1f and only 1F it {8 Injective,



Corollary 2. Llet A be a separable C# algebra which is amenable as a Banach

algebra, then A is nuclear.

Proof of the corollary. Using [_41] , to show that A 1is nuclear, one

just needs to show that any representation T of A in a hilbert space hﬂ
generates an injective von Neumann algebra. By [ﬁ] OnE Can a65ume

that |'|." is separable. Let then M = TA)" and X a doal normal Banach M-bimo-=
dule, Then any normal derivation & of M in X defines by composition with T

a derivation of A in X . Since A is amenable and X 185 a dual Banach A-bimodule

one gets that &.7 {s a coboundary, and & , being normal, is also a coboundary.

Proof of Injective = Amenable. By EEJ any injective von Neumann algebra

H with separable predual is the weak closure of an Increasing sequence of finite
dimensional # algebras. Hence the result of Johnson, Eadison and Ringrose [ﬁ]

Corollary 6.4 p.95 gives the implication,

Proof of Amenable = Injective, In this proof we shall not make use of the hypo-

thesis M, separable,

We first assumé that H 1s seml-finicte, and let T be a falthful semi-

finite normal trace on M . Let M act in a hilbert space H . We say that an
operator T (-'ndh.' is of T-finite rank when its inicial and final supports

are majorized by projections e,f ¢ M with T(e) <= , T(f) €= ,

Since the sup of projectiona e,f € M with T{e) <= , 7(f) < » also sacis-

fies T1i(eVf) <= , the set & of T-finite rank operators is an M submodule of

ALih) .

For x ¢ M , put ]hﬂz - T{1‘:]132

- (One can have |hlh = +m)- Let Y be

the space of all linear functionals & on & with 2



>0, |plath)| = K1h“2“'.l.'"_|h“2 s+ Va,b EMN F , T € &F. The smallest possible
K 1is noted ]h‘.\“_l, and defines a norm on Y . The corresponding unit ball of ¥
is compact for the weak topology o(Y,d , so Y 48 a Banach space and is the

dual of some Banach space Yo in which & is dense.

For o ¥ , X2y EM , defloe xgy € ¥ by :

wpw(T) = plyTx) VT e @

then, since lbrn[]i < IHLIHLZ . ||'twt||1 < ||'h|[1||:||_ for a,b gM N 3F, it follows
that ||m3||1 < LI:-;LI‘_“iL-.lril_llhlli . Hence Y 18 a Banach M bimodule. For x ¢ M the
map o *xp from ¥ to Y 1is oY,d continuous because JF {8 an MH-bimodule.
S0 ¥ 1is & dual Banach M-bimodule., Finally for fixed T e F and m £ ¥ the
map x £ M * g{xT) 1s normal, because letting e £¢M be a projection, with

T(e) <= | majorizing the two supports of T , one has :

letxn) | = letxete) | = [hell,lirll_flell, .

% ¥ 1is a dual normal M-bimodule,

Let X be the submodule of ¥ defined as follows :

Y={oeY,x) =0 WwenMNnNdF)

It 15 a submodule because M N F 1is an M-submodule of F, It is o(Y,F closed

in ¥ by construction, Hence it 1s also a dual normal Banach M-bimodule.

Wow since the trace T on M 1is normal, there exists (n h a family

{Eu}m of unit vectors I.Ii(hi_'luch that, for any x EMN I : T(x) = ui“: 28sr 5o

where Elﬂ ngu.gu}i <@



For any T £ F there is a projection ¢ € M , T(e) < » guch that, with
T = T+ iT, , one has : -!f‘rjﬂn £T, = I['rjﬂt , §= 1,2 . Hence the sum

& I-l.' -r;u,;u::-! is convergent and
aFl

i) = E<18 .2 >
acl a o

defines a linear functional on & satlsfying :
s) T(t) 20, Vrz0,Ted

b) Tix) = T(x) , xeMNF.

As by constuction F is a * subalgebra of ..;Lﬂ'l} one deduces from a) that
]'-Fnt'r“.-rz}iE < "r’tr{rl} 'ﬂr;'ral . ﬁl"rzf J.Por TEF,abeMNTF, let
T:'n'l'. Tt-h then :

|F(ats) |* < F(arr™a®) T(b") < T(aa® ]2 F(b*)
because by construction of T one has T(aTT"a®) = E"‘I"ﬂ‘EﬂlF < H’IHE E“nl!uuz =
= Il Ela®8,I* = Il F(aa®) . Hence by b) : [Tato)| = lall, [ioll, Irll, . 7o
Ter, Wl =1.

How let & be the derivation of M in X defined by :
I!{::.'II*:?-:!: Ve ¢ M

One has 68(x) € ¥ because :I:{x:.r -yx) = T{xy - yx) =0 forany y EMN F .

One can also check directly that & {18 normal. If M 1is amenable, & must

be a coboundary, so there is a @ € X such that &(x) = xp - g , Yx €M .

Now T-0=§ €Y and one has :



1°) 7(x) = #(x) , ¥x e M N TF (because X )

2°) x¥=x, V¥« EM (because xT - Tx = xg - gx) .

Let e be a projection of M , T(e) €<= , Let X = ey be the range of e .
Then He is a finite von Neumann algebra acting in the hilbert space X . Since
T is falcthful, its rescriction 1’1 to HE is also falthful;, and in particular
by 1°) the restriction ¥, of ¥ to o)) = [T €d(d) , eT = Te = T} 1s non

zoro and satlafies :”l' : :il - ‘1! for any x 4in He

Replacing ‘1 by i{il+ tfll does not affect 2]" and :I.'.l‘I t tlix} = 1‘1{::]
for any x € M . S0 one can assume that tl =- lr as an element of of(X)* .
Writing its unique Jordan decomposition '1 - r; - I s with “‘T" +* |I"; u - “'l I[

one gets ;
a) f{[ﬂ 2T (x), xeM ,x20,

B) qm} = 1‘;{-::1 Y e 0, YxEmM .

Now let K = Hﬂ'“ , we shall prove that for amy a;,...,8_; bj,...,b €P = M

one has

|7, (2 ujh;'}l < k|| £ s,® b;lw

where X° 1is the conjugate hilbert space of X .

In fact, let q:l - 1—1: tI E.,U}:}I' . Then, as qul is a weak limit of normal

states on dt'.'r{]ﬂl , there is for any © >0 , a normal state § on ,{.{H} such that :
= 3 - "y WIER
[Thj:p q:l:jH £€, §=1,,,.,0 , |oE -jhjl @ (Z a j”

Hence there exists, for each © >0 , a hilbert schmidt operator p in ¥ with

“ﬂ".r[s =1, “H‘J- hjplll-lﬂ £ € and :



S50 again for any € >0 , there is a hilbert schmidt operator p in K with

“ﬁ""s w ] and :

= ljphj'llas 2 g, (£ aj'n;.‘ll - &

But the canonical identificatfon of X @ X° with the hilbert schmide OpErators
of ¥ intertwines a & b with the operator p aph* g0, we have shown that
|, (E ajbj}l s |E 3 ® b:H . Now we know that the linear functional §, on

e
FE P , defined by t(La@b) = I{E aih;J is continuous for the minimal norm

of the tensor product ([2]) . Letting P act in the hilbert space ¥, of the

Gelfand Segal construction of '1'1 with canonical wector El and fovelution J ,

one gets :

| <E a,Jb JE,E > | = x|E a® b J|l

It follows then from the cyclicity of El. for P that the canonical homo-
morphism 7 of PE P' in q{,[](lil 1 bounded. Then by [ﬁ] we know that P 1Is

semi discrete and hence injective,. It follows that M itself is Iinjective,

The general case : Since the finlte case 1s already treated it is easy to see that

we can assumé M to be properly infinite.

Let them (N,( HL}LE R

i1z seml finlte and M 1s isomorphlc to the cross product of N by the one para-

) be a continuous decomposition of M , [g], where N

EBELET group {ﬂ:}tE'ﬂ of automorphisms of N . We just have to show that 1f M

iz amenable them N I1Is amenable, In fact, them N 18 injective and so 1a M
by [3].

But by construction N 1s generated by a von Neumann subalgebra P {isomor-
phic to M and a one parameter group of unitaries hl]n::]i. such that
ua?u':- P, Vs eR . Now let X be a duval normal Banach N-bimodule. Then it is

also a P bimodule. So given a normal derivation & of N In X we can assume



that B(x) =0 , Y« € P, since P 18 amenable. For each & €R , let

=1 -1 -1 -1 -1
El = v'ﬁ{vl Y . As, for y € P , one has ﬂ.b{v. )= \i{.r' jv.}bl'.vl ) = v-ﬁ{vt y) o=
= vsﬁiv;l}y we get ﬂ. = E.}r , BER , YEP . Also, for any t ¢R and s ¢R :

Blvil v,) = (v, Bvil Dv, + Blv) .

“tgs g “L -I-lvl: t+8

+B

As X 1s a dual of a Banach space X_ , let & be a olX,X)) Ilimit point
of the —1{ L gl  Where F  runs through a summing family for B as a discrete
F° F
amenable group. Then by the above equallty one gets \rtE " !vt + Mvt] » for any

teR,amd y§ <y , VyeP. Q.E.D.
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