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INTRODUCTION.

Let 1|I|.|" be a2 smooth manifold and Tv its tangent bundle, so that
for each & .'\I" . 1; 1I||"Ir is the tangent space of l"l.l" at = . A :r;uul:h
subbundle F of T'i.ul'r is called integrable iff one of the following equivalent

conditions is satisfied :

a) Every ::EV is contained in a submanifold W of \il'r such that
Ta fW] = VyeW
b) Every ::E"U' is in tht domain UCV of a submersion ! U — Fﬁ

{"-]-End.mF} with f‘§= ﬁ:@*}w Vrdp:-:'u
c) {:’D{F} = { Xe C"ﬂ{'T‘\,-"}J X;E Eﬂ VIE \I,r’j_ is a Lie algebra.

d) The ideal J(F) of smooth exterior differential forms which vanish on

is stable by exterior differentiation.

Any l-dimensional subbundle F of TV is integrable, but for
dim F & Z the condition is non trivial, for instance if F-!: E is a
principal H =bundle (with compact structure group H ) the bundle of horizontal

vectors for a given comnection is integrable iff this connection is flat.

A foliation of W i_: given by an integrable subbundle F ot TV
The leaves of the foliation (V, F) are the maximal connected
submanifolds L of V- wien T_(L)=F V¥zel ., and the
partition of V in leaves V= L L_: ,ﬂél‘q is characterized geometrically
by its "local triviality" : Every point = vV has a neighborhood ¥,
and a system of local coordinates (1) f::x:.l:J A i ¥/ S0 that

the partition of U in connected components of ltl'n!l {2) corresponds to

Rdmv_ EJ..,.-LF . P[.-J.MF‘
R~ F g

the partition of in the

parallel affine subspaces

*F’t .

(1) Such charts are called foliation charts.

(2) Called plaques, they are the leaves of the restriction of F .



In the simplest examples, such as the Kronecker foliation of the Z -torus

=
'y"' = EF?/E'E given by the differential equation dx « O "{ﬂ’ where
E !é @' + one seps that @

1} Though V ia compact, the leaves f_m . -:~'.EFI can fail to be compact.

2) The space F% of leaves {?{ F GiE'Fq can fail to be housdocff wad
in fact the quotient topolegy cam be trivial (with ne non trivial open

subset) .

We shall study 1) the generic leaf L of the foliation
2) the parameter space H s i.¢. the space of leaves. In 1) the problem
is to be able to say something about the global properties of the non
compact manifold ks using only the local informatiom given by the bundle
F Fad T"l.-" (IE F is given it is in general not so easy to integrate

it explicitly), the main ' difficulty lies in the non compactness of l, i

since otherwvise many classical results of differential geometry allow to
pass say from the knowledge of the tangent bundle to global invariants.

The first part of these lectures is occupied with problem 1), where the
word "generic" is taken from the point of view of probability theory, i.e.

a suitable "measure" is put om the space #q and a property of leaves Ll# is

generic if it holds for almost all WE A . Thus, in this, the space



is only considered from the point of view of measure theory. It is well

known that the seasure theory of usual spaces gives no information about
the space : all Lebesgue measure spaces are isomorphic. However for spaces
like the space of leaves Pi ; Ehe usual measure theory (measurable sets,
measurable functions, positive measures, L-P spaces etec...) is totally
inappropriate, for instance in the above Kronecker foliation ("'-.-":, FJ

of the £ -torus, any measurable function g- on A is, (by ergedicity

of the irrational rotation of angle M © ) almost everywhere equal to
a constant, thus Ij.lﬁclj = {[: for any € [I-_,-l*#ﬂj is about as

informative as the quotient topology on iq i

The proper notion of measure on the set ‘}%; of leaves of ["'u":, FJ

is exactly the notion of transverse measure for the foliation (vf F)

This is a well established notion, defined in purely peometric terms =3 a
measure -"&"- on transversals which is invariant under the holonomy pseudogroup
or in a more canonical manner as a current, of the same dimension as F
on the manifold vV which is a) positive in the leaf direction b) closed.
We shall carefully explain this classical notion in the first two sections,
beginning with the very simple one dimensional cage (i.e. flows provided
is oriented). We give there a proof of the result of Ruelle and Sullivan
characterizing transverse measures as closed currents. The main point of
these two sections is to show that, given a transverse measure ,I'""l. for
(V: FJ the measure h(‘NJ of a transversal M only depends on
the "function™ on the leaf space yf_'— which assoclates to each LE E’F the

number of points of intersection of the leaf I_ with N .

We then sketch in a remark, how the classical measure theory has

to be modified to treat spaces like .'111';[-_ ;



In section 3 we first give two geometric interpretations of the
scalar X(.Eﬂ) defined for a measured foliation as the Euler class
E[’FJ of the bundle F » evaluated on the Buelle Sullivan cyecle [CJ 5
ICJ £ HA("\-': R} . We then define analytically t:e Betti numbers Ff-—
as the Murray-von Neumann dimension of the space of L harmonic forms

and give an application of the equality
X(FA) = 2 (1) B;

In section 4 we state the index theorem for differential operators

elliptic along the leaves, as the egquality :
dom. (K D) - dim, (Ko D) = ¢ ADTWV [C ]

and we apply it in the simplest case to construct certain meromorphic

functions on ﬂi F

From section 5 we begin the discussion of the topology ¢f the

“space of leaves".

In sections 1-2-3-4 there is no mention of operator
algebras, they disappear from the statements but are however crucial in
the proof of the theorems of sections 3 and 4. From section 5 the basic
tool is the 'I:-_'i'I algebra C‘("-""p, FJ canonically associated to the
foliation l[i"l": F) . We define analytically the K—thﬂurr of the space

of leaves of [:‘u" F'J as the algebraic K -theory Kn {C'{"‘l.l:' F)) .

(1) the F:-thnnry of the space of leaves

n-f(‘l.;: FJ as a certain twisted K'-—hnnulugy, K!,I (BG) of the

classifying space BG of the graph G of the foliation. This geometrie

We then define geometrically

group is rather easy to compute, and for instance we prove that in the

set up of the Thom iscmorphism (cf. fiﬂ] ). i.e. for foliations coming

(1) This definition is part of joint work with P. Baum .



from actions of solvable simply connected Lie groups, the geometric group
is equal to KT’M") (up to a parity shift). In general, for [oliations

with contractible K—urientud leaves the same result holds.

Before connecting the geometric group with the analytical one,
we discuss the functoriality of cthe analytical group RH("'\'_"'/:;,;] .
In algebraic topology, one can under certain circumstances define, given
a K—nritnteﬂ map T X Y » 8 push forward map {'PI in K'thtnrr‘
These ':P| maps play a crucial role in the proof of the index theorem of
[1] in the spirit of the Grothendieck Riemann Roch theorem. The most
remarquable property of the analytical group Kk{WFJ is its wromg
way functoriality which to cach K—ntiented map EP of leaf spaces asso-
ciates an element TI of the EKasparov group K}KL\LT‘;,E}!CH{U!EJJ .

In section 10 we discuss this functoriality in simple cases and then im

section 11 we construct '[P: given a smooth K"nti.enl.‘.nd maap (P of a
manifold MM in the leaf space of ("l.n": F‘-) « This enables us to refine

a natural map from the geometric theory to the amalytical theory.

It is then easy to define geometrically the topological index
ME(D’} for differential operators elliptic along the leaves, the equality
of this topological index with the analytical index L"L{l (D}f; I\,J(\u:"rj
extends the index theorem for measured foliations to foliations without
transverse measures. We present it here as a problem, whose solution would
follow from a general proof of the functoriality : (':Fq f‘l".)! = LFI = "Fl

for smooth K—nritntﬂd maps of leaf spaces (cf. Section 10).

In section 12 we discuss when the natural map M~ :

‘,&J : HI}E‘I (EG:} — K*{IV/F) is bijective. All evidence is that

it is in full generality an isomorphism.



Finally in section 13 we discuss, by an example, how classical
differential geometry extends naturally to C!‘ algebras such as CT"U: F'_)
where FT is a smooth foliation of Hﬁ . We introduce the notion of curvature
by studying a purely (:*-nlgehrai: problem. We end by discussing an inte-
grality result, and stating an index theorem for difference differential

operators on the real line.

¥We have kept these lectures at a very informal level so most proofs

are only sketched, a more refined and complete version will appear later.



1. TRANSVERSE MEASURE FOR FLOWS.

To get acquainted with the notion of transverse measure for a
foliation, we shall describe it in the simplest case : dim F;I., i.e. when
the leaves are one dimensional. The foliation is then given by an arbitrary
smooth l-dimensional subbundle F of TV ¢ the integrability condition
being automatically satisfied. To simplify even further, we assume that
F is oriented, so that the complement of the zero section has two compo-
nents F+ and F~ = - F"r . Then using partitions of unity, one gets
the existence of smooth sections of F+ y and any two such vector fields

KJ }{' & Cﬂ( F+J‘ are related by Xr.: ‘:P' }(
P e {:"('1."’} . The leaves are then the orbits of the [low e:qxI:K
g0 the [lows Ht: -.'ei-i'l'tx, Hi=ﬁwt)‘<4hﬂﬂt the same orbits and differ

by a time change :

i
H (¢) = HTfE}f*} (r) Vie K, peV

The dependence in {L of this time change T[’L‘;{l] makes it clear
that a measura ﬁ.l' el v which 15 iovariant wnder the [low H
(i.e. HE r'lu = J.I\J ; F"t (= H:.‘, ), is not in general invariant

=1
under HI (take the simplest case .‘I{;_- Eiiﬁ o D )
To be more precise let us first translate the invariance H.E.-"‘J = A
by a4 condition involving the vector field K rather than the flow
H*.. ﬂqu?x . Recall that a current C on V is a continuous linear
form on the complex topological vector space C'ﬂ (,H"H.__IE:* ;J of smooth
complex valued differential forms en W ., and that C is of dimension q
iff r:l:f ()= 0 whenever W is of degree C|If= q -
In particular a measure ‘|IJ on V defines a O-dimensional current by

the equality -.:J,IJ , > =‘r|:4',.l' d‘,u ; ‘h"w & Cﬂ{v‘} . All the uwsual

operations, the Lie derivative E-'x with respect to a vector field, the



- -

¥

boundary d. s the contraction LK with a vector field, are extended to
currents by duality, and the equality P X = d'i'?( + fo:i. remains
of course true. Now the condition H.t-.i"u =',.fu ’ ?tf [E’ is equivalent
to BIF = and since the boundary Jf) is always 0 it is equivalent
to d{bxﬁ} =@ . This condition is obviously not invariant by
changing X in K,-_- ":P}{ r Te C‘U&l"’) « However if we replace /1’(

by K,: ‘Px and change ‘ll‘.l into J,lJr-;qJ-:ﬁJ , the current II-KJ;U. is

equal to pr and hence is closed, so that J,lu'I is now invariant for

So while we do not have a single measure A/ on V invariane
under all possible flows defining the foliation we can trace the invarianc
meazures for cach of thess flows as l-dimensional currents LKJI.-LJ' = C i

To reconstruct KI.J' from the current C and the vector [ield .}( s define :
,;-'JU; §?= < {:,1;',;_]} 4 Ve € Coa(hl—r;:.ﬁ), C-U(X}::‘_ga .

ol
Given a l-dimensicnal current C on v and a vector field x e C {Ftl
the above formula will define a positive invariant seasure for HE = c.!'ftf:'x

iEE C satisfies the fnllu':ring conditions 3
1) C is closed, 1.e. dC =0

2) C is pogitive in the leaf directionm, i.e. if (& is a smooth l-form

whose restriction to leaves is positive then {CJ U &= 0 .

We could also replace condition 1) by amy of the following :

1}" There exists a vector field K & CHE,F-I-) such that exp EK

leaves C invariant.
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1)* Same as 1)', but for all XE€E C”{'FJ‘).

In fact if C satisfies 2) then EC;ELJ';: = @ for any tw whose restriction
to Fis 0o ,tus [ Cz0, VYXe& CYF') . and

E}KC = J-LIC- +:«xﬁl-': 1 L.Kd"{" is zero iff &C: o .
From the above discussion we get two cquivalent points of view on what the

notion of an invariant measure should be for the one dimensional foliation F H

o) An equivalence class of pairs r‘:}{f ‘,qJ:J 3 where Kr-.’ Cdf:i:i) v
i|l) iz an mi.ittx invariant measure on v , and (_}{”L!) i (X:,ﬁ'lj
wien  XLPX y-Fp! tor Pe CYV) .

E) A l-dimensional current (_ , positive in the leaf direction (cf. 2))

and invariant under all (or equivalently some) [lows g f ‘:(__,. Xe L_:'i i*/}

Before we proceed to describe %) and F:' for arbitrary foliations
we relate them to a third point of view ¥) that of holonomy invariant
transverse measure. A submanifold N of \‘Hfr is called & tranmsversal if
at easch & N JT% (V) splits as the direct sum of the subspaces

T‘f'(N} and E’" . Thus the dimension of N is equal to the codimension
of F . Lec then peN , and U |, pe U | the donain of a foliation
charkt, one can choose U small enough so that the plaques of U correspond
bijectively to points of Na U, each plaque of U mecting N in

one and only one point.
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Starting from a pair (}{ﬂ,\.}} as inga) , one defines on each transversal
N a positive measure by observing that the conditional measures of w/
(restricted to |) ) on the plaques, are, since M is invariant by H';

HI: = gy E x + proportional to the obvious Lebesgue measures deter-

mined by }1". + 50 the formula h{B}zEw; i_}-{E;J‘, E-E = h%q;ﬂ HE(EJ

makes sense.
F 1 (X ) ivalent (}'{' 1} =
If one replaces y f-" by an equivalen . ,.-U it 1isa
obvious that f\ does not change, since ',q.lr: ‘:P_",u vhite X2 @X
By construction M\ is iovariant under any of the flows HE e e tX

i.e. ﬂ.(l—-!& E} = ﬂ(@] J,\ﬂ'.-c.' R. and any borel subset E of a

transversal. 1n fact much more is true @

LEMMA, Let Nlp”i be two tramsversals, B;_ a borel subset of Né_d:i{l
and EL"-, EI - E’a 3 4 borel bijection such that for each =& El',.-' Lj:"'{:c,j
ig on the leaf of x , themn we have ﬁ{:E’I :] = A(E;_)

To prove this, note that if 174 € Nl and HE (IT_L}-_- fz€ N:_
for some te {R 4 then there exists a smooth functionm ‘{I defined in

a neighborhood of {2 and such that ﬁdh}'- E 4 Hﬂf&]f_‘{l}c N.; ‘
Thus there exists a sequence *E:r of smooth functions defined on open sets

of N.T- and such that
We8)e Nox K, H (peN, = u(;;,rﬂh @

Let then {EJ be a borel partition of BL such that for e E

one has thb} a Hq?ﬂl.tf'f.ll (I'l}., it iz enough to show that ﬂ({f’(ﬁﬁ}}z ME]

for all W , but since on F:; " Y coincides with - —> H"-'F l,_rjﬁl-}

it follows from the invariance of Jl'ﬁ'l under all flows “Ptyj .}"f_' L'TP/J_
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Thus the transverse Seasure J'F\(E} depends in a certain sense
only of the intersection number of the leaves L  of the foliatlon, with
the borel set E . For instance if the current C is carried by a single
closed leaf L the transverse oeasure ﬁﬂ:ﬁ_'} only depends on the number

of points of intersection of L and E and hepce is proportional to

B (‘E”L}# .

By a borel transversal B Lo [:\f":, F} we mean a borel subset E

of V such that BnL is countable for any leaf L « Lf there exists

a borel injection Y of E in a transversal N with ¥ic) e ang{'.c)
VzeB | define A(B) as ﬁ(&k‘(ﬁ-’ﬂ (which by the lemma, is inde-
pendent of the choices of H and 'ZE ). Then extend fl'"h to arbitrary borel
transversals by (T -additivity, {(remarking that any borel transversal is a

countable union of the previous ones).

We thus obtaln a tramsverse meoasure h for (1'|.r’: .F‘) in the

following sense :

DEFINITION X ). A transverse measure h for the foliation (‘I,.'; F'_) is a
T = additive map Bj‘r ;l'ﬁ'l;CB from borel transversals {i.e. borel sets
in V with "\l’nL countable for any leaf L] to I_—d" l-'ﬂ-n:]. such thar

1y 1t ¥ B, - B, is a borel bijection and ¥(r) is on the leaf

of * for any x € El + then J""'-.f_El :J = ﬁ(gﬂ} .

2*) h({'{} < o if K is a compact subset of a swooth transversal.

We have seen that the points of wiewal) .mIF}I are equivalent and
how to pass from o) to H".II . Given a transverse measure ,-‘h"l. ag in¥) , we

get for any distinguished open set U (1), a measure I'UU on the set of

(1) By this we mean that U is the domain of a foliation chare.
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plaques T of U s such that for any borel transversal BclU one has :

AR) = § God (Bam) dy, ()

Put {'CL} PW‘} ﬂjl (‘[ﬂ (£3) ,} &FU{TI:I . Wherte &) is 8 differential
form on U (2) and J-“ i is its integral on the plaque Il of U .

I
Then on Ur't U the currents CU and CUI agree so that one gets a
current C on YV which obviously satisfies the conditions Bls 1) and 2).

One thus gets the equivalence between the three points of view ) F} and

¥) .

(2) With compact support in U o
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2. TRANSVERSE MEASURE FOR FOLTATIONS

We first state how to modify =) andﬁ] for arbitrary foliatlons
E:Lm F_#i}, To simplify we assume that the bundle F is oriented. For
) we considered in the case Jfr-rm-F._t, pairs .f)(h,u) up to the very simple
equivalence relation saying that only X @Cﬂfw M matters. In the

dim, F
general case, since F is oriented we can talk of the positive part Eﬁ. FJ+

of ﬂMFF, and jusing partitions of unity,construct sections K of this
bundle. These will play the role of the vector field X » Given a smooth
section }‘: € Cm{ﬂm F F)+ , wa hawve on each leaf L of the folia-
tion a corresponding volume element, it corresponds to the unique B -form

& on L such that LU{}E}; 1 .« In the case J:-;'MF._L. the measure

,JU had to be iovariant under the flow Hi:'. = MP(E}{} . This occurs

iff in each domain of foliatien chart U « the conditional measures of

JJ on the plagues of U are proportional to the measures determined by the

volume element X . Thus we shall define the X -invariance of A/ in
general by thisr:nnditinm 50 &) becomes classes of pairs ':KHU} wvhere
X € {:ﬂ{;ﬂhﬂ:‘}* and A/ is anm A -invariant measure, while
(}(Hu} ~ (){:,u’) ier X'.@X  ana p=Pp'  for some

P e Cuﬂ(v) - The condition of invariance of A) is of course local,
if it is savistied and ¥ € CY[F) is a vector field leaving
the volume element }{. invarianc, i.e. EF(X}EQ s Ehen }’ also
leaves N invariant. Moreover since Lebesgue measure in H? is characte-
rized by its invariance under translation, one checks that if '&r A=0

YYe CY(F) with  d,(X)=0, then p is X-invariant.

To see this one can choose local coordinates in |J transforming ,}( in

the R-vector field X = f:-::.‘ﬂ .ﬁ.b-}:"—ti € {:”(,-""l.,FJ . With

the above trivialization of X it is clear that the current Lxﬂ one

gets by contracting X with the O-dimensional current M iz a closed
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current, which is locally of the form :

<C,w> = f(j; f‘-’) du,, ()

vhere ) is a 'E—fun with support im U i j‘ﬂ'_! isg icts integral om

n
a plagque T of U and "IUU is the measure on the set of plaques coming
from the desintegration of ,r"j restricted to [/ with respect to the condi-

tional measures associated to K 5

Clearly C satisfies conditions 1) and 2) of ﬂ:l' and we may

also check that a?'{: =0, VFE’ CH{F'J » thus for ) in general

we take the same as in the case W= 1 , namely a closed current positive

in the leaf direction, the condition "closed" being equivalent to

%C=0 YYec"(F)

To recover ’,U » Elven C and K  one considers an arbitrary
k-form e on v such that W{}:J- 4 and puts {3}‘,_‘.1.1} = {CJ g.:..u_;:-
v g & C"(\f} - One checks in this way that ®) and @) are equivalent
points of viev. For ¥) one takes exactly the same definition as for . .
Given a transverse measure ﬂ satisfying %) one constructs a current

exactly as for E-j_ . Conversely given a current C uti.af:.ringp}l . One
gets for each domain U of foliation chart a measure ‘,UU , on the set

of plaques of v , such that the restriction of C ve U is given by :

<Car= §(§ @) du,(m

Thus one can easily define H[EJ for each borel transversal B : if B

is contained in U then one has :

A(B) - S Card (Bam) d, (1)
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Now we have to check that /\ satisfies condition 5}, i.e. that if Eu B:_',_
are two borel tramsversals, ¥ a borel bijection of E, on E:. such

that 5‘.7;’_;] is on the leaf of = for all = , then NB,}: f"&(’!:?‘:} .
Let ﬂl be the restriction of a"l"l. to B; , then to show that %U,J:ﬁ}l
we can assume that both E, ,E,_ are contained in domains U; 4 U‘_

of foliation charts. We let F‘: be the set of plaques of 'L"i' . We can
assume that each plagque TIE€ -F: contains at most one point of E:'.- E0
the obvious projection 111 of Bi. in -I'E {(to each point =& E@ is
assoclated its plagque) sends JIJ‘-. to the restriction of 'qui te

-17-.? (E.__) « He want to show that any borel bijection T of a borel subset
D, of ¥ on aborel subser L} of T such that the plague T (T)

is on the same leaf as the plagque T1 FTIE Ii:._ ¢ transforms ‘,UU in
J'UU, . We shall do this with more carce than required, to get Icqu.‘lil;ﬂd
with the notien of holonomy, to be used later. For cach TlE& 1'; s let
I{Tl} be the set of plagues of E which are on the same leaf as 11
l:'l:l.i.l is & countable set and we just nave to construct, as in the case

k.4 y 4 sequence ':E:L of smooth maps {rom open scts of Pl to open

gets of E and such thac :

-

1) Each q::' transforms f-.)u in N{J ;
2) rorati e, , Iim) = {{Pﬂm)ﬂémj .

Then the borel map "F coincides on borel subsets 1?_ of Ej"_ with "'F

n
and hence maps !l,alu to flut-'} .
i -

Now the curreént G is invariant under all Flows HE = e E Y
where YE {:ﬂf_{:J y slince EFC:G (cf. B)) « For M, € I{'Tfl:}
we can construct a simple are H{t} = ﬁ‘[ﬂ,]'ti Tfi = ht"l]t’.: -ﬂ; on
the leaf of Tl, , i.c. with E’U:J € Fafu-._} , Ytbte e, 2] . 1t
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&
Ye C”{F} is a smooth vector field with YZ‘:{EJ = H&L Yite [ﬂ, _1.1
and H.‘: = CH H’f the corresponding flow, one has a smooth map “F from
an open subset of the tramsversal N:I. of Ui parametrizing the plaques,

to an open set im E  and such that :

1) ‘F transforms PUI in -|'UU'
z
) P maps T, teo ﬂa

3) P{11) is on the leaf of T for all T .

This allows to define a sheaf of sets on E , Eiven an open set {lc '1::
we let E(’ﬂ“] ba the space of smooth maps from 52 to E which are
locally of the above form. Letting E be the covering of F: associated
to the above sheaf (so that the fiber over each TIE€ -Fz is the set of
germs of maps ‘F as above at TI ), it is enough, to get the existence

of the sequence 4’“  to show that the (not necessarily havsdorif) space

E is a countable union of compact subsets.

The main point about holonomy is that in the above construction

of ¥ (from the path 0 .‘ the vector field ‘.f{ and the section N, )

. B
the germ of tP at Tl; only depends on the homotopy class of 2‘; s noOE
of the other datas. To see this, note that, with Iy a small enough neigh-
borhood of n_,_ and W__. U Hfﬂ the restriction of the foliatiom
to W will have its leaveféﬂﬂmetri:ed by {1 , two distinect plaques

uf_o_ being in different leaves of the restriction of F oW .




= 18 =

Thus in the neighborhood W of & the only plaque T,€ F which is on
the leaf of m, is ':Ffﬂ',} .

In fact this .pi:tute shows that one can construct the map {F
in other ways, for instance if § | is a smooth Euclidean structure on the
bundle F and H{f} is a geodesic in the corresponding Riemannian
structure on leaves, with [:K[ﬂ], Eﬂ:ﬂ}} = F s it follows that for all
Z in a suitable neighborhood of (Hﬁ:}}; 3’[,-:#]:! in F , the geodesic
t-ﬁl'l.-( E Z} , te E", .i._] y lies entirely in \W and hence connects a
plague Te F, with ¥Pm) € E . 1o cacn ZEF  such chat
e(Z2)eN, ad p (G (Z)) el . vhere G is the geodesic
flow on F , one can associate the element of E given by .FF (H}
and the path E{E} = 11'_—[@;:3) » The above discussion shows that
we get 4 continmuous surjection to E « Thus E is a countable union of

compact subsets.

Remark : Abstract measure theory.

Let }':. be a standard borel space. Then giwven a standard borel
4 YoX i 2
space and a borel map —p with countable fibers ( [1 l'.{.‘{ countable
for any e X ), there exists El**t] a borel bijection Y of Y on the
subgraph {{'ij"ﬂ-}! asm = F-i;ﬁtjj of the integer valued function I
" - : o
Fiz) = Cands (2 d E_,;:j) on X . In particular if ;_}’I: f"')af(}i,ﬁ‘)
are as above, then the two integer walued functions E{""""J . (-ﬂ-n.pl. [.«F*Jf-{-j}
coincide iff there exists a borel bijection Y . "_b’:_ 3y }:_ with
A2e - ! 1'!_1-_ . Let }:: be a set, and };; }; be standard borel spaces
with maps 11.; ; }’: - x with countable fibers and such that
i(f*_-}.r,h]f }: x }; .'111{-3'] = 11'](55}.{ is borel in }:.1: ){ JE = £ Z -
Then we say that the "functions”™ from ,:'{ to the integers defined by

(.J":J f{'.’.]' and {}; 1'1‘_)' are the same, iff there existes a borel bijection
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l:l.:’ . ']':_.g.‘f;_ with {;',H:’s,ﬁ . By the above, if : v.IEX
Cand. {11.'_"' E#;) = (and (-»F.,__if:r.'i } and if the quotient

borel structure on ;"{ ig gtandard, then the two "functiong™ are the same.

However, in general we obtain a more refined notion of integer valued
function and of measure space. Let ["r", FJ‘ be a foliation with transverse
mEASUTe Jh'l.  we shall now define, using N s such a generalized measure
on the set x of leaves of {"uf FJ . Each borel transversal B is a
atandard borel space gifted with a projection .t : xe ]?..-} (lnf of
::]E ,X with countable fiber. Clearly for any two transversals we check
the compatibility condition that in [ x E‘,_ , the set L(b” b_t} .

1;1' on the leaf of l:i} is bhorel.

DEFINITION. Let v be a map with countable fibers from a standard borel

gEpace Y to the space X of leaves, we say that is borel Lff

f{'ﬁ_:z}; *&E‘y Jlilﬁ'ﬂ-f Fl:ij]'} is borel in YHU

Equivalently, one could say that the pair (Y; ) is compatible
with the pairs associated to any borel transversals. Civen a borel pair
(‘?; )  we shall define its transverse measure /\ (¥ f1) by observing
that if (E:i{} is a borel transversal with 9 (B}: X . we can define
on Bu}’ the Equivu;eucl relation coming from the projection to x and
then find a bovel partition Y= EJ il and borel maps Y .Y +-B
with .:I.'.{}nﬂa v l:.I':"r...i injective. Thus TE f\(ﬁ:‘{l}i]) is an

unasbiguous definition of A\ (¥ .n) .

We then obtain probably the most interesting example of the

following abstract measure theory :

A measure space [{}{;E) is a set }:: together with a collection E



= 70 =

of pairs [?;11,} i }" standard borel space, {l map with countable fibers,

from T to }{ with the only axiom :

A pair {}21:.} belongs to :B iff it is compatible with all other pairs of B

{i.e. iff for any (Z,ﬂ'} in E one has '{{ﬂ"g’} , Tq,{gj-: "-f':}:’j borel
ta Yx <& ).

A measure N on {KJEJ is a map which assigns a real number :
ﬂ(}: 11:} € [o, +20 | to any pair (}: TL) in B with the following

axioms :

T-additivicy ﬂ(E {'}:’ 1:.“}) = > f\('}; 2 11.,,) (Here & (}:; il..J

is the disjoint union with the obvious projection).

Invariance 1 !:’ : }}I —2 )‘: ia 2 borel bijection with fte - l‘l'I'_ Tte

then @

A) = Aty ge)

0f course the obtained measure theory contains as a special case the usuval
measure theory on standard borel spaces, it is however much more suitable
for spaces like the space of leaves of a foliation, since, giving a trans-
verse measure for the foliation (‘l.fj F.) is the same as giving a measure

(in the above sense) on the space of leaves, which satisfies the following

finiteness condition :

ﬁ("‘fjf} < o for any compact subset K. of a smooth transversal.

The role of the abstract theory of transverse measures (f? I)

thus obtained, is made clear by its functorial property : if h is a borel

map of the leaf space of ("ui_, Fi) to the leaf space of {fL{! E) then
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l-r,*(ﬂ) is a "measure" on .'I';/E- for any "measure" J'"\ on Vj{:- + {VF is

=
the space of leaves of ('l,,r: F) ;
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3. THE RUELLE-SULLIVAN CYCLE AND THE EULER NUMBER OF A MEASURED FOLIATION.

Ey a mecasured foliation we mean a foliation l:-"n.-f FJ equipped with
4 transverse measure J"I.I'i . We assume that F is oriented and we let (O be
the current defining /\ in the point of view B) . As constructed C is an
odd current, i.e. it is an odd form with distributions as local coefficients.
As it is closed : dC = 0 , it defines a eyle [C] € Hy(V, [K) . by
looking at icts de Bham homology class (:[1'5]) : The distinction here between
cycles and cocycles is only a question of orientability, if one assumes
that F is trangversally oriented then the current becomes even and it

defines a cohomology class (cf. [23]3.

Let now E‘(F) & Hﬁ{ﬁx’; I-R‘) be the Fuler class of the
oriented real vector bundle F on V (cf. [-HJL Using the pairing which
makes HE{ V‘_ iRJ the dual of the finite dimensional vector space

HE(\"’: ﬁ} . Wwe get a scalar I{Ff_r’"".) a &£ E{FJJ[L;E;H: IEJ
which we shall first interpret in two ways as the average Fuler characteristic
of the leaves of the measured Enli..nl:iﬂn. First recall that for am oricnted
compact manifold M the E‘.ul:ﬂ' characteristic I(H} is given by the well

known theorem of Poincaré and H. Hopf :
x(M)- = w(X 1
(M) X (X 1)

where X is a smooth vector field on M with only finitely many zeros,

while w(x;, [‘I-}' is the local degree of X around “F" » Benerically I‘L

is 4 non degenerate zero, i.e. in local coordinates F Xz & a -é-; g
i
the macrix ;’T'EI (1) is non degenerate and the local degree is the
x

sign of its determinant.

Also, choosing arbitrarily om ™ a Riemannian metrie, one has the

generalized GCauss Bonnet theoresm
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which expresses the Euler characteristic as the integral over ™M of a form
{1 on M » equal to the Pfaffian of {:ﬂn]d K vhere I is the
curvature form. These two interpretations of the Euler characteristic extend

immediately to the case of measured foliations ["lu’: I-_J, J""u) .

First if X € Cﬂu( F-) is a generic vector field tangemt to the
foliation, its zeros will form on each leaf L a locally finite subset on
which the local degree m{’){, 11..} = £ 4d is well defined. Using the
transverse measure we can thus form 5,1-.,,5 s x- {..-..l'[’:'; fi‘t.) :?'M.fa[h)
(using & ). This scalar is again independent of the choice of /1{ and
equals K(F; 1"";) = < e l:F.L [-L] = as is easily seen from the
geometric definition of the Euler class by taking the odd cycle associated

to the zeros of & generic section.

Second, let | || be a Euclidean structure on the bundle F ,
{c£. EE 1] ), then each leaf L is equipped with a Euclidean structure
on its tangent bundle, i.e. with a Riemannian metric. Se the curvature form
of each leaf L allows to d.efi.nt a form EL » of maximal degree, on | e
by taking as above the Pfaffian of the (2 'l'll'_r.r curvature form. Now ﬂl_ is

only defined on [ , but one can define easily its integral,using the

transverse measure {\ , which is formally :

| (fL ﬂL) (L)

(In point of view o), this integral is {,u(fpj wvhere ‘E' is the Function
Tﬁf.]_._- EF(XF} » in B) it is {ﬂi C > where ﬂ‘ is any f-form
on "ﬁ.-'" whose restriction to each leaf L is ﬂL . and in X) it is the

above integral computed using a covering by domains UE of foliation charts
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and partition of unity "PE , the value of j (JL :ﬂ ﬂ) M(L]
being given by S.I: jﬂ P52 }cl.-"'lpl_ﬂ] where 11 varies on the set

of plaques of UL |

To show that the above integral is equal to X{’F:, J"‘l;) y choose
a connection vV on F coppatible with the metrie, and from the curvature
form K' of v , Etake E"= Pf (-K/gﬁ } s this pives a closed
ﬂ-[nm on V and by [iij p- 311, the Euler class of F is represented
by EI in HE(VJ i}\? ) . Now the restriction of ‘F to leaves is
not necessarily equal to the Riemannian conmnection, however both are compa-
tible with the metric, it follows then, that on each leaf - there is a
canonical &-1 form W with ﬂL - -'rl-th = ciIE-UL where J?IIL
is the restricrion of ﬂl to L . How since ML is canonical it is the
restriction to L of a E-:".. form [U on v and hence :

§(§, 52 ) W) = <s2'vdw, C> = <elF) [c]-

S0 in fact both interpretations of A (—F“,ﬂ) follow from the general
theory of characteristic classes. There is however missing the third inter=
prectation of the Euler number }{H) of a compact manifold :

x(l""nz E{_—l}bﬁ'i . where the ,E:_ are the Betti numbers :

B: = dim [:' H"(HIIRJ:F » The first idea to define the f5; in
the foliation case is to consider the transverse measure A as a way of
defining the density of discrete subsets of the generiz leaf and then take
'E'i as the density of holes of dimensior 1 . However the sioplest examples
show that one may very well have a foliation with all leaves diffeomorphic
to R while X{F; i"""u} <O ,sothat H > O cannot be defined
in the above naive sense. Specifically, let Tl be a Faithful erthogonal
representation of the fundamental group I'1 of a Riemann surface EJ' of

genus 2 , then the corresponding principal bundle v on 5 has a natural

foliation : ‘1"’ is the quotient of S x 5(.}{"“*.} {x) by the action

udl

(%) S is the universal covering of B
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of I" and the foliation with leaves ‘5 x 11& is globally invariant
under r' and hence drops down as a foliation on V' . The bundle - F is
the bundle of horizontal vectors for a flat conmmection on v s each fiber

.F."' {xi is a closed transversal which intersects each leaf in exactly
one orbit of P « 50 the Haar measure msqﬂ:i defines a tramsverse
measure ﬂ (using point of view ﬁ,:' ). One has I(F_; .r""x}: -2 as is
easily seen by taking 2 generic vector field }( on S and pulling it back
to an horizontal vector field f c EM(F} on V . since the

transverse measure of each fiber is one it is clear that K(E ﬂ) = -2

Moreover, since the representation [l of F in 50{11} is faithful, each
leaf L of the foliation l; equal to the covering space g i.e. is con=-
formal to the unit disk in € . So each leaf is simply connected while
‘ﬁu - B, + ,Birﬁ: 0 . However though the Poincaré disk (i.e. the umit
disk of L as a complex curve) is simply connected it has plenty of non
zero harmonic l-forms. For instance if E is an holomorphic function in
the disk D y then the form ) = §(3 '}5{.3. is harmonic, and its
LE norm j‘wn wft) is finite when gé L:(D) » in particular if
5- is bounded. Thus the space Hi(D, E) thus defined, of square

integrable barmonic l-forms, is infinite dimensional. Hote that the defi-

nition depended on the conformal structure of D , not only on its smooth
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Btructure, since on ':f all square integrable harmonic l=forms are O
{end of the example) . Given 2 compact foliated manifold we can, in many
ways, choose a Euclidean metric I Il on F » however since V' is compact,

two such metrics “,.r i ﬂl always satisfy amn inequality of the form

= I
g7 " "’5 Il “ gC1 il « S0 for each leaf L the two
riemannian structures defined by || || and il ]I!Juill be well related : the

identity map from U.':l t&{L}‘ being 4 quasi isometry. Letting then h,
be the hilbert space of 5quare integrable l-forms on |_ with respect te || |
(resp. h,l with reapect to | W) the above quasi isometry determines a
bounded invertible npcraturT from [1 to i'll'.-i . We ler P (resp. PJ )
be the orthogonal projection of h,' (resp. "Z‘ ) on the subspace of harmonic
l-forms. Then ?.T (resp. PT_"} is a bounded operator from H{(‘Lf 'L-)
to HiCI:L}:, '-[:] (resp. from HL([LJL IL} to H‘(Lfﬂ::] .
These operators are inverse of each other since for instance the form
T)TJIFJrT_ﬂﬂ - W is harmonic om L- , and is in the closure of
the range of the boundary operator, and hence ia 0 . (At this point, of
course, one has to know precisely the domains of the unbounded operators
used, the compactness of the ambient manifold 1"I.lIII shows that each leaf with
its quasi isometric structure is complete, in particular there is no
boundary condition n-.*::.dud to define the Laplacian, its minimal and maximal
domains colncide. To see that ?FJT-ﬁtl _.'1141 is in the closure of
the image of .:{, s note that T'M_: i {,u' is closed, so that in the
decomposition ol — 'F"I.:..u"s LU:_ + LIJ‘:_ with w; g h‘_rl i
WLE I"__.(;'ﬂﬁf' one has Lﬂ.:'l_ =0 ).

From the above discussion we get that the hilbert space Hj(i_ IlJ
&
of square integrable harmonic -i-—fums on the leaf L ie well defined up

to a quasi isometry. Of course this fixes only its dimension,
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dimi, H* L Clefos, .. +val . In che sbove example all leaves
] e

were equal to the Poincaré disk D and hence for each L H ,

den, H"(LJ']'_.‘J = 4 80 . However in this example H(F: -""'J:-.?.
was finite, which is not compatible with a definition of ﬁ;L as the

i -~
constant value +00 of dom H (L__ ELJ . In this example one can
P 2 -4 .

easily see that H (L;"L}= g and H (L; IIL} =0 , thus
we should have ﬁ?lz 2 .

Now note that the quasi isometry defined above from P1J{I_fﬂ:J
ca Ht((';-)l, ‘LJ‘ G‘,J] was canonical, this means that, on the space of
leaves 1"';"‘;— of {:1:_; F;f . the two "bundles" of hilbert spaces are isomorphic
as "bundles” and not only fiberwise. The point that there is more information
in the "bundle" than in the invidual fibers is well knowm, however it is
also well known that in measure theory all bundles are crivial. EE(J{IjJJ
is a Lebesgue measure space and (Hx } e X » (H_L ;] = X are
two measurable fields of hilbert spaces (cf. [ 12 | ) with isom.=phic
fibers (ive. dum H. = dim H;L a.e.) then they are isomorphic as

bundles.

Since in our exsmple : divn Hi{"L*ﬂ:J -4+00 Vie \J;’F
ong could think that Ehh bundle of hilbert spaces is measurably trivial,
let us show in fact that it has no measurable cross section of norm one.
To define measurability we pull the section back to the ambient manifald
using the projection E of V’ on the space E"é of leaves (through each
point x ¢ v passes one and only one leaf f[’;-_r,j = L + the pull
back of the bundle H’{LE'I:J having an obvious measurable structure.
Sow since  H'(L,C)  is a subbundle of the bundle of |-
l-forms on leaves, wvhich is measurably isomorphic to the sum of two copies

b
of the bundle of I_ functions on leaves, we just have to show that the
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latter does not have sections of norm one which are measurable. So let for
Z i
each leaf L H ﬂ &« L( L) be an L function, We can.then

associate to each | the measure [ on V' which is carried by the leaf
L and is the product of ‘q}le by the volume element on the leaf. 1f
I ":PL Il =1 then the measure 'EL is a probability measure :
FLE "Pfﬁ,/} = { probability measures on V‘{ . If Y is measurable
the map = i—» ‘Ef{_-t.] from V to TJ(UJ which we obtain is now
measurable (when F{U} is considered as a compact space with the
U‘(’F{FL C{VJ) topology). But the map W 4 Vi) = .HE’{:::} is
constant on each leaf and hence due to the ergodicity of f.l\, « which holds
if H(FJ is dense in S'D{llj ¥ H:J is almost everywhere constant, which
contradicts the disjointness of the measures FE{E—'—_} for disjoint
leaves. (To get the ergodicity of .ﬂ'- note that the transversal N-j S0(n)
meets ecah leaf of the foliation, in one orbit of nfi"} in SO(n) , “hile

the action by translation of 'H(F) on bﬂ{ﬂ_} is ergodic).

Thus we sec that the measurable bundle H-L(l_;'uurl) is not trivial,
it is however isomorphic to a much simpler measurable bundle, which we now
describe : We let E be a {mul transversal, then to each leaf L of the
foliation we associate the hilbert space HL _ ‘E?(L-I'I P..r) with ortho-
normal basis (Eﬂj canonically parametrized by the discrete countable
subset Eﬁ L  of the leaf L » (To define the measurable structure of
this bundle, note that its pull back to \' assigns to each e V "
the space EE(LI N B) vhere L. is the leaf through x , so given
a section '[:.-ﬁ [ﬁ:”ré V of this pull back, we shall say that it is
measucrable iff the function {"I,.T-JJ' & Vx H O ﬂ{'l‘,.r E"'}}

¢

is measurable).
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LEMMA. Let Eg‘, E[ be borel transversals, then if the two bundles of
¥
Hilbert spaces (HL)LE Vi i HL S E?{'Ln E_} : HJ._ = ¥ (L ﬁB‘i.«}

are measurably isomorphic, one has M [E'r'j = h(gl}

Proof. Let (UL)LE va be a measurable family of unitaries from HL
|
Lo HL . For each e B let r’.'i_.,: be the probability measure on B'
=
given by J’;ﬁ !d:” = I..:_ U{'l;:j e, 2 E'-ii ,.‘.-l . By construction }E_E is
3 ~ " i
carried by the intersection of the leaf of = with E «» From the existence

of this map = > :ILI- which is obviously measurable one concludes as in

the proof of lemma 11 that A[:E’} < A (E" IJ g Q.E.D.

From this lemma we get a nmon ambiguous definition of the dimension
2z
for measurable bundles of hilbert spaces of the form HL - {3' {Ln E-)

by taking !

dim, (H) = A(B)

We can now state the sain result of this section. We shall ascum= that
the set of leaves of (!F: FJ with non trivial holonomy is h-—negligible.
This is not always true and we shall then explain how the statement has

to be modified for the general case.

THEOREM 1. a) For each -a- = Q, i, 3,- ety 'FL-"HT- F s Chere exists
: r &
a borel transversal E,‘I' such that the bundle (H {L;{L J :) Le '«,:;F

of jth square integrable harmonic forms on L is measurably isomorphic

(EE(LJ"I B})LE E;F .

b) The scalar ﬁ'; = A (Hi) is finite, independent of the choice

[

of E.luf thé cholce of the Euelidean structure on - .

c) One has = {t“iji‘ Ej = I(F,— f‘\) .



Of course if F= TV so that there is only one leaf, a
borcel tramsversal E is a finite subset of v i J'ﬂ'\([ﬁ} is its cardimality
so that one recovers the usual interpretation of the Euler characteristic
gnd Bettli numbers. Les us specialise now to 2-dimensional leaves, i1.e.
dims F= 2. Then we get B, — F; +5, :;T'I' fl‘f.:l..!n'""h where [
is the intrinsic Gaussian curvature of the leaves. Now '.{:‘& is the dimension
of the measurable bundle HL-.-. {uqua.re integrable harmonic O-forms on

Lg , thus, as harmonic O-forms are constant, there are two cases @

1f L is not compact, one has HL= iﬁ'j :

1f L is compact, one has H L= [ S

Using the ¥ operation as an isomorphism of I"ﬂf L; ll.l) with

HZ(I_IF'EJ' one gets the same result for Hzl:. L’, i]_.-_:l and hence :

COROLLARY. If the set of compact leaves of (\.{, F_J' ia N\ -negligible
then the integral S < .:.*,a""l. of the intrinsic Caussian curvature

of the ledaves is é g .

Q.E.D.

FECaE, ,;,% 5- KAA =B, -, +B. =-A.,

Remark. The above theorem was proven in the hypothesis : "The set of
leaves with non trivial holonomy is negligible™. To state it im general,
one has to replace whercever it appears, the generic leaf L by its
holonomy covering L . Thus for instance the measurable bundle HJ(LJ‘I-}
is replaced by HE(L_ i ) ¢ and EE(LH E) is replaced by

E (Ln E} where L"‘i’g is a :hﬁr:M:d notation for the inverse image

of L § B in the covering space L « One has to be careful at one

point, namely the holonomy group of L acts naturally on both |

H 3 (—E:; l;]_:) : EE(L}TBJ and the unitary equivalence
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UL : H‘(E’[‘,] T EE(B:L) is supposed to commute with the action of

the nolonomy group. Then with these precautions the above theorem holds
ot

a nd
inm full generality. Now unless |_ is compact onme has H (L;'IE} =0

thus unless L is compact with finite holonomy (which by the Beeb stability
theorem implies that nearby leaves are also compact) one has [, =E!:G :
this of course strengthens the above corollary; to get 5- K ,J.,-"'g < o

16 Rwuvagh s ph:pe: ol Thever Leomarvhile: ke O ke /gl SEERLx:

Of course one may have 5 KM =0 as occurs for foliations with
2
S ~leaves.

The statement of the corollary is fairly intuitive, if there is
encugh positive curvature in the generic leaf, this leaf is forced to be

closed and hence a sphere. This fact should have a gimple geometric proof.
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4. THE INDEX THEOREM FOR MEASURED FOLIATIONSG.

The above theorem 1, defining the Betti numbers of a measured
foliation and proving the forsula = (-1)% ﬁ-; = T{‘Eﬂ.) , is a
special case of the following index theorem for measured foliations. The
main value of this index theorem is that it extends to non compact mani-
folds results computing the dimension of spaces of solutions of elliptie
equations, since even though the ambient manifold '1.,;' is compact the
leaves | of the foliation will in general fail to be compact. The solutions
of interest will be the L‘.? solutions and though the ordinary dimension
of the solution space over each leaf L will be in general & or +%
its average with respect to the transverse measure AN will be finite, non
zero unless the solution space is trivial for almost all leaves. So it is
very much in the spirit of the theorems of Atiyah [3] and Singer EEEI for

covering spaces.

One starts with a pair of smooth vector bundles E.t.‘.- !:,_.! on V

together with a differential operator D on \'H" from sections of EJ_ to

¥
£

gections of E,a gsuch that-:

1%) D restricts to leaves, i.e. {'IJZ)I only depends on the restriction
of 4 to a neighborhood of = in the leaf of = (i.e. D only uses

partial differentiation in the leaf direction).

2*) D is elliptie when restricted to any leaf.

For sach leaf ]._ ; let ]:;;.. be the restriection of D La L {replace L
by the holonomy covering T_ if L has holonomy), then ]-JL is an

.
ordinary e¢lliptic operator on this manifold, and its ’. =kernel :
{ EE sz:. Lj, E,_} J l—’)L [_ g) = O j is formed of smooth scctions

of EJ_ on L . As in [33 oné does not have problems of domains for
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the definition of D as an unbounded operator in f._1 since (ef. [ 1 )
its minimal and maximal domains coincide. In this discussion we fix once
and for all a l-density & € C”{ﬂ)f which is strictly positive.
This cholice determines I_E(L_‘r Eb) s b= 1, & as well as the formal

A
adjoint I:i of ]:I_ which coincides with ics hilbert space adjoint.

The principal symbol UE,(:.:} f)é Hewn (EL,.I;E;‘F ) is defined
for any =g .'I"{' s€ F:- and being invertible for f#ﬂ s it gives
an element of K*( F-*) (described as H"theur}r with compact

supports as in [j___r}. Using the Thom isomorphism as in f‘lj one defines

the chern character cib(ﬁ_n} € H*f—vj @J

THEOREM 2. a) There exists a borel transversal B (resp. E'J such that

the bundle fEE(Ln B_)) \/- is mecsurably isomorphic to the bundle

(ker D lE+¢( Ker I
o D)y, (rspe b0 (Ker D)

v )
Le Y

b) The scalar ﬂ(BJ o 00 is independent of the choice of

and noted :[é-m.,n (k’:.gr (ﬂ})

o dim, (ker (D)) —-.;l.c;mﬁ(-'(.lerfpﬂ} =< T T_L(E ) €]~
£« C1)fB) Godim F.

In this formula {CJ is the Ruelle=Sullivan cycle, Tv{-(ﬁ:)
iz the todd genus of the complexification E. of F » which due to the
Bott vanishing theorem (i.e. F is flat in the leaf direction) together
with the orthogonality of C with the ideal of forms vanishing on the

leaves, can be replaced by the Todd genus of F!;:V 3

(1) Assume for simplicity that F  is oriented.
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Before we illustrate this theorem by an example we note that in

) the two sides of the formula are of a very different nature. The left
side gives a global information about the leaves by measuring the dimension
of the space of global E solutions. It depends obviously on the trans=-
VErse measure -lr\. . The right side only depends on the homology class

[C] P HE(V, ]Fz) (a finite dimensional vector space) of the
Ruelle-Sullivan cycle, of the subbundle F of rv which defimed the
foliation, and on the sysbol of D which is also a local data. In particular
to compute the right hand side it is not necessary to integrate the bundle

F . This makes sense since the conditions on a curremt © to correspond
to a transverse measure on ("'u": F,] are meaningful without integrating the
foliation {C should be closed and positive on E-Eurnu ) whose restriction

o F is positive). Let us now give an example. We take two lattices

ﬂ . rl in L and in V ‘I-'/F X q'/r, which is a compact torus

we consider the foliation E » which is th:pw]ecnun on 1‘li"l’ of the folia-
tions of t{:z by affine lines parallel to the diagonal. So F_ is }-dimen-
sional and each leaf has a natural complex structure. In fact, if the inter-

section of the diagonal with I_lt X H_ is Eai , .00 if r'|I s r-_ o 'I‘"-"'j

then each leaf of (V F_} is an affine line L .

-

On V the normalised haar measure of this compact group is inva-
riant by the translations by the subgroup I.L_.. (Wi apsumes I‘Tn TL_ = f;}f ]
and defines a tranaverse measure A for ("lu:: F}  baking on 'f
natural haar measure. We shall assume that ﬂ* in I::_J_= f{:rj) where

!—;l is the dual laccice of F

4

Then !ﬂh is ergodic and by the ergodic theorem (for actions of
{: ), given any borel transversal E . Cthe denuitz of l‘?nL on L

exists for almost all leaves L and equals ﬂ{E:U . (Each leaf L is



= 35 =

here an affine line O ; Eﬂl_ is a discrete subset and its density
exists when for any =— € BalL  the limit of the number of points of
Bnl. in a disk with center x and radius K divided by the area of

this disk exists (for R w0 ) and does not depend on the choice of T ).

Let 1’15 be a point of ‘[-;'?1 = E.T- (resp. Eth } the holomorphic
. -
line bundle on “-/F (resp. i,ﬂ’r ) associated to the divisor — i,
I .
(resp. + 11-;_} . Consider the holomorphic line bundle E-;_ = EL on

V = 'IT/‘E_, X ‘E/l,l . The restriction of £ Lo each leaf :
L = {{3.*3 ; £+ 3), 3€ q:j is a holomorphic line bundle. The

constant function 1 is a holomorphic section of EJ. on d:_/!: and is a
meromorphic section of E; on {-XI;- , ueing it, one identifies holomorphic
sections of E on I_. with meromorphic functions ‘F on ﬂ:- which have
poles only at the points of E‘:: ‘[‘1'3;"’“ Ir: » these poles being simple,

and are equal to zero at all points of E = 'F‘L_.EJ_ + Il .

i
For such a holomorphic section, to be L (which is well defined

since v is coopact) means that the meromorphic funmction ‘F’ satisfies :
. 4 )
gd: (df’.ﬁ.,ﬁ}/ﬂ}! 2)) 19G)] 1dgad3l < oo

where J'(EJ'-F:} is the Euclidean distance of 3 with the set F:
If we let L) be the differencial operater on V , acting on sections
of E as the D operator in the leaf direction, (i.e. ﬂ}f}{g,’gd
= "53‘ Z (2, 3:) + 531 Z(3, 3) . then [7 satisfies
the hypothesis of the theorem and we can easily compute the right hand
slde € < cﬂfﬁl}} T.:HE,) ,[CT> of the index formla, since F
is trivial we have Tl CE}; 1 ad i I = M E

- ('I + C,_(E;)} (1 " C,_(Eb}} , whose component of degree 2
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is c:,_{:E.-}ﬂj. ¥ :LEt:,_[fE_;J s i.e. ig equal to 1SV, -V @4
vhere "1?: is the volume form on ﬂ:fF «» From the construction of the
[

current & we thus get :
£ < i.ﬂ- ‘JE. -E‘L{E: }, [C]? = density I: - density E

vhere the density of r: has the obvious meaning and equals the inverse

of its covolume.

Thus, since if the index of D is >0 . Kon ]_"L is necessarily

non zero for almost all leaves we get :

COROLLARY. Let r:_r I: be twe lattices in 11: with density I_: =
density [; y then for almost all f= 'r.- there exists a meromorphic

function qu:i? on L with :

a) The only poles of CP are simple and are om 111- -’:

w PiEl:-o b"ﬁs lr;_

c d ‘l:-r: .
J gu: ( (3_1 ld{sﬁij:}

O0f course the non trivial part of the statement is the growth

193 P 143Ad3] <o

condition ), otherwise one could take an entire function 1 on L vanix-
hing on [1 y but here one can show that if density F: = density U
then there is no meromorphic function F on {_ satisfying a) b} ). Thus
indeed the Murray and von Neumann disension of the space of Prs is equal
to density [‘II - density {; since the kernel of IJ' corresponds to
exchanging the roles of n and E. and hence vanishes for density I:r =

density E
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5. ANALYTICAL k: THEORY OF FOLIATIONS.

The index theorem for measured foliations has, as its main feature,
the replacement of the hypothesis of compactness of a manifold M by the
hypothesis : M is a leaf of a foliation of a compact manifold. So the
emphasis is on the properties of the generic leal as a non compact manifold,

and it usecs only measure theory in the transverse directiom.

If the feliation |:I{‘l.."'I F_J comes from a submersion i V—--r H
go that the leaves are the fibers @ 11"{15 ] e B , the ergodic trans=
verse measures correspond exactly to points of E : Let =& E; and -"H".a:.
the corresponding transverse measure, the index theorem for (I'U':E I'ﬁ"l._,:_} i

simply the ordinary index thecrem for the compact manifold ,11" B

in thig situation, the index theorem for families I_-..'?. I Eives
4 much better result than the index of the restriction of the operatoer to
each fiber, by showing the equality of the analytical index with the tope-

logical index of the family D € B, both elements of the

a L]
K'thiﬂ'l'il' group K'H{ EJ' + In general, the feliation does not come from
a gubmersion and the space of leaves, with the quotient topolegy, is of
very little value since if, for instance, the foliation is minimal (all

leaves are dense) then the only open sets are the empty set and the whole

space of leaves.

The main point is to replace this quotient topological space
*
by a canonically defined ﬁ: algebra, which will play the role of the

algebra of "continuous functions, vanishing at infinity, on the leaf space™.

Thus the first task will be the construction of a canonical

E*;lguhn C*(V: F_:] associated to the foliation {1'&"':_ F) and which,
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for foliations coming from a submersion ! I'l-'H — B will be stably
isomorphic to Cﬂ (B} (the algebra of continuous functions vanishing

at &3 on E}.

The local triviality of the foliation (’b":_ F') will be visible
on C*(r\..f’; F;I from the first important property of the comstructionm :
if 'w’ is an open subset of li-.-"I and F,I;, is the restriccion of F to W :
then one has & canonical isometric homomorphism of Cﬁ(wr Ef) in
CY‘U; I:'J' . S0, covering "lll" by domains Wr_' of submersions A m-f: o }_'.i'_

* = @iy

oneé generates C (‘V: F_;I from the subalgebras L‘L w{.; FW‘. )
o C,,[Eg;] (#4] {:ﬂmlﬂﬂ.ﬂt ﬂFf-TiL_ﬂr-'-j «» OF course, the way these sub-
algebras fit together can be very complicated and is related to the global

nature of the foliation.

We shall define the analytical K theory K!(V/F) of the
space nf leaves as the K theory group K* ({:Tl.,.-: FJJI (with its
natural Eg grading). Now among the existing homology or cohomology
theories for topological spaces, K theory is particularly well adapted
to the replacement of the space J( by the algebra Cn{X) of continuous
functions. Thus, for instance the basic cocycles of K theory are matrix
valued continuous functions (i.e. matrices of continuous functions) and a
natural frame for the proof of Bott periodicity is non commutative Banach
algebras. When extended to arbitrary non commutative C* algebras, K
theory retains the main features, such as Bott periodicity, it had for
locally compact spaces. Moreover, it becomes an extremely flexible tool if

one uses the bivariant groups introduced by Kasparowv.

¥
In fact we shall devote a whole section to determine the O

modules over CTU: F'J » making clear that this notion and hence
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K’l‘(-va_] only depend on the “space of leaves™ II"[‘:’;F (of course we do
not mean here the set 1II|Ir;"'r|;' with the quotient topology, but the meaning
of the equality of the spaces of leaves "i.-":{/'F- . v:f}_ of two foliations
4 =
should be clear). Our nextpoint is that the analytical index of a differen-
tial operater en V elliptic along the leaves is, in a natural manner,
an element of K*(VKFJ . When the foliation comes from a submersion
11! "l”—-:- B ' K’TWF} is equal to Kﬂ(B) and the analytical
index for families is indeed an element of KH?FS"J . Morcover a Lransvorac
measure [\ en ("lll'; F—) corresponds to a trace on CT"I.,—:’, r-} and thus
defines a canonical morphiszm : JAML:"". i KTWFJ [ o E\J + the
index theorem for measured foliations only determined the composition
J,i.nlnﬂ = L“’L.:L— not the more primitive analytical index, which makes

sense without any choice of transverse measure,

Tur next two problems will be 1) to relate k.’t("l.a';/F—) with a

geometrically defimed group, 2) to compute ImLm in purely peometric torms.

Construction of Ci("p‘: F) :

Let Ilﬁ'l': F) be a foliated manifold. The first step in the construction
L3 £
of the algebra C f!'-"'; F-J is the construction of a manifold (&

dum, @: cizn 1'!',1- i F; called the graph, (or holonomy groupoid), of

the foliation, which is made by Winkelnkemper in D"f’].

An element ¥ of G is given by two points x = a{?i',] v Y r,_[.‘.-r."}

i
of "H" together with an equivalence class of smooth paths :

h’{f::lf te [q, i] ; Y{a} = X, X(’” = .éf' ¢ Cangent to the
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bundle F (i.e. with (k)€ Fx{h} ,Vte KK ) up to the folloving
equivalence : Hr and 2 4are equivalent iff the holonomy of the path

-1 A : ; . :
E'_L.E,_ at the point x 1is the identity. The graph G’ has an obvious

]
composition law, for 'H’I HIE G » tEhe composition E'ax makes sense

it A@)= =¥

If the leaf I_. which contains both = and l% has oo holonomy
!
(this is generic in the topological sense of dense Gg 4 ) then the class
in G of the path 3{‘:} only depends on the pair {IL.!:J « Im general,
i . 3
if one fixes x = .—a(E':l , the map from {".1: = {?S'; rg.{}(}= _1;5
to the leaf L through = , given by X¢& ﬁ'x_ = Y= J‘L[«r‘ﬂ is the

holonomy covering of L .

doth maps &£ and 4 fErom the manifold G ko .‘u"" are smooth
submersions and the map (U9, ”) to \I|"’;; 1|I.-"; is an iemersion whose image
in \rfn: V is the (often singular) subset {({j“:ﬂj = VI V i
Y and = are on the same leaf 3 .In first approximation one can think
af elements of C*{'\H"; F} as continuous matrices E’{’ﬂ., .-:'J' , whera {i'.r_j
varies in the above set, but we shall now describe this B algebra in
all details. We shall assume for notational convenience that the manifold
G is hausdorff, but as this fails to be the case in very interesting

examples we shall then devote a whole section to remove this hypothesis.

The basic elements of CH(VJ, FJ are smooth half densities
with compact support on (& , 'gE C‘:ﬂ{-@; 51'&} vhere ﬂ; for
WelF 1s the ons dimensional complex vector space H_:z = JZ:;E
where B! X —> Y and ﬂ;’? is the one dimensional complex vector

(]
space of maps from the exterior power A E > - I'_ , to {[:
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such that !

e(Av) = MW*¥per)  VveAE |, VaeR

Of course the bundle (ﬂ; ) wa V is trivial, and we could
Chocse once and for all (as in [? ]} a trivialisation ! making clements

ﬂ -
of CL__ {-(;: E'&J inte functions, let us however struss how canonical
the algebraic operation is. For -g‘ A = [:ﬂ (@“{ 5.&"*) » the

convolution product 5}*% iz defined by the equality :

(3%4)¥) = [ 8&)q()
. 9% P 4

g ..
This makes sense because for fixed H 1 g +F % » Fixing A, ¢ .rﬂ‘. F_.
.-Ur'a £ ﬂ‘ﬁ Fj;— » the product -g(ﬁrl :l {&[h:"E‘J defines a l-density
on @Iﬂ' = f 3’,E fal'i, ﬂ-{:ﬁ'.l-:ij _'; » which is smooth with compact
support (it vanishes if H' ¢ support j } , and hence can be integrated
over G‘ﬁ to give a scalar : ‘EH‘% (E) evaluated on ""’,-;, "I{:}
One has to check that -gahé. is still smooth with compact support, we

ghall check that in detail when Q- is not Hausdorff later.

The % operation is defined by £ (¥) = g(ﬁ’ o S
je. if ¥:ixz >4 and Vo€ A"E , Vg € A F then §YX)
evaluated on fn;% is equal n:.| E(E":I' E\ruluulcd en U:i. v, .
We thus get a % algebra CM(GL j'Er‘&)' . Por each teaf L. of

z
("U" FJ one has a natural repreuentuuun of this ¥ algebra on the L

space of the hﬂlunnlr covering L of !.. . Fixing a base point x¢€ I.- .

one identifies I_. with @;‘ = {E e (E,:' - - 3 and defines :

(n.(§)2)3) = [ §&®)i(x) V2 lG)
4]

ka8
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where Z is a square integrable half density on G:: « Giwven Hi T-riy.
2 2
one has a natural isometry of I_. (G:; )nn L(% J which transforms

the representation 11 in T, .
P - %

# u
DEFINITION. C {UJF} {s the (_ algebra, complecion of

C:[{?IE&J with the norm H% I = {..;ur I “I(gfj il -
xe \
(cf. Section &)

If the leaf L has trivial holonomy then the representation

T|:_ ::;-EL ; is irreducible, in general its commutant is generated by
] it ; :
the action of the (discrete) holonomy group G:t. in I_ 1,_ G;j « 1F
the foliation comes from a submersion 1‘1 : "l.f;.-_-,n- E‘ , then its
graph G ia i (. 4) € ViV , i) = {L[’g}j which is a submani-
fold of VxV ,anda C*(V F)  is identical with the
2
2 : ¥ =1 i

algebra of the continuoys Eireld of hilbert spaces |_ ({1 f.rj ){EH R
Thus (unless dem F::J ) it is isomorphic to the tensor product of
C#(EJ with the elementary C{_ algebra of compact operators. If the folia-
tion comes from an action of a Lie group H in such a way that the graph
is identical with Vlt H (this is not always true even for flows,

¢f. Section © ¥, then C*(LFF} is identical with the reduced crossed
producet of C{U} by H « Moreover the construction of Cﬁ[:-"'.l":, F) is

local in the following sense :

1wk 18 VeV oo tan Fis ve saesiosion ot F

to V; ; then the graph G‘ of EV: F") is an open set in the graph
G of (V,F) . and the inctusion  C (G 52"%) ¢ CotE 2%
extends to isometric ¥ homomorphism of C*(Vr, F‘{) in thﬂ }j
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The proof is straightforward (cf. [:?']JI and also applies in

the case of non hausdorff graph .
We now define the analytical K ETOUps :

DEFINITION. Let (v F:) _(Vz ,E.} be two foliations, then we put

KK (W Vofe )= KK(CH(V, B ), €LY, B))» the xasparov grous

of this pair of C algebras.

Mote that C’(’V F} is always norm separable. Of course
K*(V/F [{K'Glh V/ﬁ-) coincides with the denumerable ah:ll.:m
group obtained by the stable comparison of projections in H U‘" l'l,. F)J
{its odd component involving homotopy classes of unitaries), however it
would be narrow minded not to introduce the other groups such as @
K*(Vfl_ } = KK(‘*’;’F J pl') which, through the existence of pairings
with KI{F\";“F'} will be useful tools in proving the non triviality of

elements of K’{#WF :]

As a minor point we want to relax a little bit the definition
of the basic objects "abstract elliptic operators" of the Kasparov group
in allowing the operator { F, in the notation of Kasparov ( [12])) to be

unbounded, then the F of Kasparov is related to D by a formula like

F=D@+ I:‘*'D]'E".
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6. CYV F) wuex THE GRAPH 1S NOT WAUSDORFF.

In this section we shall show how the construction of the
C*llnhrn CT‘U} F) has to be done in the case when the graph of
the foliation is not hausdorff. This case is rather rare, since it never
occurs if the foliation is real analytie. However, it docs oceur in cases
which are topologically of interest, for foliations, such as the Reeb
foliation of the 3 sphere, which are constructed by patching together
foliations of manifolds with boundaries (Vi . E ) where the boundary

E'l"n.-"'; is a leaf of F: . In fact most of the constructions done in

geometry to produce smooth foliations of given codimension on a given

manifold give a mon hausdorlf graph. We shall then sece in a simple example

how the Cﬁ('h" ':J E) are glued together to give {,H(\..f; F)

Wow, let Gl be the graph of (“n.-".. F‘} » being non hausdorff
it may have only very few continuous fonctions with compact support,

’ . X im (7
however being a manifold we can give a local chart U - [P, -l

take a smooth function F ¢ fﬁﬂ(ﬁmﬁ, Suﬂ- P c X(UJ) and
consider the function on (o equal to ‘EFE on U and to © outside UJ.
1f Q was hausdorff this would generate all of C:(G) by taking lincar
combinations, and in general we take this linear span as the definition

of q‘(ﬁ’] . Note that we do not get continuous functions, since there
may well be a sequence Er._i U with two limits, one in ‘&.,.r.f f-F,X

one in the complement of U . as is illustrated in the simplest case :
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Note slso that with the above notations, I"J'(g.,‘ﬂ.. {P) is

a8 compact subset of @' but is not necessarily closed.

The above definition of C:(G‘J chviously extends to get
C:(G': 52“") the space of smooth I functions on G . It is not true
that the pointwise product of two elements of C:(‘G} is in Cjﬁ},
it is true however that if ¥ is a swooth function on V and
W e Cf(@;ﬂh)thnn (@a4)¥Y ¢ C:’(G‘,E"") , as is

eagily seen by writing E’, = Y; i '[f; of the form q:]-. ?Ea: :

LEMMA. The convolution 'lf; ﬂ '[.If':,_ of 'K; {E‘L £ Cf(@; E"’"] is
tn C(C, 52%) .

Procf. Let yé C:ﬂ(@; E?E) and C"-"Ii":,‘) t-'-.lr_.r,ﬂ" an open

covering of its support by domains of local charts, then we can find E’,_‘r

bw gy, '[,.‘_/‘_'E C:I(G-‘; ﬂh) of the form P . X so that
' - = Y. . Thus here ve can assume that for f= 1,2 , WJ

ig of the form ‘:E’-. H-"f;, vhere xj is a local chart inm (-.;1 of the
following form : we are ],i.:.*an submersions cﬁ i q::r from open sets

| 2 ‘;]’. i ]:Lﬂ"lq; in ."l'/ to Eﬁthhlch define the restriction

of F to their domaine (cf. condition b) defining a follation) and

W(l_’,'l'; ; q,j J is the set of all paths HE’ GL with d(x,!f Hﬂ q

E{E]E Rﬂu{i; 3 :
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whose holonomy is the identity with the identification of transversals
aroand ,5[:'5'] ir;.{,'.'.’} with an open set of E? by q‘: ,ql‘ » Let

QL = .4 (support r*'i} ’ QL": A (Support '}:L; y then for each

<€ Qiﬂ Ql there is an open set 12 C Domaln li.l'I M Domain q'
and a local diffeomorphism g of Eqw:h that, on JZ one has N
{:!EL_ < & qi « Thus using a smooth partition of unity on {’?1_r'1 (;]",

in V , and replacing T; by 5[1’1 S ; Te [':u[: 1"#") Wi may assume
that G, N @, < f2.  and that ::I'L = q, on JZ . Then vaking

obvious local coordinates we get for ‘f: -., ':I.":,I U{J the expression :
(K@) (E)E0) = (4 (B8 0) 4 (6L s) '

which obviously defines a smooth function with compact support in the

variables (f:.f tf ﬂ}

Then we proceed exactly as in the hausdorfl casc, and construct

the ropresentation T], of the wx algebra {': ({;;r Eﬁ)i“ cha hilheet
P

z
space L(Qx_} - We note that though G' is nol hausdorff, each y

being the holonomy covering of the leaf through 2 is hauwsdorff.

-

LEstA. For each W g C:’(G:_TZ'&) ws ze NV , 0 (¥) 1

z
an ordinary smoothing operator, bounded in L (G-.E ) .

Proof. Again we can assume that ¥ is of the form ¥, X whore X
is a local chart in a W['q'; q ] as H.b-ﬂ-\-"l.h Now (”,_("i“'j f*){hj
= (o s x YB)EE) VZe LGL), mu u(Y)
is defined by the kernel R( ¥, ¥, )= Y x5") . 5.5, ¢ G, -
This kernel is invariant by the action of the holonomy group [3: fat &)
on the holonomy covering and it is equal to O unless '-E'f-'j_' E“:"} are

in associated connected components of 'ff-‘-r(-{l'ﬂ'h Ii"} " *E-Alf.la;irﬁi-l.r')}.
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so that it is a sum E: e E’,-_ where the Q,{ are smooth kernels

iy I
with compact supports 'bu.ﬂ‘b Qn{ = I{:ﬂ X Kﬂ vhere the. K“

]
krﬂ ) are pairwise disjoint. Thus & iz a smooth kernel and its

2 = . . -
L norm is the supremum of the j_.. norms of the E'-c vhich is finlte

Q.E.D.

{resp.

say by the usual hilbert-schmidt estimate.

: x
Of course C“{"v‘: F) is defined as the C completion of

C:(G:, 52&) with norm : gﬂp ] ﬂm{"fl] i
xe ¥

To get some feeling of what is different in the non hausdorif

situation, we shall discuss the simplest example of a foliation with

non hausdorff graph and see what C*(U:r F__.} looks like. We take

- 2
.\1’; = T = ﬁ/gz the two torus, together with the following

Uj \

foliation @

To simplify even further we take the open transversal N

(which we identify with :I-r:[‘, | [: ) as indicated on the figure. We

choose it so that 0 is on the leaf with holonomy and so that on N

two points a,'c* are on the same leaf of the foliation iff :

1) If a0 or £ 0 then a=b

T

2) 1 a>0 , b>0 then @ = 27 for some me Z .

Thus this equivalence relation is the following subset of the square

(1-2,4L)".



v o= GB -

-4

It is not a manifold because of the singularity at 0 , and the
corresponding graph G is easily identified as the quotient of
{{b,ﬂ] e 1-1,4] x & , l'«.:..i:IIE j. by the relation which identifies
all points {'t:fm} ; M€ & i E<O . 1t is obviously a non

hausdorff l-manifold :

Lin |

™

-

[
8

I T m ™

AL the points (0, R) , Be Z are in the closure of |-1,0[
Since we have cut down to a transversal, we do no longer have to talk
. . )
about :;_- functions but of functions 4:|-L'|.‘I G . belonging to C; (‘f}) '
F i &)
i.e. which are finite suns of P, X 5 where Fe £ {‘/I-m I,:'

and X is a local chart. We have :
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iy
LEMMA., A function ¥ on F belongs to l:: I_/G"J iff it is zero on

all but a finite number of the intervals J-ﬁ s 16 smooth on each of them

and the function ':f{-b} E. f(b 'E:J' is smooth on j-ifi‘[ .

Proof. The condition is satisfied by any L ¢ and is stable under

linear combinations, also if Y satisfies it ,then we can extend EFE »
{VE{'EJ " 5‘_’"{&, &J : Red Ezeo o J-3,3+ [ and express

]
'f' as a finite linear combination of "?,?‘: . - Q.E.D.

It is obvious that this condition is not stable under pointwise

product, and however that it is stable under the convolution product :

Y« ¥ (3 = Y0 LE)
X6, 8
Por instance T # !-P (e, -'n,_} = :.E (",—3} (;:' .- 3] and

hence (’FR )N{:}:F = E/(’a] 'I;(ﬂ} , which shows why (H._,nﬂ":}

is still continuous at O .

x : ;
One can reconstruct C (V.i F) in our example as a fibered
¥ . #*
product i1 C &:E J of the C algebras of the foliations ("‘J': ; E)

of the manifolds with boundaries the compact leaves with holonomy?
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We end up this section with two interesting questions :

1) Compute the K theory K'(V/F] in the above example as a function

of the integer M which is the number of Reeb components scparated by
stable compact leaves, show in particular that while the foliation is

defined by a flow and the rank of K‘(V} is 242 that of K!(\'r’:/p)

can be very large (thus there is no Thom isomorphism in this casc).

~ ¥
2) Compute the extension of algebras obtained for a foliated manifold

with boundary (Vl F;] with :ﬂ"h"'r a leaf of F » by taking the ideal in

i i V‘, F_J of those elements which vanish on the boundary. (This is very
3

interesting even in the simplestcase of the full 2 torus in ﬂf with

the Reeb foliation).
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7. C* woowes ovir C(V/F) AND CONTINUOUS FIELDS OF HILBERT SPACES

ox Vo .

Let x be a locally compact space, the notion of continuous Field
of hilbert spaces on }( extends that of hermitian complex vector bundle
in a way which not only allows the fibers to be infinite dimensional but
also allows the fibers to vary in a less trivial manner. For instance if
?’ is an open set in x and E},.- is a complex hermitian vector bundle on
Y it is not true in general that E}r is the restriction to ¥ of a vector
bundle on }( » however, viewed as a continuous field of hilbert spaces on
}" . E}( extends canonically te a continuous field of hilbert spaces on }{ ;
simply by taking all fibers to be O in the complement of Y .86 if one
starts with the usual definition i[ﬁi]} of K theory with compact supports,
from complexes with compact supports the above pushforward operation from
KTF) to KTX} though well defined by using trivialisation at infinity
in .f is not easy to usc since the complex first has to be duformed. Im
[!3] Kasparov has given for arbitrary non unital C* algebras B {im the
above context b = C¢ (K} is the C*nlgehu of continuous Functions
vanishing at o0 ) a construction of the group KH(BJ = KTK} which
is well adapted to the pushforward operation. For B s (;{K] the basic
triples {Ej j E,_‘_T) are given by two continuous Fields of hilbert
spaces E:r. P E‘_ﬁ on X together with T € Hﬂ'l"ll:’E}E;_} {(i.e. Ffor
each x¢ X, T_ € Hm(E,f,._, E,.) .and it Z is a conti-
nuous section of E_l tending to O at o0 then TS : ﬁf)ﬁ = T;f;
has the same property in E;L ) which is invertible modulo the "compact"
elezents of End (E.'} sx3,2 ([-Iﬂj) « It follows then that _1;_ i8
an isomorphism outside a compact subset of ){ and is everywhere a Fredholm
operator. The equivalence relation one has to put on such triples to
obtain F:T?{J ig exactly analogue to the equivalence used for

theory with compact supports, namely the degenerate triples, with
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everywhere an isomorphism, are considered as equivalent to 0 , and two

homotopic triples are considered as equivalent.

How lat ("u"r‘ F-)' be a compact foliated manifold, then
B - Cx(-\.f F.) is not unital (unless duwm F = O ) and in
4

describing the denumerable abelian group HT%] = K_‘ (—C T.\,u:: F}J

we shall use the point of view of Kasparov, i.e. his refined version of
K'-thmr]r with compact supports. (It should be stressed at this point that,
of course, the definition obtained by adjoining a unit to B and then

A
taking the kernel of the augmentation EE'- 1 K*{EJ — ..-:-"Ef gives

the same result, but will not be as useful).

The basic triples Are now of the Fora fE,J_ & p 5
E,_J E; are c*mdulu over 5, while T € Ha-mE (E._-I_I Ed_) is
invertible modulo the "compact” elements of E-;A,E(Ei)ﬁ:.i,z . in the
case B = {; {.X.J' there was an easy correspondence between conti-
nuous fields of hilbert spaces on K and Cﬁ modules owver L{:;() ;
which to each field £ associates the module E = C;(E:]' of con-

tinuous seccions of E vanishing at og

#
In our case’ : E - C (1'1-":. F,} 2 we should successively
X
describe the C modules over B , the homomorphisms and “compact" endo-
morphisms of such modules. With the material of [_‘t] Section IV, this

will be mainly a matter of translation.

In the case E = [:,(KJ 3 the basic data for a continuous

field of hilbert spaces on X is a (measurable) field (H_l.} of

xe X
hilbert spaces on X » together with a linear space F of sections

(EI] i X vhose main property is :
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(=) v Z,P [ P the Function o= -g_:_-_ ,?I:‘? is

continuous.

Giving, in a measurable way, one hilbert space per leafl means
i - i
giving a measurable field H_:.) e V of hilbert spaces on V ;
and for cach element & of the graph G of {"..v‘: F;F . B x - Y- a
unitary operater which identifies Hf_ with Hﬁ and defines a repre-
sentation of G in the obvious sensc. It will be convenient to consider

E as acting on _the right on H s and to denote the above identification

of H_ wien H::} by Ze H:! —» L¥e H_.

By a measurable % section of H we mean 8 measurable scction
iy Ve .
of the measurable field (ﬂ.t:- & H_ﬂ) e A y where ﬂj__ 15
the bundle of half densities used already in the construction of Ept"i":. r).

Let Z,? be measurable % sections of H . then the coeflfi-

cient [-5:9} is the % fonction on {; defined by

‘:gi*}](a'} * {"?Q'E,‘ .f'..-;?

(We took the scalar product in H.::. antilinear in the first variable

and linear in the second).

Given a measurable 3'2- section z of H one defines |l 3 “4,
€ I:d.-* -I'H-] as the smallest ¢ I:-:’ , t nﬂ] with :

[ <3805 5 gl Vpell,, we V.
G

LS

if Il '.:_I.Im:I w~ ™ , then £ defines an intertwinning operator

T(2) € Homy (H, , L(C,))



.—5#-

by the formula :
(T(EJ?}(XJ' = {Eag,pr Vpg H;, b"'a'e"ﬂ‘i-

The representation H ot C is square integrable iff the subspace
! E; (I Hﬂ, < o 5 is large enough to contain a countable total subset

{i.e. total in each H..'I_‘.. |

x £ ;
The basic data to construct a {: module over ("n.l':, F) v 1S
the following : & (square integrable) representation H ot G and a

linear space I-I of 'i- sections of H guch that :
K
(%) VE,P_} = A » the coefficient ff; Q} belengs to C ("'-"; Jr"—,]

gl g : - ;
{The coefficient {_rf; Q] 18 given as a EL function on {’: and it makes

sense to say that it belongs to the norm closure CT"U': F) of

c:"(@f 52'*) z
LEMMA. One has, for z E [T, il Z Hﬂ = ”[ E;g] ”E*

Proof. |l ff‘r = '3.11:' 11,5{3.}3) and a straightforwvard computation

{ [ ¥—_[ Prop. B p. 77) shows that :
L] (Z;gj = T(EJT(EJ* qQ.E.D.

bow given Z¢ |1 and £ ¢ C*(V} F)  we would like to define

a i— section .'ZH-E of H by the formula :

(2x§)c) = 5;; 2% 4()

However, for & € C*(ﬂ\hf":, Fxl,:' i &(ﬁl} does not make sense in

genaral, so we let C*C"r":. F); be the left ideal of those g. for
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which the restriction g to 'ﬁ'_ﬁ makes sense and is in LECCa )
= 2

S : : =\ ) j
(it is a left ideal since ({.3 ﬂ'g}'ﬁ — n"(ﬁ}él}; ; v 5‘{3 .
We then rewrite the above formula as follows :

(Gx8l=) = T E Ve V
So Z*gf is a i— swstios ot H 2o any gf [:K('\,-”; F); , and

i o
we construct the C module E as the completion of the linear span

of the fﬂg ' E'E_I—l ' 3«1’:'.' EY\I’: FJ__E. . with the norm |l 'IL:'
LEMMA. E is a C* module over ET’L-:'F).

Proef. The equality ff*fg;,‘:'“.;’;:' : gl}‘* (Er?}*ﬁ shows

that for E; f in the linear span M of the .fut‘;

ffﬁ?)g{;]{v‘lF) and H..‘?ﬂnﬂ ool . The map .'.'fj,::j ﬁpé'rx?
extends to EJI. E by continuity and satisfics conditions 1%) 3*) 4*)
af [15] Def. 1. The map 3’ g =2 EH g extends Lo E ® L-TII'-:: J—j

by continuity and 2% of Eﬁ_] def.l holds. Q.E:D:

one has

We are only interested in {.:E modules which are separable, as
Banach spaces, or -qdivnlan:lr (since E.: CT"'-": F:l is norm separable)
which are countably generated in the sense of [l'ﬂj « The above construction
yields such a C* wodule when rl has a dense countable subset (in the

il uu:l norm) .

Exactly as in the case of continuous field of hilbert spaces
on a locally compact space, we now define arbitrary continuous i_ Wections
of H as those measurable % sections which belong to E. . It is not

true in general that all elements of E define 12' sections of H »



....55_

this fails in the simplest example, taking H:._z I:E(E__EJ,F;.;E .\f .
(E ‘E}{H'} - E(Eﬁ F_‘J V'Y, EG; , one gets E " C*(."'-": F)

and not all ics elements define 1_ sections of H

The next lemma shows however how to pass from elements of E

to % sections of H

LEMMA. For any 1€ E and -g € C*(V‘, F'_)_l , the element
Z*E of E defines a .‘12- scction of H' :

Proof. Let P‘ be a continuous i section of H {in the above scnse)
(x8)_ = TOI" S , H(H*g) I = dbpl, UG I
(this makes sense by evaluating both sides on a volume element U,
dom F
e N\ Ft: ). By construction of E- we can approximate .?E E by

continuous % sections 2“ of H in the 1 Il . norm and it follows

L

that the (!;.'I ¥ Ev:,l will converge in norm. Q.E.D.
" x

Definition. A continuous field of hilbert spaces (H }LE/ on the space

of leaves of the foliation f\,ﬂ" F—) is given by a representation
fe HH’ b ZeB € H;, " of the graph of (I"u':, FJand a linear space r’

of g- gections of H such that :

1*) [1 has a countable total subset, | ".ﬂ. dense.

2%) \i"{gl?é [¥ one has (ZIOIE C*-(:'y’; FJ .
3°) rl is closed in the |l "ﬂ norm.

&%) For f € CYV_,F’LJ Z2e " onebae Zu}}e’r{ :

In condition &) one can replace (’_*(V‘, F}z by any subset

X .
dense in the (: norm, since by hypothesis [_I is closed in the | ].I‘.nl BT,



Thus it is enough to check 4") for 'g & (-r. (E’gﬁt) . Conditions
1)} 2) show that the represcentation of (::: in H is square integrable

(cf. [;.'j parc 1IV).

We now pass to the description of the endomorphisms of the
modu le E associated to a continuwous field of hilbert spaces on the space

of leaves.

Our aim to describe E"‘I"'A‘.L('E) (or more gencrally Hmn(&ljf‘f“,')
as the random operators | € E-n,_l (H) (i.c. measurable bounded
families (T ) <V ¢ Vith —l;__ acting im H..; and T,__ (.ﬂ& ?{J
=(T; E").E' , V Ze Hg_ (et [ #3) ) vhich are continuous

in the sense that : If Z is a continuous 1_ section of H then I'Z

THE alse.

Now, in [;I we intreduced the random operator 9{;‘:5}} associated
to a pair of secctions, this with our change of notations translates as

follows : let EJ. E?E r' be continuous } sections of H s then

EJ{EJ;'.] = -r{:z J* ]_E’?J +lnlirfil:'nm a continuous random operator, and the

obvious extension of this operator to [E is given by :
« > b {-Ejﬂ{} Ve E

(1f T is @ continuous random operator, it extends f[rom continuous 'zL

sections of H to arbitrary elements of E by the inequality

Tz “ 2 S-‘-F’ "T I "E“m ¢ [7] prof. 8c)) and the existence

of T shows lhn: £ f= Tg is an endomorphism of E-‘ in the sensc

of [rﬂ'__lII ).

By construction the endomorphism of E defined by '[;,'{fj 9} ApTees

with the EE? of Kasparov ( [ 19 ), when we close in norm the linear
4
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span of the E(E,J:]J, Z, f’}E F we get the same result as when we close
in norm the Qi',--:,l s Z,f} = E- ; Since by construction F is norm

St Boookis e T oS i onetuioni sl Suni e S ok
as an endomorphism of E is the same as g“‘f’ |] T;.:_ || « since both

C* =i
norms Are norms) .

The norm closure of the linear span of the g{ﬂﬁ} will be

denated by Eq-;A.#(E) . By [19] thm 1, Em'.(z".:)is the algebra of multi-
pliers of E-rw,.I=I CE} .

X
PROPOSITION. E’ﬂfjg is canonically isomorphic to the l': algebra of

continuous random operators Eﬂ..:lg_ I:H ) .

Proof. We have already seen that every continuous random operator !

TeE Ew:l&(H} defines an endomorphism of E- with the same norm.
Conversely, given an endomorphism T of E we want to find the family
f'l;} eV ‘T;;E E-ﬂoLHi with (TE,L: = —":;3;: ; Vie r:::EV
But by [19 ] thm. 1, T is a limit in the multiplier topology of a
BEquence '[:i € EﬂJ:ﬂ (E) » with HT“ Il = UTH . ror cacn T;
the existence of the T:”,“"" is proven by construction, thus it remains
only to show that for fixed x¢ v » the sequence (-I;Jr }ﬂ.:'H converges
strongly in Hx to an operator T;.. (It is then obvious that the family
CT,; }:EE"'-"' is measurable and that the associated endomorphism is equal

to T ). S0 the next lemma ends the proof :

LEMMA, If (T;_] is a sequence of continuous random operators which

converges in the multiplier topology of BmIEEJ » then —l:j converges
L

strongly for all =& .'!" .
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Proof. Lot S c En‘:’tu (-E} ’ S - ( g_-,_-_ )m‘u » then by hypothesis
_115 = |'S  in norm, thus iji 5:. y T_t__ 51_ in norm. As
AT . Il is bounded, it remains only to show that the union of the ranges

o
of the S S e M,CEJ is total in H, , but chis follows frem

=

condition 1°) on H . 0.E.D.

* -
THEOREM. Let E' be a C module over C't—"'u":, F’j s then there exists a
canonical continuous field of hilbert spaces (-HL.) Le H.-';F. on the space

of leaves and a canonical isomorphism of E with the U module associated

to H

Procf. We shall first define (HJ‘)IG v in a canonical way from F

Ve consider in & the linear span Eﬁ of the .’f;ﬁ, lc & , ELCT\{I'}
=

and on E

» Biven :||:£-'!'||l"r we define a scalar product by :
<Zx§,pra>_ = < ¥ ,W(ZH)g > ()

(Thus it is antilinear in the first variable).

Since T f?,f}}‘fh.ﬁj = L'f;ﬂ.* (E,J;,”ﬁ}-ﬁr Vh e !.lff:u )
we see that there exists, given 5€ G y & unique izomcetry f-gp ‘-..E'.,.J":

of H on H (the completions of E with the < s scalar product)

such Lhat. for any gf—:" E and -é -§ = C"("lp"r F) with
‘S-’J%:E - gt.t: s one has :

(Z,i)*.zf -,.ffﬁg;);

(Here e - fit' erin the canonical (%) map of E‘, in HE Y. With fg{?
and .I}-{-(é, as above, we have for EEGL 3 Xixer ﬁr

“-l

(#) Hote that to do that Jone needs to choose a volume olement ﬂ
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«(Zx§),-% ,(hxgle> =< §-¥, Ne(59)g >

= [g* % fflﬁ] ® 4 ) (8) . so the space of L sections of H
glosnty (2. ) e for Z& &, aatiafies condition 2°) of the
dsfinitisn of continuous fields of hilbert speces on ‘hfa‘F- coatng I7
the closure of the above space in the 1 I, norm, we check directly 1)
and 13). Te check condition &) one has to show that for g : 'ﬂ' € CT\.-'; [—_,L
= & vj and 3¢ E one has :

,é:fh&}a-ﬁ W) - (Zulfxg)).

£

which ecasily follows from the definition of the actiom of G_ on H .
Finally for %,ﬁ P E,g« as above we got that the coefficient {ZHEJ !‘u%)
is equal to the CT‘-’; F}" valued scalar product of these elements, this is
enough to show that the C* module associated with H is canonically

isomorphic to E . Q.E.D

In conclusion, we adopt the point of view that giving a C*mdule
over C*(‘.f‘: FJ {or equivalently a continuous field of hilbert spaces
on ..":fF ) is giving in a continuous manner one hilbert space HL per
leal of the foliation, to simplify the notation we shall only rarely mention
the space F of 1- sections, for instance a typical such field is :

(LE(EJ}LE\.}’;F where I.. is the holonomy covering of L

[

Given continuous fields of hilbert spaces (HL ‘)L'E \'?F , {HL :115%
on the space of leaves, and a continuous random operator (TL ] Le H,F ¥
we shall say that T is compact iff the associated morphism of C* modules
is compact in the sense of Kasparow :[Iﬂ} i.e. belongs to the norm

closure of the 9"{ ? .
I

We shall say that T is a quasi isomorphiem iff it is invertible
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K
modulo compact random operators. From the definition of K [’vfl;-) we get
a natural map Ind from quasi isomorphisms I to the Froup KTWF} . which

satisfies :
a) Iﬂ«:l.-(-'l_) = O if | is an isomorphism
n Ind(ToT,) = Tnd(T, )+ Ind(T.)

o Ind(T.T.) = Tad(T,) + Ind(T,)
d) I1f T.i and |, are homotopic then Iﬂ‘u‘{:T:): Inzl{’-r:. ]
e) Any element of KT’WF‘) is of the form L’z.dl.T for some quasi

isomorphism T .

To end this section we shall just translate the reswlts of the
pseudodifferential caleulus of [ 7 _j to give Lthe definition of the
analytical index IauLd {[}} £ K(Ej/F} of a differential
operator on V elliptic along the leaves of the [oliation (cf. section 4).
First, using an auxiliary Euclidean structure X > | X I on the
bundle F , one gets the Laplacian in the leaf direction :

ﬂ L de (.V} (IS Cﬂ(v_} which is by comstruction elliptic aiong
he leaves, with priu{;ipal aymbal T x, il= fa £ 7 is
i A F F
the restriction of £ to F ). The restriction ﬂL of /A to each
Cat
leaf | (to the holonomy covering L of L it L has holomomy) defincs
{ [ #] Part ¥r ) a positive selfadjoint operator in the hilbert space
A Al

LE(L) « The Sobolev space W*ﬂ(’ LJ is defined, for A £ 0
as the domain of the operator (-I-r ﬂL:I Yz anf for H < 9 as the
dual of w'd . We thus get for each LE ‘I";”F- a chain W&(L) of

i
g " 5
hilbert spaces, and for A'>A  the random operator (LL‘A} of

1 2 Le Yr
inclusion of W’ in W~ is compact ¢ [?] ). While the hilbert space
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d —F

structure of W (L} depends on the chosen Euclidean structure, the
underlying topological vector space is independent of this choice, moreover
. | > - 2 '

if X = I1XI 1s another choice of Euclidean structure, the natural

3 Lags T

identification of ’W" (-LJ with w (L} defines a continuous random
cperator. All these definitions and properties extend to the sections of

a2 hermitian vector bundle E on v « We use the notation WA{LIE)

for the corresponding Scbolev spaces.

PROPOSITION. Let D i Cm( E_l]l—'r Cﬂ(— E.i. } (%) be a differential

operator on "'u"’ elliptie along the leaves of ﬁ‘: F_) .

a) For each ae K, the family EL : Wﬂ*ﬂ(t; £,) H‘W"a‘; Ez)

(n = order of D ) is a quasi isomorphism .

b) The index Mq(p} of the above quasi isomorphism, is independent
of A and only depends on the H-I:hent]r class ["Zl_Dj = K*( FJ

of the primcipal symbol of A

The proof follows from the pseudo differential caleulus for

families when used in domains of foliation charts (cf. [?j ). The analytical
index map thus obtained from K*{F) to K'TWFJ is of course the

oy X :
same as the one coming from the cxact sequence of ( algebras described

in [:F:I -
o CYVF) > Y*5 c(E)> o

*
vhere 'f/*is the C algebra of pseudo differential operators of order 0

along the leaves.

(%) E; J Ez are smooth vector bundles on v _
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8. THE CANONICAL MAP OF K'TM) N Kﬁ(\,‘%} ASSOCIATED TO A TRANSVERSAL.

et {V, F) be a foliated manifold, and N a submanifold of
V » with demn N . Lodimm F ; Which is tramsversc to F y 1.2, the

inclusion map | : N o V satisfics :
Eﬁ(T;—(NJJ ¥ FE_{,;} - —E({,] (V)

Our aim in this section is to construct a canonical map E! af K’!{NJ
in K*(V{F-} . This will be done in constructing for cach continuous
field of hilbert spaces E on N a pushforwvard I.! E which ig a conti=
nuous Field of hilbert spaces on the space of leaves. This construction
will be functorial (each T € Hom(E, E,) yields an (),
I.I,(T.;' © |"Lh‘l1.-(|-£ E,_ ; il E..-E }] compatible with lomotopies and will
map compact homomorphisms to compact ones, thus viclding a K theory map.
Letting L be a leaf of the foliation, and E the given continuwous field
of bilbert spaces on N . we define the [iber of il E at | as the
hilbert space EL( LWN . EJ where 1" is the holonomy covering
of L -« If TE Hm( E:L ’ EJ_} . then the action of i-l -r an
e EE(L:M ,E_T.} is given by :

((iT)Z2)e) - T2 € B Vee lnN

This makes L[! in a functor and the only thing one has to check is that

t!' T is compact if T is compact. The details are as follows.

Given E as above, I-I E corresponds to the representation

by right translation of the graph G or ("'-"r;r.r} in the borel ficld of hilbert
. 2

spaces fi,,' E): o B ({:};nm-r{N)‘Eﬂ{’E” (where % : q‘ w L im

the range map, realising the holonomy covering of L ). Any f.ﬂ'



- G =

2e C (Gn FL‘{M,}J m.’fE}@A‘"(JE'!j] (x) defines a 1 section

of IJE by restriction to cach f_?’_n !'z"(h” (Note that *¢ being
aviversten: 27 (N) i a subsandfold of &, sr G L noe
Hausdorff, C: is taken in the sense of seetion 6). For Z as above,

the coefficient (2, Z)(¥) of the corresponding 1 scction of ((E)

is given by

EE) - = < Z(¥¥)EE)>
e(¥')eN

Thus by the same argument as in section b Lemma_,one checks that

{3}3] e C*("Iv": I'-) . Thus the | {, closure of the above set
of 4 sections of EifE} satisfies conditions 1) 2) 3) 4) defining a

continuous Field of hilbert spaces on the space of leaves. To check &)

one notes that if 5&’-' C;(G; E"'&) - _f'E C.;({;:-ﬁ ﬂ_(Nz ’E"{EJE JA{J.E,"'J}J
then ZE g = C;(Gn ?l"‘{N)J 'E{E}EI H!'(ﬂ‘l"lj-) where

(Zx§)Y) - § $(5") 2(s%")
Next, if Ti':' Hmelr E_J ) llI T is given by :
(GtT)2)E) = T, 26) |, V8 xay ,2e (LW EL)
One checks that it i:rs a continuous tandom operator, in fact it maps Cl
Ce (€n w'(N), =%(E )oa(2")) in C, .

We now check the important point :

LEMMA, If T (T € II‘Iam(E:;H Ez ))il compact, then E'T also.

Froof. We can assume that E,,_ = E.z and thac T; Ej_-_{ with the

)

3 KT i ehe Gandie o Y oF hadE densitiaes o F
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notations of Kasparov Eiﬂ ] y where E is a continuous section with

compact support of E on N « Thus I':-T;_ fl) = E_,E-_ % Z,,,Z'P
and for amy E]E'(E,! E -}.1; one has :

(GITL 2')(%) = 2<%, ,2%)> V¥:x>y.

Row any {} = C:: (G'ﬂ "I"(N);n#(r.}ﬂ ﬂ‘{-@""r}} defines a compact

random operator om L'(EJ by the equality
(60.9), 2')(5) = § = y(%) < p(5.5"%), EAL
x !'. 2

Let K be the conpact support of ¥ , V7 a neighborhood of (e, ), cc K
in f° (N} c G so that if Xe V. VUt and o5 )e N
e %€ G0 V' ovorgeeochion U ioie ik S thinsveriatiey o

i :N — V , vith the foliation. Then if b is 0 outside U7 , we

see that, given yelN |, ¥ ¥, € G&.I, ¥.e n{N), »(5.)= Ay )
?{?ﬂ}# o p(b’t. L8) o, nf.%") e N , wite ¥,.%"
(6.3 E e V.V L and a(5-5")w 4N oo thae

s H;_ . Thus for such a !:.' the above formula simplifiecs to :
(60y.9), 2')(x) F'L!r;{:f.} <n(%), 2(x)>

Choosing f} of the form :;lf!f} T ‘5(5'}"::{3'} ,t{ﬁ'}n“ where
'g- c (.:_ (Gn 11'1(“} " -‘}"(Ryl_]':] one gets the equalicy
O(h.h) = L1(T) provided chat £ is 0 outside 7 and satisfies :

5{_;,' 14(%)1" = 1 VgeK .

One constructs such an -ﬂ using a partition of unity on K .
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Thus if T &= 1'L?m.- { E’-.ﬂ' E;,-_) is a quasiisomorphism,
the same is true for LI(TJ' » and we thus get a well defined map from

'E:TN} to KTWF:I ; the class of T- being mapped to the class

" I
of f.!{TJ «» (It iz clear that homotoplc T,.ﬂ map to homotopic ones).

To give some reality to this map, we shall take some special

cases

1) Closed transversals and idempotents of CH(VJ F-J "

Assume that N is a compact transversal to (\{, F] ; then to
the trivial bundle with fibers € on N is associated a KK theory
element 4, € K(N) , thus ! (iM} is a well defined
element of K‘(VKF) - We shall show now that it corresponds to
an idempotsnt € & C*(\": F,} ,[E:[ = tl {‘1“} . In fact, choose
EE C.: (G‘ A h'."[:Nl ;ﬁ"‘(ﬂ"’*}} g0 that with the notations of the
procf of lemma p 64 , £ is 0 ocutside U and S |gfﬁ’,]|r_ ik
Vy < N G9

Then g defines & continuous i— section of EJ (.lhlj and

since E?(ﬁ, g:l = ol (identity) is an idempotent, the same is true
for T{g—}*'nfg}- = (%, §)e CT(V, F ), so that the equality
E(E'} = (&, 5?(31 = 2 E(ES'LE"’J Efﬁ"J‘ determines an idempotent
e e CV,F) wu Celw i} (ty) . orcas
foliations ean fail to have such a closed tramsversal [N , and we shall
shov in an example that even C“("v" F) can fail to have any non
zero idempotent. We let | be a discrete cocompact subgroup of SL(Z,[R)

v = E'er; E]/r{ has a natural [low Hl: ¢ Ehe Horocyle flow

defined by the action, by left translations, of the subgroup :

[[t31, teR Jor si(2,R) .
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We let F be the foliation of \h"’ in orbits of the horocycle
flow. First the flow is minimal,so, [15 J[2F] C*(V, F) is a simpte
C* algebra, then letting &) be the measure on V associated to the
haar measure of EL{.?‘, 'IE'J i we can associate te A v which is
Ht invariant for all Fk & [E’ ¢ 0 Eransverse measure M for ("'ufr F)
and hence a trace O on C*_—f'\-": F'J . By simplicity of C#{"l.."'_‘ F)
this trace & is faithful, for any idempotent e e Cf"-,f_‘ F) one
has !

6 < C) < w if g4 0

Nowlee G, . s2€ K | be the geodesic flow on \ , defined
by the action by left translations of the subgroup t [‘Eﬁ ;-4] g AE [R:_‘F .
For every 4 , 0, is an automorphism of (V’, F)  since the
squalicy G, tha‘is H o2k  (uhich follows from : [fﬂ-f-a ‘1]
=[%d E"_E,] fjl:': ;?_] [gﬁ gq“] ) shows that for 4 = E;{:c} .

|-_ = (’G;}* f—; . Let E.fﬂ be the corresponding automorphism of

%* VJ F) . For every =< € CH('\-", F} the map A 1> B (=)
from R to f_r("h"; FJ is norm continuous, which shows that if € is a

self adjoint idempotent, then EL{:E] is equivalent to € for all A¢C l\r

and hence E'(Ed (E!;'_} = Efe), Y.ae '.E' ~

But though P iz ipvariant obviously by the gecdesic flow

the transverse measure .IhL is not invariant by G&

@.a H|: e_,:-i-'—' 5 e e shows that G, (}'\} e B A

2
for all AE E; « Thus 0 o E.n = E--zﬁ & and E[E:is o

&
for any self adjoint idempotent € . So C.[,"'u"; F) does not have any

y indeed the equality

non zero iLdempotent though it is simple (cE. [5 ] for an earlier cxample

WK
of such a C. algebra). We shall describe in section 12 an other example
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*
with a unital C algebra.

2) The fundamental class.

Assume that the foliation (."u"" F) is transversally oricnted,
go that the real bundle E'-' = T(VJ/I_— on ‘U’ is oricnted. We

alsgo assume of course that V is connected.

We shall now define a canonical element [w;"F] € K-T\'?FJ )
Let q be the codimension of F , and at fixed =x & V s choose o
transversal embedding P . Dq — V (where -DII is the 9 ~dimensional
disk) which preserves the orientation. Then letting 'Erl [ 'r"::#( L}q_}

X
be the canonical genmerator of K. (‘:DIEIJ = Z , wa get an element

?(g) e KTV

Now mote that the choices of X € \'4 and of T do not
atfect  @!(F) . (Construct for instance a homotopy (using a path
«t)eV, T D' 5 V) frem ¢! (B) v Bl(g) ).
Thus we get a well defined class | "1,’1:]* e K'(WE) . e obvious
question is whether one can show that this class [_WF] is non zero.

To do that one should of course use the natural pairing of K '( V)
with (WF’] and construct an element [V,-"'F of K NF} such
that < [__"‘}"5";-]* [VfF—] I — i

Problem. Assuming that {V,FJ is transversally K—urient!d. i.e. that
the transverse bundle C» is gifted with a holonomy invariant spin®
gtructure, construct the K homology class [wF]n using a suitable

Dirac type operator on the graph Q of (\"':. F)
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9. THE CEOMETRIC GRouP K, z (BG)

In that section we shall describe in purely geometrie I‘.-Eﬂ;ﬂﬂ- a group
K*,E (BG) (with a Z grading) associated in a purely geometric way
to any foliated manifold qu: F,} . This econstruction iz the result of a
collaboration with P. Baum (cf. his lecture in these proccedings). The basic

eycles are triples I:M, E j g‘;] where
1) M is a smooth compact manifold .

2] E isg a complex vector bundle om M i

3) % is & K -oriented smooth map from M to the space of leaves nf{"lu";rj *

A very convenient way bto describe a smooth map from M Lo the
space of leaves of {-Vr F} ig to lift it on small encugl open Scbs jl_{-?ﬂ-
nf'M in a smeoth map gﬁ .’Em oo V s then, with Uﬂn{ = M

if 26« M belongs to both ﬂd and EF » the points g (x) and
o

&

%ﬂ{#} should be on the same leaf. Due to the possible presence of holonomy

one thus requires a smooth map, %F o | 2. N SZp v> G- Guagl (W F)
]

where gﬂ a{tﬂ;} goes [rom gﬁ{gﬂ] Lo -Eﬁ{_::j and the obvious

F

l1- cocyele condition holds. Thus we get a l-cocycle with values in the graph
G' of C'I.J':, F) » and we can define a smooth map from M to the space of

leaves of (VI FJ as an equivalence class of such cocycles {(two cocycles

(ﬂﬂ ; gﬂ.ﬂ },(Iﬁ; ; x;}ﬂ :} being equivalent if they extend to a

cocyele on the disjoint union of the two open coverings).

If one wants, one can characterize E- by its graph 'Gag, s COnstructed
as the principal {'.% =bundle asscciated to a cocyele. Thus E is a smooth
manifold, of dimension : dem Gj‘ = diwn M + i F , one has a
submersion JF- of GL on M and an action of G- on @’E (i.¢. & amooth

map -ﬂl frun(%tu U;.F{’#’ev and a smooth map 3 b '3,-'1'5' of
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q"[‘:-:] to q"'{'ii] , Y8 r =2y  with 4(X.5) -_-@3.]5;-,
whenever it makes sense) such that the usual conditions for a principal
bundle hold when suitably translated. In particular the action of G on
each fiber 7 '(=) , =€ ™M  (note that dum (=) = dim M
should be free and transitive (given ::EM‘, %, 3 € -1'1"{:-:} there is

a unigue ¥eG  with g X o= %, v and in particular all

q(3%) 'g‘f-'p_Ifxe} belong to the same leaf).

Given a cocycle, as above, from M to Graph {\.-': F'} L {-':1 one
constructs G:f as the quotient of { (x,u, ¥ ) , xe 3, 12(¥)- 3{515
by the equivalence relation which identifies two such criples if, with the
obvious motations, = = x' and -gu:n. (=) = 4. Sl Conversely, given %.
since v is a submersion one can cover M by domains ﬂ,g of lecal cross
sections 'i:" : Eﬁ —> G:E and then define gﬂ{{z:]: q ( Co {..‘-':.}:j
vhile ‘g . (=) is the only element of G uniih wves C (=) to

F

.:F C':IE-} M

To get the condition of H“nrim:lhili.::.r of 3 note that aleng
cach leaf L of lf"b":r F) the differencial of the holonomy gives a natural
trivialisation of the transverse bundle lifted te the holonomy covering
T: of L. . Thus given a l-cocycle (E.;_J, gﬂ f‘?ﬁ.ﬂ ) with values in
G = Graph C'Iﬁ F} we can give a meaning of the pull back of ¢ to ™ ¥
since the differential of the holonomy of %ﬁ',ﬂ can be used to glue
together the bundles 5*('3} . We shall denote this bundle by $( &)

ol
and the |'< orientation of g is a upin‘ structure on T(M}ﬁ- -3*(3'}

Having described the basic cycles (M’ E, g:l . one constructs
the group K* = ( EG’] in exactly the same way as P. Baum
’

defines the K"hmnlngr of topological spaces, (except that the map g is
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oriented and smooth instead of [¥] being oriented and .‘% continuous) .
Thus there are three steps defining the equivalence of eyeles @ 1) direct

sum, disjoint union 2) bordism 3) vector bundle modification,

Since in defining these steps all the modifications occur at the
source ™M of the map g s it is obvious how they should be phrased in our
context (cf. Lec.cit). Instead of listing carefully these axioms, we shall
express the result in terms of the classifying space of the topological
groupoid G . on BGE one has a natural principal G -bundle [ and lience
ore deduces from it, as above, a real q ~dimensional vector bundle E-ﬁ& ;
How given a topological space X vith a real vector bundle G one can
slightly modify the definition of the K—hmuluy }‘:‘(X} Lo Lake in
account the absence of a spinﬁ structure on ( . This means that in
defining the K'-r::.rclz-a (M: E‘, g} » one will require the existence
of a npinc gEructure on TM i g*g rather then on TM . We let

Kﬁ,E{EGJ be the corresponding group, it agrees by construction with

the above group of geometric cycles for the foliation.

I€ the foliation comss from an sction of a Lie group H in such
a way that the graph G is identical with "ll"rx H then H{E‘ is the
quotient ("‘u"' x EH )/'H of the product of 1"'-"" by a contractible space
EH onwhich H acts freely, with quotient EH . EHI')H '
the classifying space of H « Thus E‘.}(:' is quite computable, if, say
H = E?\'“ it is homotopic to vV « In general, if the lecaves are contrac-

tible one has the same equality.

Finally note the strong connection of BE with the classifying
space Er defined by Haefliger ([417]). On V the folisticn determines

a rl structure, which the holonomy trivializes along the holonomy covering
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of each leaf. One then ecasily gets a continuous map, well defined up to
homotopy, [rom E’G to EF , and the above cycles in K"ﬁ,ﬂ (B{-‘-!_:] map
to elements of I{*,E (EF} i
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10. FUNCTORIALITY OF I THEORY FOR FOLIATIONS.

The preceeding construction of the map l-! ! K“(N} - Kx(\'lf,r’i')
shows that in general the interesting functoriality will be the covariant
one rather than the obvious contravariant one. The functor K =¥ KTK}
for J{ locally compact is contravariant for proper maps but for smooth
manifolds it becomes a covariant functor for not necessarily proper

b= L2 are

K-nricnted gmaoth nps.“‘} In our context, if (‘u: jE}
foliated manifolds, the notion of proper map from V':'-'/F'_ to Iﬁd‘.”‘i:
4 F

is wvery restrictive and excludes the following wery interesting maps @

1°) The projection E from V to ""PF

2°) Given a leaf LE vg”'_— the map I';IE' bt L from a one point space
to \'?F .

3") The map from xj?F to a point.

S0 instead of discussing proper maps and contravariant [uncteriality,
we shall discuss smooth Khuriented maps and covariant functoriality. In
the next section we shall construct g' for any smooth K -oriented map
-E from a manifold M to the leaf space 1|I|I"':/F s here we shall discuss
the case when -g . \-{fF = E/F is an etale map and several important
1 F 3

special cases. The general problem being :

a) Given a smooth IS oriented map g : Vy’F. - v.-:,-";_ define a
, 1 <
natural element g! < HK(V&H’E ; ‘I.-';,i_: ) .

b) Show that (gafa}f = c&! Hg! {wvhere Bf is the Kasparov cup

(%) A smooth map F: X va V of manifolds, is called IS -oriented when

the bundle T X + ‘Fl—TY on }{ is gifted with a Splu.c structure.
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product) .

We shall construct a) in the following examples :

{1} Let N ,_;, v be a (not necessarily closed) transversal to
("ﬁ F} . Then the map ©! of K groups constructed in section 8 is
given by L]{Ej = tl@ {E] " FEEJE HTM) , where (]
is the element of the Kasparov group KoK, ({L{N},, CXv,F) )
described as follows. Let & be the C¥ module on C YV F) associated
to the continuous field of hilbert spaces i (J-H] on \';I% « The
fiver of ! (1)) at the leat Le \?F is CULAN)  and one
has an obvious homemerphism of C;(f\.[) in E:-uL cc: s to each

h & CINJ corcesponds EI("&]E Errwl E‘_', given by a multiplication
operator in each Ez( L;:N} « In this way E- becomes a bimodule
and since  L1(R), he C(N)  ias coipict idietibionot = |
we see that the module map F. O of ET:-' in the trivial bimodule 0 is

a quasiisomorphism, hence defining an element I-{ of KK (N} WF} *

The construction (1) extends to the case of l-cocycle (Nd{‘, ﬂF“}
on N with coefficients in the graph Crl' of (v‘, F) s and where each of
the smooth maps ‘é.-." N::. — v is etale [rom N‘ Lo .':'z'r’;(_— (i.e.

'Epta‘ is etale where E iz & submersion Hmﬁ - R‘i

}dehmng the

restriction of F to the image of ﬂ'“ ).

{(2) Let E: 1t'I,|" . ’I..I'r be a smooth map of the manifold W to "'ll" i

then g is called tramsverse to the foliation F of ."I.I"I if for anmy
qeW , == £(4) ,onenas T (V). F & gt E{’W} ([20]).
It follows that on W there is a natural pull back H « of the foliation
F , which has the same codimension as [ , and whese leaves are the
connected components of the inverse images of the leaves uf(‘lp': Fj . We thus

have a natural map f' from (WXH) ko (V_/F.).
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which is etale in an obvious sense. We unow describe :

g! € EK(I@;IJ "jf—')
et ¥ { (4, X)eWxG, §(y) = t(5) 4 .+ where G is the graph
of (V,F) , and for each zeV 1 [l = lg,%)e " .
AME)= x j . For each x& V , let H‘ . sz iL_} be the space
of square integrable é—- functions on the manifold [L (wliich can Tail to
in |l| for %,¢ G

IR :]l defines a natural representation of G is “ 1_. }rﬂ Vi

be comnnected). The map (Y, %) > (g, ¥.B,) of l;.
To make it into a continuous Field of hilbert spaces on 1\“:1.  one lels
3-3;? be the bundle oo | whose Eibar at f’l&,iﬁ'} is ET;# & jefr_?:
(= = A(¥)) . Then any clement £ of (_:;(" |'i|'ﬂr ﬂl'tl) defines by
restriction to the P'_r g % section of H , and one checks that the
closure of this space of _*E scctions satisfies conditions

1) 2) 3) 4) defining a continuous field of hilbert spaces on \I'?F

vor & leaf L of (V,F) witheut holoncmy the fiver of H over L. is
easy to describe, as HL - @& LI( L') where L! varics through
all leaves of [:W;H} which map to L by £ . 1r L hae holonomy,
then HL ts the L space of the manifold g'ﬂr.[]'_} = E{Hr.r-_}l&
Wx L , S = -::.:}.;J:.' V3 (where here 't stands for

the holonomy covering : & ¢ L [ L_ ). Thus in general we note

H, = ¢ g3(L)) -

¥
Next, we shall represcent C (W’: HJ as endomorphisms of
the above continucus field of hilbert spaces (HL)LE."J";'_-* In fact, any
ke E:i{'WIHJ defines a compact endomorphism of the continuous Ficld
5 ? T
of hilbert spaces L{ LIJ on W"KH and we shall associate to any
continuous endomorphism (TIJ) f_‘t- l,ﬂa'{':.f” of this field, a continuous

endomorphism of (I-fL) .1t L has no holonomy,

Le ¥
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2
HL = $§:LIJEL(LIJ thus one takes @H’T}}L » as the diagonal

operator with TE: , a5 diagonal entries. In general, the connected compo-
nents of g:II?LJ are each of the form ﬁl:'r where E is a leaf of
(W:. H) and one defines (‘ﬂ E(:TJ )L in the same wvay. We lcave it as
an exercice to check that if | is compact, then g!{T} is also compact,

g0 that by taking the triple (H , 0, 0 ) one gets an element g! of

kKW V) -

(3) In the above example the map from the leaf space W/I'l. to 1"","7]':

wag etale;, so in particular it was obviously K —priented. In the next
example we consider the natural projection E of ¥V on 1'L§"i— which

to each xe V assigns the leaf | - 'E’[:::j through € . To K -orient
this map means to choose a spi.n': structure on the real oriented wector
bundle F . We let then G- Q(F) be the corresponding complex

vector bundle of spinors, while Eliff{F}l is the bundle of Clifford algebras

associated to F (%) .

The associated element (! € Ki{(‘u’: "'n"fi:) has a mod 2
degree equal te O or 1 according to the parity of the dimension of F .
For instance, we shall assume that dim F is even, then using clifford

multiplication by the orientation & of F one splits S as a direct

sus of two bundles 5 = S"" & "S'- ; and given X& E: s Lthe
clifford multiplication C(X} by X BAPS S: to S.: » Let

then .F" be a pseudodifferential operator along the leaves, elliptic of

order O , with principal symbol 'EIT:, given by :

TF [,I'; I) = |,[Z||':".,:(;:J YVZzo -

(#) We choose a Euclidean structure X > || X | on the bundle F
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Then | defines a quasi-isomorphism (PL ) Le fo-' of Lﬂ(-i; 5+)
with LE(E; 5’} . Moreover, onc has a natural represontation of C(\J"’j
as multiplication operators in each of the L_E( “LJJ E}I) . and since
the commutator of P with multiplication operators is pseudo-diffcrential
with sEgative ovder, wd sec thit ths quasi iscasrphise [ commstes wodulo
compact éndomorphisms with the obvious action of C(V} v Wi thus have

4 very natural element ‘Ef of i'fk.:( V 3 WF) « MHote also that
to determine the corresponding index map : [-c:'t{:'v') > KT".{’I’:) is
exactly equivalent to the determination of the analytical index :

Imi‘_ : Ki( F} - KTV-"{F} for arbitrary clliptic operators
along the leaves (since, as F has a lpinc structure, one has a natural
Thom isomorphism K*[ FJ ot K*'[:V,:' ) . In section 11 we shall
give a construction of g' for any K -oriented map of a manifold M in

the leafl space ‘I'l"’/i:‘ + This construction of S! is based on the cxistence
of a facterization of g as g; {1.3. i wvhere & ) L is an
imbedding of M in a manifold N o B ﬁ- is an etale map from N to
the product V,"F x RT 5) {t is the projection of \‘1";?:-. ].F\:.'ﬂ
to v,:- . Applying the construction of section 11 to E; V--ar ""-_':'f"l_- thus
yields an element of | K‘K‘("y; 'L{IF-) and the lengitudinal index problem

for foliations is :

Problem. Show that the two definitions of P! coincide.

The solution of that problem contains as a special case the equality

of the index maps : I{:*(V} — K-‘(%J associated to the two

constructions of EI and hence the computation of the analytical index

X .
Mﬂ (D) c I"-'..': (VfF] of arbitrary elliptic pseudo differential
operators 1_:} along the leaves of {V, FJ v in terms of a purely geometric

construction. This construction amounts essentially to find an open trans=—
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o
versal N of the foliation of V x 1% by F @ loi which is

naturally homeomorphic to the total space of a Epinc vector bundle over '\f .

The index theorem for measured foliations, of section & follows
also from the solution of the above problem, one would then obtain a proof
very different from the heat equation method used in [“"T[\‘L] Finally the
above problem is a special case of the problems a) b) stated at the begin-

ning of this section, since it would be settled by the equality :
gl = -Lr 1} %{ M -{1!

To end this section we shall take the simplest case ( F;_ =0 and

E = © ) and, given a smooth K. oriented map g ! "'l.i'r1 — Va we
shall sketch an easy construction of fg.l. (here the two foliations are
trivial) and show how the index theorem follows from the Functorialitwy,
Using the factorization of -g- as g_—. gz o 31 where ¢

§. (=) = (=, §&)) e VixV, and § Gix)= x., wveshall

specialize to the case of gt and g and then get EI as the product
2

$lu gl

@ tee £ : Vo>V

A be an imbedding. The obvious thing to

do to get g. ! is to take a tubular neighborhcod L) of the image of &'-L
L

in "u_': and use the element of k:]{( !lu";_ 7 L-"J' associated in

to the classical Thom isomorphism {note that since g is K—uri:nted the

(1
vector bundle &/ is a spin® vector bundle). Then one has to replace the

open set M of V

. by ‘112 . To fix the notations let us assume that the

codimension of "hl"r_.l_ in 1\!':,_ it aven. Let then E be the continuous field
of hilbert spaces on "'il'rz , whose fibers are O outside /) , obtained by
pulling back to L the bundle E(HJ of spinors associated to the

Epinu structure of L . So, formally E is the pushforward by the inclusion
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of U in V., of the pull back 1’{.## ( ‘a{rﬂ],}

cives h £ C(V.) ., thecompesitica hafy of h
by the projection of A on Vl , acts by multiplication as an endomorphiem
of E , we thus have a natural homomorphism of (_[‘lu"l] in E"ILJ-[’E-J .
iy i aaeatee g o Dwne E o Bl E i Buds
and for 2€& 2 the clifford multiplication <(¥) by Zl@uzn)™*2
defines an element E of I"[a-m(E: i E;} . The corresponding
triple fEi__‘ E- ; F) defines f{l & KK“("‘»’; '\.{:J .

(5) Let -gz r Vox .'l": —> I\I"L be the second projection. Assuming
?z is K*nrimtnd means that 1Ilu"IJ is a Spinc manifold, then the construction
of g‘l is a very special case of the construction (3) or of the analytical
index for E =families of elliptic operctors om ‘l":_ « One considers the
bundle 5,_ of Spinors on l\i'i associated to the Spin” structure and the
two constant field of hilbert spaces on "I-":; with fibers Lz(:-"r'i , "':-::J
(%). Then ':{:'V;a 1|I|":‘} acts, by sultiplication operators in each fiber, as
endomorphisms of the two above continuous field of hilbert spaces and
letting F bea pseudo-differential operater of order 0 on "n";_ , from

‘S: to 5, , with principal sysbol given by Clifford multiplication by

g* = _'{fl Zil one gets the desired triple.

(6) Let E : ."u'i — U.E be an arbitrary smooth K -oriented @ p

we have g = Ez . E.I. where g is the imbedding ‘.'!'_'.5'; (=) = {_;’ LJ[-{-]J

1
while gz is the projection of v_.,_ ) "'I"; on U

, .« If both ,-gi -

g'z. were K—nrientrd. we could define {j'! as gil W g;__' using

(4) (5). However, this product is easy to compute and makes sense without

(%) We assume again for convenience that dim "u';_ is even.



orienting gi and &;— . It is given by a family E.; , Te € IIIIu'i of
pseudodifferential operators of order O on Il"lrj. ¢ which we shall describe
by giving for each =x;¢€ lilf;_ a pair of continuous field of hilbert
Epaces [:Ei‘.r %2 } . v; on "d"; and a symbol of order 0 ¢

W{H,I;,E:I e Hom (f T E;ﬂ & ) for any .?ﬁﬂ,

e T. (V). o

As g is I ~oriented we let S be the bundle of Spinors on "ld
associated to the Spin': Structure on T."n’:r & gﬂ_T\I'; ; and
assuming the even dimensionality of this last bundle, we split 5 in
St @ S using its orientation.

We let X & | 'E'"u{!_] > (X1 e Ri: be a Riemannian metric on vz
such that, given %, E € Vrz : J.(:::J r.;;] ’ il there exists a unique
X e -T; f\r;} o I XN €4 with exponential equal to Yy this unique

}( is denoted by x(.t;.{d} :

We put Eih = O it d(f=), ) = L , and
otherwise EI“__H i ™ Si; « The principal symbol of E‘ i8
given by T (=x,, ¥, 7)-= C({E‘, X §), :{.,}_'_ilj vhere C
means Clifford multiplication, 2 & T::.{I"'i} is a tangent vector
to V, at z, , X{g{g:.], Zz)  is the element of :

ﬂ*(T\i}ij = (T, }Efi'-l with exponential equal to €, ,
and the ( Y means that the vector Y e 1::4 ('\.-‘LJ & g*(T"\,i}LJ.
Y = {E, X(ﬂ{";l],:ﬂ:]} is replaced by
Y': 0yt y # 0¥n > 2

One then has to check that this definition of ﬁ' is compatible
with (4) and (5). Then the equality (§-q)! - g! W ¢! applied

to the factorization of the map of a Epnim.4= manifold v to a point through
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n
an imbedding of Via R gives in particular the kf*thtﬂry formulation

of the Ativah Singer index theorem.
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11. coNsTRUCTION OF £ ! FoR ANy sHOOTI IK-ORIENTED MAI FROM M 10 TuE
SPACE OF LEAVES OF (V F)
Let M be a smooth manifold, £ a K-oricnted smooth map [rom
M to the leaf space of ('lr"'rJ, F,} {cf. Section 9). Te cumstruct ‘EI ,

g! € HK{:FL "l;;f:"F-} » we shall show how to come back te the special

situation of section 8 where the map g- was ctale.

For each ® there is an obvious folisted manifold (Y F")
with space of leaves vﬂ/!-_-m identical with the product of \h}r’i by
Iﬁﬂ . One takes V' . YVx ]Ffm and for each (a,Ll)¢ "u"ﬂ the
subspace Ej” of the tangent space T (UJ o u;u is
E @ {ef - Each leaf [* of {Vﬂ{_ } is of the form
o f=,t), <€ L} where L is a leaf of (1"!':[) and [ “\J“
The l'::* algebra t:l(‘lr"r: F.“) is naturally isomorphic to :

C*(V,F) @ (,(IR™)  and thus by Bott periodicity one has a
natural isomorphism of K L w’I-ﬂ} with K-"'{ V/l,_—-) . Letting
‘3 be a smooth imbedding of M in [H" , we shall replace the original
map : —g M - fF by the map =£ M 2 V/f:* given by

= > (f(=), ‘jg.r.].} e 'E’F- x K" . Once {S’ ]! is constructed
one gets §! by composing with the canonical element of HK{ o JE')

given by Bott periodicity.

: o
By replacing .1“::}':— by E‘:"'F- X !}\ we made X inte an
immersion, to make it etale we now have to modify the original manifold ™M

We let U be the normal bundle of the imbedding § : £ = § (T, )s

Ve M

He let h_ be the Haefliger [; structure on M {[F"':!}l which is
the pull back by the map £ of the natural Haefliger structure on \.";JF .

To be specific, let LI'H'L,} be an open covering
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of V by domains of submersions g : 1"-’:, —> I}? defining the
restriction of the foliation [ to V: + Let then (:ﬂ,,;; gﬁ,nﬁ-}

be a l-cocycle on M (with values in the graph G' of [r'ln-‘: FJ’ ) defining
the map ﬁ ; we can assume that each g“r“ (ﬂ,{} is contained in some

V:rﬂ‘,} . Then h-,; = -P{Hkl} s gn:,.p: is a smooth map from ﬂp{
to ﬂ?" and for - £ .E,,{ I"l_'iZF_ , the holonomy hﬁ, {x_} of the
element g ‘{-r-] of the graph G' of [:"Ip"r; F-} gives a germ of diffeo-
-
morhise of a neighborhood of hﬂ (=) to a neighborhood of hﬂ (=)

The cocycle (ﬂﬁ,; I'L m} defines the 1.; structure Il?. on M v

Let M i} H f}- M be the foliated microbundle of rank q
o M sisoctarsd ta’ tha q structure h (cf. [IEJ p. 188).

With the above notations, one can take for H the quotient of a

; ; q
neighborhood of -Ef:f.‘, o, h!..[..ﬂ-};' , T€ _'I-ZB{j in (J.-L ﬂ_-'.:) % [R
by the equivalence relation which identifies (1',. =, ﬁ} with
[—.--;._*!3.""r hiﬁ"" (ﬁ]J for & Eﬁﬂ Eﬁ and
,i,g Domain hFH‘ « The projection A H B M is given by
,11{;:‘_ n:_,r&} - 2 » the section L@ r“‘l[—::- H by
L=y = (=, ok, hﬂfg:” for =€ 52,,,: + and the foliation of H
is given by by - e .

We let 11"".15' be the pull back to H of the normal bundle 2/
of the imbedding jl of M in [F:.’“, and we imbed M in !1*.1'5; by the
map L : x (i), ©) (composition of the O-section H s {l:-*ai-"r and
the section ( + M — H }. By construction of [ M e H
the normal bundle of [ is equal to gtg , the pull back by g of
the normal bundle of the foliation {_"u"r, F) s thus the normal bundle of

the imbedding (: M — l_'lﬁﬂ is equal to L' @ g*ﬂ: and hence,
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inherits a natural S'piuc structure from the K-ﬁrien:ﬂtinn of S" .

Thus we have, from the usual Thom isomorphism theorem for Epiut
vector bundles, a natural element of HH(M NJ , where N is a
neighborhood of M in fl‘ L, The whole problem now is to define a

i
patural etale map .:;} of N in the space of leaves v.ﬂ""ri

1
For each L choose a smooth cross sectionm E’; of the submersion
ﬁ; { v‘ —r ﬂ?‘l . We shall construct 1.3. by giving a cocycle
g 2 ¥ ;
(on a neighborhood N of M in {1 {’..-L-":I 3 {Nﬂ F Ejﬂfﬂ,} with
values in the graph G- of {v.f FJ . For each = we let :Jfﬁ be the open
set in -II-'I:.I'.'-":F of elements of the form 4 = (-L;mfﬁ;!;}, ax Jt’:ﬁ Y H".'tl
Y€ Image of Ef ‘.'Eﬂ:l « Then we let ‘é f?}_:l'-:' ‘l.,‘.-"“‘ be given by
o ; o
| . = Ky
(- Ri{‘ﬁ_}{:&} i J iFI'J +9 }':'— V x [I\ » For '5 L2 -‘i:::{ | -I;“'l—?rq' "
so that 3 is represented by (o, Yy 5;) and (a, M, 4., g_]
w
with 4, = hﬁr"‘ (44) - Itﬂi: clear that 4 (3) and Hu (3)
have the same component in '.'F;? y mamely jgx-j + 5.1 s While the leafl |
of (V, F) through F?I_-{ﬁj (41} is the samc as the leaf of (W F)
£ ®

through E:L;F}{ﬂ,_} + Lndeed the local diffeomorphism hfi..rﬂ ol ﬂ\.q

y from &'{ﬁ} S.,;.,;L'E} to R"‘-&_” Xf"l’ (=) , is given by tLhe
holonomy of ﬁﬂ Pc[.-r.) = G 50 that corresponding points are on the

same leaf.
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In fact, we can specify uniquely an element ﬁtﬁ“ {'3,} of
the graph (& of ('u‘: F} with source E";fv‘-l' (4,) and range E‘I:-Qﬂ {'{é,}l.
Veput gy, (3) < ( ﬁ:;ﬁ 3), 4+ H) € G . Guaph 5 £
- G-“'TI" (-"'L-"; F} e R" . We choose a neighborhood N of M in _,ii_.*,-,-!.n"

so that each of the maps %; : N.L = Eﬂ n N — V;/F"“'

i

is etale; this is possible since locally tL is given by :

4 (%%, 4,0) = (4, 4=+ D)

We now have a cocycle (Hﬁ L %P}‘" ) where each map of, defines an
etale map to W’F“’ and it remains to show how to adapt the construction
of I-! » where N 5 YV is a transversal to f"‘m”:, F} y done in
section 10, to the case of a cocycle. The only important step is the
construction of the continuous field of hilbert spaces ! (le on
- " 3 .ﬁ

WF « Let l; be the graph of g s leg. the principal E: ~bundle on

£
N associated to the above l-cocycle, we have a natural action of '[;' on

BT
[; on the right (cf. section 9) and hence a representation of G on the

borel field of hilbert spaces H. E;(I; L), zeV.

Note that since g is etale, the set r;‘# is countable.
Using the natural structure of manifold of f; (of dimension equal to

dim b 'dli ), one makes the above field in a continuous field of hilbert
spaces on V‘/I_—'ﬂ- « The natural projection of {:}I on N defines a
hemomorphism of {;{N) in End E » where E is the Cﬁ- module on
C’(_ ".-'r‘: F“) attached to the above continuous field. We define ﬂ! by
the triple (E- )y @, G} as in section 10. Now the element A P
gt @ H'K'(- M‘, IFF} is obtained by composition of three terms
1) the element ! , -fﬂ! S HK(VZ""; I"/”-"”F_] where i, is the

g £ 1Y A~ i
projection "'l.’r::F_ X F > "r:';f’F + 2) the above ‘3' e KF\(N} EI')
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?I 2] KK(MJN} where f MHPN

&

3) the Thom isomorphism

ig the inclusion.

We of course have to check that this definition of E! is inde-
: T
pendent of all the choices, such as the imbedding g M - H
made along the way. This follows from the homotopy inviariance of [”'?,_I

together with the proof of the invariance of the topological index in 1._ L _l-

THEOREM. Given an oriented [ cycle {M’ E' E-J the clags
ﬂ-!f,[EJ) £ KT"‘-”:"’F) only depends upon the homology class
E‘:Hr EJ g} j e Hh‘ia-(gﬁj of the K cycle.,

We shall sketch the proof assuming that the functeriality

(gx' gﬁ” = gll M 'L;I has been checked in certain special cases.

The compatibility with vector bundle modification (i.e. replacing
M by the total space of a suitable sphere bundle Ml {11;. M and
E by a bundle Ei on M1 ) follows from the equality gi : :-"‘f. T,
11‘,1 ([El]] = [E j « The compatibility with bordism goes as f[ollows,
if M,—. E'Jf'"'li is a boundary, the inclusion L : M [ D of |"’1
in the double D of P{L is a K-ﬁriented map, since it has a trivial one
dimensional normal bundle. So if § is a smooth K oriented map of M,

-

in the leaf space % + Lts restriction to H is equal to g. L
where g is the extension of f to the double of g4 (this extension
can be assumed to be smooth). Thus if the bundle E on M is the restriction
E.*(E_‘J- of a bundle E,_ on M; . one has (Ef. !',,” [F] =
g! [ I.-ll LH{EJ}J = 0 since J.'.r i-!vﬂ - Indeed
to check this, it is enough to show that [ | CiM]i & , but LI(JH}
is the clement of ‘I{'J(DJ defined by a smooth map F: [ 51

such that the l-form on 1.J . Ll = ‘{F*(AE’) + pull back of the
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L

fundamental class of S y is equal to the element of HIE]?# E;‘

which is dual to the ecycle M and hence is equal te OO

Remark. Using the above construction one gets a map from the analytical

group K’( pr) {the ks -homology of W/F in the sense of

extension theory) to a natural geometric group I‘f.'i;'z (HG} of

cocycles onm EG" .



12. cowparisos oF  Kyz ( BG) o K’('\f;ir) :

The most important problem in the l“:-:hnar:.r of faliations is to
be able to compute the analytical group KYCWF] in purely geometric
terms. The [irst non trivial example is the Kronecker foliation FE of the
two torus U.—_ R}EE by lines of irrational slope £ . This case was
settled by the remarkable breakthrough of Pimsner and Voiculescu {221y who
exhibited an exact sequence [or the k: group of crossed products of a i:_,"‘
algebra lq. by an automorphism o ¢ ﬂ.uit(ﬂ) . Their result was then
extended in [lﬂ'] . [|3J to the case of crossed products by the real
line R where it takes an extremely simple form, extending the classical
Thom isomorphism. This step allows to compute Kﬁi: ‘h”;"'Fj vhenever
the foliation F comes from a free action of a solvable simply connected

Lie group H by diffeomorphisms of Y .

In section 9 we introduced the geometric group Kﬂ,ﬁ( H[;J
vhich is quite easy to compute in concrete examples, morcover in section 11
we defined a natural map M from the geometric group to the analytical

group. The main problem can now be stated in precise terms

Problem. Show that the map f-—*’ : K‘ME(H@J - KT%F} is alwvays

an isomorphism.

The easiest case is when the foliastcion (.I"{r F}] comos from
a submersion 1 V rew E » then the classifying space Bﬁ' with
bundle ¢ is homotopic to F". with its tangent bundle TB ¢ B0 that the
oriented K'—humlugy proup K'“;L: (Fy{f} is naturally isemorphic Lo K‘“’;},

which in turn is obviously equal to the analytical proup i\.i \:‘-;‘i_.} .

The next important case is when the foliation (1“:- l'__r] comics [rom
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a free action by diffeomorphisms of the simply connected solvable Lie
group H . Then the classifying space BG e homotopic to the ambient
manifold V + 80 that (up to a shift of mod 2 degree depending on the
parity of dim H) the geometric group K,};(Eﬁ} is naturally isomor=
phic to k::l: "-”'} « How by [-m_f  exactly the same result holds for the

analytical group K‘-*(vf.t:} and one has :

THEOREM. Let ("i.l", F;' be the foliation coming from a free action (#)

on v of the solvable simply connected Lie group H then the T

Mo KJ"‘! 1 I: g'-:"r') == K"[ V.I"IF} is an isomorphism,

Moreover the three following maps from K!{U’) to KT%J

coincide and are isomorphisms :

a) The Thou isomorphism of [. Tﬂ'] ‘
b) The analytical index map 8! of section l0.

e) The topelogical index map of section 11.

Taking for instance the Horocycle foliation discussed at the end
of section B, i.e. the foliation of V . SUWz,IK)/pr  where |
is a discrete cncnmpn;:r. subgroup, by the action on the left of the subgroup
of lower triangular matrices of the form [-% ?] ; te E'? ; OOE SEE8
that the analytical index gives a (degree 1) isomorphism of I{E’VJ om0

KTV,/F} » while for the only transverse measure .f"“. for ("I.--"Ir F')

(the Horocycle flow being strongly ergodic), the composition of the above

(#) The important point is that the graph (v of (‘.-"_, Fj is equal te

VaH . this may occur even if the action is not free.



= 90 =

analytical index with Jlm-""n. : K'*( VJ’F) - ﬁ’l‘-; is equal te O ,
s0 in particular ‘E"“A is identically O {(cf. section B). This ecxample
shows that even when the foliation {"h":. FJ does have non trivial transverse
measure, the K -theoretic formulation of the index theorem (i.e. here the
equality of b) and ¢)) gives much more information than the index theorcem

for the measured foliation {F‘r f"\] . As a corollary of the above we pet :

COROLLARY. Let ("u‘} F} be as in the above theorem, and let /\ be a
transverse measure for (V,F) (a non trivial one exists ifr H ix unimodutar
then the image of K'("-‘;T_J by e, K’? ":;'“I) vy K e
equal to {:,_-::E{E} AC s ,fEJt KI{VJ} .

i
Here (.R- is the vsual chern character, mapping K f‘k{} Lo

H’f\"‘: ‘:?J and [ (] is the Ruelle-Sullivan eycle of section 3.

COROLLARY. Let V be a compact smuoth manifold, Q" a2 minimal diffeomor-
phism of V. Assume that the first cohomelogy group HT'I'U:, i} is
equal to 0 , then the crossed product .lf:l = l‘:{v} -’!}.sz 3 is a simple

. L3 " . g
unital C algebra without any non trivial idempotent.

As a very nice cxample where this corollary applics one can take
the diffeomorphism T‘ given by left translation by [j i__[ (= t:i-l_(-"!; ]]-.,';I
of the manifold Y/ - ::_L{'z‘, ﬁf}‘,«"r; , where the group I-'I,dhr:n:u and
cocoppact is chosen in such a way that V is a homologzy 3-sphere. For
instance one can take in the Poincard disk a regular triangle T with
its three angles equal to Tf{:r and as r! the group formed by products

of an even number of hyperbolic reflections along the sides of T :
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We now pass to the foliatiom we used in section 3 to show that
the Betti number F;_ of a measured foliation could EFail to be O while
leaves were contractible. We shall deal more abstractly with foliations
{:V,F) whose leaves | are isometric to the Poincaré disk (with its metric
of constant negative curvature -1), when the bundle F is gifted with a
suitable Euclidean structure. With this hypothesis it is clear that the
classifying space EGF of the graph @ of {\h"; F/] is homotopic te 1'!;"’ a
More concretely any smooth map g: M - 1"'}1’_:' from a manifold to the
space of leaves .'-;ﬁ- can be lifted teo U using a partition of unity on

M and the hyperbolic barycenter for # -uples of points on the same leaf.

Thus the geomotric group K'ﬁra (E@F) coincides with Krl:,"u"'l;,

and a special case of the general problem is the following :

FROBLEM. With the above hypothesis, show that the analytical index map

Ei 2 K*("-"F,} L KT’VK’FJ is an isomorphism.

What we shall do here is to comstruct an element & of
KK H"‘.{'F ’ "!-"') = KK( L_,-i:_"lf:r F) , C(V') ) which satisfies
gl g &= &l'.v where &‘Lu" & KI{{V, VJ is the elcment associated

to the identity map. Thus the index map associated to & , vhich goes
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from KI[‘ WF,'J to KTV} , is a right inverse of £! .
so that we know that €! is injective. The next step would be to show
that with the other construction of ¢! made in scction 11, ene has
5 = E.I - dﬂ‘t'ﬂFj « This would show at the same time that the two
constructions of ! do coincide and that €! is an igomorphism. We

have not however yet checked carcefully this important step.

Construction of 5

In our context, F is a Z-dimensional oriented real vector
bundle on V s it thus has a natural Sp-irn'l structure, and we let s hfl',i
be the corresponding complex vector bundle of spinors on V with its
natural splitting as 5 5 5fm {:j_. . For each Xe E. i e b,:,

we let f_{}‘:] fL b_: be the Clifford product of f by K

Since e KK (Lt"hf: F} ;L(V} :II y 1t is described by
x
& C module over C(V) y L.8. ® continuous field {I‘L‘J#*q'.f af
hilbert spaces over 1"1.1"r . We put ”4. = Lz(_'_f;r;) @ 5 + where
G: =€ EEG;' A{E”_-Lj [.[J?iﬁ the graph of C\"} r) Y. As each leal L
of f'uff-) is simply connected, there is no holonomy and the graph G is
E

hausdorff, which shows that the field (L (@I})zﬁ V' of hilbert spaces
it continuous. Mow for cach = the represeatation TL_ of Cf’l{i’) 118

T + ;
L(G;J (cf. Section 5) defines uniquely a representation Tl of L.?l;"l’}

in H: . L?({ﬁ)@ ,':;-_E't such that :

T (§) (R.02) - M54 @2  VEeCHyr)

3 ! T
In this way we get a homomorphism 117 of Ch{F—) in the algebra of
t ) + s
endomorphisms of H . We now define an hosomorphism ,ﬂ of H Lo H =

,'_ —
for ecach '.-:cv p ﬂ: : H: 4 H,, is given by the equality :

A 2)E) = < (P6)') 2(%) Vze l(G s.)
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Here P(X) for B&EG,  stands for the vector in E:_ vhose exponential
is equal to i = =(¥) , and the * means that for L ¥ (EJl =1L it

has been replaced by UCP(x) " ¥(x) .

] a
For g{’—j C,,; E-(?-; R""r) and each =g v ' T?__:__l— {g‘} is
4
a smoothing operator im L{_G_; J'da S_ﬂ_ » and since ¥ - IHF(HJ i
is a proper map from l'.j;_ to !ﬁ_, it follows that with -g as above the

following operators are compact :

ntg)(AYA -1) , T(§) (ALAL-1)

Alse, as, givem £ > f_:.'l C-_‘..:- o , there exists a compact subsct K‘:
of G:; such that for ‘Ju, z € \\K ’ :3!:{.,:}':., 'E'_J_.:]'E C  one has
| ﬁP'{sJ B 'iF"'{h'a}" = & , we get that ﬂ intertwines, module

1‘
compact operators, the representations .:. of ' C w F)

One checks in this way thai the triple {H: H:.-i!ﬁ"-_) defines

an element of the Kasparov group K‘K’( "Ir;-ﬁ. / "l.-"’) :

Proof of Er 7 E = nl:-l-.?,

We shall reduce this check to the classical Thom izomorphism for
the vector bundle F aver V using the homotopy invariance of KK as
in [13] . If one tries to compute directly E! K& the difficuley
{s the following ¢ one gets ss & coutinyous Fleld of hilburt spaces on Y:
the field E({i : ’I-l(g”ﬁ S_a , but the action of E:{:,"I.f",:' on each
fiber is highly non trivial, it is given by multiplication by h.k fer
any he C{"u"j . The aim of the homotopy we are going to use is to
transform this action of L{V,J on the fiber in the multiplication by
I\{-m] ) 1'5'{ he C(VJ . The following construction extends the idea

of [:133 + our first version of this homotopy was using a parameter i -» 0

in the pseudodifferential calculus of .['.I' ] . The present form is due to @.

Skandalis.
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We shall construct a continuous field (FLJ re 1] of
[

Ct algebras and continuous families ":":..1., Fa of elements,

o, € I.{K(_f-h ; c(v) ), e KK{L[V,J‘, A, ) sueh that for Ao,

A, = L‘{/EFJ ; e ﬁ'ﬁﬂf while for A-o,

I'q._, = C, (Fﬂ'J (where FA is the total space of the dual bundle of F
and o, € KK(FY V), g ¢ KK(V, F* ) are given by the
clagsical Thom isomorphism for the bundle FI « The most convenlent descrip=
tion of f is as the (:ﬂ- algebra of a groupoid G; and we shall just
give the construction of the continuous family G& » the construction of
the corresponding Ci algebra J'q;l can be done as in section 5 (see also
[24 ] for the gencral theory). For vach A one has (:Jf’] .‘H'r and Lhe
underlying topological space is the total space of the bundle F . For
Aed s Lhe source and range maps '3,.; 2, arc equal Lo Lhie project ion
of F on its base and the groupoid strvcture of F‘ is the obvious proup
structure on each [iber E_ . For Aro , the groupoid structure ol l‘.'.-r;

ig determined by the source and vange maps "d.h sz given by :

;"".'I',L(KJ' r X VXEE;

rﬁ*(x‘} = ":"F’m-(‘hx} e leaf of = in v

where the exponential is taken in the leafl of =

It is clear that for Ago eA is isomorphic to 5 o
continuity of this family at M. should be clear from the [ollowing

picture :
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epy(Y)

To describe ﬁ}‘ ‘e K’K(—(:(U'J: HAJ . we consider as in

section 10 3) , the represcntation of G";l in the borel ficld of hilbert

spaces L?C@

Ax !
tation defines a -C* module 'f'-.-'i. over AA , which for A =@ , corresponds

P . TEIE g e
!1* (5)) given by right translations. This represen

to the action by translations of E on cach L?(E; ).,Fj 'f;.# . Each
he l'.'.:("u"} defines an endomorphism of a , 25 a multiplication operator
by the function he i, on each LI(G; o fz: (.'.‘.'4,]) . Finally exactly
as in section 10 3) , we define a right in:.ruriant family T)_: of pseudo-
differential operators of order 0O, Il}" acting on G';;' from the bundle
*Ef( S+J to fi:(S'_) and with principal symbol given by Clifford mulci-
plicacion. For A=o we obtain a translation invariant operator, which

is most easily described, using Fourier transform, as the operator from
I.'(F;i} @ QJ’ to L%’E: ) & 5;: given by Clifford sultiplication
by fj . LE E;* . To describe X, € K.K{.ﬂi*_‘ (_:W)} , We
just have to introduce the parameter X in the construction of .'5 Eiven

above. By homotopy invariance the check that E! . :.'JU. is reduced

to ﬁ, B X, = &ql.v which is handled by [15 1
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13. HON COMMUTATIVE DIFFERENTIAL CGEOMETRY AND TRANSVERSAL ELLIFTIC THEGHY.

In the construction of the Thom iscmorphism KO(H}*J K;(ﬂ . u',:)
o
for B dynamical [E“E}"EIE‘EIB (ﬂ,{ﬁ,ﬁ} (%), the crucial lemma Is che

folloving :

LEMMA. Given any orthoprojection e e '-F::'aa (Pﬁ) , there existe an
equivalent orthoprojection f! = Hﬂifﬂ] and an outer eguivalcoot

action o' of [R on H . such that D{L[E;J-_ e! Yte K.

Though the proof of this lemma is rather trivial, it docs not
2
work for actions of IR » and what we want to explain first is how trying
n z -
the proof for actions of [ﬁl one is led to the notion of curvature, amd

onc can then exhibit a non trivial obstruction.

In the case of ﬁ the proof goes as follows : 1) One replaces €
by an equivalent el e ﬁdj (tq) . where 1'5* is now in the domain of
the derivation & (=)= .[l:m;.r %(D{E{I}- I.J which defines the action
of E . One does this by [irsttmuthing € (i.e. replacing € by
DI'.E {"E:.] = j g{"} Eitft‘._]tlt where gE C:u(ﬂ'\?‘] and then
replacing n:sgiﬂ] by its support. Of course all this works egually well
for actions of [Rz. 2) Letting H be the unbounded multiplier of the
crossed product JEEIII_._. K such thae dx): Hx - = H VYA
one replaces the off diagonal terms ﬂ'H{‘I-E‘J nnd[-t-cr] H e! of ”

by 0 . In other words one defines :

H,, o
HI= [ o H ]= E'HEH{,’-I-:.:'}HH-E:'}

iz

i..
(%) H is a E algebra on which the real line IE acts by automorphisms

{.“{,} '!-'Em .
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=
Let us pass to the case of lR . We let 51 ; EI be the unboun=
ded derivations of H assoclated to the generators 1"{1* x:_ of the Lie
i
alpebra of R and HJ. h H_,._ be the corresponding unbounded multipliers

z
of the crossed product Jq }-jﬂ R s

We may from step 1) above assume that € is smooth, i.e. that
the map E s ML[E} is '::m . What we want is to modify H‘.r H.E to make
them commute with € . As above, the obvious thing te do is to replace HJ.
by H; =eHe +@-eyH(1-e) for §=1,2 . The problem however, is
that now H; and HI_._ no longer commute : blocks of commuting matrices do
notnecessarily commute. Thus H:’ H:_ no longer define an action of u-:fz.

50 this method fails, and we shall now analyse why, by interpreting the

commutator of C I'I,,'-":' and € HaE as the curvature of a connection.

Recalling the correspondence between projections and finite projee-

tive modules we put :

o o8
DEFINITION. Let E be a finite projective module over H - f.l.:g',fq;l'wn{iu.

is of class f:,m} Then a connection v on Eﬂ is a pair of lincar maps

E;E : EMI—-:T-"EF. such that :
Ei(gz-:}ﬂ (—ij}x + g%(x} FEEEI’G, IEAW

TeA
In the above situation the equality g = 2 defines a (right)

ol
finite projective module over F’I s and the following cqualities define

o
a special connection : the Grassmannian conmection, on E :
- of
ng = E'g!(fj Vie ﬂl‘q 1;_11}!_

Since 'S.i {f]: H* f'g ”& with the above notations, we ase Lhat

Eff): @Hiaj e HII and that :
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(VV, -ViVL)Z - LeHe,el.ecl?

Now quite generally we have :

LEMMA, a) For any connection '\? amn EM ; the map E = ‘ﬂ.ﬂi —Evl_af
E”in itself, is an endomorphism : E;'{f.::‘,) = E{ZJ,;_ IIli|"‘_-.z""t_' E—_‘:ﬂf rr_'ﬂ‘lw
w B Edb(ER):

b) Let E'EI o ﬂ: .,.l_;. be another conncction, r; £ Enal{fm) » Lthen
one has the equality :
E#-E} = blﬂ-'ﬁln i[”’ET where ¢
(3; X) 2= Vi(X<)- X(V;2)
for amy .X E E'n.::l. &ﬂ 5

proot. o (U V, -V V,)(Zx) - V, (V2)x + 2 5.¢¢) -
V. (%3)=s 286) = (VV2) = -(VV7)e.

w (W -VV)2Z - V(V.2e12) - V.(V5+112)

= (V.2 1L2) 4 T(V24 17) V(2 112)
- L(V,2+02) =

(VY. -VV)Z+ V(12)-1(V2)-V(02): TVZ 01! 112,

;|

-3
How one easily checks that the maps E'j of E'mj« b in itself
are derivations, the commutator E:'l El{ —EL h_,_ being the inner derivation

implemented by 2 .

To extract from the above lemma an actual obstruction to our
e X n i ; 2
initial problem we shall assume that the L alpehra is pifted with
a trace (» . E:fﬂ-_ I which is invariant under the automorphisms .‘.H:I 5

The invariant will be the trace of the curvature e {up to a normalization
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&
factor 2771 Y}, as the trace is defined on F] not on Em.:lfgl . one first
- . T o
has to extend it but this is casy. For instance if & = E then
of) s
En-u_-;il E’ = S H [ = and one just takes the restriction of G . We

lat EE be the extenszion of E' o E .

THEOREM. The scalar Ei(&- ] = (2i - ZE(E'} is independent of
the choice of connection, it depends only on the class [E } E I{;'I:Jq]

and on the ocuter equivalence class of the action O .

Proof. Since & is & -invariant one easily checks that EE (Ej }:) =0

End E” T)
1’:1;.”_ ; x e . Thus the above lemma makes clear that (21T )
EE(EE ‘Eﬁi;} is independent of :h:; :hﬂ.ce of :ﬂha connection "F
Next, if two finite projective modules Eli. ;&1 an I‘q have isomorphic

. o
images E’i 3 E1_ as modules over A : &3 = Ej & ﬂ’q + they are
i A
isomorphic. As obviously Cj_(E" gy E', :I: C,_(E} 'I‘.;;.E‘J ior any pair
I

E ,E . it is clear that €; is a map from Kﬂ[A;r to [R- . Using
the two by two matrix trick one gecs easily that E_,_(EJ depends only upon

the outer equivalence class of the actiom o8 . Q.E. D

od o o
Coming back to the case E s & A with € & ‘ﬁl’ﬂé -Oq ,J+

one gets the formula :

() = (ani)™* T (e [Sse), Suted])

S0, in fact, if one can find a projection EI-u € and an outer equivalent
. ] . .

action Dl..l such that just one of the 51- {E'_} is O, one gets the vanishing

of Ciff.] . Thus it remains, to show that this obstruction is non trivial,

to exhibit an example vhere C‘._ij,! 0.

Our example will be the irrational rotation algebra P‘E" » gencrated

by two unitaries U,v satisfying the relation vu 'E.mﬁ U v where

o¢ Q-
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b ':;:I
We shall consider ﬂg as the crossed product of Uf Jhy the
irracional rotation of angle & and write its generic element as a sum
b3 ﬂ__ﬂ*muﬂ "l.-"rm-_- = -E“ "'l.l"'m where gm e O "Jl,} admits the
dom € {C as Fourier coefficients. There arc two commuting derivations
E
T
§, 5, of Ay which define an action o of K on /) and are given
i am 1
by 51(2: &m V“]= 2 {3’ W {(whore 3‘" is the ordinary deriva-
tive of the pericdic function gﬁ }, while 5,_[’}_- gﬂ 1'!.-"“)_ S {21 m) h:“v'“"

In the UJ. V notation the two formulas are of course similar.

We note that though it is very difficult to give the conditions
- A
on the numerical coefficients ﬂ-....',.,“, e L which make 2 Ly LV
T
an element of fqﬁ (it is already difficult to decide when E-:L,.,U defines

o
an element of (C(S")) it is very easy to characterize elements of ﬂﬂ -

] 2e Ay  bir (@) i €] o N Domain 5485

od ™, ™
LEMMA . Hﬁ‘ = 'i = L U h i p {'-t‘“fq-.,‘} ig a sequepre wilh

rapid deca]r} :

Proof. The equality G (Z amm g U“): d,, defines a trace on
ﬂp » the finiteness of E{'ﬂ:*—-"—'-} shows that for = da,m U‘Vm!:. /‘\9
the sequence [ﬁtﬂ“] is Ez . This makes it clear that if

2 OGm,m U* VT e ﬂ’; one has | =% mﬂraﬂ;m] — O
as MM +> 00 for any &, R' . Conversely, if (@q..) is of rapid
decay, one has = ﬂq..,,*.p U“ v“ because the sequence is Ei 5 8O

. o
obviously then, one has Z J:fl‘,,mmr U Vm;; !Dlﬁ . Q.E.b.

0f course to have a chance ta got ‘:-L (;-:J | O s W necd
& non trivial projection e € Fﬂj ﬂg « He shall use the construction

due to R. Powers and M. Rieffel : the projection € is of the form f[.!t._f)
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— Vl—% 4 g ¥ :{I: ‘U" where -g, lﬁ = {:lﬂ(gi} have graphs as

given in the following picture :

o ﬂ+:E b+ & 1

S0 g is equal to O on E?J,f-l] and [b+@, 4] ,tolon
[k, a+e] and for ae€[a, bB] onc has gfdj + E{TH )= 14 . While
@ is equal to O except on [a+@, be &1 where 4 nfg—fij L
We then have to compute C,(€) = (2n¢)™" Z(e[Sie), 8460} vere
e {_r}: gﬂ ij = S -g—nl:lz_}dt and 51_‘ 53_ are as gliven
above, so0 the computation is duable and gives : i-;_.—;: [&.(e), 5e)l
= V¥(a4'- 38%) +2(Gg')"%94' )+ (9% -4 %)V
vhere for h € C(S*) , ¥ ‘ia cha ersnstate:ct ho by @ o du the
product £ e [ $,(e) ,5,(8)] the term which is independent of V'

is given by :

3(5'-£'9) + 2 §(ag)-a3") +(5°(5'-5%))°

1 i
When we integrate this function on S” we can delete the last i ) ¢
F 4 : i
and with ﬂ-:ﬂ y W f*gﬁa we get the integral of .Z«t.llfr--ﬁ,'u" y Qa0
3 g-u."ﬂ"' = -6 gljz'{'j"' . Mext since ﬂ:ﬂ outside the interval

[ﬂ.+’9 p l'-fE?:[ y where éf varics from | to 0 , and .vi".- (1"- :.:2 we potb 3
i
ci(e) = € § (A-2)Jd\ « 1
o
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Thus C, {'-.,?]4:{} and we have shown that the obstruction to our problem

can indeed be non trivial. There is however a very interesting observation :

COROLLARY. With HE? as above, the map C, : Hﬂ[ﬂﬁ-") = [H: mAps

K; in the integers Z 5

R
Proof. By [22], Kﬂ(f“lﬁ) is isomorphic to Z. and is generated
by the class of the trivial projection 1 and the class of the abowve pro-

jection € . Q.E.h,

The above computation proves the integrality of C .[rt'.f;‘r but
gives little understanding of the rcason of this integrality, we are at
about the same stage as if we had computed the integral of the Gaussiawn
curvature of a Riemann surface and found 277 x integer, but without

any understanding of this integer.

We shall first begin by doing the computation of l:',-_ ; Hjﬂf;)-? H\I
1
in a much better way. Instead of representing elements of |'f¢ (”L" ] by
classes of projections like £ |, we shall represent them by classes of
ol bad
finite projective modules over HE’ « Now by lemma iﬂf“qu is very casy
to describe, so one expects that the same will be true for finite projective
modules over this algebra. (In a differential geometric language, what we
+
are doing is representing elements of k; by classes of smooth vector
bundles). To realise each element of K':(AE) as a finite projective
o4 A

module over Fls we note that FIE is stably isomorphic to the C algebra

of the Kronecker foliatien F . dac 5 Qc'-% of the two torus

&
s
V. Rz
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(2,2

P k-
L] L] -

o 1 > B
Then each closed transversal H to ("h"r; F’;J determines canonically
a finite projective module over HE’ » Choosing the smooth transversal
given by the closed geodesic NT"-‘I : P9 relatively prime integers,
one gets a finite projective module (Eqﬂ over Jq.‘; which we now

4
describe. The total space of 8:1 is the sum of q copies of the

w3
Schwartz space -f]aﬁ} y 80 we consider an element Z of El""'l a8 A

function of two variables, one real variable A€ [R and one variable

g
h e E;ﬁ « The action of the two generators U and "'M’r of r‘flg is now
defined as follows :

(E.V)(xa‘,h] = Z(ﬂ-iﬂrhdri} vhere &= qﬂ-—E‘
(2.8) (2,h) = 3(s,h) §(o+(tp)h)

vhere ﬂv is a periodic function: § & Cn(ﬁ?fz} and U .is ehe
function U(.-:]. -ﬂ-'!.rl.,-(zﬂi:ﬂj .

One checks the compatibility of this action with the equality

; ; 5
Vi) e™ EUV and if @¢ @ one can show that

4 is
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ol
now a finite projective module over l'q'E, .

LEMMA. The operators (ﬁ E){a, h)-d Zfs, k) ana CI'E ,‘?)(ﬂ, h) =

iﬂia‘ff f{,ﬁ,ﬂh} , E= ‘]f - E define a connection on the finite projective
o

madule ET' A .

Proof. One checks that E(;V} = (_ﬁ; g:’ V ; E@f}{ﬁ‘éj,—}f + ‘{-'Jgr
and that E;(EV];(EEJV+£TIEE“ .
Vg -(vz)§ , Yze E; P cMEY)

Q.E.D.

It follows nmow that the endomorphism of E::q given by the

curvature of this connection, is a multiple of the identity operator :

Ef-ﬂfqﬂ‘?;ﬁ) - 2d - F:{_,_!-ﬁ al

Thus this connection has constant curvaturc, whose value is the irrational

L4

number (ﬁ.ﬁ - Q‘:'_i . But the dimension (in the sensc of Morray
=4
and von Neumann) of the finite projective module E-I‘-"I is also irraciomal,

it is given by the transverse measure of the closed geodesic Mf"ﬂ"i s T

an (€ ) - Sj[“;a{b-athn - |p- &4l

g &l
S0 the computation of C, (E'[' q ) is now straightforward,
o % =
‘:1(511_1) = constant value of the curvature x durm E:‘I‘f =

i
—_— -a&l = * .
L’%_E}Ifql q

In this way we get 8 much better and convincing procof of the
integrality of Cy . In classical differential geometry most integrality
results, such as the integrality of fill_}}jﬂluuiun curvature, are corol-
laries of the Ativah-Singer index theorem, the left hand side Index D being

obviously an integer. In our context the integrality of C, is also a
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corollary of an index theorem. Instead of stating it in general we shall
specialize to the above situation where the role of the algebra CW{XJ
of smooth functions on the manifold X is played by the (highly non commu-
tative) algebra H: « We shall consider differential operators from

the "bundle" Ef:’J to itself, and of the form :
od
] - :
»
Here, since .f::;_:';qni + the space &-ﬁi} is identical with the
Bchwartz space f’!}(ﬂ'-\;‘) and ?‘I is ordinary differentiatian ¥ E_ is
% x multiplication by the variable. The operators ﬂﬁﬂg are arbitrary
£ e
endomorphisms of %"HJ' » the two basic endomorphisms being the multipli-

cation by the periodic function exp (1?1'_';' 4} and the translation

of 1. Thus typically D is an operator like :

The order N of 17 = 2 A Eﬁ EF is defined as the rupremum
of ®+g and its principal symbol ﬂbff_} for £ ﬁ-ﬁfl}f Ea_

is the endomorphism %ﬁ"@ J”:F Ef Ef of &a;” . D is called
elliptic iff T_(Z) is invertible for any Z #0 . Restricting £
to || £l = 1, one thus gets a loop of invertible elements of End (%ﬂ”:}
and hence by Bott periodicity an element of K'ﬂ of this algebra. The '

meaning of C, {"TD } should then be clear.

THEOREM. Let L) be anm elliptic operator of the above form. Then the
difference differential equation : I}'g = has a finite dimensional
space of solutions f{—' ,S{I]?j and Index D= dim Kn D - dm Kor .Dﬂ'-

is equal to the scalar C, ( Ts) -
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x x
Thus we see that from C algebra theory (the C algebra
being Ae ) one obtains a highly non trivial information about difference
differential equations. This is in fact a special case (the case of the

Kronecker foliation 'Fé- ) of the transversal elliptic theory for foliations.
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