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Abstract

Physics on caustics is obtained by studying physics near caustics. Physics on caustics
is at the cross-roads of caleulus of variation and functional integration. More precisely
consider a space PM? of paths = : [t,,ts) = MY, on a d-dimensional manifold MY,
Consider two of its subspaces:

i) The 2d-dimensional space i of critical points of an action functional 5 : PM?Y — R;
gEU & E = (.

i) The space P, , M* of paths satisfying d initial conditions () and d final conditions
(#).
The nature of the intersection P, , MANE is the key to identifying and analyzing caustics.
Caustics occur when the roots of 5'(¢) = 0, for § restricted to P, , MY, are not isolated
points in /. We consider two cases:

i) The roots define a subspace of non zere dimension £ of I{. For example, the classical
system with action § is constrained by conservation laws.
i1} There is a multiple root of $'{q) = 0. For example the classical How has an envelope.

In both situations there is, at least, one nonzero Jacobi field along g with d initial
vanishing boundary conditions (u) and d final vanishing boundary conditions (), i.e. g(t.)
and g{f;) are conjugate points along ¢. In both cases we say “g{#;) is on the causties”.

The strict WKB approximations of functional integrals for the system 5 “break down"
on caustics, but the full semiclassical expansion, including contributions from 5"(g) and
5"(g) (and possibly higher derivatives) yield the physical properties of the system § on
and near the caustics. Caustics display classical physics as a limit of quantum mechanics.
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We work out glory seattering cross-sections because, there, both situations occur
simultaneously: the system is constrained by conservation laws, and the classical flow
is caustic forming. The cross-section is given in closed form in section V.

I. Introduction

Interesting phenomena oceur when a flow of classical paths is caustic forming. Glory
scattering, rainbows, orbiting, etc... are only a few examples of physics on and near
caustics. Conservation laws are, as we shall see, another example.

Physics on caustics is at the cross-roads of ealeulus of variation and functional inte-
gration. More precisely consider a space PM? of (L*) paths

r:T—=M! | T=t,ty
on a d-dimensional manifold M?, Consider two of its subspaces:
i) the 2d-dimensional subspace I{f of critical points of an action functional

(L1) S:PM* =R
(L2) qEHh%:ﬂ;
i) the space P, , M? of paths satisfying d boundary conditions (u) at t = t,, and d
boundary conditions (v) at { = {,.
The nature of the intersection
(1.3) Upoi=Pu . MINU

is the key to identifying and analyzing caustics,

2m?

Fig. 1. U is the space of classical motions (critical points of the action functional 5);
Pon M is the space of paths satisfying d initial conditions and d final conditions; U, is
their intersection.



In the context of functional integration, the action functional § is restricted to P, , M%;
unless otherwise specified we assume here 5 to be resiricied to Py, M¢?. Caustics can be

analyzed by studying the expansion of 5 around 5(¢) with ¢ € i, ,, namely

(14) S(z) = S(a) + 5'(a) - €+ 5 S"(a) - €€ + 37 S"(a) - 66 + -+

(L5) x=gq+£

where £ has d vanishing boundary conditions at ¢,, and d vanishing boundary conditions
at t. For q in P, , M? we have

(L6) qEUps ¢ 5(q)-€=0forall £ in Ty Pu. M4,

We can consider 4 cases:

i) I, o consists of isolated points: no caustics, e.g. the anharmonic oscillator (provided
(g, #) does not define a conjugate point),

i) &, . is & space of dimension £ > 0 : conservation laws.

iii) ¢ € U, , is & multiple root: the classical flow has an envelope.

iv) Uy v I8 an empty set.

In case i) the critical points are not degenerate; in cases ii) and iii) the critical points are
degenerate.

In case i) we need to keep only the second variation.

In case ii) we need to keep also the first vanation.

In case iii) we need to keep (at least) the first three variations.

In this paper, we shall not consider the case in which I, . is an empty set; this case is
interesting but does not belong to the study of causties. A typical example is the knife
edge problem solved by L.5. Schulman [1 and references therein].

There is another wording to distinguish cases ii) and iii) from case i); “The WKB
approximation of the functional integral for the transition K(w, 1y p,t.) of the system
governed by S breaks down in cases ii) and iii)".

These different wordings reflect the different ways one approaches the intersection i, .,
namely from I {caleulus of vanation) or from Py , M (functional integration). They are
equivalent because an eigenvector of the Jacobi operator with zero eigenvalue is also a
nonzero Jacobi field with vanishing boundary conditions at ¢, and ¢.



I1. Degenerate critical points

Fixing the boundary conditions (i) and (), the point ¢ in P, , M? is said to be a
erifical point of 5 if
(IL1) S'(q)-E=0forall § in T.,‘P,._.,.M".

It is said to be degenerate if the hessian form of 5 is degenerate; this condition means that,
for some 1 3 0 in T"F"#_,M‘.,um: has

(11.2) $"(g) - € = 0 for all € in T, P, , M*.
The integral kernel of the hessian is the (functional) Jacobi operator

1 §?

3 sgemaom

(11.3) Tasle,8,8) =
The hessian defines the (differential) Jacobi operator on T, P, M? by
(114) S"(g) - €€ = (&, T(g)€) = L dt €2(2) Taala(t)) €%(8).

Here £ is a L?! vector field along g and { , ) is the L*' duality. See in the Appendix the
explicit expression for $(g)-£€ when S is not restricted to P, , MY, It is useful when one

explores I, , by varying the (u) and/or the (¢} boundary conditions.
A Jacobi field h(q) is a vector field along ¢ in the space T, l{; it is obtained by a
variation through classical paths around ¢. It is therefore a solution of the Jacobi equation

(IL5) Taslg(t)) h¥(q(t)) =0 ke Tl

often abbreviated to

Taslg) (1) = 0.
To say that the hessian is degenerate is to say that there is at least one nonzero Jacobi
field h € T, Py, M¥, that is at least one nonzero Jacobi field with d vanishing boundary

conditions at ¢, and d at ;. Equivalently, the hessian is degenerate if the Jacobi operator
has one or more eigenvectors in Ty Py, M? with zero eigenvalue.

The eigenvectors of the Jacobi operator form a convenient basis of T, P, , M because
they diagonalize the hessian, and the hessian is the best quadratic form for defining a
volume element on T, P, , MY, Explicitly let {¢%&} be a complete set of orthonormal
eigenvectors of the Jacobi operator in the space T, P, , M

(I1.6) J(g)velt) = axyult) ke {0,1,...}.
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There may be £ zero eigenvalues,

ap =10 ke{0,...,£=1};

(I1.7) f dt (wra(t) | @i(t)) = buj.
T
We expand £ in this basis
(IL8) SHOUED PR HEO
ki
(11.9) 5"(q)- €€ = (£, T(q)€) = z ay(ut)? = Z ag(ut)?.
k=i

We call #(hessian) the space of points u such that Tap(uf)? < oo. On the subspace
X € T, P, M* spanned by the eigenvectors {y} with nonzero eigenvalues, S"(q) - £€
defines a nondegenerate quadratic form Qu)

(I1.10) Qu) = 5"(q)- & Ix =Y aw(u*)?

bt

X is parametrized by {u*} for k € {£,...}.
With £ expanded in the eigenvector basis {1}, the first, second, and third variations
of 5(z) around 5(q) read

(I11.11) S'q)- Enjd!' 00 ):u*.p:m
o - & “E
(f s i) ut =3
(11.12) 5q) - EE = z aplu®)? , with ay the eigenvalues of (11.6)
k=0

(I1.13) :

S
"(g)- EEE = dr [ ds [ d y
sa-ece= 3 (foar [0 [ ot prorrratermeg VO WO ¥A0) -t

For k between 0 and £ — 1, ¢4 is a Jacobi field with d vanishing boundary conditions at £,
and d vanighing boundary conditions at .



Ezplicit calenlations of an eigenvector of the Jacobt operator with rero etgenvalue.

Jacobi fields, with or without vanishing boundary conditions, are derivatives of one
parameter families of classical solutions. For instance let g € I be specified by its inifial
position and smitial momentum

(IL14) glta,a,ps) = a, plts,a,ps) = pa
then the set of 2d Jacobi felds

Bq°(t,a,pa)[Bpag =: A1)
{ 8g"(t,a, pa)/Ba” =: k(1)

is a particularly useful basis for T, U, Also useful in phase space, and in the study of
caustics is the set

(1L15)

{ap..{r.u,m.fﬂm =: k(1)
(11.16)

Bpalt,a,ps)/8a” =: Ly z(t)

kU and £; 5y are not Jacobi fields in configuration space but the matrices J, K, K, L, whose
columns consist of the components of j1#, k4, k¥, £ 5, respectively,

(IL.17) JoB(t 1) = joU(p)
(11.18) K3(t, ta) = k{y(t)
(I1.19) K8(t,ta) = kP (¢)
(11.20) Las(t,ta) = Eaymlt),

together make a 2d x 24 matrix J of Jacobi ficlds in phase space, namely;

I HDY

(1L.21) It ta) = ( K8(t,ta) Lagit ta)

Therefore we call J, K, K, L “Jacobi matrices”. The properties of the Jacobi matrices are
simple and powerful tools for solving problems [2-5]. Here we shall use them to express a
Jacobi field ¢y with vanishing boundary conditions:

(11.22) If wo(ta) =0, then vo(t) = J(t,ta) o(ta).
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(11.23) If gho(ta) =0, then () = K(¢,ta) Polta).

(11.24) If $hglts) = 0, then wo(t) = wolty) K(ts, ).

The case of derivatives vanishing both at {, and {3 is best discussed in phase space path
integrals (see reference [6] and [4]). To prove (1122, 23, 24}, note that both sides of the
equations satisfy the same differential equation and the same boundary values at t, (for
eq. 11.22, 23) or at {#y (for eq. 11.24).

To construct a Jacobi field 4y such that Yg(t,) = 0 and Yg(ts) = 0, it suffices therefore
by (11.22) to choose ¥g(ta) in the kernel of the linear map J{ty,t.). A similar procedure
applies for the two other cases Yig(t.) =0, tio(ts) = 0 in (11.23) and vo(t,) = 0, do(ty) = 0
in (11.24).

II1. The intersection i, . is of dimension £ > 0; constants of the motion

This situation has a finite-dimensional analog when S is a function, rather than a
functional, namely the eritical points of § are not isolated and Morse’s lemma needs to be
generalized.

1. Generalized Morse lemma; finite dimensional case

Let §: M? — R be a smooth function on a d-dimensional manifold M?. Its Taylor
expansion around a point r, reads
(I11.1) S(z) = S(xo) + 8. (zo)v® + %Sﬁﬂ{ru]y* y® + O(lyl*)

with coordinates y® vanishing at ry. We consider the case in which there exists a subman-
ifold V! ¢ MY of dimension ¢, such that

(111.2) Tee M =T, V& T, F4*

for some supplementary manifold F** of dimension d — £ through ry. We assume that
S'xg) induces 0 on T, F%! but that the hessian

(111.3) §"(zy) is not degenerate on T, F4~,

and induces 0 on T, V..
Possibly after a linear change of coordinates, we shall have two sets of equations

Sl=g, constant on V¥,
(11L4)
S ze) =0 determine d — £ coordinates of =, .
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In physical terms, the first set of equations corresponds to a constrained system, or to
conservation laws. The second set of equations defines a relative crifical point, under the

constraints §'(zy) = g.. In the new coordinates, labelled y® and y?, with 1 < a < ¢,
£+1<A<d, one gets

(I11.5) S(x) = S(xo) + 9.4 + % Shalza) vt v? + Oy

A non linear change of the variables {y?} = {§*} can now be used to remove the terms
of order greater than 2, according to the Morse lemma.

We express the situation in more geometrical terms. The space MY is fibered by
(d — £)-dimensional fibres F¥~¥{g,); each fibre is defined by the values of {g,}. On each
fibre there is a non degenerate eritical point. Such eritical points will be said to be relative
e a given fibre because we take the variations of 5 along the fibers. The set of relative
critical points define a (in general local) section of the fibered space MY,

Fig)

critical point ut's|m,

Fig. 2. The space M? is fibered by the fibres F(g). The function 5 restricted to F{g) has
a nondegenerate relative critical point.

In conclusion, if the (relative) first variation §'(zp) = 0 defines a submanifold V!, and
if the second variation S" restricted to the complement of V' in MY is not degenerate,
the generalized Morse lemma says that there exists a system of coordinates (§°, §4) in the
neighborhood of a relative eritical point xy such that

i d
(111.6) S(z)=S(za)+ Y gai®+ 3 ganlzo)§*§”.

am] A B=i41

Remark. The extreme cases { = 0 (isolated critical points) and ¢ = d (no critical point)
are well known.



2. Generalized Morse lemma; infinile dimensional ease; Lagrange multipliers

Equation (I.4) is the infinite dimensional version of (IIL1). Formally the argument
leading from (III.1) to the generalized Morse lemma (IILG) applies to (1.4). But the
contents is much richer in the infinite dimensional case:

¢ the algebraic equations for the critical points xp € M? become equations for ¢ in
P MY, ie. Euler-Lagrange differential equations.

¢ The set of Euler-Lagrange equations splits into 2 sets:
S = fa is a set of I constraints on the system
(IIL.7)
§'(g) =0 determine the components ¢* of the path g : T — MY,
Equation (I11.5) now reads, with the notation of section 1
vl
(LIL8) S(z) = S(g) + 9a - §* + 5 Saale) - £*£" + O(KI).

The variables {£°} play the role of Lagrange multipliers of the system.
In a functional integral symbolically written

(I11.9) j: exp(2xi S(z)/h) Dz £
with
(111.10) Dz £ = DE*DEA

the integration with respect to DE® contributes §-functionals in g,. In equation (I111.23) we
shall give explicitly the linear change of variables, £ — u, which brings the action in the
form (II1.5). We do not have a general prescription for the non linear change of variable
which would remove O(|£]?).

Remark. The nonlinear change of variable r ~ z, exploited in [8], which brings the second
variation into a quadratic form on PRY is valid only on spaces of pointed paths. It can be
used here if we replace P, , M? by a space of pointed paths, say P, M?, and insert in the
integrand an index function which kills the paths which are not in P, , M¥.

Remark. The generalized Morse lemma in finite dimensions was derived in [3]; it was used
for the infinite dimensional case by constructing the WKB approximation of a propaga-
tor when the final state is restricted by a conservation law. For example, with obvious

notations, one writes, K being the WKB approximation of the propagator,

H{Fh t-“ pﬂ'! tl: = lim jr d-ﬂ'h'{ﬁ. tl;.'l',f_] 'E.{I1!:.Fﬂ|tl.}
h=0 [pq4



and looks for the eritical points of the sum F(z) of the action functions § (not the action
functionals §)
-FII} - S[_Fh ty; T, I} + S{,IJ: Pas ta).

The analysis of the degenerate critical points of the function F{z) reproduces the results
obtained in Section II1.1, and Section 1112, If F(z) has no crtical point, i.e. if there is no
classical path between (p,,1,) and (py, 83), then K(ps, 14; pa,ta) = O(h") for n an arbitrary
integer. It follows that conservation laws (here conservation of momentum) appear only in
the classical limit of quantum physics.

3. Functional integral; semiclassical apprommation

The functional integral representation of the probability amplitude K(w, £y; u,t,) for
the transition of the system S from the state p at {, to the state v at #, can be written
schematically

(I1.11) K(v by o, t,) = j
P, M4

Dz exp (? .5‘{:}) Bx(t)).

The domain of integration X is the space of L*! paths
r:T— M?

satisfying boundary conditions (u) at #,, and () at . .

The semiclassical approximation is a path integral over the tangent space T, P, , MY,
To fit within the general framework of [8], we recall the expressions as written there
for semiclassical approximations when the second variation is not degenerate. We recall a
upeciﬁr: chse: “:numentu:u—lfn—pnﬁﬁun" transition [31 ﬁIH.E]., becaiise it 18 more illumimti.n;
than a generic ease. One of the important points of [8] is to integrate over a space of pointed
paths (paths with one fixed point) because a space of pointed paths on any manifold M4
is contractible and can be parametrized by a space of pointed paths on RY, vanishing at
the ongin of RY, In a momentum-to-position transition, the obvious pmm:r.ri:ing space
is the space Py Ty M? of paths on Ty M¥ where z(t;) = b.

The {v) boundary conditions are z{t,) = b,

The () boundary conditions at {, are encoded in the functional integral by the choice
of initial “wave function” @ in (II1.11) - a plane wave of momentum p(t,) = p, if M? is
flat, or its “generalization™ [8, eq. (I11.2)] if M is riemannian.

If the hessian of S is not degenerate, the strict WKB approximation [8, eq. IIL17] of
H{EJHF..I;} is [g]

. 1f2
(111.12) Kol b p (iﬂsu..:n) (Det Qf"%)
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where & is the action function, solution of the Hamilton-Jacobi equation of the system and
where by (8, eq. (B.30)]

(I1L13) Qul€) + QUE) = 7 5"(9)- €€
with o
P pang gy g8
Q)= [ dt gm0 €.
The infinite determinant in (I11.12) is the ratio of finite determinants of Jacobi matrices
(see |8, section 111.2] [10 and references therein]. The determinant in (111.12) together with
(111.13) comes from [8, eq. (B.34)]

1/2
(111.14) ft:.,q_g exp (-f_: S"l[q}-{.f) = (Elf:l. Qﬂfq) , 8 € {1,i}.

This equation can be thought of as defining D, g, on T, P, , MY, Anticipating the case
in which the hessian of 5 is degenerate, we make the linear change of variable defined by
(IL8)

(111.15) L: T, P, M? = B(hessian) by £ — u

with #2(hessian) the space of points u such that Tay(u*)? is finite (see 11.9). Moreover,
assume for simplicity that there 15 only one eigenvector ¢ of the Jacobi operator which
has a zero eigenvalue.

We recall briefly the transformation of a functional integral under a linear change of
variable of integration [see 8, §A2.2]. Let

L:X—=Y,
let Dz on X be defined by
(TIL16) f Dz exp (-1c;i,¢{:: — i {:',:}) = exp (—7s Wi (2V))
X &

Qx a quadratic form on X, Wy its “inverse” in the dual X' of X, whose precise definition
[8, (1.6)] is not needed here. Let Py on Y be defined similarly by

mun [ Dy exn (<3 Qviv) - 20i (') = exp(—ra W (y)

where, assuming L invertible

(IIL.18) Qv=QxoL™"  ie Qvly)=Qx(z(y)).
11



Then,
(11L.19) fxmm({ﬂx:z})-ﬂMhLﬂy exp (~ZQvlv)-olv).

Therefore, (I11.14) in the u variable reads

fT g age D20 € P (-2 Q) exp (-=Q(8))
= [ Dguor-ruw e (~ZQule(w) exp (-2 QUEW)
(111.20) = [ Drgrrwewn (-3 50 )

The domain of integration £*(hessian) is spanned by the complete set of eigenvectors {ys},
k€ {0,...}, and can be decomposed into a one-dimensional space X' spanned by v and
an infinite dimensional space X of codimension 1, spanned by {y}, k€ {1,...}

(I11.21) f(hessian) = X! x X*.

The volume element on £*(hessian) is the product of the volume elements on X! and on
X™ respectively. We write

(I11.22) D..guet-1 i = Dy1 u® Dxw u,

Under the change ([11.15) defined by (I1.8), the dominating terms in the expansion of
5(z) nround S(g) read (1IL.8)

(111.23) S(z) = S(g) +ecpu’ + % z ap(u®)?
k=1
with
85 .
{Il'[.Ed'_i Cg = L ﬂtwlﬁu{f}

and the functional irtl;egr.ui. with 4 =1,

jﬂiﬂ-ﬁ.'l u exp (%cuu“{h% i m{u"]l’) < B(x(ty))

k=]

(111.25) = j;. Dy u” exp (%cﬂu“) » Dy i exp (% > u,fu*}i) - ®(z(t,))-

k=1
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In the space X*, the quadratic form

==

S"(g) - €€ Ixm= ) _ an(u®)?

is invertible and the integral over X* proceeds as before. The integral over X' contributes
a &-function to the propagator

4 G L :Hﬁlﬁﬁ'l[t])

which says that the propagator vanishes, unless the conservation law

1 85 oo
i | e 01 =0

is satisfied.

Explicit expressions for a variety of cases ean be found in [3]. In conclusion, if the
action is invariant under automorphisms of i, ., then the dominating terms of the semi-
classical expansion of §(z ) around 5{q) imply conservation laws. Conservation laws appear
in the classical limit of quantum physics.

IV. The intersection I{, . is a multiple root of §'(q)-£ =0

In this situation the classical flows are caustic forming. Four examples are treated in
references [11] and [4]. Two of them enter into well-known problems.

i) The soap bubble problem [12]. The “paths” are the curves defining (by rotation
around an axis) the surface of a soap bubble held by two rings. The “classical low" is a
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family of catenaries with one fixed point. The caustic is the envelope of the catenaries,

Fig. 3. For a point in the “dark” side of the caustic there is no classical path; for a point
on the “bright” side there are two classical paths which coalesce into a single one as the
intersection of the two paths approaches the caustic. Note that the paths do not arrive at
an intersection at the same time, the paths do not intersect in a space time diagram.

ii) The scattering of particles by a repulsive Coulomb potential. The flow is a family
of Coulomb paths with fixed initial momentum. Its envelope is a parabola.

Fig. 4. A flow on configuration space of charged particles in a repulsive Coulomb potential.
The two other examples are not readily identified as caustic problems because the
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flows do not have an envelope in the physical space. The vanishing boundary conditions
of the Jacobi field at the caustic is the vanishing of its first derivative. In phase space the
projection of the flow on the momentum space has an envelope,

iii) Rainbow scattenng from a point source.
iv) Rainbow scattering from & source at infinity,
The relevant features can be nnal:,rzed of A npd:ciﬁc l:.'ﬂu:l:lpll.". We chooso the annl:t-u'in.s

of particles by a repulsive Coulomb potential sinee we have already discussed momentum-
to-position transitions in Section 111. For other examples see [7].

Let ¢ and ¢ be two solutions of the same Euler-Lagrange equation with slightly
different boundary conditions at i,

plta) =pa  qlts) =b

PHt) =pa ¢ (ts) =02,
Assume p, and b to be conjugate along g with multiplicity 1; i.e. the Jacobi fields h along
g such that
hita) =0, hity) =0
form a one-dimensional space. Assume (p,, 52) not conjugate along 2.

We shall compute the probability amplitude K({b% ty; pa.t,) when b2 is close to the
caustic on the “bright” side or on the “dark™ side. We shall not compute K by expanding
5 around g2 for the following reasons:

o If b2 is on the dark side, g2 does not exist.

o If b is on the bright side, one could consider K to be the limit of the sum of two
contributions corresponding to the two paths ¢ and ¢® intersecting at b2

Kbty parta) =Eﬂu f!.-'{bﬂ'.h + At pa.ta) + H,,n{ﬁ""‘. t4; Parla)

but, at 5, g has touched the caustic and “picked up” an additional phase equal to —x/2;
both limits are infinite and their sum is not defined.

We compute K{b2.84; pa.ta) by expanding § around g, using (1.4) - and possibly
higher derivatives if the third variation is singular. The calculation requires some care [see
reference [7] for details] because g(ty) # #*; in other words ¢ is not a critical point of the
action restricted to the space of paths such that z(ty) = b,

As before we make the change (11.8) of vaniable £ = u which diagonalizes 5"(q) - ££.
In the u variable, the expansion of 5(z) is given by (IL11, 12, 13). Again we decompose
the domain of integration in the u-variable

fthn-ssia.n]- =X!x xX=,
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Again the second variation restricted to X* is non singular, and calculating the integral
over X™ proceeds as usual for the strict WKB approximation. The integral over X! is

(IV.1) .fl{lr,r:}=f ae® exp (i (e = £ (0))) =972 AiQw~Pe)
B
where
o Pl 5s i
EW'E} - -ﬁi -[I'd v[I'dE.[I'dt ﬁq“ﬁlﬁq"{ﬁlﬁq"{ﬂ \&q{r}lﬁn{ﬂlﬂ'n{fj
2x 65
(IV.3) c=—?j:rdtfmi~¢.,{r}{hﬁ_m

Aj is the Airy function. The leading contribution of the Airy function when h tends to
zero can be computed by the stationary phase method, At v? = ¢="3¢

—_— R 2/Tv=14 cos (307 = %) forv >0
g (=1 e) =
VT (=v)" exp (=3 v?) forv <0

v is the critical point of the phase in the integrand of the Airy function; it is of order h=1/3,
For v > 0, b2 is in the illuminated region and the probability amplitude oscillates rapidly
as h tends to zero. For v < 0, b is in the shadow region and the probability amplitude
decays exponentially.

The probability amplitude K52, ty; a, f,) does not blow up when b2 tends to b. Quan-
tum mechanics softens up the caustics,

Remark. The normalization and the argument of the Airy function can be expressed solely
in terms of the Jacobi fields.

Remark. Other cases, such as position-to-momentum, position-to-position, momentum-to-
momentum, angular momentum transitions have been treated explicitly in references [3]
and [7].

V. Glory scattering

Backward scattering of light, very close to the direction of the incoming rays has a long
and interesting history (see for instance [13] and references therein). It creates a bright
halo around one’s shadow, and is usually called glory scattering. Early derivations of glory
scattering were cumbersome, and used several approximations. It has been computed from
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first principles by functional integration using only the expansion in powers of the square
root of Planck's constant [11,4].

The classical cross-section for the scattering of a beam of particles in a solid angle
d} = 27 sin # df by an axisymmetric potential is

(V.1) deoroe() = 2x B(#) dB(#)

where the deflection function @( B) giving the scattering angle # as a function of the impact
parameter B is assumed to have a unique inverse B(0). We can write

dB{6 i}
(V.2) do (1) = B(BO) { HB-!E
abbreviated henceforth
dB(8 dﬂ
(V.3) do () = B(8) o)
H:mﬂ

It can happen that for a certain value of B, say B, (¢ for glory), the deflection function
vanishes,

(V.4) §=0(B,)is0orr,

implying sin# = 0, and making {V.3) useless,

The classieal glory seattering eross-section i infinite beeause glory seattering is a
caustic problem on two accounts.

i) There is & conservation law: the final momentum py = —p, the initial momentum.

ii) Near glory, particles with impact parameter By, 4+ 88 and — B, 4+ 6B exist with
approximately the same angles, namely 7+ terms of order (§8)%.

The glory cross-section can be computed [11,4] using the methods presented in sections I11
and IV. The result is

.:mw}

(V.5) do(1) = 4x* b~ |p,| B*(8) —=— Jo(2x h™! |p,| B(#) sin 8)? d

where J; is the Bessel function of order 0.
A similar ealeulation [14,4,13] gives the WKB cross-section for polarized glories of
massless waves in curved spacetimes

(V.6) da(§l) = 4=* A~ B3 %‘? Jp,(2% A~ B, sin 8)* Q)

s = 0 for scalar waves; at glory Jo(0)* # 0
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s = 1 for electromagnetic waves; at glory J3(0)* #£0
s = 2 for gravitational waves; at glory Jy(0)* # 0.
A is the wave length of the incoming wave.

Equation (V.6) matches perfectly with the numerical calculations [13] of R. Matzner based
on the partial wave decomposition method.
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Fig. 5. Glory Cross-Section

1 = 2rw B} Hﬂh' J2s(w B, sin#)*
B, = B(~) glory impact parameter
w =2xA"1; 4 = 2 for gravitational wave

analytic cross section: dashed line
numerical cross section: solid line

VI. Conclusion

Caustics are classical limits of quantum physics. They are best characterized by the
existence of nonvanishing Jacobi fields with vanishing boundary conditions. They include
conservation laws as well ag caustics in the strict sense of the term.
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Appendix

Although it is often easier to work with eq. I1.4 rather than with the differential form
of the Jacobi operator obtained via integration by parts, we record the differential form
below, not assuming vanishing boundary conditions for £ at ¢, nor at ¢5. This equation
can be useful in particular when varying the boundary conditions.

Let 5(q) = [ dt L(q(t), 4(t), t); then, the Jacobi operator defined by

S”fu}-ff=Lﬂl£"f135nn{ﬂillfﬂ[f}+ Z(ts) — E(ta)

can be written (abbreviating g(t) by ¢ and £(t) by £)

892047 B"0g"  dt 0§34

&L 4 ( ML L d 8L ) d d &L 8L

Tapl9) =~ 5ecpamgn * @t " 3t 95°0¢% | BgodgP

and the boundary terms

FL 14 BL \ o 11(5% .,g)
20 = (sie0 ~ 2 3a) €+ 3 (G770 ©¢)

equivalently
gL AL

i o a8 o o
E{fl—ﬁuaqﬂf £ +WE £
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