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1. Introduction

This paper is a development of the earlier work [B,|, [B;], [Bs) of the author on extend-
ing Birkhoff's ergodic theorem to certain subsets of the integers. It was proved in [B;] that
given a dynamical system, (DS, for short), (11, B, 4, T) and a polynomial p(z) with integer
coeflicients, then the ergodic means

Anf = Flf 15.25:;?{“” (1.1)
converge almost surely for N — oo, assuming f a function of class L3(0, x). Here and in
the sequel, one assumes u a probability measure and T' a measure preserving automorphism.
The natural problem of developing the L?-theory for p < 2 was studied in [B;] and a partial
result was obtained. We continue here this line of investigation.
The approach used in [B,|,[B;] relies on a method which may be summarized as follows:

{a) Reduction of the general problem to statements about the shift § on &, which are of &
“finite” and “quantitative™ nature (in the sense of inequalities involving finitely many
iterates of the transformation).

(b) Proof of certain maximal function inequalities, relative to the shift, by Fourier Analysis
methods.

(¢) Use of the “major arc” description of the relevant exponential sums, similar to that in
the Hardy-Litilewood circle method.
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(3) Hebrew University of Jerusalem, Israel
) Stanford University, USA



As [ observed in [B,], this approach should be considered more general than the solution to
some isolated questions.

The purpose of this paper is two-fold. First, as far as the L¥-theory is concerned, we
will develop appropriate harmonic analysis methods (maximal function estimates for certain
sequences of multipliers), which will make the argument less dependent on special properties
of the exponential sums (which were essentially exploited in [B;],|B;]). Using this additional
ingredient, further examples will be obtained, for instance sets of the form

A={lp(n)]; n=12...}

where p(z) is any polynomial with real coefficients and [z]| stands for the integer part.
Secondly, a method will be described to cover the full LP-range, p > 2. In particular, it
is shown that the averages An f given by (1.1) converge almost surely for f a function of
class L?(f}, u), p > 1. The problem for ['-functions remains open at the present time. The
shift reduction mentioned above permits giving a new and simple proof of Birkhoff’s ergodic
theorem (ef. [By]). Our proof of the pointwise and maximal ergodic theorem is related to
[K-W], although different and providing more quantitative information. In particular, in
order to illustrate ideas, it will be shown how to avoid the invariance of the limit. When
dealing with subsets of Z, this invariance is indeed not available in general and the pointwise
ergodic theorem is not a formal consequence of the maximal ergodic theorem (except if the
linear span of the eigenfunctions of T is dense). The shift reduction applies equally well for
positive isometries. Already considering the sequence of squares A = {n?}, the LP-result
for all p > 1 is new, and in particular the following corollary (for p = 2, see [B;]).

Let f be an LP-function on the circle » = IR/Z and o« € IR\Q an irrational number.
Then the averages

1 N
7 2 f(z +n'a) (1.2)

n=l
converge to the mean [, f(z)dz, for almost all z.

It is tempting, especially for p = 2, to approach such a problem by straight Fourier
Analysis, considering the Fourier expansion of the function f (cf. [S]). However, to make
this method succeed, stronger information on the Fourier-coefficients of f seems needed than

just their square summability. The proof of the previous statement uses indeed harmonic
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analysis methods, but only after reduction to a dynamical system problem. Observe that
in this case only the maximal inequality needs to be proven (p > 1)

1 1 . ]
f- l:p ¥ E flz +n'a) dz icj: f(z)*dz (1.3)

niN
for § > 0.

Next, we describe the organization of the paper and state the main results.

In the next section, an approach to Birkhoff's theorem is presented along the lines
explained above and some less known [eatures of this result are pointed out.

In section 3, we consider the variation spaces v,, where ||z||,, is defined as

ok (E |20 = 24, I ) R (25)j=1.2,.. (1.4)
These spaces are well-adapted for a quantitative formulation of convergence properties.
In this context, we recall a result due to Lépingle on bounded martingales, which is of
importance later on in the paper.

Section 4 is devoted to the proof of a maximal inequality for certain sequences of Fourier
multipliers. These Fourier multipliers appear naturally in the “major arc® description of
exponential sums. The results of section 4 are purely L3,

In section 5, we recall some basic and well-known facts on the behaviour of exponential

sums of the form

N
Py (B) =Y anirne) (1.5)
n=>0
where
plz, &) = agz® + ag1z¥ '+ -+ mzr and &= (ay,...,ad) € [0,1)¢. (1.8)

The information on these sums needed for our purpose is essentially the same as for solving
the Waring problem by the Hardy-Littlewood circle method.

Section 6 is a new presentation of the L?-result on polynomial ergodic averages obtained
in [B;), based on the new ingredient obtained in section 4. In this proof, we no longer need
the prior estimate of A. Weil for exponential sums with prime modulus.

Section T of this paper contains the corresponding (new) L-result for all » > 1. Thus
the following theorem is proved.



Theorem 1. Let (1,B,u,T) by a dynamical system and p(z) a polynomial with integer

coellicients. Then there is the maximal inequality

I t:pldn.flll, < ClIflle (1.7)

where An f is given by (1.1), i.e.,

Fat 1 f)
Anf = ﬂg‘;nﬂ f

and f € L"(f},p), r > 1.
The constant C in (1.7) depends only on v > 1 and on the polynomial p{z). Moreover, the

averages Ay f converge almost surely for N — oo, If T' is weakly mixing, the limit is given
by [ fdp.

The previous result remains valid for positive isometries on L7(f1,u). Let us point
out that the proof of Theorem 1, in the case of a general polynomial p(z) with integer
coefficients, is essentially identical to the special case p(z) = z?. Essential use is made of
duality and interpolation methods.

In section 8, the results of section 4 and section 5 are used to prove the following

Theorem 2. Let (f1,8,4,T) be a dynamical system and p(z) an arbitrary polynomial,

Then the averages

Anf = ':r- Y Ty (1.8)

1<nEN

for f any bounded measurable function on {1, converge almost surely. Here [2] stands for

the integer part of z € IR.

It is possible to obtain L"-results, r > 1, relative to the averages (1.8), at the price
of additional technicalities, based on the method of proof for Theorem 1. This further
development is not worked out in the paper and is left to the reader.

Section 9 contains various comments and remarks on almost sure convergence in general,

related to [Bs].
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The paper has an Appendix on return time sequences, in joint work with H. Furstenberg,

Y. Katznelson and D. Ornstein, simplifying an earlier exposition [By] (cf. also [By]).

2. Birkhoff's Theorem Revisited

Let (11,8, 4,T) be a dynamical system. In this section, we consider the usual ergodic
averages Ay f = -b Y. T"f, appearing in Birkhoff’s ergodic theorem. We discuss their

1<nsN
convergence properties, partly keeping in mind possible extensions to certain subsets of Z.

A. Mean Convergence.

The sequence of complex polynomials py(z) = & El z™ pointwise converges on the unit
circle (to 0 except for £ = 1). Consequently, by general spectral theory of unitary operators,
Anf converges in L?(u) whenever f € L*(u). The main point here is the existence of a
spectral measure. The Herglotz-Bochner theorem assures indeed the existence of a positive
Radon measure v on the circle T, such that

(T, f) = B(n) = _£ " emawingy dp) (2.1)

implying that the map L*(II,») — L*(N, u) mapping the nth character e3™"® on T is
an isometry. Thus the convergence of A f in L*(f1, u) is equivalent to the convergence of
pw(z) in LI, w).



This is clearly an L*-theory. In general, given a subset A of the positive integers, the

pointwise convergence on the unit circle of the sequence of polynomials
1 "
wliz)l= —— 5 2.2
=i

is equivalent with a mean ergodic theorem for the set A. In the case of ®arithmetic sets”,
this test is particularly useful since the convergence of py(z) given by (4) is closely related to
phenomena of uniform distribution. Forinstance, if A is the set of squares {n* |n =1,2,...},

we have

pa(e*™*) — 0 if « is irrational

; 1 5 3 a
") — S{g,a) = = I for a=-—
pn(e™™) — S(q,a) - ;c -

(the Gauss-sums).
It is not surprising that the (stronger) almost-sure convergence properiies result from a
finer analysis of these exponential sums and the class of L*-functions appears as the natural
function space in these problems. A sequence A C Z 4 is “ergodic” provided pn(z) — 0
for z € TC — {1). The property implies mean convergence of Ay f to [, fdp, assuming T
ergodic (this is the case for A = Z, but not if A = {n? |n =1,2,...} for instance).
B. Weiss [W] observed that sequence A obtained by taking suitable unions of disjoint
intervals are ergodic but may fail to satisly the pointwise ergodic theorem, even with respect
to bounded measurable functions.

B. Maximal Ergodic Theorems.
Let again
1 N
Auf =+ g ™f
and define the “maximal function™

[*= sup |Anf].
Nel 2,

There are the L?-inequalities (1 < p < o)

IF* eecnm < ClRIF s a0 (2.3)
and the weak-type inequality



1" 2= (am = Cllfllzsa (2.4)

where ||g||gr.= = sup Au[lg] > A] and C,C(p) are absclute constants.

Let us give -A-?:nple proof of (2.3),(2.4) by deriving them from the shift model (Z, 5).
In the case of the shift, the weak-type property (2.4) easily follows from geometric covering
properties of integer-intervals, similarly as for the Hardy-Littlewood maximal function on
the real line. Once (2.4) is obtained, the L*.inequalities follow from the Marcinkiewicz
interpolation theorem. Consider now the case of the general dynamical system (01, u, T'). Of
course it suffices to prove inequalities (2.3), (2.4) (with fixed constants) for a “restricted”
maximal function

f= sup Anf (f20) (2.5)
1<N<N

where N is an arbitrasily chosen positive integer. Take an integer J » N and for fixed
z € 11, consider the orbit
z,Tz,T%%,..., "= .

For the function f, define the function  on Z as follows
(i) = f(TPz) if 0<j<J
=0  otherwise . }
Thus Any(5) = Awf(TVz) provided 0 < j < J — N and hence, with the definition (2.5)

(2.6)

Bi) = f(T9z) for 0<j<I-N. (2.7)

The inequality [[Fllocz) < ll¢°llecz) < C(p)llvlle(z) then immediately implies by (2.6),
(2.7)

Y. IfT=r<cer Y, 15T, (2.8)

0<j<t-N 0sisd
Integrating (2.8) in z € {1 with respect to the measure u yields
Y IrFE<cEr Y 1Tz
0<j<J-N 0sisd
and since T' is measure preserving, one gels

171l < Oto) =1l

hence



W1l < GRS -

One can deal similarly with the weak-type inequality (2.4). Assume f € LY, u), A >0
and let 1) = [] > Al, x ite indicator function. Given z € 11, let ¢ be defined as above and
let |I] stand for the cardinality of a (finite) subset I of Z. The shift inequality gives thus

1Bller.= 2y = Clliwlla =)

and, by (2.7)
AMo<i<I-N|F(Tiz)> A} <C Y, f(T%2)
0<i<s
hence
Y xT<3 ¥ AT, (2.9)

0gj<t-N pigd
Again integrating
M(0) < O Il
from where (2.4) easily follows.

Presently, the covering argument leading to weak-type inequalitics seems not available
when dealing with particular subsets of &, such as the squares or the primes. In these cases,
we were unable so far to develop an L'-theory. The L? and LP-inequalities (p > 1) are
obtained by making essential use of Fourier-transform methods. This is a similar approach
as in differentiation problems in real analysis involving lower dimensional manifolds.

C. Almost-sure Convergence.

By the maximal inequality and a standard truncation argument, the almost sure con-
vergence of Ay f for f in L(f1, i) reduces to bounded functions. Denote F' the L-limit of
(Anf) and, for given € > 0, let N, satisfy

IF=An flla<e.

By the invariance of the limil (since the ergodic means relate to the full set of positive
integers) and the maximal inequality

llsup 1F ~ An(An. N, < Cc - (2.10)
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Since
|An(AN, f) - Anf| < R%IH llea

it follows from (2.10)
”ﬂEIF— AH”"; < Ce , hence EEIF— Apnf| = 0 almost sure .

This discussion completes the proof of Birkhoff's theorem. It is clear that the preceding
argument does not apply when dealing with the more general averages

1
A,,f:m 3. ¢ (2.11)

nE.ﬁ.nﬁH

corresponding to a subset A of Z .
If the eigenfunctions of T generate a dense lruhapm of Ir:,, the almost sure cOnvergence

of Ayf for f of class I[P, p < 2, is implied by the pointwise convergence of the sequence
pw(z), |2| = 1 given by (2.2) and the maximal inequality

If*llp < Cllfllp s f* =sup|AnS].

This is the case for instance for the model (11,T) = (T, R,), A,z =z + a.

In the remainder of this section, an alternative method is explained for the purpose of
proving the theorems stated in the introduction.

Take f in L™=(1t,u), |f] < 1. For £ > 0, consider the subset

Z,={[(1+€)"] |[n=1,2,... } (2.12)
of Z .. Clearly, for each N € &, there is N' € £, such that
|Anf — Aw f| < 2¢ .

Thus to prove the almost sure convergence of (A f), it suffices to show that there is no
¢ > 0 and no sequence of positive integers N;, N;41 > 2N, such that
|M;iflla >e where M;f= sup |Anf—Anf|- (2.13)

NySN LN gy
Nl



In fact, a more quantitative statement is shown

Y 1Ml < o D)fls (2.14)

15j<d
for J large (depending on ¢ appearing in the definition of M;). Since (2.14) only involves
finitely many iterates of T, the general case reduces agnin to the shift (£,5). For the
sets {p(n) | n =1,2,...} (resp. {[p(n)]; n = 1,2,...}) considered in Theorem 1 (resp.
Theorem 2), the inequality (2.14) follows easily from the proof of the L?-maximal inequality.
In the context of Theorem 1, this argument was carried out in [B;]. The method will be
repeated in section 6 of this paper, for the sake of completeness.

3. Variation Spaces and Variational Inequalities

We start by recalling the definition of the variation norm v, (1 < s < co) for scalar

sequences ¥ = [31}“1 . T
J 1fa

Bl =s0p{ (L lew ~2mal?)  [7=12000 wnd m<ma<oo<nsf . (31)
j=1

The sequence space v, consists then of those sequence ¥ for which ||E|l., < oo, We will also
use the notation |  ||,, for continuously indexed systems ¥ = (2;)y>0, where now

J ifa
||i||.,=mp{(2|=.,—=t,“|*) |7=1,2,... and Il-ﬂif;-::---{t;}. (3.2)

=

These spaces v, are frequently used in probability theory in questions about convergence. In
this context, some known inequalities about martingales are needed for our purpose. More
precisely, we will use the following result due to Lépingle [Lé] (cf. also [P-X]).

Lemma 3.3. Let [E, (n =1,2,...) be the sequence of expectation operators with respect
to an increasing sequence of e-algebras on a probability space and f = IE,f an associated

scalar martingale. Then, for 8 > 2, we have the inequality

[{fatlz2, < els —=2)7"I1f]les (3.4)
10



where L} refers to the v,-valued L?-space,

This result may be seen as the quantitative form the martingale convergence theorem.
Inequality (3.4) fails for s = 2 (this is a well-known feature of the Brownian martingale,
related to the law of the iterated logarithm). In fact, the dependence in s stated in (3.4)
will be of relevance later on and we include a fast proof here.

Proof of (3.4). For A > 0, denote Ni(w) the number of A-jumps in the sequence
{fa(w)}, where f, is defined as above. One has the following inequality for 1 < r < oo

IANDY|| < ellflle,  WASO. (3.5)

(3.5) is a form of Doob's oscillation lemma for martingales (see [Nev]) and is obtained by
methods of stopping times and square functions. We use interpolation to derive (3.4) from
(3.5). First we prove (L™ denoting the Lorents space)

lfadls, So=2PUflss for 3<pSe<y, o>2.  (36)

Let thus f = x4, A C N & measurable set of measure u(Ad) = e, hence ||fll,a = /7.
Estimate pointwise, for Ny defined as above from the function f

s 1/
I, < [Z 2t dea)] -

Hence, since p < #

s 1/p 1/p
[ Miez, 52[22-“ j:] w,-dﬂ"m] Ee[Eﬂ"’"‘*]llfn:] (3.8)
applying (3.5) with r = 22, thus § < r < 2 from hypothesis on p,s, and A = 2-*, Since
I flls = €, (3.6) is immediate from (3.8). Writing L? as interpolation space between L*+
and L*/2, (3.6) is easily seen to imply (3.4).
We will now derive from Lemma 3.3 a real analysis version of (3.4). For a function f
on IR, denote fi(z) = %fl:f] Denote also

FI0) =0 = [ fa)e e (3.9)

11



the Fourier transform of f. Thus
A0 = F(1x) . (3.10)

Lemma 3.11. Let y = Xfo,1] be the indicator function of the interval [I:I,I]. Then, for
fe L*(IR)and s > 2

14+ xe 18> 0 gy < s =2 £l (3.12)

where v, stands here for v,(IR} ), with the norm given by (3.2).

As usual, f# g denotes the convolution of f and g.

Denote (Pi)i»o the Poisson semi-group on IR. Thus if P, f = f « Py, one has Fi{}) =
e~Y*, Considering the Brownian martingale associated to the harmonic function u(z,t) =
(f *» F)(z) on the upper half-plane or, alternatively, invoking Rota's dilation theorem,
inequality (3.4) relative to martingales implies

[HPf 1> 0}, < els=2)7"IIf]l2 - (3.13)

Proof of Lemma 3.11.
By (3.13), (3.12) will be a consequence of following inequality

£ o Kele> 0}, < clfls (3.14)
where K stands for the function x — Py, hence satisfying the Fourier transform estimates
IM-[(EY(X)| <e and |E(A)| < emin (|7, ]A]7Y) . (3.15)

There is clearly the pointwise estimate

j2 1/2
||{!-K1|l:=-ﬂﬂl_,£(zlf x=-1=) +(Z;J|{f-fr.|z"5tsz‘“1lli,)

ke E e E
(3.16)

By Parseval's identity, the L?-norm of the first term in (3.16) is bounded by
o 1/2
[Z [ imrirera] <o | [1rofe] =das @
bEE "~

invoking (3.15).
12



Next estimate the contribution of the second term

/2
[ e ey, ) (318

hEE

Let 0 <7 < 1 be a function supported by [§,2] U [—2,—}], In'| < C, such that

Y n(2zea)=1.

aE i

Defining Ko by Ka(A) = K(A\)n(2°)), one has that K = ¥ K, and (3.18) may be
estimated by triangle inequality as i

1/2
> { > IHr s (Ka)e ] 2* stsz“‘lllia.} : (3.19)
atE “ kEX
From (3.15)
A(Ka)'(A)] <e and |Ka(d)| <e27lel, (3.20)

Fixa€ Z. Forke Z, copsideranet 2" = wy < ug < -~ cuy =2 of N = N,
equidistributed points. The number N, will be specified later. Estimate

N 3 1/2
[{f»(Ka)e|2* <t <21} 5[Z|_f¢{fr,}.,| ] + (3.21)

d=]

+ {f: U:m‘ |Belf » (K a)e)|at :}U: (3.22)

{m] %

majorizing v ([ug, wes1]) by vy ([ue, ue41)).
Again by Parseval's identity, the L?-norm of (3.21) is bounded by

[i f_ :Iﬂml’lmimll’ﬁ]mscﬂzﬂz—lnl[ f ;ﬂ;;.m]”’ (3.23)

£=1 A2 2

by the definition of K, and (3.20). Here |A| ~ p stands for 1p < |A| < 4p. Similarly, the
L*-norm of (3.22) is bounded by

Lil[“m ~ ug) j: . [ j_ : |.ﬂ1]|=Ili’I{f;}'{HJ|=#] #]”’ <

13



1/2

c i(%):_b( f |ﬂ:|l]1!i:l.) =-:‘.'.'N;‘-"[ f |ﬁ1]|=d:-.]m.{3.z4}

|Aji=t-e |ali=t=
Substitution of estimates (3.23), (3.24) in (3.19) give finally the bound

1/2
Y (Natil 4 H;’]( f |f[.1]|=:u.) < Cl|fll = Clifll2
a,kEE |A|~2=a=n
letting N, = 2lol,
Summation of (3.17),(3.18) yields (3.14), which proves Lemma 3.11.

Let us point out one corollary of Lemma 3.11 to the convergence of the averages

1
Anf = Fjggﬂm

in Birkhoff's theorem.

Corollary 3.25. Let (1,B,u,T) be a DS and f € L¥(u). Then for s > 2

The last result does not seem to appear in the literature. It refines the results discussed

{% Bl [H=1,2,...}

ni N

< o s)|lflla - (3.26)

L}l

in the previous section (related to almost sure convergence). The proof of (3.26) reduces to
the particular case of the shift model (Z, 5), following the procedure deseribed in section 2
of this paper. In the context of the shift, (3.26) is just a discrete version of (3.12).

Writing
L . 1

for a smooth function ¢ on [0, 0o, vanishing at oo, it follows from (3.12) and convexity

14



Lemma 3.28. Let ¢ be a differentiable function on IR, vanishing at oo. Then, for s > 2

[repet >0, <e-(o-27( [ W@listde)ifta . (220)

We conclude this section with a corollary of (3.28) which will be of importance in the
proof of certain Fourier-multiplier maximal inequalities considered in the next section.

Let H be a Hilbert space. If A is a subset of H, denote My(A) the A-entropy number
of A, A > 0. By A-entropy number, we mean the minimal number (< oc) balls (with respect
to the H-norm) of radius A, needed to cover A. We let M, = 0if diam A < A, The following
result relates to H-valued functions on IR.

Lemma 3.30. Let i be as in (3.28), s > 2 and H a Hilbert space. Then for f € L},(IR)

s}, < epls ~2) £l (3.31)
where one defines pointwise Ma(z) = My({(f * wilz) | t > 0}) and C, = [|¢'(z)l|z|d=.
Proof: Observe first the pointwise inequality

1fs
AMj(2)'/* < { 2107 0= - (f s, HzluL} < (£ +ed@}H,, ~ (3.32)

where { = ({;) is defined by putting
ty =min {t > b5 | [|(f * @ed(2) = (f + 00, N2 > A} -

(Since we are concerned with a priori inequalities, we may take the sequence ¥ = (¢;) of
bounded length.)

Writing f = 3 fata, fa = (f,2.), where {e,] is an orthonormal basis for H, it follows
from (3.32), (3.29) and convexity (s > 2)

1fe : W 1 2 4
| sup(AM;™)]], < [g [{fae "ﬁ:]":._l.] Sep(s-2)" (; Ifa |E=) '
This proves (3.31).

There is the following corcllary.

15



Lemma 3.33. Let @ be as in (3.28) and H a Hilbert space. Then, with the notations of
(3.30), for f € L}(IR) and K >0

‘l j; g (K, Ma(=)) " dr

’ < & (log K[ flls - (3.34)
]
Proof: Let, with the notations of the proof of Lemma 3.30,

fa=suplfavwd ;i fa={fea)
>0

for which
I fallz < epll fall2 (3.35)

by the Hardy-Littlewood maximal inequality. Define

F=[Y (" (3.30)
and write, letting & > 2
= F(z)
fmin [H.H;{z}_]lﬂﬂ < Fz) + f K12 My (=) 0d) <
o K=-11p(s)

< F(z) + Ki'*ﬂu[.ﬁ'}:u}pﬁi - Ma(z)'/* .

(3.24) then follows from (3.35), (3.36) and (3.31), letting 1 — 1 = (log K)~".

4. Maximal Inequalities for Certain Sequences of Fourier Multipliers

Proving the L?-maximal inequality in Theorems 1 and 2 in the context of the shift
(&, 5) by harmonic analysis methods leads to Fourier multipliers given by exponential
sums (which properties will be recalled in the next section). In this section a rather general
estimate is obtained, specially motivated by the major arc description of these exponential
sums.

The dual group of Z is the circle group Il = IR/Z, which will be identified with [0,1]
(identifying 0 and 1).

The main result of this section is contained in

16



Lemma 4.1. Assume Ay < --- < Ax € II and define for j € Z4 the neighborhoods
= i = < o=J . ]
R; {Aeullﬁsﬁnﬁu Ml €277} (4.2)

Then

< C(log K )| fll ey (4.3)
(X

sup

[, Fneear

for functions f on .

Remark. It is an interesting question whether there needs to be a dependence on the
number K of base points in (4.3). The logarithmic dependence will suffice largely for our

purpose.

In order to simplify notations, we denote by F (resp. F~') the Fourier-transform (resp.
inverse Fourier-transform) for functions on either IR or Z.

For the sake of completeness , we include the following known argument to derive the
corresponding inequality for Z from the IR-case. It is indeed often more appealing to prove
the result on IR, because of the presence of the dilation structure.

Lemma 4.4. Let & be a set of multipliers on [0,1)] satisfying
| 598 17~ (o Al g2y < BllFlrcmy - (4.5)
@

Then
|I ll.:lp = ijrf"”p[m ﬂHHﬂlF{ﬂ I:*l.ﬂ}

where C is an absolute constant.

Proof: Denote B; the best constant satisfying (4.6). Writing forz € Z,u € [0,p] (p <1
to be specified later)

FpFf)(z) = F- pFf)(z +u) + F[(1 - )pFf](2)

and averaging in u gives

lsup 17~ [0 fllll a2y < o | sup 17 [ F Ml acmy (4.7)
+ sup ||’“P |‘F 1[[l hlh}r"f-f]”ltl{z}' (4.8)
Budp
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By (4.5), (4.7) is clearly bounded by

p~ A B|F fllzago.) = #7 Bl fllexgaz) - (4.9)
By definition of By, (4.8) is bounded by
Bylf + 1 = |l gy = Ba[| Ff - [1 = M|

< CpBy || Fflle2pe.)
= CoBy|lflle - (4.10)

Hence, from (4.9),(4.10), B; < p~'/*B 4+ CpB;, thus B; < C'B by choosing p small enough.

By Lemma 4.4, Lemma 4.1 may be restated as

Lemma 4.11. Let Ay,...,Ax € IR and R; stand for the Ehj-nﬁghbarhmd of the set
A={Ai,...,Ax ), for j € Z. Then

I oy = bem, FAN|, < Cllog KV £l2 - (4.12)

The proof is mainly based on Lemma 3.33 of the previous section and will be presented
in several steps.

Lemma 4.13. Let Ay,...,Ax € Rsatisfy M —Aw|>7>0fork# k. Let0<p <1 be
a smooth function such that supp § C [-1,1]. Then

K K 1/3
wp | (fann)|| <cuosx?(TIAR) - (4.14)
137 2 k=1
Proof: Observe first that
. [ 1/2
E G"'éhh‘lli"l‘-"‘l < Oy~ 12 ( E |n.|’) (4.15)
bk k=1

for all scalar sequences @ = (as)ycucx. This is an easy consequence of the separation
hypothesis of the A}s and we leave the verification to the reader.
Since supp @, C |-, 7] for § > v~ there is no restriction in assuming
supp fi C [-r,7] for 1<k<K. (4.18)
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For u € IR, denote o, the translation operator, thus o, f(z) = f(z + u). It follows them
from (4.16) and Parseval’s identity that

1 1
Ifs —eufull2 < EH‘MI: for |u| < ﬁr*: . (4.17)

Denoting B the best constant fulfilling (4.14) (CK"? will certainly do) one gets from (4.17)
for0<u< #r"‘

K
sup E Eili.hl{_h * P, '_i[
k=1

tr=1

<
3

K
sup | 3 M0 (fasg,)
i

+ ;B(Ennuz)m -

Integrating (4.18) in u on [0, Io=] permits replacing (4.18) by

(4.18)

K _ :
E ‘nlnh'gj"h'{,ﬁ ¥ ‘PIH=]

c |13

. (4.19)
L3{da)

sup
130

LA{[0,r=1],du)

By the preceding, it will suffice to bound (4.18) by C(log K)? - (T [1£all2)"? in order to
prove Lemma 4.13.
Fixing z € IR, consider the set

A=A ={((Aire )@ s (fx v p,)(z)) |t >0} (4.20)

as subset of the K-dimensional Hilbert space £3.. For A > 0, denote again by M, = M,(z)
the entropy numbers of A. There exists a sequence B, (s € Z) of finite subsets of the
difference set A — A such that

Bl <22 for b B, (4.21)
#B, < My, (4.22)

and each element @ € A has a representation

@= Y 5, with b, eB, (4.23)
s E
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K
(# stands for “cardinality™ and [Z| refers to [ b ln.l’]”’}. In writing (4.23), we make the
=1
implicit assumption that A = A, is bounded, which is clearly no restriction.
Estimate

< ) max

K
E-l.ll.ugllilqlil
JE.ﬂ:EB' E

k=1

sup
t=0

Y e tangmihn(fy up)(2)
k=1

and the L?([0,7],du)-norm by

2

X

K
E gulrl.hu‘h-ihlh
=1

mas . (4.24)

L3{[o,r=*])

For given s, consider the following bounds

K 1/
% P “awidan dwidaey 3
max| iimu[=-+=x’ﬂ,[§:|§:=‘ s | }

:En- k=1

Hence, invoking (4.15), (4.24) is bounded by

E min {r“"!'“ﬂ'”' . c_r-:l.jlf-l-l{#ﬁi}ljl} e Op—112 f”min [HI M;.{I”lﬂﬂ
[ L
= (4.25)

using (4.21), (4.22).
Taking the L?(dz)-norm of (4.25), the required bound on (4.19) is obtained from (3.34).
This proves (4.14).

Lemma 4.26. Assume )y,...,A\x € IR satisfying |\s — Aw| > 2-* for k # k'. Then with

previous nolations

sup |7~ [x, F. ﬂl‘l < Clog K| £lla - (4.27)
e 3

Proof: (4.27) is derived from (4.14) by a standard square function argument. Take ¢ as
in Lemma 4.13 satisfying =1 on E— %,%L Estimate

K
3 e ((f N 4 ) (428)
k=]

3 1/
] . (4.29)

sup | 7~ [xr, Ff]| Ssup
Jze jze

Az

iZe

F [(xn_. = iﬁu - A.}) rf]
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By hypothesis on ¢, g * 31 = (g * p3.-1) * pu for j > s. Hence, applying (4.13) with
fo = (f e ™% %) 2 a1, (4.14) gives following bound on (4.28)

¥ 1/2
C(log K)? { ] [E |7+ Aa}l’lﬁ{f"ﬂll’]ﬂ} < C(log K[| fla (4.30)

k=1
invoking the separation hypothesis of the Ay's and the fact that supp@ C [-1,1].
By Parseval's identity, (4.29) is bounded by

K gy Y3
{Eflﬁljii’ixn,u}- Za{zim—:a.}}] d,x} <

iz =1
K
sup [E xn,[ll—zﬁ{ﬂjil-ll}}] N fla - (4.31)
AR |, k=1

K :
Since xp,(A)— 3 #(2/(A—A4)) is bounded and 0if either dist(1, A) < 277! or dist(2, A) >
k=1
277, the first factor in (4.31) is clearly bounded.
(4.27) is then implied by (4.30), (4.31).

Remark. In a later application, A = {Ay,...,Ax} will be typically a set of rationals 2,
(a,q) = 1, with ¢ < Q and the neighborhoods (major-arcs) considered <0 @~*. Thus the
more restrictive Lemma 4.26 actually already suffices for our purpose. The statement of
Lemma 4.11 is simpler, however, and the result may be of independent interest.

In the remainder of this section, we complete the proof of (4.12).

Lemma 4.32. Let again
§o— 3 - J— y "
RJ_{AEJ!H“;Tn |A=Ag| =2 } for jE &

Then

< (log | SIS N2 (4-33)
2

'."iju’[xﬂi:'rﬂl
JES
for 5 & finite subset of Z.

Proof: The argument is inspired from the Burkholder-Davis-Gundi-Stein (cf. [Ga]) dual
version of Doob's maximal inequality. The only difference here is that the operators are not
positive. We only use the fact that the Rjs are decreasing. Assume thus, redefining R;,

RisaCR;, 15j<2" where s~1log|5].
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Denote B the best constant satisfying the inequality

| sup |7 (xg, FA|ll, < Bllfll2

1<
or equivalently (by dualization)
Y Flxn, ﬁ,—]" < E" Y lalff - (4.34)
jgy : jga o
Identify S and {1,2,...,2°} and let (5.) <, be a diadic partitioning of §
Denoting §; = F~'[xr, Fg;], clearly
ﬁhiﬂ:‘ - {Fﬁ;ﬁ} for j<k. {m]

Using this {act and Halder's inequality, one gets from definition of B

2
Sal| =S IH1B+2Y @)
jes 2 i<k
< leili+2 3 (E 5 ), Fa)
|el<a JESam kES,
<) lgjllz +2B ) [ 3 sl | Yo lesl
3l res, . 2

lel<e " §€ESu0

< (1+28)| T 1ol

Consequently, B* < 1 + 2Bs =5 B < ca, proving (4.33).
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Proof of (4.12). Define
S={jeZ|K 279 <hu-du|<K2 forsome 1<k#k <K}.
Thus obviously
|5 < K*. (4.36)

Define further
Z,={jec Z\S|R; has r components}

for 1 <r < K. Hence
By < By = = By [4'3?}

where Z;, Z) are half-lines and Z, a finite segment, for 1 < r < K. Forr > 1, let
j» = min Z,. By construction, there is a set A, C {A;] satisflying

A=XN|>2% for A£X in A, (4.38)
U-2742+29cRrjc |JA-2724+27"] for jeZ,. (4.39)
AEA, AEA,

To prove (4.12) we proceed again by duality and estimate the best B fulfilling
I 55
]
Estimate using (4.32) and (4.36)

gﬁ Eﬁj

< FM Elﬂ'ﬂ” 7 = F'[xn;Fygj] .
2 : |

<
2

+
2

< toe X)| 10 stl“: " |Z§

2.(2.9)

jES ¢ jEZ,

denoting

Gy = Egj and G, = EE{

JEX, jEz,

Because Z, < 2o forr<v',wehavelor jE 2., 7' € 2
(g5, G50} = (952 95) -

o (G.,Gp) = (G.,Gp)
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and
2
|za] -Tiem+2 3 (ondy) .
] rep
The same argument as in (4.32) then shows that
B? < (log K)* + B} + B(log K) (4.40)

where B; has to satisfy

sup |?"_1[ch,fﬂ|” < Bi|flls . (4.41)
JEZ, F

In order to estimate B, apply (4.26) with A = A, # = j,, taking in account (4.38) and
i = 3r for j € Z,. Invoking then (4.39) and a square function argument such as in (4.31),
it follows that B; < C(log K)?. Substitution in (4.40) yields that B < C(log K')®. This
proves (4.12), hence Lemma's 4.11 and 4.1.

5. Behaviour of Exponential Sums

In analyzing the Fourier multipliers appearing in proving Theorems 1 and 2, information
is needed on exponential sums (1.5), i.e.,

N
pn(E) = 5 3 emirn® (5.1)

where

p(z,8) =ayz 4 - +agz’ and &F=(0y,...,a4) €[0,1]. (5.2)

In this section, some well-known results and procedures are summarized. The estimates
required are mainly provided by H. Weyl's basic lemma

Lemma 5.3. Let f(z) = ayz+ a3z’ +---+ayz® and [ag— 2| < & where (a,q) = 1. Then

(Ve > 0)
1

F {5.!]

| E E‘ln'.i'[m]‘ < E_nlﬂh.q +n 14 ?ﬂ_‘l' where p=

m=1

(cf. [Vaug] er [Vin] for a proof).

Denote @ the set of rationals. For § = §(d) > 0 and #,,...,6; € [0,1]NQ with common
denominator ¢ < N¥, define the “major box” in the d-dimensional torus

M(by,...,00) = {E=(a1y0r,aa) €M | |laj - 8| < N=FH (1<j<d)}. (55)
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The following fact may be found in [Vin] (ch. IV, Th. 3) and can be proved by iterated
applications of Lemma 5.3 combined with Dirichlet’s principle.

Lemma 5.6. If @ does not belong to some major box as defined above, then
len(@)| < CN-¥ . (5.7)

Here ¢ n(&) is defined by (5.1) and C,§ > 0 depend on d.

One may describe the shape of ¢ (&) on M(#,,...,0;). Let 8; = f‘;l, ay = 0 + f;
and |3;| < N/, Writingn =ga+r wh-:rcnis{%mdr:ﬂ.l,...,q-l,m:hufar
i=1...,d

ajnd = (0 + Bi)gs + 1Y € Z + 0;r7 4 Big’s’ + o N~1H36) (5.8)

since ¢ < N, Hence, clearly

en(E) = {% :E::: ﬂmrrmmu*m} {% iﬂhimuu--wm'-‘}} +o(N-Y .,  (59)
For (a;,...,84,9) =1 and §; = ::'-, define
S(g,a1y..-,84) = lfz_l:e"‘“*-*"'*"*-}. (5.10)
1 Ful
Letting
Va(B) = ;_ff: ATt eyt 4 Bar®) gy, (5.11)

(5.9) and the estimates |3;| < N=I*¢ easily yield, replacing the second factor in (5.9) by its

continuous substifute

Lemma 5.12. Forge M(#),a=0+8
wn(@) = S(g,01,...,04)Vn(B) + O(N~11?) (5.13)

ﬂ'.‘li:rz Ej — —L.



Lemma 5.14. If (g,81,...,84) =1, then

[siqlﬂlt”""lulll = W_HF {5‘15]
where §' = §(d) > 0,
which is clearly a consequence of (5.3).

In this work, we will not need finer information on the 5(g,4ay,...,a4), such as multi-
plicativity propertics and A. Weil's estimate for ¢ a prime number.
Finally, some estimates on the function

|
Vv(B) = f ATBNTHBN Y AN Y ) gy (5.16)
L]
Lemma 5.17.
d
1 - V(B)| < €} 18;|1W (5.18)
je=1
’ o -1 d
|Vn(B)l < C [1 +) ]ﬁjjﬁf] (5.19)
=1
where C = (d).

The first estimate (5.18) is obvious and the second (5.19) results from van der Corput's
estimate on oscillatory integrals.

6. Ergodic Theorems in L?

In this section, we prove Theorem 1 for functions of class L*. This result appears
in [B;]. The argument presented here uses less structure. According to the discussion in
section 1, the maximal inequality and convergence problem for the averages

1 X otm)
AHf=F§‘T’{ f (6.1)
plz)=bz+bz’ +--+b2* b €Z and B> 0 (6.2)
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where reduced to proving cerfain inequalities for the shift model (2, 5). In the case of the

shift
AnF=fsKn where K =lia (6.3)
N &~ {pin)} s
and §, stands for the Dirac measure at € Z. Hence, introducing Fourier transform
Anf = F[FIKn]- FIf]) (6.4)
where for & € II == [0, 1]
N
1 .
FIKn)(a) = 3 e = oy (—biay...,—bsa) = pn(—a-T) . (6.5)
n=1

For s > 0, define an exhaustion of the rationals in T
R,={EEQJ‘I[D,1]|E=§,{a,q}:‘l and 2° < g <2t} (6.6)
which is considered as subset of II. Thus Ry = {0 =1}.
Denote { a smooth function on IR with { = 1 on [-f-ﬁ,fﬂ and { = 0 outside
[ - %,3]. (The smoothaess of { will be irrelevant for the L?-theory but has importance
when considering L"-estimates for r < 2 in the next section).
Define
Yon(a) = 3 S(@wn(a—0)((10*(a - 6)) (6.7)

dER,
where, with the notations (5.10), (5.11) of section 5

5(8) = S(¢',8}y...18y) where —8.b4;= Eqr:!-{mﬂd 1) and (a}y...,04,¢) = 1(6.8)

wr(B) = Vn(—Bb,...,—Bbd) . (6.9)
Thus it follows from Lemma 5.12 that if = £, g < N*
FlKn](a) = S(O)wn(a—0)+ O(N-Y) if |a—8] < N4, (6.10)
Also, since ¢' > L, if # = £, (a,q) = 1, one has by (5.15) with notation (6.8)
|5(8)) <c2™*¥ for @ER,. (6.11)
From (6.9) and (5.17)
1 - wn(8)| < ClB| - N* (6.12)
len(8)l < C[1 + |BIN4] 7' (6.13)
Observe also that the summands in (6.7) are disjointly supported, by definition of R, and

£-
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Lemma 8.14. There exists §; > 0 such that the uniform estimate

[Fln@) ~ 3 bunta)| < oN-* (6.15)

#20

holds.

This lemma permits the replacement of F[Ky| in (6.4) by more explicit multipliers
which will be taken care of by Lemma 4.1.

Proof of (6.14). Redefine major arcs in II by letting
M(#) = {acll||a-08 < N-9¢} (6.16)

for @ a rational 2,1 <a < ¢, (a,9) =1 with ¢ < NE,

Case 1. a belongs to an are M(f).
Assume @ € R,,, thus 2' < N¥ Let 5; be a positive integer (depending on N), to be
specified later. Estimate using (6.10), (6.11)

IF{EH]'{-&}—Z Punla)| < [1-((10%(a—8)) |+ E sup iwn{u—ﬂ]!+ﬂl"‘r+ﬂﬂ"” .
$S0 by

(6.17)
Since 10% < N and |a — 8| < N=9* < N-1, the first term in (6.17) vanishes. Letting
2 ~ N* and writing |a— 8] 2 |0 — 6] — |a — Bol, [0 - 6] > Lg~22~% 2 IN-¥ for 6 € R,,
8< 8,0+ 6 and |[a—8y| < N~ it follows that |a— 8] > 1|8 — 8|. Thus the second term
of (6.17) is bounded by (log N) - N-*+¥  invoking (6.13). Hence (6.15) holds.

Case 2. a does not belong to a major arc.
Clearly, from definition (5.5) and (5.7), we have |F[Ky](a)| < CN =¥ by (6.5). Write
for 2t < 1N%, 2% ~ N®
Izﬁ,.n{u]l < E sup |uy(a— 8)| + oy e L (6.18)
a4y €W
By definition of Ad(#), it follows from the hypothesis on a that o — 8| > N=%+ whenever
#€R,, s < 8. Hence |wy(a— )| < CN=%/4 by (6.13) and (6.18) implies again (6.15).
This proves Lemma (6.14).



It is clear that when proving the maximal inequality

eup|f + fm" < Clfllec (6.19)
N ()

the function f may be taken positive and hence the supremum taken over the set Z; =
{2* | k=1,2,...}. Denoting
¥ = E ¥s.n (6.20)
5

estimate by (6.15) and Parseval

sup | F- !ﬁn}'ﬂl‘lj + ( 3 |FlKn] - -m]lj;) 11l

I'IE3| IIE:;

sup [f»* Hp.r||
NeZy

=
2

wup | 7= g Al +C1ls (6.21)
L 2

To estimate the contribution of the first terms, define
Pun(a) = 3 SO)x(N¥(a - 8)((10(=~6)) (8.22)
fER,
where x = X|.1,1) considered as function on IR. It casily follows from (6.11),(6.12),(6.13)
that there is a uniform estimate
Y Wun—dunl <027 (6.23)
MNEE,

Therefore, again by a square function argument

lup[_?-"‘lw.#.?ﬂw <
Iy 3

wp | F o | 40T UM (62)
i 2

For N € Z,, write N* = 2/ and R; the 2 7.ncighborhood of R, C II. Thus, letting

Fla) = FIf] > S(8)¢(10"(a - 8)) (6.25)
FER,
VonFf = Fla) - xn (6.26)

it follows from inequality (4.3) in Lemma 4.1 that

1
up, 17 b
< C(log |Rs|)*llg.l2 (6.27)

29

sup IF‘I[;.H-FIH
NeZ,

p
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By its definition, |R,| < 4* and it follows from (6.11) and Parseval that ||gs]lz < 2|\ flla-
Substitution in (6.24) yields the bound

sup |7 b1 < 022Ul (6.28)
1 2
and hence, substituting in (6.21)
cop 17+ Knl| < ¢ 0127 )l < Ul (6.29)
NeEx 2 pror
proving the maximal inequality
splansl| <cishs . (6:30)
N 1

Next, we verify the almost sure convergence using the method described in section 2 of this
paper. Thus we prove an inequality (2.14) in (£, 5)

of
S IM;flls < o{D)If 2 (6.31)
=1
denoting
Mif= sup |f+(Kn-Kn)| (6.32)
n,{:E-:'f“,

where Z, = {[(1 +£)* ; n = 1,2,...}, £ > 0 fixed, and N; is any rapidly increasing
sequence (N;41 > 2N;).

We again apply the Fourier transform method. With previous definitions, it again
follows from (6.15) that f « (Ky — Ky, ) may be replaced by F~'[(¥w — ¥, )Ff] when
defining M, f. Fixing sq, it follows from the previous inequality (6.28) that then

sup | F 7 [($a,n — u ., ) FS]|

MysNaMi
Nl

+Ce 1275 %||f|l;  (6.33)
r

IMifla<

T
where the second term in (6.33) will be of|| f||2) for appropriate s5. Thus it suffices to verify
(6.31), defining now

Mif= sup |F ' [(wy —ww,)FSf]| (6.34)

NjeN< Wi
Nil,
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where wy is given by (6.9). The reader will indeed verify that summing the first terms of

(6.33) over j = 1,...,J will only introduce an additional factor (depending on #;).

Let x = Xx[p,1) and

Mif= sup £ (xemey = X0
; N_u:H-:H,-HI (xve) = x)|

where ¥, = %Ill-'-l' Since pointwise clearly (with vg as in section 3)

T 1/2
{E{MIIF} .;_:J’.“"{f: v | N =1.,2,...}I[“

j=1
it follows from (6.36) and (3.26) that

J

ST IM;f13 < e P13

i=1

hence

J
Y IMiflR € Y I|F 7 [(ww — Flxwa))FAIZ +CT P11 -

j=1 NeE,
This first term in (6.37) is bounded by

5 Jwnla) - .ﬂﬂ‘nn‘] IFIE < Call 13

NEZ,

using the fact that, by (6.12), (6.13),

sup
L]

|on(a) = §(N%a)| < Cmin (Ja|N%,(|a|N*)~/9) .
Hence, for M f defined by (6.34), by (6.37),(6.38)

Y IM;fllz < Cel | flla

(6.35)

(6.36)

(6.37)

(6-38)

(6.39)

(6.40)

independently of the choice of the sequence Ny & Ny < --- < N;. The proof of (6.31) is

now completed, and so is the proof of Theorem 1 for L-functions.

Observe finally that if T is weakly mixing, then Ayf — [ fdp in L? (hence as.).
Indeed T has no point spectrum as unitary operator and 4 ¥ ™) N5 g for = el =

ALlN
{z €€, | |z] = 1}, except on a countable set.
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7. Ergodiec Theorems in [F, p > 1

The purpose of this section is to extend the L-theory to L?, p > 1. Of course, only
the maximal inequality
|ssptansl] <eumn, (1)
N r

needs to be shown. Once (7.1) is obtained, the a.s. convergence for functions f of class
L?(p) reduces to bounded functions and hence is taken care of by the L? result, obtained
in the previous section.

The partial result was obtained in [Bs] (p > 155).

Considering again the shift model (Z, §), (7.1) becomes

N
lsupls s Knll, S CUfly s Knv =3 3 Sipimy (12)
]

The proof of (7.2) by Fourier Analysis methods is more delicate than in the L?-case because
the Fourier multipliers involved in the argument need to have good bounds on L7,
We use the notations of the previous section. Thus in particular
g-1

5(0) = izt-:wiﬂr}' for 8= E and wy(f) = fl ,-:ﬁﬂﬁr}.ﬂ'dy , (7.3)

=@ [}

Denote again { a smooth functionon R, 0 € { < 1, supp{ C [}, 3] and { =1 en
[-4.4]

s

The following lemma will be useful when comparing L?(IR) and £#( Z )-norms.
Lemma T.4. Forl < g < eD, € = o(l1), one has

| [rer=smcpsas| | [ Fer=ecsas (135)

L*{R) o (X)

Proof: Observe first that by Bernstein's inequality and the hypothesis for 0 Su <1
[ F@yiemiesn it pp)ag [Ferencons| .

We first prove the inequality | |loz < pll llzs(m) in (7.5), for some bounded p. Let
0 <u<] and write

| [ Feremsncpas)

< Ce
L*

+
i

< | [ reremenriiopya
+| [ Fon - amseesocpas| . @
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Integrating the pth power of the first term in (7.7) in u, the LP([R)-norm is obtained. Let
p be an a priori constant satisfying the above inequality, the second term in (7.7) may be
estimated for fixed u

,," [ F@ya - eor ]e"“"“ﬂﬂﬂ}dﬂ‘ / Fi’.ﬁ}e""""[ﬂmdﬂlL

< Cep
L»
invoking (7.6). Thus it follows that p <1 + Cep, from where the boundedness of p.
To prove the converse inequality in (7.5), write

]

i/p
du} (7.8)

| f F(B)e* (1 — @5 |((Dg)dp

i (dy)

1
I e < 1 Hnm+{ /

and apply the | |lee < ol |lz» inequality and (7.6) to estimate

for 0 < u < 1. Since Cep < § for ¢ taken small enough, substitution of (7.9) in (7.8) yields

< Cep
£ (dy)

F{ﬁ}e*"'ﬂcwﬂw||” (1.9)

[ F@yemsnn - ameeinp)p

the converse inequality, proving (7.5).

Lemma 7.10. For 5(8) defined by (7.3), the £(Z)-norm of the Fourier transform of the

.52, ¥ (E) o (“ Z E) (1.11)

: : 712
!jEEIEEﬂJ-FFmWﬂl (7.12)

function on II

is bounded by

Proof: By definition of 5(#), the Fourier transform of (7.11) at the point z € Z equals

Y s G) " FF(z) = (#{0 < r < q| = — p(r) € ¢Z}) FF(z) .

I<acy

Thus the £'( Z)-norm is bounded by E: j-EE: |FF(ig + p(r)) |, hence by (7.12)

Lemma T.13. Let 1 < g < D. Then with the notations (7.3)

5 (2) for(e-3)c(o (o) e

I<ady

<C. (7.14)

-

a3



Proof: Apply (7.10) with F(8) = wn(8)(D8). It follows from (7.3) that wp(3) is the
Fourier transform of the image measure vy under the mapping p(Ny) : [0,1] — IR. Hence
FF = vy + (F'[{]) , and (7.12) is bounded by
1 o — ol N
L E sup 1 |.F"[{] (I= tig-# ﬂ)} dy . (7.15)

BJEE"E"" D

Since |F-2[¢](8)] < €(1 + 7)1, Eﬁ o |7-1[¢] (242)| < ¢ (2 +1). Substitution in
(7.15),(7.14) follows.
There is the following real Analysis maximal inequality

Lemma 7.18. For p > 1 and f € [F(IR)

sup [F~ wn F f]| = Cllfllprgm - (7.17)
|-pittonal,

Proof: As observed eariler wy is the Fourier transform of the image measure vy under
the mapping p(y) : [0, N], 5§ — . Thus we have to estimate ||sup|f + l-'n]"l; For ¢
N

. dw e 2 n s 14} in o
sufficiently large, one has that 1”._‘ = m which is of the order -ﬁ-i 1 in size.
Thus the problem reduces to show that

fe [ﬁ"-'“’ix[u.ﬂ-][*l‘

sup S Clflly - (7.18)
i »

Defining k(1) = ¢t="*3 x5 51, Ft~"* ¥ x00 ey (t) = kgpvay where k,(t) = Lk(%), s > 0. The
fact that

= Clifll (7.19)
F

follows from the Hardy-Littlewood maximal function boundedness on IR. This proves the

sup |f « k|
a0

lemma.,

Next, we prove a discrete maximal inequality

Lemma 7.20. Let 1 < g<eD,e=0(l). Then forp> 1

<Glfle - (7.21)
Lo ()

2 f wn(8)Ff (3 ' ﬁ) ({Dﬂ]:‘“"[ﬁﬂh‘a‘

D<ady

sup
N
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Proof: The main ingredient will be (7.16) and the problem is to pass from IR to Z.
Writingz e Z amsz=yq+ 32, 2=0,1,...,4 — 1, the left member of (7.21) equals

P e
F, DA™ :
{ng,“ -;p| [en@Eax(08) a5 Mm} (1.22)
denoting
F(f)= Y Ff (5+ﬂ) AT (7:29)
GE-(H g

As in the proof of (7.4), denote p the apriori best constant in the inequality

(7.24)

L—

/ wn[ﬁ}F[ﬂJC[ﬂﬂ}n""’""dﬁ“L <s| [ FoxDRISwas

sup
N

For0 <u <1, wnte
f “'H{ﬂ]'F{ﬂlﬂﬂﬂk"wdﬁ‘ -

L

f “nmlmlc{uﬂnf'ﬂ"--liﬂ”‘”"‘”‘ :
(7.25)

Integrating the pth power of the first term of (7.25) in u € [0,1] gives by (7.16),(7.4)

sup f wn(B)F(BX(DA)E#r+)dp| + sup

g~ ?ll sup | F- 'fwan{{ﬂ]]IH < (7.26)
N L»

cq~ || F [FD) ||, =
o| [ rexwaremenag ™ |/ FOX(DR)" 748

By definition of p, the £*-norm of the second term in (7.25) is for fixed u € [0,1] bounded

£ (dy)

by

. | [ Foemee - llifﬂﬂle’“""dﬂ| s (1.27)
Apply consecutively (7.5),(7.6),(7.5) to estimate (7.27) by
Cep j FAXDp)E g (7.28)

From (7.26),(7.27),(7.28), it follows that p < € + Cep == p < C assuming £ small enough.
This yields (7.24).



Applying (7.24) with F = F. and substitution of (7.23) yiclds

5
£ {dy)

/ mwlr.{mcmme"“wj

sup
N

o| & et [71(2+8) comersimnyg]

D<ady

.._:.E{, 4 [‘Ff"" (” ( - E))] (qu+2)

and summation over z =0,...,¢4 — 1 gives the following estimate on (7.22)

= (o(-)]|

0<acy

i (dy)

c

e (dy)

< Clifllee -

I-F“[

This completes the proof of Lemma 7.20.

Lemma 7.29. Under the hypothesis of Lemma (7.20), forp > 1

Y s (2) [unrs (E " ﬂ) ciﬂme""ﬂ*’lﬁj

<Gyllflle - (7:30)
[ o

Proof: Apply (7.21) to the funclion g given by

e QG- o

i<a<y
Observe that {(-E,ﬂ}{{ﬂﬂ} = {(DpB) and the first factor in (7.31) is the Fourier-transform
of an £'(Z)-function, by taking wy = 1 in (7.14). Inequality (7.30) now follows.
The following lemma in an important new ingredient in proving (7.1).

Lemma 7.32. There is the following restricted maximal inequality

< Gpﬂnﬂhﬂ Nl””llr y forp>1. {?*HJ

sup |f=Ky|
Na<N<N}

This is a problem about positive functions and hence N may be taken of the form
N =2*% ko < k < 2ko. Instead of considering the £(Z)-inequality, we will rather deal with
functions f taken on a finite eyclic group G = &y = E /JZ, where J is taken large enough
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(depending on Ny). The measure on G is the normalized counting measure and f « Ky is
the convolution on G of f and 4y 3  &p(ny)- (7.33) is equivalent to
1<neN

sup |f s Ka|

i < Cyllog ko)ll fllzs(a) - (7.34)

L*(@)

The reason for this set-up is to invoke Stein's extrapolation theorem [St] according to which
the inequalities (7.34) for p > 1 follow from the weaker inequalities

< Cyllog ko)l fllzr(e) - (7.35)

LNG)

‘ s
by holhs

Since (7.35) weakens for increasing p, one may assume ¢ = p' = -E; an integer. We replace
(7.35) by its dual version

2ky
Y (o Kn)|| < Cyllogks) (7.36)
[—. ]
whenever
g0 , Z.ﬂ <1. (7.37)

Let M (to be specified later) satisfy
M ~ log ks (7.38)

and put Ly = Kyws for simplicity. By splitting in sub-sums, (7.36) will clearly follow from

57 (ga+La)

ho<h<hg

< O (7.39)
0

whenever {g;} fulfils (7.37). Denote p the smallest constant C; satisfying (7.39).
In the sequel, let C stand for & constant depending on gq.
Expanding the gth power of a sum and integrating

‘ Y. (oaeLa)

kachkc2k,
¢ B (9u, * La,) - (gu, * La,) (7.40)
b, Chy Conh, €20 © T

[ £ wem)|” (141)

ko< h<hg

L
<
g

a7



where (7.41) is bounded by p*-!,
Choosing M appropriately, we will achieve the estimate

[ [gas * Zay)--- (on, * La,)] # (Ea, = Lno)|| gy < B3 (7.42)

whenever kg < ky < ky < -++ < ky < 2hy.
Once (7.42) obtained, write

‘ J{: PO S P T i TS L (55, % TaXons # In)-++ (s, o Zo)| < K5

and estimate (7.40) by

C + E:_ f [( E n) lLi.] (gny * Lay)---(gn, » Ln,) - (7.43)
b by <y <2hg o< h<2ky

Since the first factor in the integrand is 1-bounded, by (7.37), (7.43) turns out to be bounded
by (7.41), thus by Cp*~'. Consequently, one gets p* < C + Cp*~!, hence p < C, proving
(7.39), thus (7.36) and (7.33). It remains to obtain (7.42).

Proof of (7.42). This is an L[*-problem and we use the Fourier transform method.
Denote gs, by gr and let N, = 2%,

We keep the notation F for the Fourier transform on & and identify G with the integer
interval [0, J] endowed with normalized counting measure.

For each r, let s, be increasing integers to be specified later. Define with the notations
of the previous section and D to be specified

2= T S@un(a-0K(10a-O)K(D N a-0).  (749)

sia, PER,

It follows from (6.15),(6.11),(6.13) that then for some § > 0
|FLs, )(a) - ()| < C(NT* +27%% 4+ D™V4) | (7.45)
Since from the definition (6.6) of R,, clearly
7| p ) < C4™ (7.46)

there is a uniform estimate
|72 [ - Flg.)] | < C4*> . (7.47)
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It also follows from (7.45) that
I(gr « Za,) = F~* [0 F(90)] [ gy < C(N7* +27%4 + D7) . (7.48)

Observe that the Fourier transform of the function =1 [0 F(g;)] --- F~1 [0, F(g,)] van-
ishes outside a DNy * neighborhood T' of {§ € INQ | b < 27*},
Estimate the left member of (7.42) as

(g2 * La,) = 7' [F(a2)0] || yo gy +

17 [F(92)0a] | [l (93 * Es) = F~ [Fla3)%] | oy + -+ +

I!Fl [F[fﬂ]n:l] Elm iy “'F-l [}-{91'-1}“!-1] ]Iul“fl * L) - F [-Fl:!'lnl] "I-’l.'ﬂ'.l (7.49)

HH{F [Floa)a].oo. FFlae)0] } # (Eay = Lio)| oy - (7.50)

By (7.47),(7.48),(7.49) is bounded by
9
C Y antte-s(N7t 2-+6 4 D), (7.51)
r=l

Making the appropriate choice of the numbers s, ~ log ky permits then the estimation
(1.49) < 1—1n~k;* +C (N7 4 D) (7.52)

By the remark on the support of the Fourier transform made above, (7.50) is clearly bounded
by
177 (Floa)%]. . FH [Fl9)0e] | ag gy - 3R | F(Lay = Lio)(e)] - (7:53)

Again from (7.49), the first factor in (7.53) is bounded by 4%+ +% < kf. By definition
of I', (6.10),(6.12), one easily verifies that the second factor in (7.53) is at most

N d
cD (Fl) + N2 (7.54)
2
provided
D2+ < N§ (7.55)
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which is obviously satisfied for D < 284,
By definitions of N, and since k; < k3,

(7.53) < kJ[D2~M4 4 2=1Mbo] (7.56)
Collecting estimates (7.52), (7.56), the left member of (7.42) is bounded by
llnk;' + kG[D-1/4 4 D2-Md 4 gFka] o =

for a suitable choice of I}, log D ~ log kg and M ~ log kg, (7.38). This completes the proof
of (7.42) and hence Lemma 7.32).

The proof of (7.2) is mainly based on L*-estimates, (7.29),(7,32) and interpolation.

Proof of (7.2). Denote || ||, the {"{Z)-norm in what follows. Define for s = 1,2,...

Q, =12 (7.57)
K,={kecZ|4 <k <4} (7.58)

and with previous notations, let

e B (@) )ie-g) oo

for s < s, ke K,.
It follows from (6.15),(6.11),(6.13) that for &' < s, k€ K,

| FlKas](a) = Mupla)] <275 (7.60)

and by (7.13)
|7 e, < C- (7.61)

Fix 1 < pp < p < 2. It follows from (7.30) that
n fiP|f' ‘[ﬂa...-Ff]|H < Clfllps - (7.62)
Pa
For k € IC,, wrile

foKp=F o Ffl+ 7 [{ﬂj,.: - ﬂ;.:}.}'"f] +eee g FO [l:ﬂ-u,. - ﬂh._I].Ff]-[-
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{(f* Kp) - F [, Ff}

hence

sup |f « K| Egigg_ |7~ (D0 —ﬂ.,.--1}F.f]|+Z.:::£ [(f» Kas) — F ' [, F 1| -

(7.63)
By (7.62)
wop, |74 (e = Buwn) 71| < CIA1n (7.64)
b4 Po
while by (7.33) and (7.62) also
I II.IE |(f » H;;]—F—llﬂ:.,.?'m" < Co||fllpe - (7.65)
gk, Po

Qur purpose is to interpolate (7.64),(7.65) with better £2-estimates. Estimate using (6.15)

<

sup I{_ft Kau) - .'F_"Iﬂi.ffﬂt
kg

¢y 2™ +llsup| 3 f”[ﬁ.-,:n*f_f]—F"[m.,qu’l[ i

k4 b2 lpcrcy )
3 || sve b7 tbnn - 711 (1.66)
=T h F

where ¥,y is given by (6.7).
By (6.28), the last term of (7.66) is bounded by € -2~ || f|1.
Write

D =T b = 3 Y SO (@ - 6)[((Q2 (a — 6) — ¢(10"(a — 9))] (7.67)

r<o PER,

+ E 25(5) on (a-)e(@(a-3)) - rom

There is a uniform estimate on (7.67) for k > 4* by

C-4". smup |wn()| <cC27*? (7.69)
1B1=q="
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by (6.13) and (7.57). Thus (7.67) contributes to the maximal function for at most C2~7 .
As done in section 6 to prove (6.28),(6.29), one estimates the maximal function contrd-
bution of (7.68) (in £2) by C . 2-¥'7,
Collecting estimates yields the bound € -2~ on (7.66). Hence also, by subtraction

sup [F 7 [(Qae — Dapr—s ]..‘F,f]‘ <C-27") 1l (7.70)
e 0 2

while
sup |(f » Kan) — F [, - Ff]| ‘ <C-27%flla . (7.71)
kEK, 2

Interpolating (7.64),(7.70) at py < p < 2 yields the corresponding £P-inequality with con-
stant C-2-%*_ Similarly when interpolating (7.65),{7.71), an £P-estimate C'-2~%* is found.
Here &, > 0 depends on p > 1. Substitution of these bounds in (7.63) yields

sup |f» K|

<c)y rhiicy ab<c
P 'L F

completing the proof of (7.2).

8. Integer Parts of Polynomial Sequences

Consider a polynomial with real coefficients (d > 1)
plz)=by+ bz 4+ - +biz?, By>0 (8.1)

and for a given DS (1, B, 4, T) the averages

N
ik ml
Anf = NETI’{ f (8.2)
where [y| stands for the integer part of y. Here we let f be of class L=((, z). In proving
the a.s. convergence of (8.2), one may assume at least one of the coefficients by,..., by
irrational. Otherwise, if b; = 3L (1 £ j < g), write n = mg+7 (0 < r < ¢) and
Anf=1 ¥ g ¥ Trim) Tl f) where py(m) = p(mq + r) — p(r) has integer

D<ry misg=1
coefficients. The a.5. convergence of the Ay f is thus implied by Theorem 1 of this paper.
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Assuming thus by,...,bs not all rational, the sequence {p(n) — [p(n)] | n =1,2,...}
is uniformly distributed in [0, 1)].
Fix £ > 0 and consider the function v = 7, on R

[\

0D e« 1= 1

Denote

Anf = —E 3" r(p(n) —m)T™f . (8.3)

n=]l mEE

Clearly, invoking the uniform distribution property, there is the pointwise inequality
|Anf - Anfl < 2S=#{1 Sn < N | dist (p(n), Z) <€} <3¢l|flls  (84)

for N large enough.

Thus, it suffices to show the a.s. convergence of (8.3) (for a fixed £ > 0, assuming
f € L*(gs) (the hypothesis f € L* is only of relevance when replacing Axf by Anf).

The proof of this follows the same method as used in seclion 6.

The relevant exponential sums are given by

niNmERE ke E ni

FlKnl(a) = % Y 3 r(pln) —m)eme = Y #k—a) { b B, e ']'!'[“1}

(8.5)
where

= .:_1' 3 3 (pln) - m)bgmy - (8.6)
nENmeX

Let () be given by (5.1)

N
wn(a) = = z eimilantayn’topagnd)
N

Then
FlKn)(a) = Y 7k - a)er=Vopn (b, (k — a),...,balk — a)) . (8.7)

ke E
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Observe also the decay property

o
[7(A)] < TTean’ (8.8)

Define for k € Z
Rap = {E € [0,1] |Bj[.i: -8)= ﬁ{mnd 1)
q

where (g,43,...,84)=1 and 2*°<g< 2"':'} (8.9)
and for # € R, &, let with notation (5.10)
S[E} = Stq,ﬂ;,...,ﬂil . [E.l'ﬂ}

Define also, with notation (5.11)

wn(B) = on(=b1B, ..., —baB) . (8.11)
Denote further
apn(a) = ‘g S(B)w(a — 0)¢ (10°by(a — 8)) (8.12)
Vorr(e) = ) ﬂ k — a)etmilh-elng, \ n(a) . (8.13)
icz

Notice that different elements of R, 4 are at least 4~*~'4; -separated and the summands
in (8.12) are thus supported by disjoint arcs in II (not necessarily centered around rational
points).

Using (8.8), one then has the analogue of (6.14)

I.F[KN] - Zﬂf‘,,}.r‘ <C-N%, (8.14)
#20

We leave the reader to make the verification.

Proceeding similarly to in the proof of (6.28) in section 6, one gets

2up |F WeanF A, < Cllog Rual)2" I flla ~ Co*27*flla . (8.15)

Hence, by (8.8)

2 1 —§'a
Jop [ ‘[(Em.ﬂﬂ]i"i EGE.EE;] —* 2 " Iflls £ Cllfls
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yielding the maximal inequality
[ sup lAn A, < Cellflla - (8.16)

With this information, the proof of a maximal variational inequality (6.31) is essentially
identical to the argument given in section 6 and will therefore not be elaborated here.
This completes the proof of Theorem 2 (for L™ -functions).

Remark. The main additional item in proving the L -verion , r > 1, of the previous
result for sets A = {[p{n:l]} is a more detailed analysis of the approximation of Ay f by
Ay f, based on rational approximation of the cocfficients by, ..., bs of p(z).

9. Further Comments and Remarks on Almost Sure Convergence

(1) In [B;), the author considered the sequence A of prime numbers and proved that the
averages
Anf=o—= Y T*f  An={primes < N} (9.1)

converge a.s. for f a function of class L. Letting

N =‘}_§ 3" (logp)bgy (9.2)

FEN
F

it is well known that

FlKn)(a) = “':":' 2 (Z ’ME'-'I) + O(e—<Vies M) (9.3)
k=1

for [a - ﬂ < (logNY¥N-',1<a<g,(a,q)=1and g < (logN). Here p denotes the
Moebius function and ¢(g) the number of Dirichlet characters to the modulus q.
Prior to this work, it has been shown in [ | that Ay f given by (9.1) converge as.
for a function of class L™, whenever » > 1. The argument is based on special properties
of the expression in the right member of (9.3) and does not seem adaptable for the set
of the squares for instance. The reader will easily check that the method described in

section T of this paper applies equally well to the primes.
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(2) Both Theorem's 1 and 2 of this paper generalize to positive (not necessarily invertible)
isometries on L™, r > 1. It was indeed pointed out in section 2 that this situation
reduces also to the shift. Thus in particular, there is the following generalization of the
Riesz-Raikov result (cf. [Ra], [Ri]), where p(z) = 2:

Let p(n) be a polynomial mapping positive integers to positive integers and f a function
on the circle II of class L*, r > 1. Then 4 I{EHI[‘E’{“}:] converge a.s. to [, f.
Recall in this context Marstrand’s counterexample to the Khinchine conjecture [Mal, ae-
cording to which there are bounded measurable functions f on D suchthat §y 35  f(nz)

1€nEN
does not converge a.s.

(3) Let T, (n =1,2,...) be a sequence of commuting positive isometries on L* (i) and define
Anf =% 3 Tuf- 1t follows from the results of [By] that the following property is a
necessary condition for a.s. convergence of Ay f, N — oo, even restricting to functions
J € L™=(u):

For each § > 0, there is & bound C(§) < oo on the §-metrical entropy number (in the

sense of section 3)

Ms({Anf | N =1,2,...}) < C($) (94)

of the subset {Axf} of L3(4). This bound (9.4) has to be uniform when f ranges in
the unit ball of L?(u).

As pointed out through several applications (including Marstrand's example mentioned
above) in [Bg|, the previous criterion is often effective in disproving the a.s. convergence

of such averages.
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APPENDIX

Return Times of Dynamical Systems

Let (X,B,u,T) be an ergodic system and A € B of positive measure p(A) > 0. For
z € X, consider the return time sequence A, = {n € &Z; | T"z € A}. By Birkhoff's
pointwise ergodic theorem, the sequence A, has positive density, for y-almost all z € X.
This fact refines the classical Poincaré recurrence principle (ef. [Fu]). An even stronger
statement is given by the Wiener-Wintner theorem: there is a set X' of X of full measure

guch that the sums
1

% IEEHL{T‘ﬂ:‘

converge, for all z in the unit circle G = {z € € | || = 1] and z € X'. Thus from
general theory of unitary operators, this fact may be reinterpreted by saying that almost all
sequences A, satisfy the L?, hence the mean ergodic theorem. Our purpose here is to prove

the following fact, answering a question open for some time.
Theorem. With the notations above, A, satisfies almost surely the pointwise ergodic the-
1 gn
¥ 2 5
g

converge almost surely, for any measure preserving system (Y, D,v, §) and g € L'(Y).

arem, i.e., the averages

The argument given next actually yields a more precise condition on the point =z.
Let f € L*(X) be obtained by projecting x, on the orthogonal complement of the
eigenfunctions of T. It clearly suffices to prove that for almost all z € X, {f(T"z)} is a

“summing sequence”. i.e.,
5 ¥ AT 2)g(5%) 0 ae. yeY *)
1<nEN

for any measure preserving system (Y, D,w, §) and g € L™(Y'). (The contribution of eigen-
functions is taken care of by Birkhoff's theorem.)
Observe the equivalence of the following statements:

i) f has continuous spectral measure
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ii) (T™f, f) = &y(n), ¢ & continuous measure

i) ?‘;- iﬂﬂ“:}ﬂ‘]"“{] —+0ae (z,£) a8 N — oo,
1
Proof of ii) = iii). Write F =lim 4 f} f(T"z) f(T™£), exists by the ergodic theorem,
1

IFIP <timgy 3 (3(n-m)' =0.

Proposition. Assume z generic for f and § ¥ f(T"z)f(T"¢) — 0, £ ae. (!). Then
{f(T™z)} is a summing sequence.

Proof: 1) Assume that for some (Y, D,u, 5) and g € L*=(Y) there is a set B* of positive
measure for which the limsup of (+) is positive. Then there exists a > 0, B C B*, v(B) > 0
and a sequence of intervals R; = (L;j, M;) (called “ranges”) such that for every y € B and
every j there exists n; € R; (n; = nj(y)) such that

ny
Ef[ﬂ'“:]g[&'“]r} > anj . (##)

n=1
I1) Given § > 0, there exists K = K(N,§) such that
K
..-(Usfﬁ) >1-§.
1
III) Write p = 1x . If My is large enough, and we denote by & the set
| )siB
L]
G={y: Hitp{-’&‘jy}— 1| < 26 for all n > Mg}, then +{G) > 1 - &.
1
IV) For notational convenience we assume that f has a finite range, and denote by B, the
set of all n-blocks for f, i.e., the (set of) words wl™ = (f(T*Hz),..., f(T**"z)); wi™
appears with density p(w}").
Given § > 0 (§ can be chosen once and for all as a funclion of a and v(B) in I) let N be
such that for each set As C X, p(As) > 14, |{ X f(T2)f(T™¢)| < 6 for all § € A5 and
N > Nj (cf. assumption (!)).
Given a range (L, M) with L > Ng, set N = N(M) so that in any interval on the integers

of length > N the statistics of the n-blocks (for f) with n < M is correct. Denote by
B? the n-blocks that have the form (f(T€),...,f(T™¢)) with £ € Ag (we are interested in
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n € (L,M)). For L <n < M the total probability (=density) of the blocks in B}, exceeds
1 - § (in any interval of length = N{M)). Notice also that heads of M-blocks which are in
B}y, are in the appropriate B;.

V) A sequence of ranges {(L;, M;)} is properly spaced if Lj;; > N(M;). (We also assume
Ly > Njs. Another assumption on L, is that it is > My (recall the definition of G in III)
and assume that K (II)) is < L,.) Going back to I), we select s properly spaced sequence
of ranges {EL_,-,M_,;}};_] (J depending on a) and N large enough so that N » N{M;).
Recall B from I) and G from III).
For any y € BN G we define a sequence {:n{y}}f_] which is a sum of J sequences
(layers) {ci(v)} having the following properties:

(a) For all j,n,y, ci(y) is in the range of f (in particular unif. bounded)
N :
(8) For s # jan [y X el @)] <6

™ 4 EI S(W)a(5™) > a6 =1,...,7

(o) and (8) together imply [§ X (ealw))’]”" = O(VT + 8J).  (7) implies
13 ea(8)9(S™y) > J(a — 6). Contradiction.
lW: construct {c}} in reverse order on j. c](y) is defined as follows: I;(y) is the first
index k > 0 such that S*y € B; on the interval (I (v),Li(y) + na(S"(¥)y)) we set

caly) = S(T™~""z) .

I3(y) is the index of the first point in the S-orbit of y, after [ (y) 4 ns(5"(¥)y), which is in
B, and on the interval l3(y), la(v) + ns(S5"™*¥)y) we copy again { f(T*z)} ::{fm}'} ete. The
intervals on which we copy those starting ny blocks fill most of [1, ¥]. We refer to these on
the basic intervals of the J-layer. Outside of these, set ¢(y) arbitrarily.

We now define ci"{y] in a similar manner within every basic interval of the J-layer,
with the additional restriction on the starting place of the new basic blocks that (in addition
to the fact that the corresponding point in the orbit of y is in B) the matching piece of the
basic J-layer block is in B®, i.e., more or less orthogonal to the “new™ basic block; see IV).
Since the “orthogonal® blocks have density > 1 — §, the new basic blocks cover more than
1 — 35 of [1, N]. We continue with ¢J=?(y),...,ck(v), working each time within the basic
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blocks of the previous level and introducing blocks which are “orthogonal” to all previous
levels.

Remarks.

(i) The condition that 5 i![T‘:]f{T‘E] —+ 0 ae in £(!) is & special case of (+) and
hence necessary. One can construct examples showing that it is not a consequence of
the genericity of =.

(ii) One may construct a sequence A = {k,} , kx = o(n), and a weakly mixing system (¥, 5)
such that lﬁgfﬁ"' y) does not average a.e., for some g € L™(Y'). (This question was
considered in [Ful, p. 96.)
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