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1. Introduction

This paper is a development of the earlier work [B,], [B2], [Bs] of the author on extend-
ing Birkhoff’s ergodic theorem to certain subsets of the integers. It was proved in [B;] that
given a dynamical system, (DS, for short), (2, B, %, T) and a polynomial p(z) with integer
coefficients, then the ergodic means

Anf = % DN sati (1.1)
1<n<N
converge almost surely for N — oo, assuming f a function of class L?(2,x). Here and in
the sequel, one assumes p a probability measure and T' a measure preserving automorphism.
The natural problem of developing the LP-theory for p < 2 was studied in [B;] and a partial
result was obtained. We continue here this line of investigation.

The approach used in [B,],[B;] relies on a method which may be summarized as follows:
(a) Reduction of the general problem to statements about the shift S on Z, which are of a

“finite” and “quantitative” nature (in the sense of inequalities involving finitely many

iterates of the transformation).

(b) Proof of certain maximal function inequalities, relative to the shift, by Fourier Analysis
methods.
(c) Use of the “major arc” description of the relevant exponential sums, similar to that in

the Hardy-Littlewood circle method.
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(2) Hebrew University of Jerusalem, Israel
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As I observed in [B,], this approach should be considered more general than the solution to
some isolated questions.

The purpose of this paper is two-fold. First, as far as the L?-theory is concerned, we
will develop appropriate harmonic analysis methods (maximal function estimates for certain
sequences of multipliers), which will make the argument less dependent on special properties
of the exponential sums (which were essentially exploited in [B;],[B;]). Using this additional

ingredient, further examples will be obtained, for instance sets of the form

A= {[p(n)]; n=1,2,...}

where p(z) is any polynomial with real coefficients and [z] stands for the integer part.
Secondly, a method will be described to cover the full LP-range, p > 2. In particular, it
is shown that the averages Anf given by (1.1) converge almost surely for f a function of
class L?(Q, p), p > 1. The problem for L!-functions remains open at the present time. The
shift reduction mentioned above permits giving a new and simple proof of Birkhoff’s ergodic
theorem (cf. [Bs]). Our proof of the pointwise and maximal ergodic theorem is related to
[K-W], although different and providing more quantitative information. In particular, in
order to illustrate ideas, it will be shown how to avoid the invariance of the limit. When
dealing with subsets of Z, this invariance is indeed not available in general and the pointwise
ergodic theorem is not a formal consequence of the maximal ergodic theorem (except if the
linear span of the eigenfunctions of T is dense). The shift reduction applies equally well for
positive isometries. Already considering the sequence of squares A = {n?}, the LP-result
for all p > 1 is new, and in particular the following corollary (for p = 2, see [B;]).

Let f be an LP-function on the circle 7 = IR/Z and o € IR\Q an irrational number.

Then the averages
1 N
¥ Z f(z + n?a) (1.2)
n=1

converge to the mean fol f(z)dz, for almost all z.

It is tempting, especially for p = 2, to approach such a problem by straight Fourier
Analysis, considering the Fourier expansion of the function f (cf. [S]). However, to make
this method succeed, stronger information on the Fourier-coefficients of f seems needed than

just their square summability. The proof of the previous statement uses indeed harmonic
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analysis methods, but only after reduction to a dynamical system problem. Observe that
in this case only the maximal inequality needs to be proven (p > 1)

P

1 1 \ 1 ,
-/o 0P ﬁ,gf(z + n'a) dz < c-/o f(z)Pdz (1.3)

for f > 0.

Next, we describe the organization of the paper and state the main results.

In the next section, an approach to Birkhoff’s theorem is presented along the lines
explained above and some less known features of this result are pointed out.

In section 3, we consider the variation spaces v,, where ||z||,, is defined as

el (E 25,2 — 231 )lb z = (2j)j=1,2,.. (1.4)
These spaces are well-adapted for a quantitative formulation of convergence properties.
In this context, we recall a result due to Lépingle on bounded martingales, which is of
importance later on in the paper.

Section 4 is devoted to the proof of a maximal inequality for certain sequences of Fourier
multipliers. These Fourier multipliers appear naturally in the “major arc” description of
exponential sums. The results of section 4 are purely LZ.

In section 5, we recall some basic and well-known facts on the behaviour of exponential

sums of the form

N
o (@) = 3 emirm) (15)
n=0

where
p(z,@) = agz® + ag_12* ' +--- + yz and @=(ay,...,0q4) € [0,1]¢ . (1.6)

The information on these sums needed for our purpose is essentially the same as for solving
the Waring problem by the Hardy-Littlewood circle method.

Section 6 is a new presentation of the L?-result on polynomial ergodic averages obtained
in [B;], based on the new ingredient obtained in section 4. In this proof, we no longer need
the prior estimate of A. Weil for exponential sums with prime modulus.

Section 7 of this paper contains the corresponding (new) L"-result for all » > 1. Thus

the following theorem is proved.



Theorem 1. Let (Q,B,u,T) by a dynamical system and p(z) a polynomial with integer

coefficients. Then there is the maximal inequality
Isup lAnf|, < CllfIl- (1.7)

where AN f is given by (1.1), i.e.,

Anf=g 3 THf

1<n<N

and f € L"(Q,p), r > 1.
The constant C in (1.7) depends only on v > 1 and on the polynomial p(z). Moreover, the

averages ANf converge almost surely for N — oo. If T is weakly mixing, the limit is given
by [ fdp.

The previous result remains valid for positive isometries on L"(2,u). Let us point
out that the proof of Theorem 1, in the case of a general polynomial p(z) with integer

coefficients, is essentially identical to the special case p(z) = z?. Essential use is made of

duality and interpolation methods.

In section 8, the results of section 4 and section 5 are used to prove the following

Theorem 2. Let (Q,B,u,T) be a dynamical system and p(z) an arbitrary polynomial.

Then the averages

Anf=z Y TEOV (1.8)

1<n<N

for f any bounded measurable function on §2, converge almost surely. Here [z]| stands for

the integer part of z € IR.

It is possible to obtain L"-results, » > 1, relative to the averages (1.8), at the price
of additional technicalities, based on the method of proof for Theorem 1. This further
development is not worked out in the paper and is left to the reader.

Section 9 contains various comments and remarks on almost sure convergence in general,

related to [Bs].
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Maximal inequalities for certain sequences of Fourier multipliers
Behaviour of exponential sums
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Integer parts of polynomial sequences

® P NS o os W o

Further comments and remarks on almost sure convergence.
The paper has an Appendix on return time sequences, in joint work with H. Furstenberg,

Y. Katznelson and D. Ornstein, simplifying an earlier exposition [B4] (cf. also [Bg]).

2. Birkhoff’s Theorem Revisited

Let (,B8,u,T) be a dynamical system. In this section, we consider the usual ergodic
averages Anf = '}1? 3. Tm"f, appearing in Birkhoff’s ergodic theorem. We discuss their
convergence propert}ess’:spﬁrtly keeping in mind possible extensions to certain subsets of Z.
A. Mean Convergence.

The sequence of complex polynomials pn(z) = 5 ’g:l 2™ pointwise converges on the unit
circle (to 0 except for z = 1). Consequently, by general spectral theory of unitary operators,
AN converges in L?(u) whenever f € L?(u). The main point here is the existence of a

spectral measure. The Herglotz-Bochner theorem assures indeed the existence of a positive

Radon measure v on the circle T', such that
1 3
(T™f, f) = P(n) = / e=27ind(4p) 2.1)
0

implying that the map L*(I,v) — L?(f, u) mapping the nth character €2**"® on T™f is

an isometry. Thus the convergence of Axf in L?(2, u) is equivalent to the convergence of

pn(z) in L3(I,v).



This is clearly an L?-theory. In general, given a subset A of the positive integers, the
pointwise convergence on the unit circle of the sequence of polynomials

1
PN(z)=m Y o (2.2)

1<n<N
nEA

is equivalent with a mean ergodic theorem for the set A. In the case of “arithmetic sets”,
this test is particularly useful since the convergence of py(z) given by (4) is closely related to

phenomena of uniform distribution. For instance, if A is the set of squares {n? | n = 1,2,...},

we have
pn(ez"i“) — 0 if « is irrational
and
274, 1% 2xisr? a
pn(e¥™%) — S(g,0) = -q—Ze W for a=
r=0

(the Gauss-sums).
It is not surprising that the (stronger) almost-sure convergence properties result from a
finer analysis of these exponential sums and the class of L?-functions appears as the natural
function space in these problems. A sequence A C Z is “ergodic” provided pn(2) — 0
for z € T — {1}. The property implies mean convergence of Ay f to [ f du, assuming T
ergodic (this is the case for A = Z but not if A = {n? | n =1,2,...} for instance).
B. Weiss [W] observed that sequence A obtained by taking suitable unions of disjoint
intervals are ergodic but may fail to satisfy the pointwise ergodic theorem, even with respect

to bounded measurable functions.

B. Maximal Ergodic Theorems.

Let again
N

Anf =2 3T
n=1

and define the “maximal function”

f*= sup |ANf|.

N=1,2,...

There are the LP-inequalities (1 < p < 00)

If*lzea,m) < CR)IfliLeca,m) (2.3)

and the weak-type inequality



| f*llzr= @,u) < Cllfllzr(a,m (2.4)

where ||g||z1.« = sup Au[|g| > A] and C,C(p) are absolute constants.

Let us give axs?;lple proof of (2.3),(2.4) by deriving them from the shift model (Z, S).
In the case of the shift, the weak-type property (2.4) easily follows from geometric covering
properties of integer-intervals, similarly as for the Hardy-Littlewood maximal function on
the real line. Once (2.4) is obtained, the LP-inequalities follow from the Marcinkiewicz
interpolation theorem. Consider now the case of the general dynamical system (2,p,T). Of
course it suffices to prove inequalities (2.3), (2.4) (with fixed constants) for a “restricted”

maximal function

f= sup ANf  (f20) (2.5)
1<N<N

where N is an a.fbitra.rily chosen positive integer. Take an integer J > N and for fixed
z € 1, consider the orbit

z,Tz,T%z,..., Tz .
For the function f, define the function ¢ on Z as follows

e(j) = f(Tiz) if 0<j< J}

=0 otherwise .

(2.6)

Thus An¢(j) = Anf(T?z) provided 0 < j < J — N and hence, with the definition (2.5)
?(j) = f(T9z) for 0<j<J-N. (2.7)

The inequality |[?]ler(z) < ll¢*lle(z) < C(p)ll¢ller(z) then immediately implies by (2.6),
(2.7)
Y. Tz <cey Y If(T)P. (2.8)
0<j<J-N 0<ji<J

Integrating (2.8) in z € 2 with respect to the measure p yields

> Tz < ey > T AR

0<j<J-N 0<;<J
and since T' is measure preserving, one gets

J

Il < )75

I £1l

hence



1£*ll> < C@)IIfllp -

One can deal similarly with the weak-type inequality (2.4). Assume f € L*(Q,u), A > 0
and let Q) = [f > )], x its indicator function. Given z € Q, let ¢ be defined as above and
let |I| stand for the cardinality of a (finite) subset I of Z. The shift inequality gives thus

1@ller.= (z) < Cllellerz)

and, by (2.7)
M{0<i<I-N|f(Tiz)>)}|<C > f(Ta)

0<i<I
hence

> X(sz)gg S £(Tiz). (2.9)
0<j<J-N 0<ji<J
Again integrating
J

Au(fy) < C
p(2) < TN

I1£1lx

from where (2.4) easily follows.

Presently, the covering argument leading to weak-type inequalities seems not available
when dealing with particular subsets of Z, such as the squares or the primes. In these cases,
we were unable so far to develop an L!-theory. The L? and LP-inequalities (p > 1) are
obtained by making essential use of Fourier-transform methods. This is a similar approach

as in differentiation problems in real analysis involving lower dimensional manifolds.

C. Almost-sure Convergence.

By the maximal inequality and a standard truncation argument, the almost sure con-
vergence of Ay f for f in L!(Q, ) reduces to bounded functions. Denote F' the L?-limit of
(AN f) and, for given € > 0, let N, satisfy

IF - An, fllz <e .

By the invariance of the limit (since the ergodic means relate to the full set of positive

integers) and the maximal inequality
“ sgp |FF — An(AN, _f)”2 < Ce. (2.10)
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Since

|An(An, f) - Anf < 275l

it follows from (2.10)
|im|F — Anf|||, < Ce , hence n_lgqp — Anf| = 0 almost sure .

This discussion completes the proof of Birkhoff’s theorem. It is clear that the preceding

argument does not apply when dealing with the more general averages

ANf=m Y 1§ (2.11)

n€EA,n<N

corresponding to a subset A of Z .

If the eigenfunctions of T' generate a dense subspace of L?, the almost sure convergence
of Anf for f of class L?, p < 2, is implied by the pointwise convergence of the sequence
pN(z), |z] =1 given by (2.2) and the maximal inequality

I£*lls < Cllfllp 5 f* =sup|Anf].

This is the case for instance for the model (Q,T) = (I, R,), Rsz = z + a.
In the remainder of this section, an alternative method is explained for the purpose of

proving the theorems stated in the introduction.

Take f in L*(Q, p), |f| < 1. For € > 0, consider the subset
Z.={[(1+¢)"] |[n=1,2,... } (2.12)
of Z . Clearly, for each N € Z, there is N' € Z, such that
|ANf — AN f| < 2¢.

Thus to prove the almost sure convergence of (Anf), it suffices to show that there is no
€ > 0 and no sequence of positive integers N;, N4 > 2Nj;, such that
[[Mjfllz >€ where M;f= sup |Anf— AN,f|. (2.13)

Nj<SN<Njyq
NesZ,



In fact, a more quantitative statement is shown

Y IM;fll2 < o D)IfIl2 (2.14)

1<5<T

for J large (depending on ¢ appearing in the definition of M;). Since (2.14) only involves
finitely many iterates of T', the general case reduces again to the shift (Z,S5). For the
sets {p(n) | n = 1,2,...} (resp. {[p(n)]; n =1,2,...}) considered in Theorem 1 (resp.
Theorem 2), the inequality (2.14) follows easily from the proof of the L?-maximal inequality.
In the context of Theorem 1, this argument was carried out in [B;]. The method will be

repeated in section 6 of this paper, for the sake of completeness.

3. Variation Spaces and Variational Inequalities

We start by recalling the definition of the variation norm v, (1 < s < o00) for scalar

sequences T = (z,,)n=1,2,...

Il

J 1/s
v, = Sup (len;"-zn,+l|‘) |J=1,2,... and ny <ny<---<ny . (31)
i=1

The sequence space v, consists then of those sequence Z for which ||Z||,, < co. We will also

use the notation || ||, for continuously indexed systems T = (z¢)¢>0, where now

J 1/s
IZ]lo, = sup (Zlm, —-z¢,.+‘|') |7=1,2,... and ti<tz<---<tyy . (3.2)
j=1

These spaces v, are frequently used in probability theory in questions about convergence. In
this context, some known inequalities about martingales are needed for our purpose. More

precisely, we will use the following result due to Lépingle [Lé| (cf. also [P-X]).

Lemma 3.3. Let IE,, (n =1,2,...) be the sequence of expectation operators with respect
to an increasing sequence of o-algebras on a probability space and fn, = IE,f an associated

scalar martingale. Then, for s > 2, we have the inequality

I{7=}1

12, S ofs —2) 7 fllzs (3.4)
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where L2 refers to the v,-valued L?-space.

This result may be seen as the quantitative form the martingale convergence theorem.
Inequality (3.4) fails for s = 2 (this is a well-known feature of the Brownian martingale,
related to the law of the iterated logarithm). In fact, the dependence in s stated in (3.4)

will be of relevance later on and we include a fast proof here.
Proof of (3.4). For A > 0, denote Nj)(w) the number of A-jumps in the sequence
{ f,.(w)}, where f,, is defined as above. One has the following inequality for 1 < r < oo

AN < erllfllry  VA>O. (3.5)

(3.5) is a form of Doob’s oscillation lemma for martingales (see [Nev]) and is obtained by
methods of stopping times and square functions. We use interpolation to derive (3.4) from

(3.5). First we prove (LP"' denoting the Lorentz space)

<p<s<g, 8>2. (3.6)

M| w
B | O

”{f“}"z.!. < (s —2)77|f|lgss for

Let thus f = x4, A C Q a measurable set of measure u(4) = ¢, hence ||f|l,1 = /7.

Estimate pointwise, for N defined as above from the function f

1/s

[{fa@)],, < [22-*'%_;(@] (3.7)

k=0
Hence, since p < s
[, <2[ o2 [eapreas] < Trb-Di] " s
k=0

applying (3.5) with r = 22, thus ¢ < r < 2 from hypothesis on p,s, and A = 2. Since
[£]IZ = e, (3.6) is immediate from (3.8). Writing L? as interpolation space between L*?
and L%/, (3.6) is easily seen to imply (3.4).

We will now derive from Lemma 3.3 a real analysis version of (3.4). For a function f

on IR, denote fy(z) =% f (%) Denote also

Fiy=fo = [ " f@)e ™ de (3.9)
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the Fourier transform of f. Thus

() = fany . (3.10)

Lemma 3.11. Let x = X[o,1] be the indicator function of the interval [0,1]. Then, for
f € L*(IR) and s > 2

14+ x¢ 1£> 0}l 5 gy < s =271l (3.12)

where v, stands here for v,(IRy), with the norm given by (3.2).

As usual, f * g denotes the convolution of f and g.

Denote (P;)¢>o the Poisson semi-group on IR. Thus if P;f = f * P, one has ﬁt()«) =
e ', Considering the Brownian martingale associated to the harmonic function u(z,t) =
(f * P;)(z) on the upper half-plane or, alternatively, invoking Rota’s dilation theorem,
inequality (3.4) relative to martingales implies

IPf 1> 0} 5 < els =27 - (313)

Proof of Lemma 3.11.
By (3.13), (3.12) will be a consequence of following inequality

”{f* K¢ |t> 0}”,5:33 < difll2 (3.14)
where K stands for the function x — P;, hence satisfying the Fourier transform estimates
- [(B)'(A\)| <e and |E(X)| < emin (JAL A7) . (3.15)

There is clearly the pointwise estimate

1/2 T2
”{f*Ktjt>0}||“S(ZU*K,..[’) +(ZII{f*Ktl2"Sts2’°“}lL,,) :

keZ keZ
(3.16)

By Parseval’s identity, the L2-norm of the first term in (3.16) is bounded by

[ EZ; f :: lf(z\)lzlf?(zk,\)rd,\]lh <e. [ f 17 A)Izdx] = cllfllz (3.17)

invoking (3.15).
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Next estimate the contribution of the second term

1/2
{ E “{f* K, | ok <t< 2k+1}”;=3} . (3.18)

keZ

Let 0 <7 <1 be a function supported by [3,2] U [ - 2,-3], || < C, such that

> o n@*N)=1.

aEZ

Defining K, by I?;(A) = K(M\)n(2*)), one has that K = 3" K, and (3.18) may be
@
estimated by triangle inequality as

1/2
Z { Z "{f * (Kot | 2k <t< 2k+1}”132} y (3.19)
a€EZ * k€Z
From (3.15)
IM|(Ba)' (V)| <e and |Ra(M)| < c27lol . (3.20)

Fix @ € Z. For k € Z, consider a net 2% = u; < u3 < --- < uy = 2¥1 of N = N,

equidistributed points. The number N, will be specified later. Estimate

N ,11/2
I{f * (Ka)e | 2 <t <241} S[E | * (Ka)ud] ] + (3.21)
=1
N _— 2y 1/2
+ Bu[f * (Kao)e)|dt (3.22
{Z[[ 18iLf + )1|]} )

majorizing ‘Ug([‘ug, ue41]) by v; ([ut,ut+1])-
Again by Parseval’s identity, the L?-norm of (3.21) is bounded by

N fo0 . 2 1/2 12 1/2
[E f |FO)|7| Ba(ued)| dA] gc-N;ﬁz-l“l[ f |F(3)] dA] (3.23)
t=1""% [A|~2-a-k
by the definition of K, and (3.20). Here |A| ~ p stands for }p < |A| < 4p. Similarly, the
L?-norm of (3.22) is bounded by

L4 wer [ poo 1/2
> (ues ﬂ-‘-:)/mt [_/_m lf('\)lzlklz|(I?:)'(tA)|’dA}dt] <

=1

13



1/2

Cc i(z—;)zrb( f |f(A)|’dA) =CN;”2[ / 1_?‘()\)|“d)\]u2 . (3.24)

Al~2-t-a |A|~2-k-e
Substitution of estimates (3.23), (3.24) in (3.19) give finally the bound

1/2

E(Nar'“lm;‘)( / |f(A)|=d>«) < ¢l = Clfll

ak€EZ |A|~2-3-a

letting N, = 2lel,

Summation of (3.17),(3.18) yields (3.14), which proves Lemma 3.11.

Let us point out one corollary of Lemma 3.11 to the convergence of the averages

Anf=5 3 T

1<n<N

in Birkhoff’s theorem.

Corollary 3.25. Let (Q,B,u,T) be a DS and f € L*(u). Then for s > 2

< o(a)lIflla - (3.26)

L2

{% ZT“f|N=1,2,...}

n<N

The last result does not seem to appear in the literature. It refines the results discussed
in the previous section (related to almost sure convergence). The proof of (3.26) reduces to
the particular case of the shift model (Z, S), following the procedure described in section 2
of this paper. In the context of the shift, (3.26) is just a discrete version of (3.12).

Writing
o 1
p = —f Xe @' (t)tdt xe= 7 X[0:4 (3.27)
0

for a smooth function ¢ on [0, 00|, vanishing at oo, it follows from (3.12) and convexity

14



Lemma 3.28. Let ¢ be a differentiable function on IR, vanishing at co. Then, for s > 2

£ +eete> 0y, <cto-27( [ l@liae)ifla . (829

We conclude this section with a corollary of (3.28) which will be of importance in the
proof of certain Fourier-multiplier maximal inequalities considered in the next section.

Let H be a Hilbert space. If A is a subset of H, denote M(A) the A-entropy number
of A, A > 0. By A-entropy number, we mean the minimal number (< oo) balls (with respect
to the H-norm) of radius A, needed to cover A. Welet M) = 0 if diam A < A. The following
result relates to H-valued functions on IR.

Lemma 3.30. Let ¢ be as in (3.28), s > 2 and H a Hilbert space. Then for f € L% (IR)
1 _
| sup M), < s = 2) 1l (3:31)

where one defines pointwise Mx(z) = Mx({(f * p«(z) |t > 0}) and C, = [ |¢'(z)||z|d=.

Proof: Observe first the pointwise inequality
1/s
AMj(z)'/* < { D ICF * 04, )(=) - (£ * 50:;-.)(3)”;;} <[{(fxed@}, (3:32)
i
where = (¢;) is defined by putting

tj=min{t>t;_1 | [[(f *0e)(2) = (f * 04, )(2) || s > A} -

(Since we are concerned with a priori inequalities, we may take the sequence ¥ = (¢;) of
bounded length.)

Writing f = ) fa€a, fo = (f,€a), where {e,} is an orthonormal basis for H, it follows
from (3.32), (3.29) and convexity (s > 2)

1/2

T 1/2 . ,
s, < | Sltta v ol | < eote =27 (Selt)
This proves (3.31).

There is the following corollary.
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Lemma 3.33. Let ¢ be as in (3.28) and H a Hilbert space. Then, with the notations of
(3.30), for f € L%(IR) and K >0

” /o ~ min (K, Mx(2))"/2d)

| <cosK)IAlL (3:34)
2
Proof: Let, with the notations of the proof of Lemma 3.30,
fa=suplfaxpe ;5 fa=(f ea)
>0

for which
I fallz < epll fall2 (3.35)

by the Hardy-Littlewood maximal inequality. Define

F=[Y (2" (3.36)
and write, letting s > 2
o F(z)
/ min (K, M(z))'/?d) < F(z) + / K3=t My(z)/*d) <
0 K-1/3F(z)

< F(z)+ K¥ % (log K)sup A - My(z)'/* .
A>0

(3.24) then follows from (3.35), (3.36) and (3.31), letting 3 — 1 = (log K)~.

4. Maximal Inequalities for Certain Sequences of Fourier Multipliers

Proving the L?-maximal inequality in Theorems 1 and 2 in the context of the shift
(Z,S) by harmonic analysis methods leads to Fourier multipliers given by exponential
sums (which properties will be recalled in the next section). In this section a rather general
estimate is obtained, specially motivated by the major arc description of these exponential
sums.

The dual group of Z is the circle group II = IR/Z, which will be identified with [0,1]
(identifying 0 and 1).

The main result of this section is contained in
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Lemma 4.1. Assume A\; < --- < Ak € Il and define for j € Z 4 the neighborhoods
R;={\ell in X=X <277}, 4.2
j={Ael| min A-M/<2 } (4.2)

Then

f()‘)ezwilzdx
R;

< C(log K)?||flle2 ) (4.3)
o(2)

sup
J

for functions f on Z.

Remark. It is an interesting question whether there needs to be a dependence on the

number K of base points in (4.3). The logarithmic dependence will suffice largely for our

purpose.

In order to simplify notations, we denote by F (resp. F~!) the Fourier-transform (resp.
inverse Fourier-transform) for functions on either IR or Z.

For the sake of completeness , we include the following known argument to derive the
corresponding inequality for Z from the IR-case. It is indeed often more appealing to prove

the result on IR, because of the presence of the dilation structure.

Lemma 4.4. Let ® be a set of multipliers on [0,1] satisfying
” s‘ég |f_1[¢ff]|”pm) < B"f"IF(R) . (4'5)
%]

Then
” s‘ég |f_1[99ff”"p(z) < CB”f”z‘.’(Z) (4'6)
L4

where C is an absolute constant.

Proof: Denote B; the best constant satisfying (4.6). Writing for z € Z, u € [0,p] (p < 1

to be specified later)
FeFfl(z) = F pFf)(z +u) + F (1 - )0 Ff](2)
and averaging in u gives

| sup I [0 F Flll o zy <P~/ sup |F [0 F || 2 m (4.7)
5 (Z) % (R)

+ sup [[sup|F7H[(1- ") F ] “lz’(z.') . (48)
0<u<lp ¢
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By (4.5), (4.7) is clearly bounded by

o7 2 B|lF |z = #7 /2Bl fllxcz - (4.9)
By definition of By, (4.8) is bounded by
B, ” f* f_1[1 _ e!wils]"t:(z) - 31” Ff-[1- ezﬁx..] "m[o.q

< CoBy||FfllL20,)
= CpBi||fllea(z) - (4.10)

Hence, from (4.9),(4.10), By < p~/2B +CpB,, thus B; < C'B by choosing p small enough.

By Lemma 4.4, Lemma 4.1 may be restated as

Lemma 4.11. Let );,...,Ax € IR and R; stand for the 2-neighborhood of the set
A={),..., Ak}, for j € Z. Then

| sup 177 ixn; F11lll, < Cllog K)'lIflla (4.12)

The proof is mainly based on Lemma 3.33 of the previous section and will be presented

in several steps.

Lemma 4.13. Let Ay,...,Ax € IR satisfy |\ —Aw|>T7>0fork#k'. Let 0 < ¢ <1 be
a smooth function such that supp @ C [—1,1]. Then

K K 1/2
sup | S (fue)|| < ctosky (T IAIE) (4.14)
t>r-t k=1 2 k=1
Proof: Observe first that
. k 1/2
> ™ g ey < 0 Tlaal) (4:15)
k<K k=1

for all scalar sequences @ = (ax)i<k<k. This is an easy consequence of the separation
hypothesis of the A}s and we leave the verification to the reader.
Since supp @, C [—7,7] for ¢ > 771, there is no restriction in assuming
supp fx C [-7,7] for 1<k<K. (4.16)
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For u € IR, denote o, the translation operator, thus o, f(z) = f(z + u). It follows them
from (4.16) and Parseval’s identity that

1 1
Ife = oufilla < Slifellz for |u| < 3557 L (4.17)

Denoting B the best constant fulfilling (4.14) (CK'/? will certainly do) one gets from (4.17)

for0<u§m‘r -1

K
sup 262‘“}.;3(.& *‘Pt) S
t>r-1 k=1 2
K -
sup Z e2wlkgza.u(fk * (Pt) (4.18)
t>‘l'_'l k=1 2
1/2
+38( L Ia) -
Integrating (4.18) in u on [0, ;T_l:] permits replacing (4.18) by
K -
sup Z 2”'\"“82"”\"2(](;, * Pt)(iﬂ) (4.19)
>0 | =

Li([o,r=*]sdu) || L3(d2)

By the preceding, it will suffice to bound (4.19) by C(log K)? - (3 || fx ”3)1{2 in order to
prove Lemma 4.13.

Fixing z € IR, consider the set

A=A, ={((fr*xe,)&),---,(fx *¢,)(z)) | t > 0} (4.20)

as subset of the K-dimensional Hilbert space £%. For A > 0, denote again by My = M,(z)
the entropy numbers of A. There exists a sequence B, (s € Z) of finite subsets of the
difference set A — A such that

[6] < 2.2° for be B, (4.21)

#B, < M(3.) (4.22)
and each element @ € A has a representation

a= Y b, with b,€B, (4.23)
sEZ
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(# stands for “cardinality” and [a| refers to ( E lax|?) /%), In writing (4.23), we make the

implicit assumption that A = A, is bounded, whxch is clearly no restriction.

Estimate
K I3 - - -
sup | 3 e Mt (fy 1 py)(2)| < ) max Z A L
t>0 k=1 .ez €B, k=1
and the L?([0,77],du)-norm by
K . -

Z: E -2:-A.uezmx,,=bh (4.24)
©€Z "EB' k= L3([o,7-1])

For given s, consider the following bounds

ma.x[ | < min {21+1K1f2 [ Z | Ee——zn%;ﬂ e2 Mz I ] }

beB
€B, bEB k=1

Hence, invoking (4.15), (4.24) is bounded by

3 min {r-1/22* 1 KY/2 | Or=129++1(#B,) 112} ~ C-r"/’f min (K, Mx(2))/2d)
s€Z 0
(4.25)

using (4.21), (4.22).
Taking the L?(dz)-norm of (4.25), the required bound on (4.19) is obtained from (3.34).
This proves (4.14).

Lemma 4.26. Assume ),,...,Ag € IR satisfying |\ — Apr| > 27 for k # k'. Then with

previous notations

sup If"l [xr;
j2s

. < Clog K)*|Ifllz - (4.27)

Proof: (4.27) is derived from (4.14) by a standard square function argument. Take ¢ as
in Lemma 4.13 satisfying § =1 on [ - %, -;-] . Estimate

K
sup |f 1[XR,,.?"J"]I <sup Z 3xidan [(f . e'z"’\") * (pgs] (4.28)
k=
- ,) /2
{2 F-l [(n’, _Ez,‘;;?(}\-,\,.))ff” } . (4.29)
j>e k=1
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By hypothesis on ¢, g * @31 = (g * pa.-1) * @i for j > s. Hence, applying (4.13) with
fi = (f - €7 2™22) x p,._1, (4.14) gives following bound on (4.28)

K 1/2
C(log K? { / [ZIf‘(x+Ak)l’|¢‘(2'-lz)l’]dx} <ClogK)lIfl:  (430)
k=1

invoking the separation hypothesis of the A\x’s and the fact that supp@ C [-1,1].
By Parseval’s identity, (4.29) is bounded by

1/2
{ flf(AI [xr,(A) = th 27(X - Ak))] d,\} <
j>s

K

xr;(A) — Z (27(X = k)

=1

su . . 4.31

mp LZ; ] I £1l2 (4.31)
K _ .

Since xr, (A)— Y @(27(A—At)) is bounded and 0 if either dist(),A) < 277! or dist(}, A) >
k=1

2-7, the first factor in (4.31) is clearly bounded.

(4.27) is then implied by (4.30), (4.31).

Remark. In a later application, A = {);,...,Ax} will be typically a set of rationals £,
(a,q) = 1, with ¢ < Q and the neighborhoods (major-arcs) considered < Q2. Thus the
more restrictive Lemma 4.26 actually already suffices for our purpose. The statement of
Lemma 4.11 is simpler, however, and the result may be of independent interest.

In the remainder of this section, we complete the proof of (4.12).
Lemma 4.32. Let again
Rj={A€IR| min |A—X<27 € Z .
j={AeR| min A-X| <27} for je€

Then

oup |7~ < (log |S)II fIl2 (4.33)

for S a finite subset of Z.

Proof: The argument is inspired from the Burkholder-Davis-Gundi-Stein (cf. [Ga]) dual
version of Doob’s maximal inequality. The only difference here is that the operators are not

positive. We only use the fact that the R)s are decreasing. Assume thus, redefining R;,
Riy1 CR;, 1<3<2° where s~logl|S|.
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Denote B the best constant satisfying the inequality

I sup |7~ Ixr; 7SI, < Bllfll2

1<5<2°

or equivalently (by dualization)

Y F1 [xa,-f.%']’ <B|[ Y lgjl (4.34)
i<z 2 ljg Tl
Identify S and {1,2,...,2°} and let (S.)|c|<, be a diadic partitioning of S
So,0 So,1 S1,0 S1.1
Denoting g; = F~![xr; Fg;], clearly
(i, k) = (gj,x) for j<k. (4.35)

Using this fact and Holder’s inequality, one gets from definition of B

SYull =X 11 +2Y @6

jes 12 i<k
< llgslz+2 ) < PITEDD ?&)
le|]<s' \j€Sc, o0 kES.,1
<l +28 | 3 o] | 3 o]
le|<s " 5€Se,0 2ll JeSc 2

< (1+2Bs)

> loil

Consequently, B2 <1+ 2Bs = B < cs, proving (4.33).
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Proof of (4.12). Define
S={j€Z|K"277 <|\— M| <K277 forsome 1<k#k'<K}.

Thus obviously
S| < K*. (4.36)

Define further
Z,={j€ Z\S|R; has r components}

for 1 <r < K. Hence
21 <2, < <2k (4.37)

where Z,,Zk are half-lines and Z, a finite segment, for 1 < » < K. For r > 1, let

Jr = min Z,. By construction, there is a set A, C {\x} satisfying
A=X|>277" for A#£X in A, (4.38)
UR-2792+27]cRic |J -2 2+27] for jeZ,. (4.39)

A€EA, A€EA,

To prove (4.12) we proceed again by duality and estimate the best B fulfilling

5| < B“ > lgsl
j 2

Estimate using (4.32) and (4.36)

; 9; Z'ﬁj

Jj€S

gi = F[xr, Fgj] -

2

+
2

+
2

: S(losK)”Z!gjl

(%)

r j€Z,

<
2

=2,

2
denoting

G, = Zgj and é,: Z:&,

j€Z, i€z,
Because Z, < Zy for r <r',wehavefor j € Z,, 7' € Z,
(:éj:?j') = (9j$§j’) i

Hence



and
2

=YIGHE+2 3 (60 Gn) -

r<r/

e

The same argument as in (4.32) then shows that

B? < (log K)? + B} + B(log K) (4.40)

where B; has to satisfy

sup |7~ [xr, Ffl||| < Bilfll2 - (4.41)
JjEZ, 2

In order to estimate B;, apply (4.26) with A = A,, s = j,, taking in account (4.38) and

J 2 Jjr for j € Z,. Invoking then (4.39) and a square function argument such as in (4.31),
it follows that B; < C(log K)?. Substitution in (4.40) yields that B < C(log K)?. This
proves (4.12), hence Lemma’s 4.11 and 4.1.

5. Behaviour of Exponential Sums

In analyzing the Fourier multipliers appearing in proving Theorems 1 and 2, information

is needed on exponential sums (1.5), i.e.,

N
1 xip(n,a
on(@) = & S etmna ) (5.1)
n=1

where

p(z,@) =1z +---+agz? and @=(ay,...,aq) €[0,1]¢. (5.2)

In this section, some well-known results and procedures are summarized. The estimates

required are mainly provided by H. Weyl’s basic lemma

Lemma 5.3. Let f(z) = ayz+azz? +---+aqz? and |a¢—§| < ;1,- where (a,q) = 1. Then

(Ve > 0)

1

SCen'™*[g + 071+ qn™) where p =7

i: 82 mif(m)

m=1

(cf. [Vaug] or [Vin] for a proof).
Denote Q the set of rationals. For § = §(d) > 0 and 6,,...,04 € [0,1]NQ with common

(5.4)

denominator ¢ < N¥, define the “major box” in the d-dimensional torus
M(by,...,0d) = {@=(c1,...,aq) €I* | |a; — ;] < N7 (1<j<d)}. (55)
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The following fact may be found in [Vin] (ch. IV, Th. 3) and can be proved by iterated

applications of Lemma 5.3 combined with Dirichlet’s principle.

Lemma 5.6. If @ does not belong to some major box as defined above, then
len(@)| <N (5.7)

Here ¢ (@) is defined by (5.1) and C,§' > 0 depend on d.
One may describe the shape of pn(@) on M(6y,...,0;). Let 6; = ;'qi, aj = 0; + B;
and |Bj| < N=3+5, Writing n = gs +r where 0 < s < _1;_r and r =0,1,...,4 —1, one has for

j=1,...,d
ajn’ = (0;+B;)as + 1) € Z + 6,07 + Big’s’ + o(N71*%) (5.8)

since ¢ < N¢. Hence, clearly

1 g-1 _ N/q _
‘PN(E) = {E Zezl‘("ol'l'“"i'f‘ei)}{% Zezws(ﬁiq0+'°°+ﬁdq‘8‘)} + O(N_l',z) . (5.9)
r=0 =0
For (ay,...,a4,9) =1 and §; = 3:—, define
1 L . d
5(g,a1,...,a4) = = Y e2milrouttrion) | (5.10)
r=0
Letting
N
VN(B) — %./n ezwi(ﬁw'l'ﬁ:v +-"+19dlf‘)dy . (5.11)

5.9) and the estimates |8;| < N=7%9 easily yield, replacing the second factor in (5.9) by its
] Y g

continuous substitute

Lemma 5.12. Fora € M(?), a=0+8
en(@) = S(g,a1,...,a4)VN(B) + O(N~1/2) (5.13)

where 0; = &,
q
Recall also
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Lemma 5.14. If (g,a1,...,a4) =1, then
IS(Q!GI"":ad)l < cq—S'

where §' = §(d) > 0,

which is clearly a consequence of (5.3).

(5.15)

In this work, we will not need finer information on the S(g,as,...,aq), such as multi-

plicativity properties and A. Weil’s estimate for ¢ a prime number.

Finally, some estimates on the function
1
Vn(B) = [ 2 HBINYHBIN Y +-+BuNY) gy
0

Lemma 5.17.

d
|1 - Vn(B)| < C Y16V
=1

i=1

. ~1/d
[Vwv(B)l < C [1 +), Iﬁle’]

where C = ¢(d).

(5.16)

(5.18)

(5.19)

The first estimate (5.18) is obvious and the second (5.19) results from van der Corput’s

estimate on oscillatory integrals.

6. Ergodic Theorems in L?

In this section, we prove Theorem 1 for functions of class L?. This result appears

in [B;]. The argument presented here uses less structure. According to the discussion in

section 1, the maximal inequality and convergence problem for the averages

1 N
ANf=Iv-ETP(")f

n=1

p(z):b;:c+bgz’+---+b¢z‘ b;j€Z and b3 >0
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where reduced to proving certain inequalities for the shift model (Z, S). In the case of the
shift
1 XN
ANF = fx Ky where Ky = i E 5{1,(,,)} (6.3)

n=1

and é, stands for the Dirac measure at z € Z. Hence, introducing Fourier transform

Anf = F7[F[Kn] - FIf]] (6.4)
where for a € II ~ [0, 1]
FIKN)(@) = 1 3 0% = o (bia,...,—bae) = pn(-a-F) . (65)

For s > 0, define an exhaustion of the rationals in T
'R.={9€Qﬂ[0,1]|9=§,(a,q):l and 2°<g< 2%} (6.6)
which is considered as subset of II. Thus Ry = {0 =1}.
Denote ¢ a smooth function on IR with { = 1 on [ - 1_16’%] and { = 0 outside
[ - %,%] (The smoothness of ¢ will be irrelevant for the L?-theory but has importance
when considering L"-estimates for r < 2 in the next section).

Define
pun(@) = 3 S(@wn(a— 0)¢(10%(a - 0) (6.7
0€R,
where, with the notations (5.10), (5.11) of section 5

a
S(0) = S(¢',a},...,a3) where —0-b;= q—':(mod 1) and (a},...,ay,q')=1(6.8)
wn(B) = Var(=Bbs, - ., —Bba) - (6.9)
Thus it follows from Lemma 5.12 that if = ¢, ¢ < N¢

FIKn)(a) = S(@)wn(a—0) + O(N?) if |a—0] < N4, (6.10)
Also, since ¢' > ¢, if 6 = s, (a,q) = 1, one has by (5.15) with notation (6.8)
|S(8)| <Cc27*¢  for 6€R,. (6.11)
From (6.9) and (5.17)
1 - wn(g)| < ClB|- N* (6.12)

lwn(B)l < C[1+ 81N %

Observe also that the summands in (6.7) are disjointly supported, by definition of R, and
C.

(6.13)
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Lemma 6.14. There exists §; > 0 such that the uniform estimate

<CN™5 (6.15)

’f[xnua) S vaar(a)

820
holds.

This lemma permits the replacement of F[Ky] in (6.4) by more explicit multipliers
which will be taken care of by Lemma 4.1.

Proof of (6.14). Redefine major arcs in II by letting
M) = {a €l ||a—0] < N~4} (6.16)

for 0 a rational -:—, 1<a<gq, (a,q) =1 with ¢ < N°.

Case 1. a belongs to an arc M(6,).
Assume 0, € R,,, thus 2*¢ < N%. Let s; be a positive integer (depending on N), to be

specified later. Estimate using (6.10), (6.11)

— 20( - -8 -1/2
< [1-¢(10% (e 90))I+E.s;p‘ lwn(a—8)|+C2~*5 +CN—/2

8<s8;1 9369

AR I@) -3 bt
(6.17)

Since 10%° < N* and |a — 6| < N~4+% < N~1, the first term in (6.17) vanishes. Letting

2*1 ~ N° and writing |a — 6| > |0 — 65| — |a — o[, |0 — 60| > 2¢g7227** > IN~?6 for 6 € R,,

8 < 81,0 # 6y and |a —6y| < N1, it follows that @ — 8] > 3|0 — 6y |. Thus the second term

of (6.17) is bounded by (log N) - N~=1*% invoking (6.13). Hence (6.15) holds.

Case 2. « does not belong to a major arc.

Clearly, from definition (5.5) and (5.7), we have | F[Kn](a)| < CN-%, by (6.5). Write
for 2°t < %N‘, 2%t ~ N§

| D %an(a) < 3 sup fon(a—0)) + c2~% . (6.18)

8<s

By definition of M(8), it follows from the hypothesis on « that |a — 8] > N—9+5 whenever
0 €R,, s < s;. Hence |wy(a — 8)| < CN~=%/4 by (6.13) and (6.18) implies again (6.15).

This proves Lemma (6.14).
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It is clear that when proving the maximal inequality

< Clfleczy (6.19)
t(z)

sup | f * Kn|
N

the function f may be taken positive and hence the supremum taken over the set Z; =
{2*¥ | k =1,2,...}. Denoting
YN =) ¥sN (6.20)
s

estimate by (6.15) and Parseval

1/2
+ (X Ieimn - wlL) it

sup |f*x Kn||| <| sup ]F"1[¢fo]|
Nez, 2 nGZ; neZ,
<3 |l +Clfll (6.21
8=0 1 2

To estimate the contribution of the first terms, define
Pun(a) = Y S(Ox(N4a - 6))¢(10°(a - 6)) (6.22)
0ER,

where X = X[-1,1) considered as function on IR. It easily follows from (6.11),(6.12),(6.13)

that there is a uniform estimate

> [ben = Ban] < c2~* . (6.23)

NeZ,

Therefore, again by a square function argument

sup |7 nFA||| < up I.F"[{b',,fo” +C27%||fll2 . (6.24)
1 2 1 2

For N € Z,, write N¢ = 2/ and R; the 2~7-neighborhood of R, C II. Thus, letting

Flgs) = FI£] Y S(6)¢(10°(a - 6)) (6.25)
0ER,
baNFf = Fla.] - xr; (6.26)

it follows from inequality (4.3) in Lemma 4.1 that

. il

< C(log|Rs|)*llgsll2 (6.27)

sup |F~'[f.n - Ffl|| <
Nez, 2
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By its definition, |R,| < 4* and it follows from (6.11) and Parseval that ||gs||2 < 2% ||£llz-
Substitution in (6.24) yields the bound

sup | F = [pun Ff]]| < C- 527 |flla (6.28)
1 2
and hence, substituting in (6.21)
sup |f* Knl|| < 0( 2832“") I£ll2 < ClIfll2 (6.29)
Nez 2 s=0
proving the maximal inequality
sup lszfll < Cllfls - (6.30)
N 2

Next, we verify the almost sure convergence using the method described in section 2 of this

paper. Thus we prove an inequality (2.14) in (Z, S)

J
D IM;fllz < o D)l fll2 (6.31)
j=1
denoting
M;f= sup |f*(Kn—Kn;)| (6.32)
Nj<N<Nj4q
Negs,

where Z, = {[(1 +¢)"] ; n = 1,2,...}, € > 0 fixed, and N; is any rapidly increasing
sequence (Nj4+1 > 2Nj).

We again apply the Fourier transform method. With previous definitions, it again
follows from (6.15) that f * (Ky — K)v;) may be replaced by F[(¥n — ¥n;)Ff] when
defining M f. Fixing so, it follows from the previous inequality (6.28) that then
sup | F 7 [($un — bum; ) FS] I‘L +Ce7l27 | fl;  (6.33)

N‘(N(Nj_{_l
Ne

IMifl< Y

8<sp .

L 4

where the second term in (6.33) will be o(||f||2) for appropriate so. Thus it suffices to verify
(6.31), defining now
Mif= sup |F7[(wn—wN;)F]]| (6.34)

NJ (N(Nj+1
NEZ,
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where wy is given by (6.9). The reader will indeed verify that summing the first terms of

(6.33) over j =1,...,J will only introduce an additional factor (depending on sg).

Let x = X[o,1) and
Mif=  sup  |f*(xve) — xnp)l

N; <N<Nj41

where X, = }X[o,4- Since pointwise clearly (with vs as in section 3)

J 1/2
{SFsr} " <P A o |8 =121,
=1
it follows from (6.36) and (3.26) that

J
3 IM;£1I2 < a2 5113

j=1

hence

J
Y IMiflz <€ Y 1F 7 [(wn — Flxwa)) FFI5 + CT2I5 -
j=1

Nez,
This first term in (6.37) is bounded by

sup | 3 fun(e) - RV’ 1115 < Gl

* LNez,

using the fact that, by (6.12), (6.13),
|wn(a) — X(N%)| < Cmin (Ja|N?, (|e|N%)~2/9) .
Hence, for M f defined by (6.34), by (6.37),(6.38)

Y IM;flla < CeT* 4| fl2

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)

independently of the choice of the sequence N; < N < --- < Nj. The proof of (6.31) is

now completed, and so is the proof of Theorem 1 for L2-functions.

Observe finally that if T' is weakly mixing, then Axf — [ fdp in L? (hence as.).

Indeed T has no point spectrum as unitary operator and }lv SE M N22 0 for 2 € C, =

n<N
{zec, | |z| = 1}, except on a countable set.
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7. Ergodic Theorems in L?, p > 1

The purpose of this section is to extend the L?-theory to L?, p > 1. Of course, only
the maximal inequality

sup [Anfl|| < cllfll, (7.1)
N P

needs to be shown. Once (7.1) is obtained, the a.s. convergence for functions f of class
L?(p) reduces to bounded functions and hence is taken care of by the L? result, obtained
in the previous section.

The partial result was obtained in [B;] (p > 1£5).

Considering again the shift model (Z, S), (7.1) becomes

N
1
Isuplf + Knlll, < Clifllp s Knv=5 D 8tamy - (7.2)

n=1
The proof of (7.2) by Fourier Analysis methods is more delicate than in the L2-case because
the Fourier multipliers involved in the argument need to have good bounds on L?.
We use the notations of the previous section. Thus in particular
185

1
SO) = > e for 6== and wn(B)= f e2mHNNAGy . (13)

r=0
Denote again { a smooth function on IR, 0 < ( < 1, supp{ C [— %,%] and ( =1on
3.4
1l
The following lemma will be useful when comparing L?(IR) and ¢?(Z)-norms.

Lemma 7.4. Forl < ¢<eD, e =0o(1), one has

H / F(B)e*™*P9¥¢(DB)dB / F(B)e*™hav(( Dﬁ)dﬁ“ ' (7.5).

o (Z)

~

L*(R)

Proof: Observe first that by Bernstein’s inequality and the hypothesis for 0 <u <1
/F(ﬁ)[ezriqﬁu _ I]eZquﬁvc(Dﬂ)dﬁ /F(ﬁ)ezwiqﬂyc(Dﬁ)dﬂ

We first prove the inequality || |l»(z) < pll |lz»(®) in (7.5), for some bounded p. Let

(7.6)

< Ce
L» L»

0 <u <1 and write

| [reemncn)| | [roreqon| +

+| [rom - emsmemenopa| . @
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Integrating the pth power of the first term in (7.7) in u, the L?(IR)-norm is obtained. Let
p be an a priori constant satisfying the above inequality, the second term in (7.7) may be

estimated for fixed u

p” [ F@ya - emiseamenog)ds

< Cep ] F(B)e*™483((DB)dp
L»

L»
invoking (7.6). Thus it follows that p <1 + Cep, from where the boundedness of p.

To prove the converse inequality in (7.5), write

» 1/p
’ / F(B)e*™P[1 — e*™9]((D)dp du} (7.8)

Lr(dy)

1
ey ||¢-(z>+{ /

and apply the | |ler < p|| |lz» inequality and (7.6) to estimate

< Cep
£r(dy)

F(B)e’™9PV((DB)dp (7.9)

” /F(ﬁ)e"‘ﬂ‘i"[l _ ezwiﬁqu]c(ﬂﬁ)dﬁ

L»

for 0 <u < 1. Since Cep < % for ¢ taken small enough, substitution of (7.9) in (7.8) yields

the converse inequality, proving (7.5).

Lemma 7.10. For S(0) defined by (7.3), the £*(Z)-norm of the Fourier transform of the

02;5,3 (E) F (a a 3) (7.11)

q Z sup |FF(jqg+z)|. (7.12)
jez 952<¢

function on II

is bounded by

Proof: By definition of S(6), the Fourier transform of (7.11) at the point z € Z equals

E S (E) ™ FF(z)= (#{0<r<gq|z—p(r) € ¢Z})FF(z) .

0<a<g

g—1

Thus the £/(Z)-norm is bounded by Y, 3 |FF(jq+ p(r))|, hence by (7.12)
r=0j;€Z

Lemma 7.13. Let 1 < g < D. Then with the notations (7.3)

5 5(3) fon(e-e(o(e-5)

0<a<g

<C. (7.14)
t(z)
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Proof: Apply (7.10) with F(8) = wn(8){(DB). It follows from (7.3) that wn(B) is the
Fourier transform of the image measure vy under the mapping p(Ny) : [0,1] — IR. Hence
FF = vy * (F1[(]) , and (7.12) is bounded by

F (z +J°95P(NU))|dy. (7.15)

q 1
= sup /
D ;l}ﬁ:(g 0

Since |[F71[C](t)] < C(1+¢2)7Y, ¥ sup |F)(3H2)| < C (% + 1). Substitution in
JEZ 0<z<g
(7.15),(7.14) follows.

There is the following real Analysis maximal inequality

Lemma 7.16. Forp > 1 and f € L?(IR)

on |f-‘[w~ff1|“ < Cllfllzo ey - (1.17)
N Lo (R)

Proof: As observed eariler wy is the Fourier transform of the image measure v,y under
the mapping p(y) : [U,N],%} —+ IR. Thus we have to estimate ”sup|f * vNIHP. For t
N
s dv — 1 b3 14-14+% in size.
sufficiently large, one has that 7}|‘= . m which is of the order ¢ in size
Thus the problem reduces to show that

<Clfllp - (7.18)
4

1 _
sup |f * [Wt ”*X[o,ml(f)]
Defining k() = ¢~ *+dxo ), ]lvt‘l"'}xm'N.:](t) = k(na) where k,(t) = 1k(%), s > 0. The
fact that

< Clifllp (7.19)

follows from the Hardy-Littlewood maximal function boundedness on IR. This proves the

sup |f * k,|
>0

lemma.

Next, we prove a discrete maximal inequality

Lemma 7.20. Let 1< ¢<eD, e =0(1). Then forp>1

< Collfllocz - (1.21)

> [un@7s (E + ﬁ) c(Dﬁ)e=ﬂ=(=+ﬁ)da|
L»(Z)

0<a<g

sup
N
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Proof: The main ingredient will be (7.16) and the problem is to pass from IR to Z.
Writingz € Z asz=yq+2,2=0,1,...,9 — 1, the left member of (7.21) equals

1/p
P
>, (7.22)
0<2<gq t»(dy)

F@) = X #f(2+8) i) (7.29)

0<a<g

sup

/ wn(B)F.(B)¢(DB)e*™ P dp

denoting

As in the proof of (7.4), denote p the apriori best constant in the inequality

(7.24)

j F(B)¢(DB)e*™#vap

sup j wn(B)F(B)((DB)* Pvagl <
N L L

For 0 < u < 1, write
<

f wn(B)F(B)((DB)e*™ v dp

sup
N

[un@F@)Dp e - yemuag .
(7.25)

e j wn(B)F(B)((DB)e*™#1+9)dp 4 sup
N N

Integrating the pth power of the first term of (7.25) in u € [0,1] gives by (7.16),(7.4)

sup |F fwnFYDA)] ||| < (7.26)

L»

Cq 2| FHFYD | =

~

Lr(dy)

0[ ] F(B)¢(DB)e*™4¥dp

[ Fexs)emsmag

tr(dy)

L

\
By definition of p, the £P-norm of the second term in (7.25) is for fixed u € [0,1] bounded
by

p” / F(B)[e*™*Pe* — 1)¢(DB)e* P dp (7.27)
r
Apply consecutively (7.5),(7.6),(7.5) to estimate (7.27) by
cep| [ Fip)(Dp) P vds (7.28)
I

From (7.26),(7.27),(7.28), it follows that p < C 4+ Cep = p < C assuming ¢ small enough.
This yields (7.24).
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Applying (7.24) with F' = F; and substitution of (7.23) yields

ol X emet| [ £5(2+8) cppamsartag|

0<a<g

| 5.7 breel-3)wes

0<a<g

<
e (dy)

[uon@F.@xp) s

sup
N

L (dy)

2 (dy)
and summation over z = 0,...,¢ — 1 gives the following estimate on (7.22)

o Zel-3)

0<a<g

< Cllflles -

tr

This completes the proof of Lemma 7.20.

Lemma 7.29. Under the hypothesis of Lemma (7.20), for p > 1

sup
N

> 5(2) funerzr (2+5) cwﬂ)e""(**’)dﬂ[ <Clflle - (7.30)
.

0<a<g

Proof: Apply (7.21) to the function g given by

Fo(a) = [ Y s (3) ¢ (g (a - s)) ]ff(a) . (7.31)

0<a<g
Observe that ((28)((DB) = {(DP) and the first factor in (7.31) is the Fourier-transform
of an ¢!(Z)-function, by taking wy = 1 in (7.14). Inequality (7.30) now follows.
The following lemma in an important new ingredient in proving (7.1).

Lemma 7.32. There is the following restricted maximal inequality

< C,(loglog No)||fll, » forp>1. (7.33)
P

sup |f* Kn|
No<N<N}

This is a problem about positive functions and hence N may be taken of the form
N = 2% kg < k < 2ko. Instead of considering the £P(Z)-inequality, we will rather deal with
functions f taken on a finite cyclic group G = Z; = Z/JZ, where J is taken large enough
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(depending on Ny). The measure on G is the normalized counting measure and f * Ky is

the convolutionon G of f and § Y  8(p(n)}- (7.33) is equivalent to
1<n<N

The reason for this set-up is to invoke Stein’s extrapolation theorem [St] according to which

sup |f * K|

C,(log k » . 7.34
o < Cp(log ko) || fllz>(e) (7.34)

L*(G)

the inequalities (7.34) for p > 1 follow from the weaker inequalities

Since (7.35) weakens for increasing p, one may assume ¢ = p' = -—2— an integer. We replace

(7.35) by its dual version

sup |f * Ko |
ko <k<2ko

< Cp(log ko)l fllze(a) - (7.35)
LY(G)

2ko

> (9x * Kn) < Cq(log ko) (7.36)
k"‘ﬁo
whenever
20 , Y g<1. (7.37)
Let M (to be specified later) satisfy
M ~ log kg (7.38)

and put L; = K, for simplicity. By splitting in sub-sums, (7.36) will clearly follow from

Y (g L,,)

ko<k<2ko

< C, (7.39)

whenever {g;} fulfils (7.37). Denote p the smallest constant C, satisfying (7.39).
In the sequel, let C stand for a constant depending on g.
Expanding the gth power of a sum and integrating

Z (g * Lk)

ko<k<2ko

Z > _/ (9ky * Lty) -+~ (9k, * Le,) (7.40)

ko <ky<-<ky<2ko

D>

g1
(g * Lk)] (7.41)
ka(k‘(Zko

37



where (7.41) is bounded by p*-1.
Choosing M appropriately, we will achieve the estimate

” [(gkz * Ly,)--- (gk. * Lh. )] * (ka = Lko)”p(a) < kcl—qr (7.42)

whenever ko < k1 < k3 < --- < kg < 2ko.
Once (7.42) obtained, write

J (00 B ot * L)+ (n, +En) = [ (0 # Eaa)an * L)+~ (on, * T )| < B
G G

and estimate (7.40) by

C + ko“z(;k‘ (uoL [( E 95) *Lk.] (9ks * Li,) -~ - (gr, * Li,) - (7.43)

ko<k<2ko
Since the first factor in the integrand is 1-bounded, by (7.37), (7.43) turns out to be bounded
by (7.41), thus by Cp*~1. Consequently, one gets p* < C + Cp*~!, hence p < C, proving
(7.39), thus (7.36) and (7.33). It remains to obtain (7.42).

Proof of (7.42). This is an L?-problem and we use the Fourier transform method.
Denote gx, by g, and let N, = 2M*k- |

We keep the notation F for the Fourier transform on Z and identify G with the integer
interval [0, J] endowed with normalized counting measure.

For each r, let s, be increasing integers to be specified later. Define with the notations
of the previous section and D to be specified

2= Y SO)un (a—0)((10°(a - O)((DNYa—6)) . (T.49)

‘S‘r GG’R.,

It follows from (6.15),(6.11),(6.13) that then for some § > 0
|F[Lr.)(@) - Q@) < C(N;72 +27%% + D7) (7.45)
Since from the definition (6.6) of R,, clearly
17720 |2 2y < C4* (7.46)

there is a uniform estimate

|71 [, - F(gr)]| < C4* . (7.47)
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It also follows from (7.45) that
(e * Ln.) = F 72 [ F(90)] | 12y < C(N72 +27%% + D7V4) (7.48)

Observe that the Fourier transform of the function F~![Q,F(g,)] - - F~! [, F(g,)] van-
ishes outside a DN;“ neighborhood I' of {% elIn@ | b < 29% }
Estimate the left member of (7.42) as

”(92 * Lk,) - F1 [-7'-(92)“2] ”L’(G)+

||.‘7-"1 [.7"(92)92] ||m”(93 * Lyy) — F ! [-7'-(93)93] ”m(c:) teet

”'7':-1 [f(gz)ﬂz]”m-'- “'7'-_1[-7'-(91-1)99-1]”@0"(99 * Li,) -F! [f(gqnq]”m(a) (7.49)

H[{F 7 [Fo2)2]- ... F 7 [F(gq)R] } * (Lry = Lio)|| 2y - (7.50)

By (7.47),(7.48),(7.49) is bounded by

q
C Y 4ntrte-y(NZ6 4 2708 4 DY), (7.51)

r=2

Making the appropriate choice of the numbers s, ~ log kg permits then the estimation
1. _
(7.49) < 5ko* + kS - (N8 + D). (7.52)

By the remark on the support of the Fourier transform made above, (7.50) is clearly bounded
by
|77 [F(g2)R). ... F 7 [F(94) 2] || 12y - sup | F(Lky — Lo )(e)| - (7.53)

Again from (7.49), the first factor in (7.53) is bounded by C4*3++*% < k{. By definition
of I', (6.10),(6.12), one easily verifies that the second factor in (7.53) is at most

AN -1/2
CD N, + CN, (7.54)
provided
D2%* < N¢ (7.55)
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which is obviously satisfied for D < 2%%,
By definitions of N, and since k; < k3,

(7.53) < kS[D2~M4 4 2~ 1Mko (7.56)
Collecting estimates (7.52), (7.56), the left member of (7.42) is bounded by
:—Oko—* + kC[DY4 4 D2~M4 | 28k < f;1

for a suitable choice of D, log D ~ log kg and M ~ log kg, (7.38). This completes the proof
of (7.42) and hence Lemma 7.32).

The proof of (7.2) is mainly based on L?-estimates, (7.29),(7,32) and interpolation.

Proof of (7.2). Denote || ||, the £"(Z)-norm in what follows. Define for s = 1,2,...

Q, =2°! (7.57)
K,={k€Z|4 <k<4at} (7.58)

and with previous notations, let

o= X (s

0<a<Q,s

Jor (+-zr)e(@ (-57) o
for o' < s, k € K,.

It follows from (6.15),(6.11),(6.13) that for s' < s, k € K,
|FIKn](e) - Quw(a)| <278 (7.60)

and by (7.13)
|7 @]l < C - (7.61)

Fix 1 < po < p < 2. It follows from (7.30) that

sup |70 71| < Clfle (1.62)
Po
For k € K,, write

frKp = F UaFfl4+F (2 — WUn)FFl +- -+ F (Ve — Roa)Ff]+

40



{(f * Kn) - 77 [k, . F£1}

hence

sup IfxKp| <Y sup |F7[(Qyer — Q1) FF] |+ sup |(f * Ko ) = F [, FF]| -
s k>4 ] s

(7.63)
By (7.62)
sup |7 (s = a0} S]] <Clflhe (.64)
k>4 Po
while by (7.33) and (7.62) also
| sup |(f %K) — F [ F ||| < Cosllfllpo - (7.65)
kEX,

Po

Our purpose is to interpolate (7.64),(7.65) with better £*-estimates. Estimate using (6.15)

sup I(f*Kza)-—f-I[Qk,s'ff” S
k>4’ .
C Z 2—i51 + sup E f_l[‘ll’r’zl 'ff] "']:‘_l[nk,:’ = Ff]l o+
k>4’ k24" Logres e
5> [Jsup 7t - #1 (7.0
r>s = z

where ¥, n is given by (6.7).
By (6.28), the last term of (7.66) is bounded by C - 2~*'%||f||,.
Write

o = D e = 2, >, S(O)wy (- 6)[¢(QF(a - 8)) — ((107(a ~ 0))] (7.67)

r<s’ r<s' 0ER,

IR ORI CHHCICH N

Q.

2 20’ 41 (s.0)=1

There is a uniform estimate on (7.67) for k > 4*" by

C-4* . sup Iwzs(ﬁ)l Gt (7.69)
181>Q?
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by (6.13) and (7.57). Thus (7.67) contributes to the maximal function for at most C2~*'.
As done in section 6 to prove (6.28),(6.29), one estimates the maximal function contri-
bution of (7.68) (in £2) by C - 2-%'¢',
Collecting estimates yields the bound C - 2%'* on (7.66). Hence also, by subtraction

sup |F (R, — 1) FF]|| < C-277| ] (7.70)
k>4’ 2

while
sup |(f * Kpn) = F 7' - FA||| <C-277*|f]l2 . (7.71)
kexl 2

Interpolating (7.64),(7.70) at py < p < 2 yields the corresponding £P-inequality with con-
stant C-27%*'. Similarly when interpolating (7.65),(7.71), an £P-estimate C-2~%* is found.
Here 6, > 0 depends on p > 1. Substitution of these bounds in (7.63) yields

su * K <C 262 LY 2% < C
kP |f 28| : Z: ;

completing the proof of (7.2).

8. Integer Parts of Polynomial Sequences

Consider a polynomial with real coefficients (d > 1)
p(z) =bo + bz +--- +bgz?, bg > 0 (8.1)

and for a given DS (Q, B, u,T) the averages

1 N
Anf== Y Tl g (8.2)
n=1

where [y] stands for the integer part of y. Here we let f be of class L>°(,u). In proving
the a.s. convergence of (8.2), one may assume at least one of the coefficients b;,...,bq
irrational. Otherwise, if b; = 5;— (1 <j<gq)witen=mg+r (0 <r < g) and

ANf = %0<zr:<q N—;_r m<§q_1 TPl(m)(T[P(")]f) where p;(m) = p(mgq + r) — p(r) has integer

coefficients. The a.s. convergence of the Anf is thus implied by Theorem 1 of this paper.
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Assuming thus by,...,bs not all rational, the sequence {p(n) — [p(n)] | n =1,2,...}
is uniformly distributed in [0,1].

Fix £ > 0 and consider the function 7 = 7, on IR

Denote
N
Avf=5 3 Y 7o) ~m)T™S . (8.3)
n=1meZ

Clearly, invoking the uniform distribution property, there is the pointwise inequality

(nf - Anfl < Mo pn < n < N | it (p(), 2) < €} < 3ellflee (80)

for N large enough.

Thus, it suffices to show the a.s. convergence of (8.3) (for a fixed ¢ > 0, assuming
f € L*(p) (the hypothesis f € L™ is only of relevance when replacing An f by AN i)

The proof of this follows the same method as used in section 6.

The relevant exponential sums are given by

FIEN(@) = 5 3 Y 7(p(n) — m)emime = 3 #(k o) {% > ,w—«w}

n<NmeZ keZ n<N
(8.5)
where
Ky = % Y. D r(p(n) —m)bmy - (8.6)
n<NmeZ
Let ¢ (@) be given by (5.1)
1 N . 2 d
oni) = J; Yokt atont,
Then
FIKN)(a) = Y 7k — @)™+~ (b (k — @),...,ba(k — a)) . (8.7)

keZ
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Observe also the decay property
C

|7(N)| < TTon (8.8)
Define for k € Z
Rop = {9 € [0,1] | bj(k —6) = % (mod 1)
q
where (g,a1,...,a4) =1 and 2*°<¢g< 2'“} (8.9)
and for § € R, k, let with notation (5.10)
S(0) = S(q,a1,...,a4) . (8.10)
Define also, with notation (5.11)
wN(ﬁ) = ‘UN(—blﬁ,...,-bdﬂ) . (811)
Denote further
bopn(a) = D S(O)wn(a— )¢ (10°ba(a — 6)) (8.12)
6ER, &
ban(a) = Y 7k — a)e?ik=oy, 4 N(a) . (8.13)
keZ

Notice that different elements of R, i are at least 4“‘1b;1—separated and the summands
in (8.12) are thus supported by disjoint arcs in II (not necessarily centered around rational
points).

Using (8.8), one then has the analogue of (6.14)

‘f[KN] =Y $un|<C-N75, (8.14)

820

We leave the reader to make the verification.

Proceeding similarly to in the proof of (6.28) in section 6, one gets

Sup |F e F Sl < CllogRas®2 Iflla ~ Cs*27**lIfll2 . (8.15)

Hence, by (8.8)

sup |f‘1[(E¢..N)ff]|H <CY >, l—éz—k;szz—""nfu, < C|Ifll2

Nez s>0 >0 kE€Z
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yielding the maximal inequality

[l sup 1 ZnA1ll, < Cellflla - (8.16)

With this information, the proof of a maximal variational inequality (6.31) is essentially
identical to the argument given in section 6 and will therefore not be elaborated here.

This completes the proof of Theorem 2 (for L*°-functions).

Remark. The main additional item in proving the L"-verion , r > 1, of the previous
result for sets A = {[p(n)]} is a more detailed analysis of the approximation of Axf by

AN, based on rational approximation of the coeficients by, ..., ba of ?(z).

9. Further Comments and Remarks on Almost Sure Convergence

(1) In [Bs], the author considered the sequence A of prime numbers and proved that the

averages

1 n .
ANf = AR nGEAn T"f Ay = {primes < N} (9.1)

converge a.s. for f a function of class L?. Letting

Kn=7 3 (log)6g) (9:2)

P<N
P prime

it is well known that

Flkn)(e) = B0 1 (f e"""(“‘ﬂ) +0(emVsN) (93)
$(q) N\ &

for |a — %| < (logN)*N-1,1<a<gq,(a,q) =1 and g < (log N)°. Here p denotes the
Moebius function and ¢(q) the number of Dirichlet characters to the modulus q.

Prior to this work, it has been shown in | ] that Anf given by (9.1) converge a.s.
for a function of class L™, whenever r > 1. The argument is based on special properties
of the expression in the right member of (9.3) and does not seem adaptable for the set
of the squares for instance. The reader will easily check that the method described in
section 7 of this paper applies equally well to the primes.
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(2) Both Theorem’s 1 and 2 of this paper generalize to positive (not necessarily invertible)
isometries on L", » > 1. It was indeed pointed out in section 2 that this situation
reduces also to the shift. Thus in particular, there is the following generalization of the
Riesz-Raikov result (cf. [Ra], [Ri]), where p(z) = z:

Let p(n) be a polynomial mapping positive integers to positive integers and f a function

on the circle IT of class L™, r > 1. Then & 3 f(2"(™z) converge a.s. to [ f.
1<n<N

Recall in this context Marstrand’s counterexample to the Khinchine conjecture [Ma], ac-
cording to which there are bounded measurable functions f on Il such that & Y f(nz)
does not converge a.s. st

(3) Let T (n =1,2,...) be a sequence of commuting positive isometries on L?(u) and define
ANf =+ 3 Tu.f. It follows from the results of [Bs] that the following property is a
necessary :osnflition for a.s. convergence of Axf, N — 00, even restricting to functions

f e L=(p):
For each § > 0, there is a bound C(§) < co on the §-metrical entropy number (in the

sense of section 3)

Ms({Anf| N =1,2,...}) < C(§) (9.4)

of the subset {Anf} of L?(x). This bound (9.4) has to be uniform when f ranges in
the unit ball of L?(u).

As pointed out through several applications (including Marstrand’s example mentioned
above) in [Bs], the previous criterion is often effective in disproving the a.s. convergence

of such averages.
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APPENDIX

Return Times of Dynamical Systems

Let (X,B,u,T) be an ergodic system and A € B of positive measure u(4) > 0. For
z € X, consider the return time sequence A, = {n € Z; | T"z € A}. By Birkhoff’s
pointwise ergodic theorem, the sequence A, has positive density, for p-almost all z € X.
This fact refines the classical Poincaré recurrence principle (cf. [Fu]). An even stronger
statement is given by the Wiener-Wintner theorem: there is a set X' of X of full measure

such that the sums
1

N 1$nE$NXA (T"z)2"

converge, for all z in the unit circle G = {z € € | |z| = 1} and z € X'. Thus from
general theory of unitary operators, this fact may be reinterpreted by saying that almost all
sequences A, satisfy the L?, hence the mean ergodic theorem. Our purpose here is to prove

the following fact, answering a question open for some time.

Theorem. With the notations above, A, satisfies almost surely the pointwise ergodic the-

orem, i.e., the averages

1
a— S“g
nEAg

converge almost surely, for any measure preserving system (Y, D,v,S) and g € L*(Y).

The argument given next actually yields a more precise condition on the point z.
Let f € L°(X) be obtained by projecting x, on the orthogonal complement of the
eigenfunctions of T'. It clearly suffices to prove that for almost all z € X, {f(T"z)} is a

“summing sequence”. i.e.,

f(T"z)g(S™y) -0 ae. y€EY (%)
<n<N

L3

N 1
for any measure preserving system (Y, D,v,S) and g € L°(Y). (The contribution of eigen-
functions is taken care of by Birkhoff’s theorem.)

Observe the equivalence of the following statements:

i) f has continuous spectral measure
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ii) (T"f,f) = @¢(n), o a continuous measure

N
i) # lef(T“a:)f(T“f) — 0 a.e. (z,£) as N — oo.

N
Proof of ii) = iii). Write F =lim & ) f(T"z)f(T™¢), exists by the ergodic theorem,
1

N
: . 2
|IF|? =limgr Y (G¢(n—m))" =0.

m,m=1

Proposition. Assume z generic for f and % Y f(T"z)f(T™¢) — 0, £ a.e. (!). Then

{f(T"z)} is a summing sequence.

Proof: I) Assume that for some (Y,D,v,S) and g € L°(Y) there is a set B* of positive
measure for which the limsup of (%) is positive. Then there exists a > 0, B C B*, v(B) >0
and a sequence of intervals R; = (Lj, M;) (called “ranges”) such that for every y € B and
every j there exists nj € Rj (n; = nj(y)) such that

3 F(T"2)g(S™y) > an; . (++)

n=1

II) Given § > 0, there exists K = K(N,§) such that

v(fjsz) >1-6.

1

IIT) Write ¢ =1x . If M) is large enough, and we denote by G the set

Us:'B

1
G ={y:|: 3 9(Siy) —1| < 26 for all n > My}, then v(G) > 1 — 6.

IV) For notail;ioual convenience we assume that f has a finite range, and denote by B,, the
set of all n-blocks for £, i.e., the (set of) words w(™ = (f(T**'z),..., f(T**"z)); w{”
appears with density p(wiﬂ)).

Given § > 0 (§ can be chosen once and for all as a function of @ and v(B) in I) let N5 be
such that for each set 45 C X, p(45) >1-4, '% Ef(T“z)f(T“EH < é for all § € A5 and
N > Nj (cf. assumption (!)).

Given a range (L, M) with L > N;, set N = N(M) so that in any interval on the integers
of length > N the statistics of the n-blocks (for f) with n < M is correct. Denote by
B}, the n-blocks that have the form (f(T¢),..., f(T™¢)) with £ € As (we are interested in
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n € (L,M)). For L < n < M the total probability (=density) of the blocks in B}, exceeds
1 — & (in any interval of length > N(M)). Notice also that heads of M-blocks which are in

B}, are in the appropriate B}.

V) A sequence of ranges {(L;, M;)} is properly spaced if Ljy; > N(M;). (We also assume
L; > Ns. Another assumption on L; is that it is > M, (recall the definition of G in III)
and assume that K (II)) is < L;.) Going back to I), we select a properly spaced sequence
of ranges {(Lj;, .MJ-)}:]:r=1 (J depending on a) and N large enough so that N 3> N(Mj).
Recall B from I) and G from III).
For any y € BN G we define a sequence {c,.(y)}iil which is a sum of J sequences
(layers) {ci(y)} having the following properties:

(e) For all j,n,y, ci(y) is in the range of f (in particular unif. bounded)
N - .
(B) For ji # ja, | % El it (y)ei(y)| < 6
n=

N .
(7) % Elci;(y)g(sny) > a—6, J = 13“"J
n=

(a) and (B) together imply [% Y (ca(v)’]”” = O(T + 67). (y) implies
N
%’ Zl:cn(y)g(s"y) > J(a — §). Contradiction.

We construct {c},} in reverse order on j. ¢J(y) is defined as follows: I;(y) is the first

index k > 0 such that S*y € B; on the interval (I;(y), i (y) + ns(S"My)) we set
ea(y) = f(T" W) .

I;(y) is the index of the first point in the S-orbit of y, after l;(y) 4+ ns(S"*(Wy), which is in
B, and on the interval l;(y), lz(y) + ns(5(¥y) we copy again {f(T"z)}:;(lsm')y) etc. The
intervals on which we copy those starting n; blocks fill most of [1, N]. We refer to these on
the basic intervals of the J-layer. Outside of these, set cJ(y) arbitrarily.

We now define ¢/~!(y) in a similar manner within every basic interval of the J-layer,
with the additional restriction on the starting place of the new basic blocks that (in addition
to the fact that the corresponding point in the orbit of y is in B) the matching piece of the
basic J-layer block is in B*, i.e., more or less orthogonal to the “new” basic block; see IV).

Since the “orthogonal” blocks have density > 1 — §, the new basic blocks cover more than

1 — 3§ of [1,N]. We continue with ¢=2(y),...,ci(y), working each time within the basic
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blocks of the previous level and introducing blocks which are “orthogonal” to all previous

levels.

Remarks.
(i) The condition that & g:f(T“z)f(T“f) — 0 a.e.in {(!) is a special case of (*) and
hence necessary. One c;.n construct examples showing that it is not a consequence of
the genericity of z.
(ii) One may construct a sequence A = {k,}, kn = o(n), and a weakly mixing system (Y, S)
such that & g g(S**y) does not average a.e., for some g € L>®(Y'). (This question was
considered inl[f“u], p. 96.)
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