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2.

RETURN-TIMES OF DYNAMICAL SYSTEMS
J. BOURGAIN

1. STATEMENT

Definition. A C Z; is a good sequence for the mean (resp. pointwise) ergodic theorem
provided for any DS (Q,B,u,T) and f € L'(p),

1

P z T™f converges in the mean (resp. almost surely)
|AN|

nEAy

where Ay = AN [0, N].

Remark. If A has a density d(A) > 0, this is equivalent to mean (resp. almost sure)
convergence of 3 3., ca, T™f for f € L*(u) N L*(p).

RETURN-TIME SEQUENCES : Let (R,B,u,T) be DS , p probability-measure,
T ergodic. Fix A € B, u(A) > 0 and define

A, ={n€Z;i|T"we A}

It follows from Birkhoff’s theorem that a.s , A = A, has density

a() = tim B — i 5™ (17x0)(0) = u(4)
n<N

Theorem. A, satisfies a.s. the pointwise ergodic theorem

Remarks. The fact that A, satisfies a.s. the mean ergodic theorem is a consequence
of the Wiener-Wintner ergodic theorem (see next section for a brief discussion)

- Two particular cases where known (cf. [B-L]):
- T has discrete spectrum

- T has Lebesgue spectrum (see [B-L] for details)

The Wiener-Wintner Theorem.

This is the following refinement of Birkhoff’s theorem
Theorem. Let g € L>(p). There is a set Q' C Q of full measure such that

1 N
(1) = Tmg(w)
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converges for all w € Q' and z € C, = unit circle (& T = Bﬁ)
The proof only uses spectral-theory. It follows from Birkhoff’s theorem that a.s. in w

1 N
(2) 12 " Te@)f — 2y ()

n=1

where Ay € M, (II) is defined by A (k) =< g,T*g >
Affinity Principle : Let u,v € M (II) and (fy), (gn) sequences in L (II) such that
fa = #ygn — v(w*). If ply, then

_/ff.”y}.‘” — 0.
Write indeed

N 1
1 1 . 1 .
N E 2"T"g(w) = ‘/; < 77 E 2" e?min TV E T"g(w)e*™ ™y 4o

n=1 n<N n<N

1 1 . 1 .

—| E 2" T g(w)| < / | Z znezmnol | Z Tng(w)ezmnoid&
N n<N VN n<N VN n<N

where :
EI Z P ezwmolz . 5,(:.0*).
n<N
Hence, if w satisfies (2), then the limit is 0, except if z is in the atomic part of A,
hence in the (point) spectrum of T'. Since the point-spectrum of T' is at most countable,
it remains to impose the convergence of (1) for z in a fixed countable set. Again by the
ergodic theorem, this will be satisfied for w in a set of measure 1.

Remark. If T has no nontrivial point-spectrum, then a.s. in w
% Z 2""g(w) — O for z € C, \ {1}.
n<N
If moreover [ g = 0, then a.s. is w
%T_ Z 2"T"g(w) — 0 uniformly for z € C,.
n<N

From spectral theory, A will be a good sequence for mean convergence (w.r.t. L?-
functions ) provided the associate sequence of polynomials

pointwise converges for |z| = 1. For A = A,,, we are considering the sequence

1
pn(z) = ¥ Z T"xa(w)z™.
n<N
Consequently, from the Wiener-Wintner theorem
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Corollary: A = A, is a good sequence for the mean ergodic theorem, a.s.

We will use this fact in the following way. Let o be the following function on R

0 1 &

Denote for t > 0,04(z) = 10(2). The reader will easily verify
Lemmat xo,1) is in norm-closure of [o4|t > 0].

Assume A,d(A) > 0 satisfies the mean ergodic theorem. Let (2, B, 2, T') be D.S. and
|f| < 1. Assume each of the sequences,r =1,2,...

(3) PZ'Z ( ,)T“f|3=0$1:21"'}

converges a.s. Since, from hypothesis

(4) {5 Ea( )T fIN =1,2,...}

nGA

converges in the mean, the limit of the sequences (3) are the same and hence also (4)
converges a.s. This remains true when r is replaced by o¢(t > 0) (even with same limit
as (4)). Hence the lemma clearly implies a.s convergence of

N E X[o, 1]( )T £

neEA

which are the usual ergodic averages.
From this discussion it appears that it suffices to show that for almost all w the return
time sequence A = A, satisfies

(5) 2™ Z o(27°n)T™f is a.s. convergent
n€EA

for any D.S.(,B,u,T), f € L*().

In order to have (5) for any D.S., it suffices to consider only the shift (Z,S) provided
the convergence property is expressed as an inequality on the variation of the sequence.
In the context of the shift, harmonic analysis methods may be used. In particular, by
the Fourier-inversion formula



2 Z: o(27'n)S™f = f*(27° Z 0(2-'71)5{,-.})

neA neA
=F! [‘Pl}-f]

where (¢,) is the sequence of multipliers on II

(6) ‘Pa(g) =9~ Z: 6(2—.n)ez«ina
neEA

and

Ff(0) =3 flz)e™ >’

z€Z
is the Fourier transform.

Here A=A, ={n € Z;|T"w € A} and ¢, is thus also

(7) 0a(0) =27 xa(T™w)o(2~*n)e? ",

It will be shown that for most w the sequence (¢, ) is behaving such that a (quantitative)
convergence property for [, F f] holds.

Remark. At this point, methods from spectral theory do not seem to suffice to obtain
the theorem in the general case. Harmonic analysis methods will be exploited in the
context of the shift but now estimates are needed in order to derive a.s. convergence of
(5) for general D.S., from statements related to (Z,S).

- The function o will appear in an averaging argument, when passing from the averages
on a sequence of diadic intervals to a convolution operator.

3. FIRST REDUCTION TO SHIFT

Introduce the following definition. Let ® = (¢;) be a sequence of multipliers on II,

N a positive integer. Let BﬁN)(@) be the largest integer r (possibly o) s.t. there is
function f on Z, |f| < 1, supp f C [0, N] and integers j; < --- < j, satisfying

(1) | sup |F*(pj = @sua) F)lll2 > TNH2.
JJ-'I.SJSJI

The idea here is to quantizise convergence.
The following remark is straightforward and will be used later.

4



Lemma. Assume a collection of multiplier sequences ® = (yp;) given, satisfying a
uniform maximal inequality

(2) lsup[F [pFflll2 < cllfll2 V.
pEP
Let ¥ = (¥;) be a convex combination, i.e.

VJ‘J Wj = Z )*@QJ’ 3 where E '/\QI <1
&

Then the following holds

(3) B (%) > t= Y As|[B-(®) At] > rt.
P

Assume now A C Z, satisfying the condition

(4) supBM)(2~* Z: o0(27°n)z"s =1,2,...) <00  Vr>0.
" neA

From this, (2.5) may be derived. Let thus (22,8, x,T) be a D.S. and |f| < 1. Assume
8y < +++ < sy such that fori=1,...,J-1

| sup [27° Z o(n2™*)T ¥ 2% Z o(n27*)T" fl||lz2(a) > € (12:<7)
A

8;<8<8i41 A

Choose N a large integer (depending on s, ) and consider for fixed w € Q the orbit
function

gu(n) =T f(w) if 1 <n<N

=0 otherwise

It then follows from the definition of B¢ that

J=-1
Yol sup 270 o(n27)gu(a+n) —27% ) o(n27*)gu(a + n)lllacz) <
8i<8<si41 A A

i=1

c
{ f §(BN(...) A J|d6}N < (J)IN
0
where ¢(J) — 0 for J — ooh, as a consequence of (4).
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Take 2°7 < a < N — 2%’ and substitute g, to get

J—1 '
Z Z sup |27 Ea(nz-')rﬂf(:r“w) —2—% Za(rﬂ_"')T“f(T"w)lz < e(J)JN.

i=1 2% <a<N-g%y "SIt A A
Integrating in w and using the fact that T' is measure preserving yields

J-1

Yol sup 1270 e(n2m)Tnf 274 ) o(n2= )T fIE < 2¢(9)

imy 25<I<tiN A A

hence

e <2(J) >0 for J— o0,

thus a precise formulation of (2.5)



4. SECOND REDUCTION TO SHIFT
Consider condition (3.4)

(1) supBE.N)(T'" E o(27°n)z"|s =1,2,...) < o Vr>0
N n€EA

where A is a return time sequence A , for some DS(R2,B,u,T) and 4 € B, u(4) > 0.
Notice that B is essentially increasing in N. Thus it suffices to show that

u[BM(2~* ZXA(T"w)a@_‘n)z") >t <

(2) i ] [t A BN (2~ E xA(T™w)o(2%n) 2" dw < &s)

where £,(t) — 0 for ¢ — oo (independently of N). An estimate (2) may again be

derived from the shift model (Z, S). Fix w € 2 and let €, = x4(T"w). Assume there is

a (uniform) estimate ;
BWM) (2 Z €.0(2°° (n—a))2"s=1,2,...)< ¢

(3)

for1l < a < Nexcept on a set of size < {(t)N,where(,(?) v

For an appropriate {,(t), it then follows

= 3 T ABNZ Y eao(2(n - @)= S ().

1<a<N n

Making the substitution n < n — a and writing €,4+o = T"x4(T*w),

1 . - - n
= Y A B Y T (T w)o(2 )] < Eno
1<a<N n
5 REDUCTION TO DIADIC INTERVALS

Take N of the form 2™ and let (€1,...,€en) = € be a sequence of 0,1.Partition the
interval Iy = [1,---, N] in diadic intervals I, |I.| = 2-l<l N where ¢ € Uj<,{0,1}/
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and consider the polynomials

Pe = IIcl_l Z szk

kel
which form a tree in the sense that

1
Pec = E(pc,o + pc,1)
It is then possible to derive (4.3) form the following statement
1 . —
(1) He € {0,117 |Bo(peisli = 0,...,m) > 1} =50

(uniformly in N and independently from the sequence €).
This is done by averaging translations. The argument simplifies if o is replaced by its

symmetric version
1 c |

-

(which eventually leads to a pointwise ergodic theorem for the symmetric sums). Thus
most of the complications in what follows have to do with the fact that the desired ¢ is

one-sided

o 1 %

We first introduce some notations. Consider the N-periodic extension of the partition
(I.) of [0,N] to a partition of Z. For a € Z and 1 < j < n, denote ¢(a, j) the complex
in Z x {0,1} satisfying a € I.(4,;

1, 1 I,
— D N —
' & 1. i

4,0 o 11

Writing



define for1 <i<n
J(a,i) = min {j > i|a; = 0}.

Define also
Gap=2'N"" > hpz
56&.+5,j-1)\1c(¢+5|il
where
j=j(a+b,i)
. Ii.\avl».,j-i)
o
‘\.-—.i-w—--—: :
‘I'c (M-l-,jj

Then, because of subsequence considerations

B (gipll <i<n)<2B,(2N7' Y erp2¥ P =j(a+b,i))
k€L (ats,5)

<2B,(2N7' Y bz ti=1,..., n).
k€L (ats,5)

Notice that (1) may be reformulated as

1 .
SHi<as NB@N' S qti=1,...n) >t} <CL(H)
k€Il (a,j)

with {](t) — 0 for ¢ — oo (uniformly ).
Hence, for fixed b

(2) FH1 < a < NIB.(dhy) > 1} < (1),

Define next

g, =B"! Z s b
[b|I<B

where B is some large integer.
Hence, from the averaging property (3.3) (noticing that the maximal inequality (3.2) is
valid)

1 .

SH1 < a < NIBL(g) > 1} <

9



®) i8S 5 [ Bk At < €1

|b|<B
for some (! still satisfying (!'(¢) 2% 0. Next we explicit gi = ¥ ﬁ(f)z‘. We have by

construction N -
G(O)=B" 3, 4.0
[b|<B

=eN'B™! E{Zj(“+b")||5| <B and b+ L€ I ats,j(atbi)—1Ve(a+b,i(a+bi)) }
~ eN7'B71Y {2)|f|<B and b+L—a€ Lg,ibi-1) \ Lvichin}

provided that B is large.
From the definition of j(b,%), this gives
eN“'B1,
24{|b] < B,b; =0|b+ £ —a € Ipi-1) \ L)} +
2i+1u{|b| < B,b; = 1,b§+1 = Ulb +£4—-ac€ Ic(b,i) \ Ic(b,i+1}} doeee ~

e¢(2'iN)_2.

N

l([— 01N [k, o7 + k])+

N N
2&([—2‘.T,0] N [, 5T+ k])+

N N
W=7z 0Nk gz +ED +--

letting k = a — £.
For o defined as above, this equals

e(27'N) Y (o(z) + o(2z) + o(4z) +...) z=(27'N)"}(£ - a).
Hence (3) gives for p(z) = o(z) + 0(2z)+... and s =n—1
%H{l <a<N |B,(E €270(27°(L — a))zY1 < s < n) >t} < (D).
Since o(z) = ¢(z) — ¢(2z), also
%m <a<NIB, 2 Y ewo(2(t—a)sts =1,2,...) > t} < 2¢!(2).
which is property (4.3).

1o



6. MARTINGALE CONVERGENCE

In this section, some results on martingales are recalled for later use. These martin-
gales will appear in various contexts (diadic trees, convolution by approximate identity).
Let E,, be an increasing sequence of expectations and f,, = E, f a scalar martingale.

For A > 0, denote Nj(w) the number of A-jumps in the sequence {fn(w)}. The
following inequality for 1 < p < oo is proved by methods of square-functions and
stopping times

Lemma?

(1) IAN 115 < epllfll, , VA > 0

Let
lelley = sup_ (X len; = 2nal).
J

iny<<n
Using (1) and methods of interpolation, one then proves

Proposition (Lépingle)!
(2) I[{fa}lzs, <e(s— 2)7fll for s>2,

which is a quantitative form of the martingale convergence theorem. We will need the
following corollary on the pointwise entropy of an H-valued martingale  f, = E,[f],
f taking values in a Hilbert space H. Define for A > 0

M) (w) = A - entropy number of {fn(w)} C H,
i.e. the maximal number of points in the set with separation > \(*)

Lemma: For s > 2

3) lsupAM3/®)lz < (s = 2)7* |11l
A>0
Proof: Clearly there is VA > 0 the pointwise inequality
(4) MG <2 sup (3l fngs = gl
i <ee<ng

Writing fr = Y., < fny€a > €a, {€a} an ONB for H, it then follows from (4), (2) and

convexity

lsupAM}/*lla < 203 I{< fasea >HiEa )2
A>0 p” '
Se(s =27 < frea > [2)/7
o

thus (3).

*M) = 0 if the set is of diameter < A.
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7. A MAXIMAL INEQUALITY FOR CERTAIN MULTIPLIERS (1)
In the first part of this section, the following fact will be shown

Lemma. Assume A\; < +-- < Ag € [0,1] ~ II and define for j € Z,

. . _J'
R;j={)€ [0,1]|15mkzsnklz\ -] <277}
Then

(1) Ilst;plf"[xﬁ,ff]lllzn(z) < (log K)?|| fll a2y

where F refers to the Fourier-transform

Remarks: - The estimate (1) is not optimal concerning dependence on K but suffices
for our purpose. In fact, any estimate K8/2-6 || f||2,better than the “trivial”estimate
K*/2||f||2,would do as well.

- (1) has further application (besides to the return-times) to the pointwise ergodic
theorem for “arithmetic sets”(improvement of the L? -estimates, p < 2) and sets of the
form {[p(n)];n € Z;+} = A, where p(z) is an arbitrary polynomial. These matters will
be discussed at the end of this exposé.

The proof of the Lemma is presented in several steps.
(a) Recall the following tranference property from L?(R) to £2(Z)-inequalities.
Lemma. Let ® be a set of multipliers on [0,1] satisfying

(2) ||:gg|f“1[¢ff]lllm(n) < B||fllzawy)-

Then

(3) llsgglf'l[w}'f]lllﬂ(z) < cB||fllexcz)
@

where C is an absolute constant

Proof: Denote B; dthe best constant satisfying (3). Writing for z € Z, u € [0, p]
(p < 1 to be specified later)

F U pFflz) = F [pFflz +u) + F (1 - 7)o f F(2)
and averaging in u gives

Isupl F [0 F flllazy < o7/ ||sup|l F [0 F flllLacry+
® v
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(4) sup ||suplF (1 — ") Ffll|e2(z)
0<u<lp ¢

By (2), the first turn in (4) is bounded by
p 2 B||Ff|l2 ~ o7 B| fllo(z)-
By definition of B;, the second términ (4) is bounded by

By|lf x F1[1 — ™| azy ~ Bal|Ff - [1 — €22 | pago 1)
< ¢pB1||Ff||2
~ cpBi| f| exz)-

Thus an appropriate choice of p yields
1
B, <p~?’B + 5B1= B < CB.

Remark: In the preceeding, Fr and Fz where both denoted by F.
(b) Lemma. Denote F; the Fé jer-Kernel on R

~

J o Pt

-4

Let J € Z and \y,...\x € R frequencies s.t. |\ — Aw| > 27 for k # k'. Then the
following inequality holds

K K
(5) lsup| Y e*™2%=(fi, x F;)||l2 < c(log K)*(D_ | fell3)/?
<Y o4 Fae

Proof: Denote D;(j € Z) the intervals of length 277 obtained by diadic partitioning
of R and let £; be the corresponding expectation operator. Using again (standard)
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arguments to pass from expectations to convolutions (see [B4] for instance), (5) may be
derived (and is essentially equivalent to ) from

(6) lsup | > " E(filllla < c(log K)P(D [I£ell3)/?.

IST 1<k<k

Denote gi = suplE iful and G = (L1, 92)*/2, which are constant on the ‘D‘r-mtervals
Also, by Doob’s manma.l inequality

(7) 1612 = (3 llgrll3)/? < (D I full3)*/>.
Fix an interval I in D ;. Denote Ns(I) the §G|r-entropy number of the set
Ar ={(B;felh<rcxli < J} D b
(6 <1). Thus each element @ of A has a representation
(8) a= Y,  a@+b
0<t<log K

where

3| < K~Y/2@|;
@; belongs to a set £(I) of vectors of norm < 2G|y, with
|E(I)| < Na-«(I).

From (8), triangle inequality and Holder’s inequality for the last term, estimate on I

(9) sup| Y g nll< ) ( sup IZakemmnwh

IST k<k t(logKaEE‘ k< K

where further

sup |Z“ ezmx,.zl < min {Klfzz-tGlI( Z |Zake2wikgz|2)1f2}'
a€ «(I) aek(D

Hence, from the separation hypothesis on the A

2widgz |2 1,?'2
sup ape dz
(] 2up | anetmeras)

min (K*227C|y - [T, Np-o(1)/?27*Glr sup|| Y bre™™**|| (1))
Bl=1
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(10) <c¢ min (K2,N,-«(1)*/?*)27'G||I]*/?
which substituted in (5) yields

lsupl > ™ **E;lfullllzacn <
<J <k

(11) ¢ Y min (KN (D)2 6™+ G|,
t<log K
Choosing s > 2, write
fain (K,Nz-c(f))l/z < K1/2—1/3N2_‘(I)1/s
and with the notation of the previous section, by definition of Ns(I)

27tG|r - Np-o(I)Y/* < .;up/\(Mﬂ Y.
>0

Substitution in (11) gives
lsupl 3 " *B{fullls =

k<K

(> llsup.- M) <

IED;, i<J
K1f2 lfslogK {Z /[supAM,\(w)lla]z }1/2 +(f G2)1/2
IED,;

By (6.3), applied to the K:-valued martingale {(E;[F])i1<k<k|j < J} and (7)

leupl 3 =B {fullla < K24 (log K)(s — 2 (X Il
1>

k<K

Choosing 3 — § ~ 3> (6) follows
(c) Let Vj be the de la Vallée-Poussin kernel

e — \ o \

_‘,eri _&J c AJ‘ L TH

and let
fo = FUFFO+ A)Vi(A)] = (f - €72 2) x V.
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It follows from (5)

(12) lsup| =X Ff Y E5(A = M)]lll2 < c(log K)?|£]l2
i<J k<K
(d) Let
R;j={)\€ R[lg‘igxll — | <27}, for jeZ.
Then
(13) Ilegglf"[xn,ffllllz < c(log|S|)|| fll2
j

for S a finite subset of Z.

Proof: The argument is inspired from the Burkholder-Davis-Gundi-Stein proof of the
dual version of Doob’s maximal inequality. The only difference here is that the operators
are not positive. We only use the fact that the R}s are increasing. Assume thus

R;_1 CR;j,1<3j<2° where s~ log|S|
Denote B the st constant satisfying the inequality

(14) | sup |77 [xr;Ffllll2 < Bl fll2
1<5<
or equivalently (by dualization)

(15) 1Y 7 [xr; Fojllla < Bl Y lgjllla-

i<z j<2e

Identify S and {1,2,...,2°} and let (Sc)|c|<, be a diadic partitioning
S‘ = S

Denoting §; = F~*[xr; Fy,], clearly
< 3j 9k >=<gj,gr > for j<k.
Using this fact and Holder’s inequality, one gets from definition of B

1€



1Y 5013 =D 503 +2) < 353 >

jES i<k

<M lgilB+2> 1< D i Y o> |

le|<s Jj€Sc0 kESc

<D lgilE+2B Y0 Do lgilllall Y lgsllle

|lc|<s JESe,0 JESen

< (1+2Bs)| ) lgill3.

Consequently, B2 < 1+ 2Bs = B < cs, proving (13).
(e) Proof of (1).
Define

S={j€Z K129 < |\ — M| < K2/ forsome 1<k#k'<K}

Thus
|S] < K3.

Define further
Z,={j€Z\S|R; has r components}

for1 <r<K.
Thus
Zy < Zy1<++<2Zy< 7,
—— — e P E——— -—
ZK Z Z

where Z,, Zx are half-lines and Z, a finite segment,for 1 <r < K.
For r > 1, let j, = max Z,. By construction, there is a set A, C {Ax} satisfying

(16) A=X|>2" for A#X in A,

(17) R; C Uxea, [A — 271, X 4+ 27%1]  forje Z,.

To prove (1) we proceed again by duality and estimate the best B fulfilling

I gills < BIY lgillla 35 = F 7 [xn; Fgjl.
i

1?1



Estimate using (13)

Igslla < 11D 35l + 1D @ill2 <

JES r jJEZ,

(log K)I1 ) lgslllz + 1| D Crlla

denoting

G, = Zgj and G, = Zﬁj.

j€Z, i€z,
Because Z, > Zy for r < ', we have for j € Z,., ' € Z
< 9, 9jr >=< gj,gj» >

Hence
< Gp,Gp >=< Gp,Gp >

and

I Cel3 =D IG5 +2), <G G >.

r<r!

The same argument as in (d) then shows that
(19) B? < (log K)? + B} + B(log K)
where B; has to satisfy

(20) | sup| 7~ [xr; F£llll2 < Bi| fll2-
Jj€Z,

To estimate B, use (12) and a standard square-function argument. Put
pi(A) = Y F(A=X)
A EA,

for which, by (16) and (12)

(21) IIJ:SE“;H?""[WHIIII:: < ¢(log Ar)*||fllz < c(log K)?[|£|l2

Estimating

sup|F ! [xr; Ff]| <

up | F s F £l + (Y 177 (05 — xm,)F I /?
jEZ, JjEZ,

jEZ,

418



and applying Parseval’s identity to estimate the L?-norm of the second term, it remains
to evaluate

(22) IS s = xm, Pty

i€z,

For ) € R fixed, (¢; — xg,)()) = 0 unless A — \'| < 27! for some X' € A,. This follows
from (17). Take X' € A, and j, € Z such that

A=XN|= dist ()\A,)~ 2%,
Estimate (22) at )\ as

A — /\I

C+(), N—ei) )”2<C+C{E( =)}y <c
i2ie. 3> Jo

Thus (22) is bounded and, by (21), B; may be estimated by C(log K)2. By (19), this
also gives the bound on B and completes the proof of (1).
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8. A MAXIMAL INEQUALITY FOR CERTAIN MULTIPLIERS (2)
In this section, the first main ingredient in proving (5.1) will be given.

Lemma. Let A\; < -+ < Ag, A= {)1,...,Ak}. Assume (¢;);>;,>0 multipliers satis-
fying the conditions (0 < 7<1,L > 1)

() leil 1, || < L27.
(ii) The subset of £

{ejlas i 2 jo}
has T-metrical entropy < A,.
Denote o = 05 a smooth function on R satisfying
(i) 0<o<1
(iv) |o'| < eb7?

(v) o(t)=0fort<0ort>3é.
Let R > 1 be fixed and for each j, consider a localizing function n; such that

(vi) 0<n;<1,n7;=1o0nA,n;=0 outside A + [-R2™7, R277]
(vii) In}] < 2.
Define %; = ¢;os(|¢j|)nj. Then there is the inequality

KLR

(1) ||~?;&?|-7’_1[¢j-7’f]|||z < O(r+ 8A7/%(log ) fll2-
J1ZJe
Here and in the sequel, | || stands for the £2(Z)-norm.

Proof: The inequality is derived from (7.1) using square-function methods and the
reader a bit familiar with this technique will find it routine.

For @ € £%, define as follows the function ¥;z. Let A\p < A < ey

- If Aegr — A < 277%, put 92()) = as.
-If Ah+l — A > 2_J+1, put

VzA)=ar if A<dp+27 |
= Qk41 if A> Ak+1 —-277
=0 otherwise

Define also v; = ¥; 7, letting @ = %;|s. We claim that
RL
o 2\1/2
(2) II(; 185 = 131*)2lleo < eblog —=
JZJo

20



Notice that as a consequence of (iii), (iv), (v), (vi), (vii)
(3) I7;] <6 and |(@;)'| < CL2Y.

To verify (2), let A\x < A < Ag41. By construction, (%;—7;)(A) = 0 except if dist(A,A) =
min (|]A = Ag|, |A = Ax41]|) < R277. Assume for instance 277 ~ dist (A, A) = |A — Ax|.
Then, by (3)

S 1750 =1V < Slog R+ Y [7;(2) — 7;(0)| <

i<do

SlogR+C " (279(L27) A 6) < C6(log R+ log %)

i<jo
proving (2). Hence
11— 1 RL
(4) | supl 7177 £l < llsupl " [vi 7 £lll2 + §1og Z5=I| 2
1220

Next, partition {j > j,} in at most A, sets S,, min S, = j, such that for each of them
”('OJ'IA i sojalni”l} <7, JE S,

This is possible by the entropy hypothesis (ii) in the Lemma. Put @, = @;.|a. It follows
from (iv) and the inequality

lac(|a]) — bo([b])| < cla—b] (a,b€R)
that
(5) 17;1A — @a "FK < Cr for j€ Sa.
Estimate

sup| F [y Ffl| < sup [|F ¥, FAI+|F v — ¥z F S

«,j€ESq

(6)
Nsupl 7 [v;Fflla < (Y IIJ,wpIF"[‘I’j.zaffllli)”’+ll sup IF (= Csm) FFlll2-
aSAr a a2 a

For each a, @, is a fixed element of £ which coordinates are §-bounded. Therefore, one
easily derives from (7.1) that

_ 1
| -!EusplJr '[¥5z. Fflll2 < Céllog = + (log K)*] |2
J a
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and the first term in (6) contributes for

(7) 643/*(10g 5)? |-

Estimate by Hélder’s inequality for j € S, (by (5))

| (75 — ¥ja.)FFl < v O 177 (55 — ,5) Kan_ s A FF1}
a-b|l<r

<20 17 (%0 X ul FAIP) 2,
k

Thus the second term in (6) is bounded by

2r()  lsupl 7~ (€53 Xn o a FAIB)Y <
k 7

(8) (Y N1 F Flinc 122 ~ £ -
k

Collecting estimates, (1) follows from (4), (7), (8).

9. GENERALITIES ON THE PROOF OF MAIN INEQUALITY (5.1)

We now come back to section 5, Thus

pe = || E exz*® where c€{0,1}",m<n
keI,

and property (1), which remains to be proved.

Consider for diadic values of 0 < § < 1,functions o5

such that E}’j{‘,ﬁ; o5 =1 on [0,1]. Thus
(1) Pe = ZPCO'G(IPcD-
é
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We will introduce localization functions 0 <n.s<1, |n:_.,5] < ¢|I.|7* ~ 27 ™N. Denote
(2) Pes = Pco5(|pe|)ne,s and P, = Z?Tc,&
5

For functions ¢ on II, define

lella = llellaem = D 16(k)]-

kEZ

Since there is the pointwise inequality

|7 e F Sl < o llpll £ lleo

(applied here to 1-bounded functions § on Z supported by [0, N]) one may replace p,
by P, in proving (5.1), provided

T

3) lpe = Pella < 3 llpeos(lpel) = Peslla < 3

é

The following lemma will be used in evaluating A-norms
Lemma. If |||z < kd~1/2, ||¢'||l2 < d'/2, then ||p|la < CkY/2(0 < k < 1 < d)

Proof: For (diadic) integers T', there are following estimates

A R/ 2 ’fz
Do IRl ¢ TEhYL 4 c("T"‘)

T<|k|<2T

- — ~ _— ] d
Y I~ Y SR T < o)
- T<|k|<2T T<|k|<2T

from where

. KT d 1/3
||5PNASCT§dic mm(T,T)’ < s/,

Clearly, by construction, both
_ o] . ci2=
y 4 E,‘Smﬂz ,Npcdg(lpcl) and Z Ejgm 27N _

pc,6 :

have a gradient bounded by C|I.|~!. Hence, in order to fulfill (3), it suffices to have

.
(4) IPeos(|pel) = Peygllz < w5 | 1|/ where k5 = 72(log £)~*.

23



For a family ® of multipliers ¢ on II , denote D(&) the best constant satisfying the
maximal inequality
"-!zglf"l[sofflllz < D(®)I£ll2-
»

Obviously
(5) D(®, U &,)* < D($,)* + D($,)*.

We have to evaluate for fixed r > 0
1 M.
(6) wHe € (0,11 BM (B, 55 =1,...,m) > 8},

Assume |f| <1 and f supported by Z N [0, N], such that for some sequence of integers
1< 71 <jJ2<+++<Jjs <n,one has

(7) I sup |F 7 (FgPeis JF ANl > TNY? for 1<s<t.
Je-153<ds

Fixing some §, < §,(7), it follows from (2) and triangle inequality that the left member
of (7) is bounded by

STl sup |F(Bejjs — Pepjon6)F ANl + N2 Y- D(By;601 < 5 < m).
6>8, Je-153<ds 6<6,

Hence, by (7), either for some § > §,
(N) /= ' . ' 1.1 . |
(8) B (Pqjs) >t with 7' ~ (log =) 7', ¢’ ~ (log 7~) "t

or for some § < §, .
D(?.);,s) > (log 6_)_2'

Consequently, in order to get a uniform estimate — 0 on (6) for ¢ — oo, it suffices to
prove that
For fixed § > §, and t' sufficiently large

(10) S Al 0,1 B (Fuse) >t} < ¢
and for § sufficiently small
(11) - #{c€ (0,1 ID(Buy;s) > (108 5)"} < (log ).
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We visualize J,,, ,,{0,1}™ as the nodes of a finite tree which branches are determined
by the points in @ = {0,1}".

Fixing § > 0, we will introduce an increasing sequence of stopping times 1; < --- <
T < n, K=K(e,§) defined on decreasing subsets 2; D Q2; D --+ D Nk of N. Extend
7k to 7; defined on the entire set by letting 7f(c) = n for c € 2\ N. Assume Qg
such that

2d 2

< mi -)~3

(12) ¥ S min (e, (log 6) )

Q, is a first contribution to the ezceptional set). For complexes c,d, write c<d
K P )

provided that ¢ is an initial segment of d.

Denote Cr = {c|rk(c); c € ﬂk}.For ¢ € Cp—1, denote 7, the subtree

T. = {c'|c < ¢ and ¢' has no predecessor in C.}

Denote 7* the maximal elemenbsof 7¢. For ¢ ¢ Qk, clearly

(13) B, (Pejs) S K+ Y Br(Beyjslmia(c) <35 < 7i(c))
k<K
and, by (5)
(14) D(p.);,5) < Z D(Pejj,5lmk-1(c) < 3 < 7(e)).
k<k

By summation over the sub-trees, it will suffice to show that for some ¢ one has for all
k a.lld CO E Ck_l .

(15) D {27 llc € T and B, (P slee < ¢’ < ) >t} < 27!

in order to obtain a bound K(¢,6)¢' < ¢ on the left member of (10). Here § > §,.
Similarly, using (14), (11) may be derived from

(16) Z{Z‘I""[ce 72 and D(P, slco < ¢' <€) > 61} < 6, 271l
where
(17) 1 = K(6)(log )™
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or from the inequality

(18) Y 27ID(By sleo < ¢ < €)* < 6 g el
c€T,

with

(19) 5 =83,

The construction summarized above will be performed in the next section.
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10. CONSTRUCTION OF THE STOPPING TIMES AND DISSECTION OF THE TREE.

Let & > 0 be fixed. We shall use the notations of the previous section.

As before, El ={z€C; |z| = 1} will be frequently identified with

m=R/Z or [0,1[ .

Consider numbers O < k = k(§) <1 and R = R(g,8) , to be specified

later in this section.

Define for each node c¢ € U {0,11"
m<n

A ={z€g | ipc(z)l > 8} .

Next, define stopping times Ty with domain Q < Q= {0,1}n as folldws

Ro =0 , L 0.

Let Qk+1 be the set of those ¢ € ﬂk such that for some Tk(w) <t<n
t
2 2 2
> R
S5 I |pmlt| N
2t 2t
s == e e
Agle S By@HR g, Rg])

. Let (w) be the smallest t for

where Bk(w) = UJ)U cee U Trsl

Am[T}_( Awltk(w)

which (1) holds.
In this construction, we let 0 < k < K, where K will be determined
later. Let Ck = {wltk(w) | we o) and C= U C . It will be more

k<K
convenient to work with the polynomials -

P.=|I_lp, , thus P(z) = I e 2z ,PB=P 4P .
kEIc

For each ¢ € C , we will construct a polynomial Qc satisfying in particular

the following properties

i



(2) supp Qc c Ic

(3) { <P_,Q> > clIcl

@) L e i3 < 11|
Write, using (3), (4)

2 2
() [l |% = fIp - oo |%- o*fla,|* + 20,0 > > fIP_~0q |® + o?|1_]|

Notice that if c,c' € C are incomparable, Pc 1 Pc' , Qc 1 Qc' . Pc 1 Qc' 5

Thus, using (5), we may write

Nz flp|2+ 1 flp |2
wd w c€CK b

6 >z [fle|¥2+ £ [P -0q |?+ o?|
wEQK = CECK ¢c ¢ QKI

ISR £ N S {1 JE T S S e
Wi, c€Cp_y c'>c

Considering the second term in (6), write similarly as in (5)

2 2 2 2
JIP~0zQ . |® = [IP -02Q ,-0Q | - 20 AL LN
c'€Cy

which substituted in (6) yield

2 2 . 2
N> I ﬂpm\ + I J]Pc-oqc—cz Qc,l +o(|QK_1|+|QK|)-

L]
% cECK__1 c'>e
1
c GCK
2
- 20° ¢ |<Qc,Qc,>|
ceC
K-1
1]
c ECK
c'>e
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Continuing in this way leads to the inequality

(7) N > 02(|91|+-«-+[QKI) - 20° Z'ECkQC'Q°'>I

c'>c

If the second term of (7) is smaller than ‘% -first term, it follows

lag| < 20 2Kl N

and condition (9.12) is fulfilled for

(8) K> o+ (1og )
since o ~ K2 in the construction of the Qc

It remains to define the polynomials Qc

CONSTRUCTION OF THE POLYNOMIALS QC .

It follows from the definition of Ac that

-2 2 =2 =1 =i\
®) acl <67 o3 < 67201 ana iz, | < 6
i el el
Defining A, =A N U (Ac.+ [- R; , R; 1) , (1) gives
e’eC
c'<c
4
/_ |Pc|2 S M?ET . For o ~ k' , consider the de la Vallée Poussin type
A 2
c

kernel based on IC

<2
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Defining Q = (ch_ )*Vc , one gets thus

A
c

2 Soqs
[<e_,Q > > I<P P ox_ | = [<B ,B.x -Q> > «“|1 |- [l x_ Y-Vl |
A A A 2°(1)
c c c c
1/2
> K2|Ic|-2(al1cl) / e x_1Il, > (x2—2u1’2)|1c| >-% lercl
A
[

Hence (up to multiplication by a factor) Q. fulfils (2), (3), (4) with

-

g = %‘KZ . It is possible to choose L A sufficiently smooth so that the

decay property of Ve yields

(10) J v @] < cx 208
R
{Itl> ?[I—CT}
Define Qc,l = (chK )*(ch[- R R ]) which is supported by
’

c 2|Ic[ 2[1 ]
== R R
A+ [ ZIICI , 2|Ic[] . It also follows from (9), (10) that

-20.~-1 -8

(11) HQC-QC’IHI <Ck 8§ R =68

Let c,c' € C, ¢' < ¢ . By definition of E;

. ry - R R R
(12) dlst(At,Ac¢ + [ 1 2]Ic|]) > 2[1 ]

Estimate using (9), (11)
1<QesQ >l <ol g i=aer 41l + I<ag,a., 4l

(13)

| A

= -R R e

o1, +llag 41h llog
At * BT T 7T

| A

Il

-1
izl + sl g sl )
. Ac A.

- R

"R
vl Iy




By (12), the second term in (13) is bounded by 6—1|1C| f |Vc(t)| < B|Ic[ 5

using (10). Consequently

-20 _-1_-8
(14) |<Q.»Q > < Ck T8 R T|T_]
and therefore, coming back to (7)
T |<q,q ] < o 2% 'R
c,c'eC
q;c'
< o 20571y
= o 2% 1R"

for

-8

8¢

8¢

R
{ltl> ETT:T}
c,e' €C, ¢ ;_c'
pX )X |Ic|
c'eC c€C
ezc'
|1,
c'ec ©
(|91|+...+[QK|) .

Thus in order that the second term in (7) should be smaller than the first
(15) R® > o 2O%ksl .

This and (8) gives the estimate

(16) R® ~ o T + (log DY)

REMARK : The dependence of R on §

delicate argumentation.

in

(15) may be avoided using a more



11. VERIFICATION OF INEQUALITY (9.18).

We will use the following lemma :

d :
LEMMA : Let p(z) --% bX Esz > |€j| L1 and {z} <t a d_l-separated

j=1
set. Then
2
(1) b ]p(zk)l <cC

Proof : Let V be a kernel satisfying

V=1 on [0,d]
(2)
Iv(e)| < cal1+(]e|a)?)7L

2710
Writing z, =e , one has

. 2miy
Pzl < [ [pe™ D] [vee~v)]ay

and hence, since by (2)

b3 Iv(ek~¢)|‘g cd Z(1+d2|ek-w|2)_1 <cd,

1 .
zlez)1? <5 I o™ (% [vo-w)lav < callpl?<c. m

We verify (9.18) and estimate thus for c, € ck—l and T, defined as in
o

section 9

B2t D(Pyr s | c <’ < e)?
c€T* ’ °
c
o
where Pe,s " pcoa(lpcl)"c,ﬁ , the functions Ne,s t° be Spec1fT:T. It
follows from the previous lemma that the entropy-number E(Ac, ZN ) < 06_2

Also, from the construction,
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lc|
(3) [ ]pc|2 <|c22— for c €T

- N o
el el

AN (Bco+[-R N RTR

letting B = U A, -
co cEC,cgc0
le_|
2 ° -2 .

Since E(Bc . N ) < CK$ , there is a set P = P0 ,

o
%) |P| < cKs2

such that for c¢ € Tc
o

]
(5) f |1:'c|2 < <2 2N .

le] el
Ac\(P+[-2R Z—N-— , 2R ZN 1)

We will perform a further dissection of T = Tc according to the entropy
o
numbers of the set P . Take v satisfying

(6) v < %
Let n = ]col . Perform the following construction : n; > n is the largest
2 L 20 -2
integer such that E(P, _ﬁ_) > E(p, _ﬁ_) - vé . Consider P1 cP a
™
—3r~-separated set such that
n n
Pc P, + [_,Z_i 2—i]
1 N * N
2 2 2 1 -2
n, >n, is the largestnlnteger such that E(Pl, —ﬁ—) > E(Pl, _ﬁ_) = v .
2
Consider P2 c:P1 a W -separated set such that
22 g2
heh+i-F»F)
etc...
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n n,+1
1

Since |P| = E(P £)>E(P 2 )4 vs?
o' N’ = o’ N

)

o) + v

> E(p, ,
n3+1

2 =2 v
2E®, , =) + 28 " > ... > 5 6 .

2 ]

it follows from (4) that the construction must stop for
= |

(7 v < CKv

Tail T in the regions (sub-trees)

T,={ceT |nu_1 < el < n } l1<u<v .

It follows from (5), (6) and the construction that for c¢ € Tu and Q=P

2 2
J{p I A®) < S el - +
gl€ 2|c| 2|C 2|u::|
A S(Q+[-3R 5— , 3R 1) A S (P+[-2R =5— , 2R S—1])
(8) |
2 2 c| 2 2|°| 2 zlci
+ €8 R|P _; NQ Tg— < (¢T4C Rv) Sg— < %7 =
since indeed
n n
-1 u-1
2 2
Pc Pu_1+[ 2 5 5 2 X ]
el el el el
2 2 Cap 2 2
P+[-2R —x— , 2R —N-~] C.Pu_1+[ R » R | EE

For c € Tu » take 0 < n < 1 satisfying
»

)

B



; lc|

. 2lel
(9) e, 8 1 on 3R 5 neighborhood of Q
glel
(10) n.g=0 outside 4R —r— -meighborhood of Q
]
]
(11) |nc’5|_<_ |1c|

The functions E; 5= pc06(|pc|)nc 5 of section 9 satisfies then by (8)
3 3

— -1/2
15, 5peos (e DIl < el |7

and (9.4) is thus satisfied for « n:rz(log %0-4 .

Consider the system (pclq)ceT as an £é-valued martingale. Since
u

n
u
the points of Q = Pu are z§~ -separated and n > |c| for c € Tu , the
above Lemma applied to
- Ze, 27N
P="P.2
gives that
(12) leloll , < €
*q

It immediately follows from the scalar (or Hilbertian) variation estimate

(6.1) with p =2 , that for A >0

-|<| . ¢ i¢ < =2 -lco{
(13) cér* 2 Al(pcijlq sn<i<n) a2
c

o

where Al refers to the )-metrical entropy number.



* ; . :
For fixed c € Tc , apply inequality (8.1) to the sequence of multi-
o
pliers

-2ciz'1n
(z

P.:) .
clj n,<i<ny

to get, by (9), (10), (11), for each A > 0

= . : 1/2 |Q|R,2
b( clj,s® u-1 L3¢ nu) SHC(AsS 54 (1og _El_) ) -

Here A =Q and L =1 . Hence, by (13) and (4), (10.16), (10.8)

el g 2
CET* 2 D(pc|j,6’ D1 <j< nu) <
c
o

2 ;e 2 KR, 2 =|e| ) ,
c\° 2 + C8°(log —EJ z . 2 Al(pc|le’ no_, <3< nu) <
cETc
o
-le

2 ol

(14) c(r2+622 "2 (10g(res) " H?)

Summation over the different values O < u < v and applying (9.5), (7), (6),

for an optimal choice of A 1in (14)

“le| ne= , 2 =1 _lcol

pX 2 D, |c. <c'<e)” < Cs(log(res) ).v 2
* c',6' 0 -

CETc

° 7/8 '|°0|

)€ 778 2 :

< C(er)wc(log %

Thus, by (9.17), (9.19), (10.8), (9.18) will be fulfilled if

67/8 NG

(log E) > (st)c , which happens for § small enough.
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12, VERIFICATION OF INEQUALITY (9.15).

Let now 6 >§ and c_ € Ck-l in the construction of Section 10,

performed for this & . For ¢ in the subtree Tc » the localization function

o
n is taken as follows :
c,8
( zlcl
(1) n =1 on 2R -neighborhood of P
c,$ N
el
(2) ¢ = 0 outside 3R = " LA
'
@ | Ing sl < Iz
e, |
Here P is the JN -net in B, > introduced in the previous section,
o
hence,
(4) |P| < cle,t) (by (4), since & > & (1))
(5) Pe s = pc°5(|Pc|)”C,6 satisfies condition (9.4) by (10.5)).

It has to be shown that for t sufficiently large (depending on 5,60) ,

one may achieve the estimate

-lcl * o ' ' -Icol
(6) {2 | c € Tco and Br(pc',él c, <e'< c) >t} < g'"2 :

This is possible using the localization and tree-structure of the polynomials

and (p.) . Since P is a fixed set of bounded size and
c cETc

o o
invoking the variation estimates for martingales discussed in Section 6, here

(pc,ﬁ)ceTc

applied to (pcIP)ceT , (6) may easily be derived from the following
c

o
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be a sequence of multipliers on T, )LOG']I' )

LEMMA : Let Vs
(¢H)J=1,2,...

such that

7 0 <1 ' < 2j
(7) IwJI_ ; IwJI_

(8) The number of crz-jumps in the sequence {¢E(ko)} is at

most r (where ¢ > 0 1is some constant).

Consider localizing functions O < “j.ﬁ 1 satisfying

(9) nj(Ao) =1, n; vanishing outside a 2-j-neighborhood of Ao
(10) |n3| izj .

Then

(11) Br(¢3nj li=1,2,...) < r+Cr 2 log %

1 = 2 3 1 LN ] 3
Proof : Define vy = oyn; - Let f € 2" (Z) , “f||2 <1 and j; <j, <e<jy

integers such that

2 - . .
(12) Iwﬁ(lo) = ¢BS_1(XO)| < Ct~ for igm1 <jc< ig
=1
(13) I osup |F (FEG=y, N, > -
js-l£j<js Ut

Fix 1< s <t . Inorder to avoid repetition of an argument appearing earlier

in the paper, we make use of inequality (8.1) in Section 8. Take a ~ log %

and define for js-l <jcx jS the multiplier s (qﬁ-uﬁ )nj+a . Then
1

B
by (12), (7), (9), for all 2

2 2

ly; O] < oy W0, ()| + ijs_l(x) - cpjs_l(xo)l)nj+a(x) + Ct° < 2Ct

13



while by (7), (10)
¢ 232j .
I'YJ|

a
’

Apply (8.1) to the system {Yj ‘js-l <j< js} with A = {Ao} , L =2

§ ~ 17 .

It follows that

. . . 2 1
D(anj le-l <3 <ig) ccCt” log
and therefore, by (13)
(14) sup IFFeu-v,  =y.nO1lll, > &
i <i<i I g 337202
s-1— s
Write for Jgq <j< g
(15) vimv. -yine =@, (neeng ) 4 (@~ )n.(1-n. )
J Mgy 33 Tigny 3 ign J Tdgeq 33
and
16 =N, = (1-n.)(n., =n. ) + n.(1-n. - n. (1-n,) .
(16) n; an-l (1=n,) an 0 e Js-l) i, 0

Substitution of (16) in (15) and using the square-function technique and

Parseval's identity

”. sup IF—I[Ff(¢j'wj -anj)]‘ “g <
Js-L£j<js s-1
-1 2
$%)) cl sup [FIFEQA-n)(n; =ns Do 1015 +
js_L5j<js s “s-1 “s-1
c flEm|? = {|n-(1—n.+a)|2+ In.(1-n, )%+ |n. (1-n,)|?)ax
i, <iciy it i s I P ig 3



The first term of (17) is bounded by

(18) c/ £ 2|0, -n.
Js Js-l

Summing of the second term of (17) and (18) requires to get a pointwise

bound on

(19) Ijnj(l-n ) + L z [(1-n. )nj + (1—nj)nj] + Eslnj -n. |.

jta js_1£j<js Js-1 s s Js-1

From (9), (10) one easily derives that the first term is bounded by Ca and

the next two by a constant. Hence we find by (14)

2
T 1
t TECIOg?'F C

implying (11).

This takes care of the condition (9.15), hence (9.10). This concludes
the proof of the main inequality (5.1) and the theorem on the return-times

stated in the first section.



APPENDIX 1 : APPLICATION OF MAXIMAL INEQUALITY TO POINTWISE ERGODIC
THEOREMS FOR "ARITHMETIC SETS".

By arithmetic set, I mean sets such as ={n2|n=1,2,...}
P
A ={n"}
A ={p(n)}; p(x) a polynomial
with integer
coefficients

A ={prime numbers}

for which the pointwise ergodic theorem was studied in [B1] (the
L2—theory) and [B2] (the Lp-theory). It turns out that the maximal
inequality stated in section 7 permits to recover the results

from [B1] (without using A. Weil's inequality) and improve the
critical exponent in the Lp-theory relative to the method described
in [B2]. Recall the following definition

DEFINITION : AcZ_ is a good sequence in LP (1<p<») for the

pointwise ergodic theorem provided the averages

1 n
_— X Tf
IANIntnN

converge a.s, for any DS (Q,u,T) and f € P ().

As before Ay stands for An[o,N].

The discussion in this section is based on [B1],[B2], which the
reader may consult for further details, and inequality (7.1) of

section 7 in this paper constitutes the new ingredient.

We consider the set A ={nt}, t>2 an integer. There are no essen-
tial differences in the treatment of the other sets listed above,
except for the explicit description of the corresponding exponential
sums. In the shift model (Z,S)

(n%) _

T f = £*Kg where K = 31; niN Sty

N N

1
Nn
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and thus
e ;o€ Tsv[0,1]

Based on inequality (7.1) in this paper, the estimate in Section 3
of [B1] may be replaced by the following

[ LEMMA: Let o<t<1 and o<¢<1 vanish outside a t-neighborhood of o
a localizing function. Let R be t-separated pointsin 1 . Define
for f Ef.z (Z) and T>o0

Anf(x) = GER.]}(T(u-B))f(u}ezviux @(a=-8)da ;X = x[o . (1)

and the maximal operator

= Su .
Mf jEE IAZJfI

The following inequality holds

: Imel, < c(logiRD?| €], (2)

The details are routine (square function arguments as used earlier
in this paper) and left to the reader. The main difference with the
corresponding lemma in [B1] is that we do not assume R contained in
a t-separated arithmetic progression, provided a weak dependence
on |R| appears in (2).

Define for 1<a<q , (a,q) = 1,the Weyl sum
-27irta

- 2mir 3 (3)

and denote

K(x) = t 'x X[o, 1] ) (4)

Consider the generations

1

R <q<2°} (5)

a _ s-
" {al1<a<q, (a,q) = 1 and 2

and the multipliers on I

2



Y yla) = 5 St@a) kmEa-0)) 0(4%@-0)) ; o = (6)

a
Se BER q

¢ = bumpfunction localizing on the interval [—%,%]

The main problem consists then in obtaining an inequality for
each s = 1,2,...

-1
| sup IF '[w. FEI 1], < &_|£f] (7)
N diadic 8,N 2 E 2
where
IGS £ o
Writing
1 LI
k =E;X-[o vk' (y) xy(x) dy
1 X 1
X EX and x_,=-x(3) = 5 (x)
[o,1] Y YUY Y VoLl

one deduces from previous lemma that

| sup |o% Jﬁmt(a-e))f(me”mxm(ﬁ(a-enda[|12_<_c Sl £l
N diadic = °

=S

Here the lemma is applied with R = RS y T= 4 '
® = @ = w{4s(.)) . Thus 1log| RSI ~s .
We will only need an estimate
IS(g,a)l< C q"";_} e=¢(t) > o (8)

(obtained from H. Weﬁﬁs inequality).

Getting the S (g,a)-multiplications by introducing an

-Se a
3 GRS F
, a summable sequence.

additional multiplier uniformly bounded by C 2 for

one indeed gets in (7) &, < C g® 278¢

The previous argument applies to all examples of sets mentioned
in the beginning of this section. It is likely that one may find
other interesting examples.
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Next, we consider the Lp-theory p<2 and refer the reader
to [B2]. We consider the set A= {nt}, as in [B2]. Our purpose is
to lower the critical index %(1+/5)<p reached in [B2].

PROPOSITION: A = {nt} is a good sequence in LP for ‘p>% "

The method of [ B2] is based on interpolation between L2 and Lr, r>1.
The improvement is due to better Lz-EStimates from previous lemma.
In order to get some LY¥-controle for the different generations of
major arcs, one has to partition the rationals in arithmetic pro-
gressions, taking into account the size of the exponential sums (3),

and the finer results of A. Weil are of relevance for this purpose.

From A. Weil's result and the multiplicativity property, there

is a bound

Is(g,a)l < alq) (a,q) =1

where a(q) satisfies

Zq a(q)Y < » for y>2 (9)
(cf. Lemmas of [B2]). Thus if we let
o, = @27 > al@) > 275).
then
Ys
IQSI < CY 2 . (10)
Dencte RI(q) = {1<a<qgl(a,q)= 1} and R, = {%IqéEQS, a€R(q) }.
Let ¢ be again given by
s,N
Lo = s
(@) = I S(g,a)k(N (a=98))e (K" (a-8)) (11)
Vs,N pER -

where M = M(t) satisfies 16-6'| >loM > for 6# 6' in Ry -
This is possible by (8) .

For 1<p<2 , let as(p} be the best constant satisfying the

14



inequality

N diggich_1w5'N FEL |, < s ) £l (12)
The condition
_Is Gs(p) < = (13)
has to be satisfied.
Let r>1 be fixed and % = 156 % . Interpolation gives
s, < 852070 6 (n)° (14)
where, similarly as above, invcking (10)
8,(2) < c27° (loglRS!)2 <c, sto=® (15)
For q € Q_ . denote Bq(r) the best constant fulfilling
| swp | ZS(q,a)Jﬁmtta-i))E(a)ez“i‘”‘w(ms(a- 3))aul | < B_(r)] £]
N diadic 2€RW@ : ? oA :

Thus, from the definition of RS and (10),
Gs(r) < ¥ B_(r) £C 2Y8 . sup Bqlr) (16)
qEQs <;{€QS

We now invoke [B2] (Lemma 7 and the estimates in section 6)

to get for g<cD
| sp | = S& fkm‘“—(a—gnfmezm" oD (-Pdall, < c lfl, (17
N diadic <29
where g(%)ss(q,a) for (a,q) =1
Denote Pqs.../Pp the different prime factors of g € QS.Then
writing |1
¥ = b3 (-1) ¥ _ (18)
a€rR(q) I<{l,...,m} 1ga'<q P,
Lel



and using (17)toestimate the contribution of the I-sums in (18), it
follows that

B, (r) < Mo o <c, 2% (o) (19)

Collecting estimates (14),(15) and (16), it follows that
s,(p) < ¢ 25T 2781700 Y8 (s, 452) (20)
where C depends on r>1, tand y .

Clearly, for p >% , we may choose r>1 such that 6 <-% .
)
Inequality (20) implies Gs(p) <c2 "% for some 1'>o , hence

condition (13).

REMARKS.

(1) We did not follow the notations of [B2] in what preceeds. In
fact, the use of the new L2-estimate leads to considerable
simplifications and one does not have to introduce arithmetic

progressions besides the natural ones.

(2) The proposition remains valid for the sets A = {p(n)} ,
where p(x) 1is a polynomial with integer coefficients or

taking integer-values for x € 7Z .

(3) Adaptation of previous argument for the primes shows that
A = {primes} 1is a good sequence in P for p)»% (cf. [B3])

We conclude this section with a discussion of the pointwise
ergodic theorem for sets A ={[p(n)];n=1,2,...} , where [x] stands
for the integer part of x € R and p(x) is a polynomial with

real coefficients.
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PROPOSITION: {[p(n)]} satisfies the pointwise ergodic theorem jor

L”-functions.

It is easily seen that the case of polynomials with
rational coeffficients reduces to the case of a polynomial with
integer coefficients. Hence, we assume at least one of the coeffi-
cients of p(x) irrational. Hence the sequence p(n) - [p(n)] is

uniformly distributed mod 1.

Let (Q,0,T) be a DS and f € L . We have to show the a.s.

convergence of
af =g £ oipelly (21)

Fix €> o and consider the function T = y 9 on R

O € 1
Denote

¥ t(p(n)-m) T" £ (22)
n=1 meZ

AN f

2=
M=

Clearly, invoking the uniform distribution property, there is the

pointwise inequality

|aé -Kofl < By (1cnen) aistpn), ) < e} < 2eltl,

for N 1large enough.

Thus, it suffices to show the a.s. convergence of (22) (for a
fixed €>0) , assuming f € Lz(u) (the hypothesis f € L” is only
of relevance when replacing Ay f by KN f).

The relevant exponential sums are (z=e2“la)

'-ff}



Kla) =3 = I t(p(n)-mz"

n<N mEZ
= I flatk){ = e2mi(a+k)p(n), (23)
k€Z n<N

Denoting

. 2 t
21i(B,n+B,n“+...+B,n")

_1 R t
¢N(B1!"‘!Bt) "N f e

n<N
t
and p(x) = bo+b1x+...+btx (bt#o), (23)gives
. " 2ni(a+k)b0
KN(a) =k§z;(a+k) e ¢N(b1(“+k)""'bt(“+k)) (24)
Observe also that
oy C
ITA) | € —— (25)
- 1+€2A2

The description of the behaviour of ¢N(BT""'Bt) (see [Vin],[Bl])
permits then to find a suitable "major arc" type description of Ky
in order to apply the approach described in [B1] and the beginning
of this section. (Here, these major arcs are not necessarily centered
around rational points). To be more precise, consider the particular
case p(x) = bxt r b ER~NQ .For s =90,1,2,... and k €2 ,

define the set of points
Ry k={86[o,1]|b(e+k).—‘.% (mod1) for some 1<a<q,(a,g= 1,25 <q<25}.
r
For 6 € R_, , denote S, = S(g,a), where b(6+k)=2 (mod 1).
s,k 0 q

Define further

Ve xon = I So k(NDla-0)) ¢(4°bla-0)) ,
r ’

€ Rs,k

where the kernel k 1is given by (4),

(@)= £ Tlatklyg ; la)

Ys,N e
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Thus, by (24) and the description of the exponential

- t

sum % p e21TiBn ’
n<N
EN = ; ws Nt o(N-E)
s=0 d
Since ISBI< c 2°¢% , €= e(t) > o, the same argument as above
gives
| sup 1F 1y, WFEIIL D, < C 82 2755 ||,
N diadic et

and taking (25) into account, also

| sup IF Dy (FEL 1|, <c 8?2700 5], (26)

N diadic .

Thus the convergence problem reduces to the initial values of s .
Again by (25), it suffices to consider individual sequences

F- 'ty  yFE] + N diadic, for which the following holds, r>2
’ r
=1 o
| {F [ws'k,HFf] | N diadic}]| 2 < C.(s) "f"2
2 (z)
r

where v,. are the variationspaces defined in section 6 of this

paper.

REMARK. It is possible to prove that {[p(n)]} satisfies the
pointwise ergodic theorem on LP ;P > % . This can be achieved
by interpolation methods based on the approximation

- % )
|ANf - ATL€f| . &N'E— AN for f e L and the actual bound

~

T " 1(2) < C log % . In the case p(x) = bxt for instance, one
€L

has to take the rational approximation properties of b into

I

account.
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APPENDIX 2 : BASES PROPERTIES FOR RETURN TIME SEQUENCES.

In this section, we will consider the return time sequences for
weakly mixing DS's (Q,B8,4,T), meaning that T is ergodic and has

no non-trivial point-spectrum as a unitary operator. These sequences
have the following interesting structural property

PROPOSITION : Let T be weakly mixing, p(Aa)>o0
and ‘%u={nE'Z+ITnm € A}. Then, for almost all w

(1) Aw+ nw+ nw contains any sufficiently large integer (i.e. Aw
is an asymptotic basesof order 3

(2) For any positive interger t , the set {ntlnejﬂw} is an
asymptotic bases.

The proofs are rather straightforward combinations of the ideas
around the Wiener-Wintner theorem and the Hardy-Littlewood circle
method. Following fact will be used

LEMMA : Let g € L”(Q,u), f gdu = o . Then a.s. in w

t
lim sup | = Tng{w)z(n )I= o (1)
N+ |z |=1 n<N

2=

PROOF. Eliminate the z-dependence by successive applications of

van der Corput's lemma. Thus define inductively

- PO
95, ° T 9.9
1
.
L] L) = T L} -
93132 931 gj1
C 3
t _—
g. . =T ~“q. . -g. .
31-:-Jt Jq oo Tdpaq TIqere T

Ho



(1) may then be derived from the following fact

(2) Llim... lim lim z( ( |—>:T“g =0
2 32

(=2 o] oo ] oooj
k1+ k£+ N-+> 1 ]1<k n<N I t

a.s. in w .
Since T is ergodic, a.s. in w

" 1
lim = I T q. . (W) = [g; . dp .
N + oo Nn(N Jqeeed g i P

Hence, it remains to verify that

j
(3) lim... lim + = (l ¥ |1<Ttg. . . >1] =0

- o K1 s : o PP, | “'gj o T
k> k> 13,5k, t ke 1 t-1 1 -1

Since T is weakly mixing

1 5 1<r?h,h>1 5141 . 1n] (4)

i<k

Iterated applications of (4) leads to property (3), since [gdu = o .

PROOF OF PROPOSITION (1) : Applying the circle method, examine the
expressions

s
[ £ ™ () e
oln<N A

R 3 .
2n1n6) - 21uk9d8 (5)

Applying the previous lemma with t=1 to g= xA-u(A) , one

gets Q' ¢ Q of full measure, such that for given w € Q' and NO

large enough

" 5 Tn g (w) e21Tin8||

<Toph @) N if NN (6)
n<N

Fix k>N0 and consider (5) with N=k . Writing

L Tx, (we =u@) z 2™ L s g e

n<k n<k n<k

2mwine 27ing
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it follows from (6) and the estimate
1y 9195950 < laq lolay Iy lagl,

that

1 13 .
l(S)—u(Ala | (z eZ'nJ.nB) o-2mik0 4o I“ % A2 7)
o\n<k

Since the integral in (7) equals-%k1k+1) , (5) does not vanish.

Thus k belongs to A+ A + A .,
w W W

The proof of the second part of the proposition uses the

following observation

[LEMMA: For fixed t and r sufficiently large, there is the

inequality

1 L 5 _
e e2™in 8" 44 <c Nt (8)

if Jc_ 1< 1
] —

PROOF. If cn=1 , then the statement follows from the description
of the Weyl sums (see [Vaug] for instance). By H6lder's inequality,

o 1 1-96 0 , ,
writing T =71t F+7 ¢ We may assume r even, in which case
1 A B 5 1 AP = o
I | 5 c, e2ﬁ1n GI < J« lE eZ'nln 0 .
o n<N o

PROOF OF PROPOSITION (2). Consider the expression

1 .t \r+1 i
I 5 Tnx (w) eann ﬂ e-ZﬂlkB de (9)

o|n<N A

Fix € > o (to be specified later) and apply (1) to

g = xA—u(A) to get Q' < Q@ of full measure, such that for each w = Q'

there is N, fulfilling



L
| = ™ g(w)eznln 8||m< eN for N>N_ (10)

n<N
t . MR s . )
Let k>(No) and consider N =[k ] in (9). Write again

2rinte 2minte 2rinte

b TnxA(m) e = p(A) = e + ™ glw) e
n<N n<N n<N

From H&lder's inequality, (8) and (10), it easily follows that

1 Lt o\ .
|(9)-u(A)r+1 f 5 e2min 6) o2 mike | < CeN NEI-t (11)
o|n<N
From the solution of Waring's problem by the circle method, for
sufficiently large r , the integral in (11) exceeds C Nr+1_t .
Letting € be small enough, (11) implies that (9) # o , hence k

belongs to the (r+1)-fold sum-set of {ntlnezhw}

This completes the proof.
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APPENDIX 3 : AN EXAMPLE.

Our purpose is to construct a sequence of positive density
satisfying the mean ergodic theorem but not the pointwise ergodic
theorem. Thus the pointwise result on the return times is not a
formal consequence of the Wiener-Wintner ergodic theorem. The
ideas behind the example are not unrelated to the harmonic analysis
of sequences exploited to prove positive results.

Denote D = {z € T;lzl< 1} the unit disc and E1?{z<2¢;lzl=1}
the unit circle. We will construct a sequence (A )

B n=0,1,2,...
in D satisfying
1 n
(1) NSuw | T Apz| o0 for N » =
|z|=1"n<N
(2)  (x,) 1is not a "good weight" for the pointwise ergodic theorem,

i.e. there exists a DS (Q,u,T) , 4 a probability measure, and
f € L(Q,n), such that

{__lim_l% £ A T £} ds > o (3)
N n<N

Splitting the sequence A = (kn) in its real and imaginary part,
we may assume A ranging in the interval L—%,%] . Use then the
probabilistic balayage technique to represent

1_
M*t27%" My
where the sequence 0 = (o) is o,1-valued and n = (n,)) satis
fies
1/2
% sup | £ ng zn[ < C(iQ%—E) . (4)
lzl=1" n<N
Hence
% I n, o g -+ o almost surely (5)
n<N
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We refer the reader to [B1], section 8 for details.

Define A= {n € Z_lo = 1} and g = f- [fdu. It follows
from (1), (4) that A satisfies the mean ergodic theorem
( A is an ergodic sequence). Since from (3), (4) and Birkhoff's
theorem

form

£ o T"gl} du > o,
N <

N

1
Nn

A fails the pointwise ergodic theorem. Observe that d(A) = % .

Next, we describe the dynamical system. Denote Q the product
space D23 endowed with the product topology and T the shift.

Assume given an invariant mean L on Z and a sequence

as= (an) roay € D . This sequence a will be specified later.
ne€z

The measure u on § is defined as follows on cylinders

G =...0xDxGxDxD..., where G is an open subset of

D‘k:.l- xDo x.!.x Dk
p(G) = L(n € Zl(an'an+1""'an+2k) € G) (6)

Since L is an invariant mean, p 1is T-invariant. Let us
mention that some additional work permits to replace the space Dz
by {0,1}Z . The previous construction is then the same as in
Furstenberg's reduction of Sremeredi's theorem on arithmetical
progressions to a problem about dynamical systems. We will intro-

duce a sequence A = (An) satisfying (1) and rapidly increasing
integers
ces . < <<
P 4 Nk,1<< Nk,Z << << Nk,j(k) < Nk+1,1

I
a Ap! >p> 0 (7)
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for all sufficiently large (depending on k) m taken in a set A
of positive upper density. Let f = To be the o-coordinate
projection. Since (7) means that

sup NOTL s A TP E(™ ) > p

it k,J n
1<3<3 (k) n<Ny 5

it follows from the definition of pu that

-1 n o]
p{w€ Q| sup Nk'jl b3 AT ] > 35 } > L(a)

1<j<j (k n<N, .
<3<] (k) N
which for appropriate choice of L will be non-zero. Hence (3)
will be fulfilled.
We consider a system {zclc € {o,1}F L =2 e E1

satisfying in particular the condition

zc1 z(_:2 zCB zc‘l # 1 unless {c1,c2}= {c3,c4} (8)

hence (zn = nth power of z)
1 N 4 2

lin & I bzl ~ (z'Ib 1) (9)
N + n=1 ¢

Denote 6(2z) = ‘I+§Sz|zl' z €C . Thus § ranges in D and
10(z) - 6z1 < 821212 (10)
For 2%7! < Inl < 2" , define
=Tr/2 o 1|
a_ = 8(2r/ b3 €. 2.) (11)
n ce{o,1}f ¢ °°©

where the sequence €& = +1 is chosen such that

r
#Br > o2 (12)



where B_ is the set of those 2% < Inl < 2% satisfying

r
2 r
1 2
max z | I e. z0| <=
r'<r c'G{o,T}r cE{o,‘I}r £ =C e
c'<c
n, 2 r
min X . b3 T gl B T
r'<r c'€{o,1}* ‘cefo,1}* ¢ €
c'<c

Here a > o 1is some constant (that this is possible is an easy
verification left to the reader).

Define A =Ur{Br n {2571 + 2%/2 <In| < 2% - 2r/2}) '
where Br is the set considered in (12).

For each k, denote 51,52,...,53(k)
a T%—-net in the unit ball of Ezk, the 2k-dimensional complex

an enumeration of

2
Hilbert space. For Nk,j-1 <n« Nk,j , put
. j _n
A, =00 % Ec 2¢) (13)

lcl=k

where zzk is identified with 22 ({o,1}%).
2

Assume the system (zc} such that for N > N 4
r

; N : 4)1/4 , N 012 1/2 , 1/2
§ I b3 bc zcl ~ (ﬁ N 'I bc z, =~ (Zlbcl ) (14)
n=1'|c|=k n=1 k| =k
and
1 k
Izc-zc,l << R for c¢ 6{0,1}, c' >c (15)
k,3j(k)

(the orthogonality relations needed to fulfil (14) follow from (8)).

Compute (7) using the definition of the sequences (11),(13).

r 2

r
> \ ~
>> Ny, 5 (k)

r-1

Assume m € A and 2 <m< 2" , where 2

5}



For 1<j<j(k) by construction,

-1

T & a A S
r] m+n n
niNer
N£1j z aen An ]
r
Nk,j-1<n‘Nk,j
_r-k
NLE of = £ 2 2) 9(2"“/2 x (2 s €cr z;‘l‘)z‘“)ns)
*J n<N lcl=k lcl=k lc'|= €
= k.3 c'>c
invoking (15). Defining
_r=k
2 -m
L, = 2 z €12 4 (17)
(o] leali=s c'“c
c<c’
the hypothesis m € A gives
12%5: 11?2 > o2 (18)
lcl=k
Estimate by (10) and H6lder's inequality
I (16) 1 > 62 N k T z Eg zg) (Z_k/Z T (8 z;n)I (19)
'3 n<N, lcl<k lcl<k
— '] — —
- 1/72 o\1/
(20) - 5 g 27 ) ]2]" g, 2" )2
I\ neny Ll ick IcI(k
—_— 'J —_—
: 1/2 _eal/
(21) - s 3 &2 7| ) ( lz Rl zc“r‘) 2
] n<N, .llcl<k gﬂk Icl<k

k,J

It now follows from the properties of the system (zc), in
particular (14)



(19) = &%lz w« 2/ | (22)
lelL

) .12
(20) ~ 532"/2(2 Iggl)(z

2 \172 (23)
1z 1
lcl<k lc 1<k

- 112\ 1/2 2
(21) ~ 3 27 (z lggl) (z 'Cc') (24)

lcl<k lcl <k

Invoking (18), (23)+(24) < c.53 . Therefore

M > 362272 sup |z g -cs’ (25)
3€3 () ' le I<k

Since by construction {£JI1$jEj(k)} is ﬁ%mdense in the
unit-ball of 22({0,1}k) , (25) and the lower estimate in (18)
yield

_ 1/2
7 > Y62 2782 [ 2T cs3s L 2csd s )

taking § small enough in the definition of 6 . Here p > o is
some positive number and this completes the construction.
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