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RETURN-TIMES OF DYNAMICAL SYSTEMS 

J. BOURGAIN 

1. STATEMENT 
Definition. Λ C Z+ is a good sequence for the mean (resp. pointwise) ergodic theorem 
provided for any DS (Ω, B, μ, T) and f Є L1(μ), 

converges in the mean (resp. almost surely) 

where AJV = Λ Π [0, N]. 

Remark. If Λ has a density d( A) > 0, this is equivalent to mean (resp. almost sure) 
convergence of 1/N Ση€AN T

 n
f for f Є L

1
 (µ) c L°°(µ). 

RETURN-TIME SEQUENCES : Let (Ω, Β, μ, Τ) be DS , μ probability-measure, 
T ergodic. Fix A Є B, μ(Α) > 0 and define 

Λ
ω
 = {n Є Ζ+|Γηw; Є A} 

It follows from Birkhoff’s theorem that a.s, Λ= Λ
ω
 has density 

Theorem. Αω
 satisfies a.s. the pointwise ereodic theorem 

Remarks. The fact that Α
ω
 satisfies a.s. the mean ergodic theorem is a consequence 

of the Wiener-Wintner ergodic theorem (see next section for a brief discussion) 

- Two particular cases where known (cf. [B-L]) : 
- T has discrete spectrum 
- T has Lebesgue spectrum (see [B-L] for details) 

2, The Wiener-Wintner Theorem. 
This is the following refinement of Birkhoff’s theorem 

Theorem. Let g Є L°°(µ). There is a set Ω' C Ω of full measure such that 

(1) 
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converges for all ω Є Ω' and z Є C1 = unit circle (↔ T = R/Z) 
The proof only uses spectral-theory. It follows from Birkhoff’s theorem that a.s. in ω 

(2) 

where λg € M+(Π) is defined by λg(k) =< g,Tkg > 
Affinity Principle : Let μ,ν Є Μ+(Π) and (f

n
), (gη) sequences in L1+(H) such that 

fn → µ,g
n

 → v(w*). If μ±ν, then 

Write indeed 

where 

Hence, if ω satisfies (2), then the limit is 0, except if z is in the atomic part of λg, 
hence in the (point) spectrum of T. Since the point-spectrum of T is at most countable, 
it remains to impose the convergence of (1) for z in a fixed countable set. Again by the 
ergodic theorem, this will be satisfied for ω in a set of measure 1. 
Remark. If T has no nontrivial point-spectrum, then a.s. in ω 

If moreover f g = 0, then a.s. is ω 

From spectral theory, Λ will be a good sequence for mean convergence (w.r.t. L2-
functions ) provided the associate sequence of polynomials 

pointwise converges for |z| = 1. For Λ = Α
ω

, we are considering the sequence 

Consequently, from the Wiener-Wintner theorem 
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Corollary: Λ = Α
ω
 is a good sequence for the mean ergodic theorem, a.s. 

We will use this fact in the following way. Let σ be the following function on R 

Denote for t > 0, at(x) = 1/t o(x/t)· The reader will easily verify 

Lemma! X[o,1] is in norm-closure of |at|t > 0]. 

Assume A, d(A) > 0 satisfies the mean ergodic theorem. Let (Ω, B, μ, T) be D.S. and 
|f| ≤ 1. Assume each of the sequences, r = 1,2,... 

(3) 

converges a.s. Since,from hypothesis 

(4) 

converges in the mean, the limit of the sequences (3) are the same and hence also (4) 
converges a.s. This remains true when r is replaced by at(t > 0) (even with same limit 
as (4)). Hence the lemma clearly implies a.s convergence of 

which are the usual ergodic averages. 
From this discussion it appears that it suffices to show that for almost all ω the return 

time sequence Λ = Αω
 satisfies 

(5) 

for any D.S. (Ω, B, μ, T), f € L°°(n). 

In order to have (5) for any D.S., it suffices to consider only the shift (Z,S) provided 
the convergence property is expressed as an inequality on the variation of the sequence. 
In the context of the shift, harmonic analysis methods may be used. In particular, by 
the Fourier-inversion formula 
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= F-1[vsF f] 

where (ρ
s
 ) is the sequence of multipliers on Π 

(6) 

and 

is the Fourier transform. 

Here Λ = Α
ω
 = {n G Ζ+|Τηω € A} and φs is thus also 

(7) 

It will be shown that for most ω the sequence (φs) is behaving such that a (quantitative) 
convergence property for F-1[φ»F f] holds. 

Remark. At this point, methods from spectral theory do not seem to suffice to obtain 
the theorem in the general case. Harmonic analysis methods will be exploited in the 
context of the shift but now estimates are needed in order to derive a.s. convergence of 
(5) for general D.S.,from statements related to (Z,S). 

- The function σ will appear in an averaging argument, when passing from the averages 
on a sequence of diadic intervals to a convolution operator. 

3. FIRST REDUCTION TO SHIFT 

Introduce the following definition. Let Φ = (φj) be a sequence of multipliers on Π, 
N a positive integer. Let Bt(N)(φ) be the largest integer r (possibly oo) s.t. there is 
function f on Z, |f| ≤ 1, supp f C [0,N] and integers j1 <...< jr

 satisfying 

(1) 

The idea here is to quantizise convergence. 
The following remark is straightforward and will be used later. 
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Lemma. Assume a collection of multiplier sequences Φ = (φj) given, satisfying a 
uniform maximal inequality 

(2) 

Let Ψ = (Ψj) be a convex combination, i.e. 

v,-> where 

Then the following holds 

(3) 

Assume now Λ C Z+ satisfying the condition 

(4) Vr > 0. 

From this, (2.5) may be derived. Let thus μ,Τ) be a D.S. and |f| ≤ 1. Assume 
s1 < · · · < sj such that for i = 1,..., J- 1 

Lu:<T) 

Choose N a large integer (depending on ) and consider for fixed ω Є Ω the orbit 
function 

g
w

(n) = Tnf(w) if 1 ≤ η ≤ N 
= 0 otherwise 

It then follows from the definition of that 

where Є (J) → 0 for J → oo, as a consequence of (4). 
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Take 2sj < α < N — 2sJ and substitute to get 

Integrating in ω and using the fact that T is measure preserving yields 

hence 
e2 ≤ 2Є (J) → 0 for J → oo, 

thus a precise formulation of (2.5) 
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4·. SECOND REDUCTION TO SHIFT 
Consider condition (3.4) 

(1) 

where Λ is a return time sequence Αω for some DS(Ω, B, μ, T) and A Є B, μ(Α) > 0. 
Notice that BT(N) is essentially increasing in N. Thus it suffices to show that 

μ[ΒΐΝ\2- Σχ
Α

(Τηω)σ(2-3η)Zη) >t]≤ 

(2) t-1 f [t Λ Bt(N) (2-s
 Σ χ

Α
(Τηω)σ(2-s2η) zn dω < ft(t) 

where £
r
(t) → 0 for f → oo (independently of N). An estimate (2) may again be 

derived from the shift model (Z, S). Fix ω Є Ω and let Є
n
 = XA(Tnw). Assume there is 

a (uniform) estimate 

Bt(N)(2 -s

 Σεnσ(2-s (n-a))zn|s = 1,2,...) ≤ t 

for 1 ≤ a ≤ N, except on a set of size < ζ
τ
(t)where ζ

τ
(t) → o 

(*) 

For an appropriate £T (t), it then follows 

Making the substitution n ↔ n — a and writing e
n+a

 = ΤηχΑ(Ταω), 

5. REDUCTION TO DIADIC INTERVALS 
Take N of the form 2n and let (e1,..., ЄN) = Є be a sequence of 0,1.Partition the 

interval Ιφ = [1, · · · , N] in diadic intervals I
c

, |I
c

| = 2-|c| N where c Є Uj≤
n

{0, l}·j 



and consider the polynomials 

which form a tree in the sense that 

Pc = 1/2 (Pc,o + Pc,l) 
It is then possible to derive (4.3) form the following statement 

(1) 

(uniformly in N and independently from the sequence ē). 
This is done by averaging translations. The argument simplifies if σ is replaced by its 
symmetric version 

(which eventually leads to a pointwise ergodic theorem for the symmetric sums). Thus 
most of the complications in what follows have to do with the fact that the desired σ is 
one-sided 

We first introduce some notations. Consider the iV-periodic extension of the partition 
(I

c
) of [0,N] to a partition of Z. For a € Z and 1 ≤ j ≤ n, denote c(a,j) the complex 

in Z x {0, l}·j satisfying a Є Ic (a,j) 

Writing 

(mod N = 2n) aj = 0,1 
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define for 1 ≤ i ≤ n 
j(a,i) = min {j ≥ i\aj = 0}. 

Define also 

where 
j = j(a + b,i) 

Then, because of subsequence considerations 

Notice that (1) may be reformulated as 

with C't(t) → 0 for t → oo (uniformly ). 
Hence, for fixed b 

(2) 

Define next 

where B is some large integer. 
Hence, from the averaging property (3.3) (noticing that the maximal inequality (3.2) is 
valid) 
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(3) 

for some ζt" still satisfying "(t) t→°° 0. Next we explicit qi

a
 = We have by 

construction 

= elN-1B-1 Σ{2j(a+b, i)||b| ≤ B and b + l € Ic(a+b,j(a+b,i)-1)Ic(a+b,j (a+b,i))} 

ЄlN-1 B-1Σ{2J,(b,i)||b| ≤ B and b + l - a Є I
c
(b,j(b,i)-1) \ I

c
(b,j(b,i))} 

provided that B is large. 

From the definition of j(b, i), this gives 

etN-'B-1. 

2i#{|b| ≤ B,bi = 0|b + l — a € I
c
(b, i-1) \ Ic(b,i)} + 

2i+1#{|b| ≤ B,bi = l,bi+1 = 0|b + l - a Є I
c
(b,i) \ Ic(b,i+1)} + ... 

e«(2-ιΝ)-\ 

letting k — a — l. 

For σ defined as above, this equals 

el( 2 lN) 1(σ(χ) + σ(2χ) + σ(4χ) + ... ) x = (2 lN) 1(l-a). 

Hence (3) gives for φ(χ) = σ (x) + σ(2x) + · · · and s = n — i 

Since σ(x) = φ (x) — φ(2x), also 

which is property (4.3). 
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6. MARTINGALE CONVERGENCE 
In this section, some results on martingales are recalled for later use. These martin-

gales will appear in various contexts (diadic trees, convolution by approximate identity). 
Let En

 be an increasing sequence of expectations and f
n

 — E
n
f a scalar martingale. 

For λ > 0, denote Νλ(ω) the number of λ-jumps in the sequence {fη(ω)}. The 
following inequality for 1 < p < oo is proved by methods of square-functions and 
stopping times 

Lemma: 

(1) II^À/2IIJ> — cpll/llj> ,νλ>0 
Let 

Using (1 ) and methods of interpolation, one then proves 

Proposition (Lépingle): 

(2) ||{fn}||L2v ≤ c(s - 2) -1||f||2 for s > 2, 
which is a quantitative form of the martingale convergence theorem. We will need the 

following corollary on the pointwise entropy of an H-valued martingale f
n
 = En[f], 

f taking values in a Hilbert space H. Define for λ > 0 

Μλ(ω) = λ - entropy number of {fη(ω)} C Η, 

i.e. the maximal number of points in the set with separation ≥ λ(*) 

Lemma: For s > 2 

(3) 

Proof: Clearly there is λ > 0 the pointwise inequality 

(4) 

Writing f
n
 = < f

n
, e

a
 > e

a
 , {e

a
} an ONB for Η, it then follows from (4), (2) and 

convexity 

thus (3). 

*Mλ = 0 if the set is of diameter < λ. 



7. A MAXIMAL INEQUALITY FOR CERTAIN MULTIPLIERS (1) 
In the first part of this section, the following fact will be shown 

Lemma. Assume λ1 < · · · < λk· Є [0,1] ~ Π and define for j Є Z+ 

Then 

(1) 

where T refers to the Founer-transform 

Remarks: - The estimate (1 ) is not optimal concerning dependence on K hut suffices 
for our purpose. In fact, any estimate Κo/2)-δ ||f||

2 )better than the “trivial”estimate 
K1/2||f||2) would do as well. 

- (1) has further application (besides to the return-times) to the pointwise ergodic 
theorem for “arithmetic sets”(improvement of the Lp -estimates, p < 2) and sets of the 
form {[p(n)]; n Є Z+} = Λ, where p(x) is an arbitrary polynomial. These matters will 
be discussed at the end of this exposé. 

The proof of the Lemma is presented in several steps. 

(a) Recall the following tranference property from L2(R) to l2(Z)-inequalities. 

Lemma. Let Φ be a set of multipliers on [0,1] satisfying 

(2) 

Then 

(3) 

where C is an absolute constant 

Proof: Denote B1 dthe best constant satisfying (3). Writing for a: Є Z, u Є [0, p] 
(p < 1 to be specified later) 

F-1[φFf](x) =F-1[φFf] (x+u) + F-1[(1 - e2tiλu)φfF](x) 

and averaging in u gives 

HA 



(4) 

By (2), the first turn in (4) is bounded by 

By definition of B1, the second terrain (4) is bounded by 

Thus an appropriate choice of p yields 

Remark: In the preceeding, FR and Τz, where both denoted by F. 

(b) Lemma. Denote Fj the Fé jer-Kernel on R 

Let J Є Z and λ1,...λκ Є R frequencies s.t. |λk — λk'| > 2J for k φ k'. Then the 
following inequality holds 

(5) 

Proof: Denote Dj(j Є Z) the intervals of length 2 -J obtained by diadic partitioning 
of R and let Ej be the corresponding expectation operator. Using again (standard) 
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arguments to pass from expectations to convolutions (see [B4] for instance), (5) may be 
derived (and is essentially equivalent to ) from 

(6) 

Denote and which are constant on the Vj-intervals. 

Also, by Doob's maximal-inequality 

(7) 

Fix an interval I in Dj. Denote Ns(I) the £G|I-entropy number of the set 

AI = {(Ejfk|I)1≤k≤K|j ≤ J} D L2K 

(S < 1). Thus each element a of AI has a representation 

(8) 

where 
|b| < K~ll2G\1 

at
 belongs to a set S

t
(I) of vectors of norm < 2 tG\I1 with 

|εt(I)| ≤ N
2
-t(I). 

From (8), triangle inequahty and Hölder’s inequality for the last term, estimate on I 

(9) 

where further 

Hence, from the separation hypothesis on the λk 



(10) ≤c min (k1/2,N
2_t

(I)1/2)2-tG|I|I|1/2 

which substituted in (5) yields 

(11) 

Choosing s > 2, write 

min (.K,N2-t(I))
1/2 < 

and with the notation of the previous section, by definition of Ns(I) 

Substitution in (11) gives 

By (6.3), applied to the l2k-valued martingale {(Ej[Fk])
1

≤k≤k||j ≤ J} and (7) 

Choosing 1/2 - 1/s ~ (6) follows 

(c) Let Vj be the de la Vallée-Poussin kernel 

and let 
fk = F-1[Ff(λ + λk)Vj(λ)] = (f · e-2πiπkx) * Vj. 
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It follows from (5) 

(12) 

(d) Let 

Then 

(13) 

for S a finite subset of Z. 
Proof: The argument is inspired from the Burkholder-Davis-Gundi-Stein proof of the 
dual version of Doob’s maximal inequality. The only difference here is that the operators 
are not positive. We only use the fact that the R'jS are increasing. Assume thus 

Rj-1 C Rj , 1 ≤ j≤ 2s where 3 ~ log|S|. 

Denote B the st constant satisfying the inequality 

(14) ||sup |f-1 [xRjFf]|||2 ≤ B||f||2 
1 ≤ j≤2 

or equivalently (by dualization) 

(15) 

Identify S and {1,2,... , 2s} and let (Sc)|c≤s be a diadic partitioning 

Denoting gj = F -1[xRjF9j], clearly 

<9j,9k>=<gj,gk> for j<k. 

Using this fact and Hölder’s inequality, one gets from definition of B 
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Consequently, B2 ≤ 1 + 2 B s => B ≤ cs, proving (13). 
(e) Proof of (1). 
Define 

S = {j Є Z K -12J < |λk — λk'| <K2j for some 1 ≤ k φ k' ≤ K}. 

Thus 
|S| ≤ K3 

Define further 
Z

r
 = {j Є Z \ S|Rj has r components} 

for 1 ≤ r ≤ K. 
Thus 

Zκ < Zk-1 < · · · < Z
2
 < Z1 

where Z1, ZK are half-lines and Z
r
 a finite segment, for 1 <r < K. 

For r > 1, let j
r
 = max Z

r
. By construction, there is a set Λ

Γ
 C {λk} satisfying 

(16) |λ — λ'| > 2Jr for λ≠λ' in Ar 

(17) Rj C υ
λ€Λτ

 [λ - 2j+1, λ + 2j+1] forje Z
r

. 

To prove (1) we proceed again by duality and estimate the best B fulfilling 
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Estimate using (13) 

denoting 

Because Zr >Zr' for r < r' , we have loir j Є zr j’ Є 

^ 9ji9j' ^ ^ 9ji9j' 

Hence 
< Crr,Gr' >=< Gr, Gr

» > 

and 

The same argument as in (d) then shows that 

(19) B2 ≤ (log K)2 + B2
1
 + B(log K) 

where B1 has to satisfy 

(20) 

To estimate B1, use (12) and a standard square-function argument. Put 

for which, by (16) and (12) 

(21) 

Estimating 
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and applying ParsevaFs identity to estimate the L2-norm of the second term, it remains 
to evaluate 

(22) 

For λ Є R fixed, (φj — XRJ )(λ) = 0 unless |λ — λ'| < 2J+1 for some λ' Є A
r

. This follows 
from (17). Take Λ' Є A

r
 and j

o Є Z such that 

|λ-λ'|= dist (λ, A
r
)~2Jo. 

Estimate (22) at λ as 

Thus (22) is bounded and, by (21), B1 may be estimated by C(log K)2. By (19), this 
also gives the bound on B and completes the proof of (1). 
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8. A MAXIMAL INEQUALITY FOR CERTAIN MULTIPLIERS (2) 
In this section, the first main ingredient in proving (5.1) will be given. 

Lemma. Let λ1 < · · · < λk , Λ = {λι,..., λk}. Assume (φj)j≥jo>0 multipliers satis-
fying the conditions (0 < τ < 1, L ≥ 1) 

(i) |φj| ≤ 1. |φ'j| ≤ L2j. 

(ii) The subset of l2
K 

{φj|A ; j ≥ jo} 

has t-metrical entropy < At. 

Denote σ = σ6 a smooth function on R satisfying 

(iii) 0 ≤ σ ≤ 1 

(iv) |σ'| ≤ c8-1 

(v) σ(t) = 0 for t < 0 or t > δ. 
Let R ≥ 1 be fixed and for each j, consider a localizing function such that 

(vi) 0 ≤ ηj ≤ 1 ,nj = 1 on Λ, ηj = 0 outside Λ + [—-R2-7, R2-7] 

(vii) |n'j| ≤ c2j. 

Define φj = Then there is the inequality 

(1) 

Here and in the sequel, || ||2 stands for the l2(Z)-norm. 
Proof: The inequality is derived from (7.1) using square-function methods and the 
reader a bit familiar with this technique will find it routine. 

For â Є l2
K, define as follows the function Ψ j,ά. Let λk ≤ λ ≤ λk+1 

- If λk+1 - λk ≤ 2_J+1, put Ψj,â (λ) = ak. 
- If Aλk+1 - λk > 2- J + 1, put 

= if λ < λk + 2-J 

= ak+1 if λ > λ
k+1

 - 2 -j 

= 0 otherwise 

Define also γj = Ψj,a, letting a =φj|A. We claim that 

(2) 
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Notice that as a consequence of (iii), (iv), (v), (vi), (vii) 

(3) |φj| ≤ δ and |(φj)'| ≤ CL2j 

To verify (2), let λk < λ < λk+1· By construction, γj)(λ) = 0 except if dist(λ, Λ) = 
min (|λ — λk|, |λ — λk+1|) < R2- j Assume for instance 2-jo ~ dist (λ, Λ) = |λ — λk|. 
Then, by (3) 

proving (2). Hence 

(4) 

Next, partition {j ≥ j0} in at most A
T
 sets S

a
, min Sa = ja

 such that for each of them 

This is possible by the entropy hypothesis (ii) in the Lemma. Put a
a

 = φ jα |Λ· It follows 
from (iv) and the inequality 

|ασ(|α|) — bσ(|b|)| ≤ c|a — b| (a,6 ЄR) 

that 

(5) 

Estimate 

(6) 

For each a, a
a
 is a fixed element of l2

K which coordinates are δ-bounded. Therefore, one 
easily derives from (7.1) that 
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and the first term in (6) contributes for 

(7) 

Estimate by Hölder’s inequality for j Є Sa (by (5)) 

Thus the second term in (6) is bounded by 

(8) 

Collecting estimates, (1) follows from (4), (7), (8). 

9. GENERALITIES ON THE PROOF OF MAIN INEQUALITY (5.1) 

We now come back to section 5. Thus 

and property (1), which remains to be proved. 

Consider for diadic values of 0 < δ < 1, functions σδ 

such that on [0,1]. Thus 

(1) 
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We will introduce localization functions o ≤ nc,δ ≤ 1, |n'c,δ | ≤ C|I
c

| -1~2 mN. Denote 

(2) and 

For functions on Π, define 

Since there is the pointwise inequality 

(applied here to 1-bounded functions f on Z supported by [0, N]) one may replace p
c 

by p
c
 in proving (5.1), provided 

(3) 

The following lemma will be used in evaluating A-norms 

Lemma. If ||φ||2 ≤ kd-1/2 , ||φ'||2 ≤ d1/2, then ||φ||A ≤ CK1/2(0 < K < 1 < d) 

Proof: For (diadic) integers T, there are following estimates 

from where 

Clearly, by construction, both 

z-
 Σi≤mcJ2-jN

 pcσδ(|pc|) and z- Σj≤
m

cJ2 Νροδ. 

have a gradient bounded by C|I
c

| -1. Hence, in order to fulfill (3), it suffices to have 

(4) where 
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For a family Φ of multipliers φ on Π , denote D(Φ) the best constant satisfying the 
maximal inequality 

Obviously 

(5) 

We have to evaluate for fixed r > 0 

(6) 

Assume |f| ≤ 1 and f supported by Z ∩ [0,N], such that for some sequence of integers 
1 ≤ ji < j2 < · · · < jt ≤ n, one has 

(7) 

Fixing some 8
0
 ≤ δ

0
(r), it follows from (2) and triangle inequality that the left member 

of (7) is bounded by 

Hence, by (7), either for some δ > δ
0 

(8) 

or for some δ < δ0 

Consequently, in order to get a uniform estimate → 0 on (6) for t → oo, it suffices to 
prove that 
For fixed δ > δ0

 and t' sufficiently large 

(10) 

and for δ sufficiently small 

(11) 



We visualize Um≤n{M}m as the nodes of a finite tree which branches are determined 
by the points in Ω = {0, l}11. 
Fixing 8 > 0, we will introduce an increasing sequence of stopping times τ1 < · · · < 

< η, K = K(e,δ),defined on decreasing subsets Ω1 D Ω2 D ··· D Ωκ of Ω. Extend 
Tk to τ*k defined on the entire set Ω by letting t*k(c) = n for c Є Ω \ Ωk. Assume Ωk 
such that 

(12) 

(Ωk is a first contribution to the exceptional set). For complexes c, d, write c<d, 
provided that c is an initial segment of d. 
Denote Ck

 = {C|TK.(C) ; c Є Ωk}.For C Є Ck-i, denote T
c
 the subtree 

T
c
 = {c'|c < c' and c' has no predecessor in Ck} 

Denote T*c the maximal elements of Tc· For c ɇ Ωk, clearly 

(13) 

and, by (5) 

(14) 

By summation over the sub-trees, it will suffice to show that for some t one has for all 
k and co G 

(15) E{2-|c||c Є T
co

 andB
T

(p
c

, δ|c
0
 < c' < c) > t} < Є'2-|co| 

in order to obtain a bound K(Є,δ)Є' < Є on the left member of (10). Here δ > δ0. 
Similarly, using (14), (11) may be derived from 

(16) 

where 

(17) 
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or from the inequality 

(18) 

with 

(19) δ2 = δ3
1

. 

The construction summarized above will be performed in the next section. 
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10. CONSTRUCTION OF THE STOPPING TIMES AND DISSECTION OF THE TREE, 

Let δ > 0 be fixed. We shall use the notations of the previous section. 

As before, = (z Є Œ ; |z| =1} will be frequently identified with 

π = IR / ZZ or [0,1[ 

Consider numbers 0 < κ = κ(δ) < 1 and R = R(Є,δ) , to be specified 

later in this section. 

Define for each node c € U {0, 1 }m 

m<n 

A
c
 = {z € (C1 | |p

c
(z) | > δ} . 

Next, define stopping times with domain Ωk c Ω = {0,1}n as follows 

Ωo = Ω , τo = 0 . 

Let Ωk+1 be the set of those ω € Ω
k

 such that for some
 τk (ω) < t < η 

(1) 

where Bk (ω) = Aw
|t1(w)

U ... UAw|tk(w). Let τk+1, (ω) be the smallest t for 

which (1) holds. 

In this construction, we let 0_k_K , where K will be determined 

later. Let C, = (ω|τ
k

(ω) | ω Є Ω
k

 } and C = U C
k

 . It will be more 

convenient to work with the polynomials 

For each c Є C , we will construct a polynomial Q
c
 satisfying in particular 

the following properties 



(2) supp Q
c
 c I

c 

(3) <PC ,Qc > > σ |I| 

(4) ||Q
c
||2

2
 ≤ |I

c
| · 

Write, using (3), (4) 

(5) ∫|P
C

|
2
 = ∫|P

C
- σQ

c
|
2
- σ2∫|Q

c
|2 + 2σ<P

C

,Q
c
> > ∫|P

c
-σQ

c
|
2
 + σ

2
|I
C

| 

Notice that if c, c' € C are incomparable, Pc Ḷ Pc , , Qc Ḷ Qc', Pc Ḷ Qc, 

Thus, using (5), we may write 

(6) 

Considering the second term in (6), write similarly as in (5) 

which substituted in (6) yield 

cec. 
c’>c 

a 



Continuing in this way leads to the inequality 

(7) 

If the second term of (7) is smaller than 1/2 -first term, it follows 

|Ω
κ

| < 2
σ

 -2 K -1 N 

and condition (9.12) is fulfilled for 

(8) 

2 
since σ ~ κ in the construction of the Qc. 

It remains to define the polynomials Q
c 

CONSTRUCTION OF THE POLYNOMIALS Qc . 

It follows from the definition of A that 

(9) and 

Defining gives 

4 
For α ~ κ , consider the de la Vallée Poussin type 

kernel based on Ic 

1$ 



Defining one gets thus 

Hence (up to multiplication by a factor) Q
c
 fulfils (2), (3), (4) with 

1/2 K2 . It is possible to choose Vc sufficiently smooth so that the 

decay property of yields 

(10) 

Define which is supported by 

It also follows from (9), (10) that 

(ID ||Q
C
-Q

C,1
||
1

 ≤ CK
-20δ-1R-8 = Θ 

(12) 

Estimate using (9), (11) 

I<Q
C
.Q
C
.>| ≤ ||Q

c
||
oo
||Q

c'
-Q
c'(1

||
1 + |<Q

c
.Q
c',1

>| 

(13) 

)c 



By (12), the second term in (13) is bounded by 

using (10). Consequently 

(14) |<Q
c
 ,Q

c
 ,>| ≤ CK-20δ-1R-8 |Ic| for c, c' € C , c > c' 

and therefore, coming back to (7) 

< CK
 206_1R -8K Σ c'I,| 

e'ec 

= CK
-20δ -8Κ (|Ω

1
|+··· + |Ω

κ
|) 

Thus in order that the second term in (7) should be smaller than the first 

(15) R
8
 > CK~

20
Kδ-1 

This and (8) gives the estimate 

(16) 

REMARK : The dependence of R on δ in (15) may be avoided using a more 

delicate argumentation. 



11. VERIFICATION OF INEQUALITY (9.18). 

We will use the following lemma : 

LEMMA : Let p(z) = 1/2 Σ j=1 ЄjZ
j

, |εj| ≤ 1 and {zk} c1 a d-1 -separated 

set. Then 

(1) Σ |p(z
k
)|2 ≤ C 

Proof : Let V be a kernel satisfying 

(2) 
V = 1 on [0,d] 

|v(t)| < cd[1+(|t|d)2] -1 

2πiθk 
Writing = e , one has 

and hence, since by (2) 

Σ |ν(θ
κ
-ψ)| ≤ cd Σ(1+d

2
|ΘK-Ψ|

2
)
 -1

 < cd , 

We verify (9.18) and estimate thus for C
O
 € Ck-1 and tco defined as in 

section 9 

where pc δ = pcσδ |pc| )nC,δ , the functions nc,δ to be specified. It 

follows from the previous lemma that the entropy-number 

Also, from the construction, 

;U 



(3) for c € Tco 

Since there is a set P = Po, 

(4) |p| < CKδ-2 

such that for c Є Tco 

(5) 

We will perform a further dissection of T = Tco according to the entropy 
o 

numbers of the set P . Take v satisfying 

(6) v≤k 2R-1 

Let n
o
 = |c

o
 | . Perform the following construction : n1 > n

o
 is the largest 

integer such that E(P, 2n1/N) > E(P, 2n0/N) - νδ-2. Consider P1 c P a 

-separated set such that 

n
2
 > n

1
 is the largest integer such that 

Consider P2 c P1 a -separated set such that 

etc... 
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Since |p| = E(P
O 

it follows from (4) that the construction must stop for 

(7) v < CKv 1 

Tail T in the regions (sub-trees) 

Tu={c€T|n
u-1

 ≤ |c| < η
u

} l≤u<v . 

It follows from (5), (6) and the construction that for c € T
u
 and Q = P

u 

(8) 

since indeed 

For c € Tu , take 0 ≤ ηc,δ ≤ 1 satisfying 

Βϊ 



(9) ηc,δ= 1 c, δ 
on -neighborhood of Q 

(10) η x = 0 outside 
c,δ 

-neighborhood of Q 

(11) in;
>6

i< ii
c 

The functions pc,δ = pc σδ (|pc | )nc,δ of section 9 satisfies then by (8) 

|Pc,6-Vs(lpci)ii2 < CK|I
C
I
_1/2 

and (9.4) is thus satisfied for k ~ τ2 (log 1/δ)-4 

Consider the system I(pc|q=cЄtu as an lq2-valued martingale. Since 

the points of Q = P
u
 are 

above Lemma applied to 

-separated and n
u
 > I

e
 I for c € Tu , the 

- Σcj2-JN 

P = Pcz 

gives that 

(12) 

It immediately follows from the scalar (or Hilbertian) variation estimate 

(6.1) with p = 2 , that for λ > 0 

(13) 

where Aλ refers to the -metrical entropy number. 
A 



pliers 

For fixed c € T*co , apply inequality (8.1) to the sequence of multi-
o 

to get, by (9), (10), (11), for each λ > 0 

Here A = Q and L = 1 . Hence, by (13) and (4), (10.16), (10.8) 

(14) 

Summation over the different values 0 < u < v and applying (9.5), (7), (6), 

for an optimal choice of λ in (14) 

Thus, by (9.17), (9.19), (10.8), (9.18) will be fulfilled if 

δ7/8(log 1/δ)C> (ετ)C , which happens for δ small enough, 
δ' 
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12. VERIFICATION OF INEQUALITY (9.15). 

Let now <5 > and C
O
 € Ck-1 in the construction of Section 10, 

performed for this δ . For c in the subtree Tco , the localization function 

ηc,δ is taken as follows : 

(1) -neighborhood of P 

(2) outside 

(3) 

Here P is the -net in B
co

 , introduced in the previous section, 

hence, 

(4) |P| < ο(ε,τ) (by (4), since δ > δ
ο
(τ)) 

(5) Pc,δ = P
c
σ
δ
(|P

c
|)n

c,δ
 satisfies condition (9.4) (by (10.5)). 

It has to be shown that for t sufficiently large (depending on ε, δQ) , 

one may achieve the estimate 

(6) 

This is possible using the localization and tree-structure of the polynomials 

(p
c,

δ) cЄtco and (p
c) cЄTco . Since P is a fixed set of bounded size and 

invoking the variation estimates for martingales discussed in Section 6, here 

applied to (Pc|p)cЄTco (6) may easily be derived from the following 
co o 

H 



LEMMA : Let (φ
j

)
j=1, 2,

 ... be a sequence of multipliers on ΊΓ , λo € ΊΓ 

such that 

(7) |φj| <
 1

 , |φ
j

| < 2
J 

(8) 2 
The number of ex -jumps in the sequence {φj(λo)} is at 

most r (where c > 0 is some constant). 

Consider localizing functions 0 ≤ nj ≤ 1 satisfying 

(9) nj (λo) * 1 * η
j

 vanishing outside a 2 -J-neighborhood of λo 

(10) |nj| ≤ 2j . 

Then 

(ID Bτ (φjηj |j = 1,2,...) < r+Cτ -2 log 1/τ 

Proof : Define Ψj = φj nj · Let f € l2 (ZZ) , ||f ||^ ≤ 1 and j1 <....<j2 

integers such that 

(12) 

(13) 

Fix 1 ≤ s ≤ t . In order to avoid repetition of an argument appearing earlier 

in the paper, we make use of inequality (8.1) in Section 8. Take a ~ log — 
x 

and define for j
s-1

 ≤ j < j
s
 the multiplier γ

j
 = (φj-φj )ηj+a · Then 

by (12), (7), (9), for all λ 

IS' 



while by (7), (10) 

Apply (8.1) to the system (γj | js-1 ≤ j < js } with Λ = (λo } , L = 2a , 

δ ~ τ2 

It follows that 

and therefore, by (13) 

(14) 

Write for js-1 ≤ j < js 

(15) 

and 

(16) 

Substitution of (16) in (15) and using the square-function technique and 

Parseval’s identity 

(17) 

a 



The first term of (17) is bounded by 

(18) 

Summing of the second term of (17) and (18) requires to get a pointwise 

bound on 

(19) 

From (9), (10) one easily derives that the first term is bounded by Ca and 

the next two by a constant. Hence we find by (14) 

implying (11). 

This takes care of the condition (9.15), hence (9.10). This concludes 

the proof of the main inequality (5.1) and the theorem on the return-times 

stated in the first section. 
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APPENDIX 1 : APPLICATION OF MAXIMAL INEQUALITY TO POINTWISE ERGODIC 
THEOREMS FOR "ARITHMETIC SETS". 

2 
By arithmetic set, I mean sets such as A ={n2 |n=1,2,...} 

A ={n3} 

A ={p(n)}; p (x) a polynomial 

with integer 

coefficients 

A ={prime numbers} 

for which the pointwise ergodic theorem was studied in [B1] (the 

L2-theory) and [B2] (the Lp-theory). It turns out that the maximal 

inequality stated in section 7 permits to recover the results 

from [B1] (without using A. Weil's inequality) and improve the 

critical exponent in the LP-theory relative to the method described 

in [B2]. Recall the following definition 

DEFINITION : AcZ
+
 is a good sequence in (1≤p≤oo) for the 

pointwise ergodic theorem provided the averages 

converge a.s, for any DS (Ω, μ, Τ) and f Є LP (μ). 

As before AN stands for Λ Π [o,N]. 

The discussion in this section is based on [B1],[B2], which the 

reader may consult for further details, and inequality (7.1) of 

section 7 in this paper constitutes the new ingredient. 

We consider the set A ={nt}, t>2 an integer. There are no essen-

tial differences in the treatment of the other sets listed above, 

except for the explicit description of the corresponding exponential 

sums. In the shift model (ZZ,S) 

where 



and thus 

Based on inequality (7.1) in this paper, the estimate in Section 3 

of [B1] may be replaced by the following 

LEMMAi Let ο<τ<1 and ο≤φ≤1 vanish outside a τ-neighborhood of o 

a localizing function. Let R be τ-separated points in Π . Define 

for f el2 (ZZ) and T>o 

(1) 

and the maximal operator 

The following inequality holds 

|| Mf ||
2
 < C (log|R|)2 ||f ||

 2 (2) 

The details are routine (square function arguments as used earlier 

in this paper) and left to the reader. The main difference with the 

corresponding lemma in [B1] is that we do not assume R contained in 

a τ-separated arithmetic progression, provided a weak dependence 

on |R| appears in (2). 

Define for 1≤a≤q , (a/q) = 1, the Weyl sum 

(3) 

and denote 

(4) 

Consider the generations 

(5) 

and the multipliers on Π 

ti 



(6) 

Φ = bumpfunction localizing on the interval 

The main problem consists then in obtaining an inequality for 

each s = 1,2,... 

(7) 

where 

Σ6S <» s 

Writing 

one deduces from previous lemma that 

Here the lemma is applied with R = RS , τ = 4-S 
S 

φ = φS = φ (4s (. ) ) . Thus log |Rs| ~ s . 

We will only need an estimate 

|S(q,a)|≤Cq£, ε = ε(t) > o (8) 

(obtained from H. Weyl's inequality). 

Getting the S(q,a)-multiplications by introducing an 

additional multiplier uniformly bounded by C 2 for a/q € Rs , 

one indeed gets in (7) δs < C s22-se, a summable sequence. 
S 

The previous argument applies to all examples of sets mentioned 

in the beginning of this section. It is likely that one may find 

other interesting examples. 
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Next, we consider the LP-theory p<2 and refer the reader 

to [B2]. We consider the set A= {nt}, as in [B2]. Our purpose is 

to lower the critical index 2-(1+/5)<p reached in [B2], 

PROPOSITION: A = {ηt } is a good sequence in Lp for p> 3/2 . 

The method of [ B2] is based on interpolation between L and L , r>1. 
2 

The improvement is due to better L2 -estimates from previous lemma. 

In order to get some Lr-controle for the different generations of 

major arcs, one has to partition the rationals in arithmetic pro-

gressions, taking into account the size of the exponential sums (3), 

and the finer results of A. Weil are of relevance for this purpose. 

From A. Weil's result and the multiplicativity property, there 

is a bound 

I S (q,a) | < a (q) (a,q) = 1 

where a(q) satisfies 

Σ
q
 a (q) y < 00 for γ>2 (9) 

(cf. Lemmas of [B2]). Thus if we let 

Q
S

 = {q |2 S+1 > α(q) > 2 -S}. 
b 

then 

|QS| < Cv 2
ys. (10) 

Denote R (q) = {1≤a≤q I (a,q) = 1} and R
S
 = {— | q Є Q

S
 , a€R(q)}. 

Let Ψ5 N be again given by 

(11) 

where M = M(t) satisfies I Θ — θ ' I >|oM for θ' in . 

This is possible by (8) . 

For 1 <p≤2 , let δ
S

(ρ) be the best constant satisfying the 
“™“ 



inequality 

(12) 

The condition 

Σ δs (p) < 00 (13) 

has to be satisfied. 

Let r > 1 be fixed and Interpolation gives 

6
S
 (p) < 6

S
 (2) 1-0 6

s
(r)0 (14) 

where, similarly as above, invoking (10) 

δs (2) < C 2 -S (log |R
S

 | )2 < C
t

 s2 2 -s (15) 

For q € Q
S

 , denote Bq (r) the best constant fulfilling 

Thus, from the definition of and (10), 

(16) 

We now invoke [B2] (Lemma 7 and the estimates in section 6) 

to get for q<c D 

(17) 

where for (a,q) = 1 . 

Denote P1,...,Pm the different prime factors of q € Q
S

. T 

writing 
[18) 

'ft 



and using (17)toestimate the contribution of the I-sums in (18), it 

follows that 

Bq (r) ≤ 2m Cr < Cr 2ST (τ>ο) (19) 

Collecting estimates (14), (15) and (16), it follows that 

δs (p) < C 2ST 2_s(1- θ) 2ys0 (τ>ο,γ>2) (20) 

where C depends on r>1, τ and γ . 

Clearly, for p > 3/2 , we may choose r > 1 such that Θ < 1/3 . 

Inequality (20) implies δS (p) < C 2-T'S for some τ'>ο , hence s 
condition (13). 

REMARKS. 

(1) We did not follow the notations of [B2] in what preceeds. In 

fact, the use of the new L2 -estimate leads to considerable 

simplifications and one does not have to introduce arithmetic 

progressions besides the natural ones. 

(2) The proposition remains valid for the sets A = (p(n)} , 

where p(x) is a polynomial with integer coefficients or 

taking integer-values for x Є ZZ . 

(3) Adaptation of previous argument for the primes shows that 

A = {primes} is a good sequence in LP for p > 4/3 (cf. [B3]) 

We conclude this section with a discussion of the pointwise 

ergodic theorem for sets Λ = {[ρ(η)]; n=1,2,...} , where [x] stands 

for the integer part of x Є IR and p(x) is a polynomial with 

real coefficients. 
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PROPOSITION; {[p (n)]} satisfies the pointwise ergodic theorem for 

L°°- functions. 

It is easily seen that the case of polynomials with 

rational coeffficients reduces to the case of a polynomial with 

integer coefficients. Hence, we assume at least one of the coeffi-

cients of p(x) irrational. Hence the sequence p (n) - [p(n)] is 

uniformly distributed mod 1. 

Let (Ω,μ,Τ) be a DS and f Є L°° . We have to show the a. s. 

convergence of 

(21) 

Fix ε > o and consider the function τ = τe on IR ε 

Denote 

(22) 

Clearly, invoking the uniform distribution property, there is the 

pointwise inequality 

|A
N

f -A
N
f | < ||f||#{1≤n≤N| dist (p (n) , ZZ) < ε}≤ 2 ε || f | oo 

for N large enough. 

Thus, it suffices to show the a.s. convergence of (22) (for a 

fixed ε>ο) , assuming f € L2 (μ) (the hypothesis f € L°° is only 

of relevance when replacing A
N
 f by A

N
 f). 

2 πια 
The relevant exponential sums are (z=e ) 

n 



(23) 

Denoting 

and 

(24) 

Observe also that 

(25) 

The description of the behaviour of QN (B1 , . . . , Bt) (see [Vin], [B1]) 

permits then to find a suitable "major arc" type description of KN 
in order to apply the approach described in [B1] and the beginning 

of this section.(Here, these major arcs are not necessarily centered 

around rational points). To be more precise, consider the particular 

case p (x) = bxt , b Є IR\0 . For s = ο, 1,2, . . . and k € ZZ , 

define the set of points 

Rs,k = {Θ€ [o, 1 ]|b(0+k)Ξ a/q (mod1) for sane 1≤a≤q, (a,q)= 1, 2s-1 ≤q<2s}. 

For Θ € RS,K denote S
0
 = S(q,a), where b(0+k) = a/q (mod 1). 

Define further 

where the kernel k is given by (4), 



Thus, by (24) and the description of the exponential 

sum 

Since |S
0
|< C 2 es , ε = ε (t) > ο , the same argument as above 

gives 

and taking (25) into account, also 

(26 > 

Thus the convergence problem reduces to the initial values of s 

Again by (25), it suffices to consider individual sequences 

F-1 [ψ
S,K,N

Ff] / N diadic, for which the following holds, r>2 

where vr are the variationspaces defined in section 6 of this 

paper. 

REMARK. It is possible to prove that {[p(n)]} satisfies the 

pointwise ergodic theorem on , p > 3/2 . This can be achieved 

by interpolation methods based on the approximation 

|ANf - A
N ,£

 f | AN,ε= A
N
 for f € L°° and the actual bound 

||τe ||L1(R) < C log 1/E . In the case p(x) = bxt for instance, one 

has to take the rational approximation properties of b into 

account. 



APPENDIX 2 : BASES PROPERTIES FOR RETURN TIME SEQUENCES. 

In this section, we will consider the return time sequences for 

weakly mixing DS's (Ω, β, μ, Τ), meaning that T is ergodic and has 

no non-trivial point-spectrum as a unitary operator. These sequences 

have the following interesting structural property 

PROPOSITION : Let T be weakly mixing, μ(A)>o 

and Λ
ω
={η€Ζ

+
|Τηω €A}. Then, for almost all ω 

(1) A w+ Aw + Aw contains any sufficiently large integer (i.e. Aw 

is an asymptotic bases of order 3 

(2) For any positive interger t , the set {n
t
|nεAw } is an 

asymptotic bases. 

The proofs are rather straightforward combinations of the ideas 

around the Wiener-Wintner theorem and the Hardy-Littlewood circle 

method. Following fact will be used 

LEMMA : Let g € Ε°°(Ω,μ), / gdu = ο . Then a.s. in ω 

(1) 

PROOF. Eliminate the z-dependence by successive applications of 
van der Corput's lemma. Thus define inductively 

b'u 



(1) may then be derived from the following fact 

(2) 

a. s. in ω . 

Since T is ergodic, a.s. in ω 

Hence, it remains to verify that 

Since T is weakly mixing 

(4) 

Iterated applications of (4) leads to property (3), since fgdu = ο . 

PROOF OF PROPOSITION (1) : Applying the circle method, examine the 

expressions 

(5) 

Applying the previous lemma with t=1 to g= χA-μ(A) , one 

gets Ω' c Ω of full measure, such that for given ω ε Ω' and N
O 

large enough 

(6) 

Fix k>N
o
 and consider (5) with N=k . Writing 

Si 



it follows from (6) and the estimate 

|f π g1g2g3| ≤ ||g1 ||oo ||g2 ||2 ||g3 || 

that 

(7) 

1 
Since the integral in (7) equals 1/2 k(k+l), (5) does not vanish. 

Thus k belongs to Aw + Aw + Aw 

The proof of the second part of the proposition uses the 

following observation 

LEMMA: For fixed t and r sufficiently large, there is the 

inequality 

(8) 

.if 'Vi 1 

PROOF. If cn=1 , then the statement follows from the description 

of the Weyl sums (see [Vaug] for instance). By Holder's inequality, 

writing 1/r = , we may assume r even, in which case 

PROOF OF PROPOSITION (2). Consider the expression 

(9) 

Fix ε > o (to be specified later) and apply (1) to 

g = xA -μ (A) to get Ω' c: Ω of full measure, such that for each ωЄΩ' 

there is No fulfilling 

il 



(10) 

Let k> (N
q

) t and consider N = [k1/t] in (9). Write again 

From Hölder's inequality, (8) and (10), it easily follows that 

(11) 

From the solution of Waring's problem by the circle method, for 
r+1-t 

sufficiently large r , the integral in (11) exceeds C N 

Letting ε be small enough, (11) implies that (9) ≠ ο , hence k 

belongs to the (r+1)-fold sum-set of {ηt|η€Λw } . ω 

This completes the proof. 
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APPENDIX 3 : AN EXAMPLE. 

Our purpose is to construct a sequence of positive density 

satisfying the mean ergodic theorem but not the pointwise ergodic 

theorem. Thus the pointwise result on the return times is not a 

formal consequence of the Wiener-Wintner ergodic theorem. The 

ideas behind the example are not unrelated to the harmonic analysis 

of sequences exploited to prove positive results. 

Denote D = {z € Œ;|z|≤ 1} the unit disc and Œ-1 = {z Є Œ; |z | = 1 } 

the unit circle. We will construct a sequence (λn ) 
n=o,1,2,... 

in D satisfying 

(1) 

(2) (λ
η

) is not a "good weight" for the pointwise ergodic theorem, 

i.e. there exists a DS (Ω, μ, Τ) , μ a probability measure, and 

f € L°° (Ω, μ) , such that 

(3) 

Splitting the sequence λ = (λn) in its real and imaginary part, 

we may assume λ ranging in the interval [- 1/2, 1/2 ]. Use then the 

probabilistic balayage technique to represent 

λn + 1/2 = σn + ηn 

where the sequence σ = (σ
η

) is ο,1-valued and η - (η
η

) satis-

fies 

(4) 

Hence 

almost surely (5) 

S'4· 



We refer the reader to [B1], section 8 for details. 

Define A= {n e Z + |= 1} and g = f- fdu It follows 

from (1), (4) that A satisfies the mean ergodic theorem 

( A is an ergodic sequence). Since from (3),(4) and Birkhoff's 

theorem 

1 
A fails the pointwise ergodic theorem. Observe that d(A) = 1/2 . 

Next, we describe the dynamical system. Denote Ω the product 

space DZZ endowed with the product topology and T the shift. 

Assume given an invariant mean L on ZZ and a sequence 

a = (an ) , a € D . This sequence a will be specified later. 

The measure μ on Ω is defined as follows on cylinders 

G= ...DxDxGxDxD..., where G is an open subset of 

D-k x . . . x Do x ... x Dk 

μ (G) = L (η € ZZ | (a
n
, a
n+1, ..., an+2k) E G) (6) 

Since L is an invariant mean, μ is T-invariant. Let us 

mention that some additional work permits to replace the space D 

by {0,1}ZZ . The previous construction is then the same as in 

Furstenberg's reduction of Sremeredi's theorem on arithmetical 

progressions to a problem about dynamical systems. We will intro-

duce a sequence λ = (X
n

) satisfying (1) and rapidly increasing 

integers 

•••<<: Nk,1<< Nk,2 << ·" <<: Nk,j(k) <<: Nk+1,1 <<: 

such that for each k 

(7) 

ίί 



for all sufficiently large (depending on k) m taken in a set A 

of positive upper density. Let f = πo be the o-coordinate 

projection. Since (7) means that 

it follows from the definition of μ that 

which for appropriate choice of L will be non-zero. Hence (3) 

will be fulfilled. 

We consider a system {zC |c € {o,1} , r = 1,2,...} in CC1 
satisfying in particular the condition 

zc1 zc2 zc3 zc4 ≠ 1 unless {c1,c2) = {cvcj (8) 

hence (zn = nth power of z) 

(9) 

Denote , z € Œ . Thus Θ ranges in D and 

(10) 

For define 

(11) 

where the sequence e
c
 = +1 is chosen such that 

# B
r
 > a2r (12) 



where B is the set of those 2r-1 ≤ |n| < 2r satisfying 

Here α > o is some constant (that this is possible is an easy 

verification left to the reader). 

Define A = Ur ( B
r
 Π {2

r-1
 + 2

r/2
 <|n| < 2

r
 - 2

r/2
}) , 

where B
r
 is the set considered in (12). 

For each k, denote ξ1 ,ξ2 an enumeration of 

a 1/10-net in the unit ball of lZ k, the 2k -dimensional complex 

Hilbert space. For Nk,j-1. < η < Nk,j , put 

(13) 

where is identified with l2({ο,1}k). 

Assume the system (z
c

) such that for N ≥ NK,1 

(14) 

and 

(15) 

(the orthogonality relations needed to fulfil (14) follow from (8)). 

Compute (7) using the definition of the sequences (11), (13). 

Assume m € A and 2r-1 < m < 2r , where 2r >> 
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For 1<j<j(k) by construction, 

(16) 

invoking (15). Defining 

(17) 

the hypothesis m € A gives 

(18) 

Estimate by (10) and Holder's inequality 

(19) 

(20) 

(21) 

It now follows from the properties of the system (zc ), in 

particular (14) 



(19) (22) 

(20) 
(23) 

(21) (24) 

Invoking (18), (23)+ (24) < c.6
8
 . Therefore 

(7) (25) 

Since by construction (ξj| 1< j< j (k) } is 1/10-dense in the 

unit-ball of l2 ({O,1}k) , (25) and the lower estimate in (18) 

yield 

(7) 

taking δ small enough in the definition of Θ . Here p > o is 

some positive number and this completes the construction. 
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