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0. Introduction

It was found out recently that the empirical distribution method from probability the-
ory has interesting (aad perhaps even surprising) consequences in finite-dimensional convexity
theory. The relevance of this method to the problem of approximating zonoids by zonotopes
with few summands was first pointed out by Schechtman [S]. In [B.L.M] we refined the method
and results of Schechtman. In section 6 of [B.L.M] we pointed out that the empirical distri-
bution method gives interesting results if we consider instead of Minkowski sums of segments
(i.e., zonotopes) Minkowski sums of more general convex sets. Here we intend to explore this
direction in more detail.

In the first section we present results whose proofs are relatively easy modulo known results
in the literature. We present those results because of their intrinsic interest from the geometric
point of view. There are obviously many variants of the results which can be proved along
similar lines. One of the interesting aspects of some of the results of this section, as well as the
result of the second section, is that they combine the empirical distribution method with the
concentration of measure technique in the spirit of [F.L.M] or more generally [M.S].

In the second section we consider Minkowski symmetrizations (sometimes also called
" Blaschke symmetriza:ions) of convex sets. We obtain there a rather sharp estimate on the
number of steps neeced in order to obtain approximately a ball if we start from an arbitrary
convex body and choose the directions of symmetrization randomly and independently. Tech-

nically, section 2 is r=ore involved than section 1.

1. Minkowski Sums

We start by recz.ling the basic tool from the empirical distribution method namely the so
called Bernstein’s inequality. We shall state here three versions of this basic inequality as all
three will be used in :he sequel. The proofs of all versions are simple and very similar (and of
course also classic). We shall present here the proof of the third version (the proofs of (i) and
(ii) were recalled in B.L.M]; a martingale version of (ii) will be proved in the next section).

Before stating the result, we recall the definition of Orlicz norms which enter in its statement.



Let (0, u) be a probability space and let ®(t) be a strictly increasing convex function on [0, 00)
so that ®(0) = 0 and lim;_, o, ®(t) = co. We denote by Lg(x) the space of all real valued
measurable functions on  so that [ &(|f|/A)dp < oo for some A > 0 and put

Q

Q0 720 = i0f03 > 05 [ 8(17/Ndu<1)

Q

We shall be concerned here only with the two functions

(2) Yi(t) =et =1 , ¢at)=¢" —1

(besides of course the functions t?, 1 < p < oo, which give rise to the usual L, spaces).

Proposition 1. Let {gr,-};-‘f__l are independent random variables with mean 0 on some proba-
bility space (0, u).
(i) Assume that the {g;} are all bounded and that ||g;||; < 2 and ||g;||cc < A for all j and some
constant A; then, for0<e <1,

N
(3) Prob {| Z gi| > eN} < 2exp(—e*N/84) .
J=1

(ii) Assume that {g;} belong to Ly, (u) and that ||g;||z,, < A for all j and some constant A.

Then, for 0 < € < 4A,

N
(4) Prob {| Z:gjl > eN} < 2exp(—€?N/16A42%) .
Jj=1

(iii) Assume that the {g;} belong to Ly, (r) and that ||g;||z,, < A for all j and some constant

A. Then, for all € > 0,

N
(5) Prob {| Z g;| > eN'} < 2exp(—e®>N/8A?) .
j=1

Note that in contrast to (i) and (ii) we do not have in (iii) any restriction of the size of ¢.

We will in fact use (iii) below also for large €.



which matters is that the constant in the right hand side of (6) behaves like p'/2 as p — oo
and this is not hard to verify. Another form of stating (6) and (7) is that

=1 t=1 L=

1 n n O
© (IS r@ula)? < (3l <’ [ |3 riltudas
o = 0

where {r;} denote the Rademacher functions. By expanding exp(z?) into power series we
deduce from (8) that for some constant ¢ (we use here and below the same notation for different

absolute constants in different formulas)

(9) | Z""(t)""“zh 0,1) S el Z r‘(t)""”m(o.l) .
i=1 =1

Khintchine’s inequality has been generalized in many directions and several of these general-

izations will be useful to us below.

Kahane [Ka] and Kwapien [Kw] (cf. also [L.T, p.74] for a proof and [Ta] for a new

approach) showed that (8) and (9) remain valid if we replace the scalars {u;}_, by vectors in
a Banach space X (the constants being independent of X as well as of the particular choice of

n and {u;}" ;). Thus we have

(10) 1> "t'(t)"i”z,‘.,({o,l).X) < E"’(‘)"i”m((o,x),x; '
=1

i=1
A second generalization of (9) is Borell’s inequality [Bo] (cf. [G.M] for the current point of
view) which follows from the Brunn Minkowski inequality. Let K be a convex body symmetric
with respect to the origin in R™ with volume 1. Let y € R™ be a vector of Euclidean norm 1
and let o(t) be the (n — 1)-dimensional volume of K N {z;(z,y) = t}. Then for some absolute

constants ¢ and C

(11) o(t) < Cp(0) exp (— ep(0)[¢])

and consequently if u is the Lebesgue measure restricted to K then

(12) ”(93") Ly, (n) < C]_”(', y)l!L;(,u)

In this case we cannot replace in general Ly, by Ly, (e.g., for the unit ball in £7, suitably
normalized). For K the cube (12) becomes a weak form of Khintchine inequality. A discussion

of the relation between Borell’s inequzlity and Kahane’s inequality is presented in Appendix

II of [M.S].



Proof of (iii). Without loss of generality we may assume that A = 1 and thus, for 1 < 5 <
‘N,

In particular

/;|g,-|2kdp.52-k!, 1<k < oo,

and hence also [ |g;|?*~'dp < 2- k! for k > 1. If A > 1 we deduce that
Q

f exp(Agj)dp <1+ ) / |\g5|*du/k!
Q

k=2 Q

(= =]
<1+A2+2) 0 A%REI((2k) ! + (2k - 1)17Y) <
k=2

This estimate holds also for 0 < A < 1. Consequently,

N N
Prob { ng > sN}c‘AN < /exp (/\Zg,-)dy
j=1 Q ]

=1

N
H/exp()g,-)dus 3N
j=1q

By taking A = €/4 we deduce (5). o

In order to apply in a significant way Proposition 1 in convexity theory it is useful to have
at our disposal distribution inequalities which ensure that for some functions g which are of
geometric interest the norm [|g||; is comparable to ||g|z,, or even ||g||z,,. The basic result
in this direction is Khintchine’s inequality which states the following: There is an absolute

constant ¢ so that for every choice of reals {u;}”_, we have

n

n
(6) (Average| Z:tu,-r’)m’ < cplfz(z:u?)l/z , 1<p<o

=1 =1

(7) (i: u?)"/? < V/2 Average| i +uy|

i=1 1=1

where the averages are taken over all 2" possible choice of signs. The best constants in (6) and

(7) were found in [Sz] and [H| but their exact values are not important to us. The only thing



Another direction in which (9) or (10) can be generalized is by replacing the Rademachers
by more general random variables. In particular these inequalities hold if the Rademachers
are replaced by independent normalized Gaussian variables [L.S|. Marcus and Pisier [Ma.P]
discussed this question in detail and deduced from the Gaussian version of Khintchine’s in-
equality the following. Let | | be any norm on R™, let z € R™ and let p, the normalized

Haar measure on the orthogonal group O™. Then for some absolute ¢

(13) 1UzllLy, (ua) < ellUZll Ly (1) -

Afier presenting these preliminaries we can turn to the main subject of this section, i.e.,
results concerning Minkowski sums of convex bodies. We start by recalling a result from

[B.L.M| (theorem 6.3. there).

Theorem 2. Let K be a compact convex set in R™ and let 0 < € < 1/2. There is a constant

r(K) = r and there are orthogonal transformations {U,-};-";l on R™ with

(14) N < cne~2loge™?
so that
N
(15) (1-€)rB"c N~ 'Y U;K C (1+¢)rB"
=1

Here B™ denote the Euclidean ball in R™ and c¢ is, as usual, an absolute constant. Since
the method of proof of Theorem 2 serves as a model to several of the theorems below we recall
briefly its proof.

Proof: Without loss of generality we may assume that K is symmetric with respect to the
origin (otherwise replace K by K + (—K)) and that it has non-empty interior. By duality (15)

is equivzalent to

N
(16) (L —e)rlllzlll < N1 NIU7 2]l < (1+€)r|ll=]l]
i=1
where ||| denote the Euclidean norm and || ||. is the norm whose unit ball is the polar to
K.
We choose

(17 r= [ leldonta) = [ 10zl dun(0)
on

Sn—1



where o0, is the normalized rotation invariant measure on S™~! and u, is the Haar mea.sﬁre
on O™. Let {z;}™, be an e-net with respect to ||| - ||| on S™*~! with m < (4/¢)". For each i

we consider the random variables {g; ;})_; on (O", u,) defined by
g:,j(U) = Uzill. —r  1<j<N

where N will be determined shortly. Clearly, for every ¢+ and j, g¢;; has mean 0 and
l9i,5llz (ua) < 2r. It follows from (13) that ||gi;llz,, (s.) < €1 for some absolute constant

¢1. From (5) we deduce that for every € > 0 and every 1 < i< m

N
Prob {(Uy,...,Ux); |[N7? Z |U;zi|l« —r| < er} < 2exp(—e2N/8c2) .
=1
Consequently if 2 exp(—e?N/8c}) < 1/m, i.e., if N satisfies (14) there exist {U;}}_, so that
(16) holds if we take as z any element of the e-net {z;}™ ;. This implies that (16) holds for
every z with € replaced by A = 3¢/(1 — €) in view of the following simple and well known

lemma.

Lemma 3. Let T be a bounded linear map from a Banach space X into a Banach space Y.
Let 0 < € < 1 and assume that for an e-net ¥ of the unit sphere of X, |||Tz|| — ||z||| < & for
every z € ¥. Then |||Tz| - ||z||| < 3¢||z||/(1 — €) for every z € X.

Proof: Put A = sup{|||Tz|| - ||z|||| , ||zl = 1}. For every z € X with ||z|| = 1 there is a
u € ¥ wo that ||z — u|| < e. We have

1Tzl = llzll] < [ITull = lull| + [IT(z = w)l| = llz = wll| + 2]l= - y]l -

Hence A < €+ eA + 2¢ or A < 3¢/(1 — €). This concludes the proof of the Lemma as well as

of Theorem 2. a

Remark. The dependence of N in (14) on n and ¢ is close to being optimal in the case K
isl a segment, especially for large n. This question was discussed in some detail in section 6 of
[B.L.M]. It is known that if K is a segment one can replace (14) by N < ce~?n ([G]). It is
likely that the |loge| factor can be dropped also for general K, we did not check this point.
Our next result is of a very similar nature to Theorem 2. It uses instead of the orthogonal
group Kahane’s theorem. The point in this application is to show that the fact that a rela-

tively small number N is needed in (14) is not a consequence of some deep group theoretical



properties of the orthogoral group. A similar phenomenon happens if we consider the simpler

and obviously discrete setiing of the operation of changing signs.

Let | || be a norm in R™ and let {e;}"_, denote the unit vector basis. We define a new
n
norm ||z||o in R™ by putting for z = ) eye;
i=1
n 1 n
(18) lello =Average | Y ased| = [ 1|3 retyesat -
i=1 0 i=1

The unit vectors {e;}™_, form a 1-unconditional basis with respect to || - [|o (if they are already

a 1-unconditional basis of | || then of course ||z|| = ||z||o for all z).

Proposition 4. Let |- ||o be defined as in (18). Then for every 3 > € > O there are N choices
of n-tuples of signs {6],. ..,03}IL, with N given by (14) so that

N n
(19) (1—e)lzlo < N7 |Ibjasesl| < (L =e)llallo, == aies.

=1 i=1

Proof: Use exactly the same argument as in the proof of Theorem 2, just replace the use of
(13) by that of (10). o

We now pass to a sitvation where Ly, estimates are not available and we have to use Ly,
estimates. Given a convex symmetric body K in R™ normalized so that its volume is 1. We
associate to it a zonoid M (K) (called the centroid or moment zonoid of K) whose support

functional (i.e., the norm cetermined by its polar) is given by

— / (x> u)]du(z)
K

where u denotes here the 1sual Lebesgue meaure. The zonoid M(K) should not be confused
with another zonoid assoc:zted to K, namely the projection body of K (which will be discussed
in some detail in the pape: [B.L] in this volume). In contrast to the projection body which can
be an arbitrary zonoid the zonoid M(K) defines a norm which is up to an absolute constant
¢ (independent of K or n Euclidean. This is an immediate consequence of (12) above ((12)
also implies of course tha: ||{- ¥)||z, (x) is equivalent to ||(- y)||z,(u)). Like any zonoid which
is of type 2 it can be (in ~iew of [B.L.M]) approximated up to € by a zonotope having c(e)n
summands. The argumen: used above combined with (12) gives however a little more specific

information.



Proposition 5. Let K be a symmetric convex body with volume 1 in R™. Then for € < 1/2

and for N satisfying (14), we have with probability 1 — o(e) that

N
(20) (1-e)M(K) C N7' ) [-zj,2,] C (1+ &) M(K)
j=1

if the {zj}j-‘;l are chosen randomly (with uniform distribution on K) and independently.

Proof: By duality (20) is equivalent to

N
(20) [1-N1Y ()| <e

j=1
whenever [ |(u,z)|du = hag(x)(v) = 1. We consider now an e-net {u;}/2, in the set {u ;
hxy (u) il 1} and consider the random variables |(u;,-)| — 1 on K. The same argument as
that of the proof of Theorem 2 (using now (4) and (12)) shows that (20’) holds with a large
probability if the {z,;}}_, are chosen independentlir and uniformly distributed on K. o
We come back to the theme of Theorem 2 namely the representation of the Euclidean
ball as a Minkowski sum. We shall show, by combining the proof of Theorem 2 with some
results from [F.L.M], that the estimate on N given in (14) can be improved somewhat if K has
aa interior point and the Euclidean norm is properly chosen (or equivalently, we first apply a
proper affine transformation on K). For some K the improvement on the estimate of N can

be very substantial.

Theorem 6. Let K be a convex symmetric body in R™ so that the Euclidean ball B™ is the
ellipsoid of minimal volume containing K. Then (15) holds with N satisfying

(21) N < en(logn)~'e~2|loge] .

If moreover the space R™ normed by the polar K° of K has cotype q for some ¢ < oo with

co-ype constant Cq(K°) then we can replace (21) by

(22 N < clc'q(K")znl:'z/qs“zHogs] .

Proof: By the well known result of F. John [J] we have that n~*/2B™ C K C B", i.e.,

n~ V2|2l < llell. < Jllzll  z€R"



where ||| - ||| and || - ||« denote the norms whose unit balls are B™ and K° respectively. It was

shown in [F.L.M] that for some positive absolute constant ¢,

(23) "(K)= [ lalldon(z) 2 callogn/n)?
Sﬂ—l

and that ||z||. is strongly concentrated aroung r(K) in the sense that for m =0,1,2,...,
(24)  on{z €S mn Y2 <||z]l — r(K)| < (m+1)n"Y/?} < dexp (— (m — c3)?/2)
where c3 is an absolute constant. It follows from (23) and (24) that for z with |||z||| =1

U]l - r(K < ean™V? < car(K) [es(logn)? .

) |L¢g (o"vl‘n)

By the reasoning in the proof of Theorem 2 we get that for every € > 0 there exist {U;} ;-”;1 in
O™ with N satisfying (21) so that

N
IN72Y |Uf 2|l — r(K)| < er(K)
=1
for every z in an s-net of S®~!. An application of Lemma 3 and duality conclude the proof
for general K. If we have information on Cy(K°) for some ¢ < oo then as shown in [F.L.M]

we can improve (23) to
T(K) > cqu(Ko)—lnlfq—lﬂ

and this yields the estimate (22) on N. o

Remarks. 1. The estmates (21) and (22) are the best possible in general, at least as far
as the dependence on n is concerned. We shall explain this in the case of (21). Let K be

the octahedron in R™ and let {T;K}I_, be affine images of K (not necessarily rotations!)

N
such that )  T;K is up to 2 say an Euclidean ball. Then N > cn/logn. Indeed, by passing

Jj=1
to the duals the zssumption implies that the Banach Mazur distance from £ to a subspace

of Z = (L2 & - ® £%); (with N summands) is at most 2. By counting extreme points
in the unit ball of Z* we get that Z embeds isometrically in &(,3")”. Hence, as observed in
[F.L.M], ¢; log ((2n)") > n which is the desired result. The same reasoning gives the following
corollary of (21) in Banach space terminology. For every n dimensional Banach space X,
the space £} is of Banach Mazur distance < 2 from a subspace of (X ® X & -+ ® X); with
¢n/logn summards. This fact however, also follows directly from [F.L.M] without applying

the empirical dist-ibution method.



2. One should note that in the proof above we had to use Proposition 1 (iii) for large e.
In the proof of Theorem 2 itself, we used only small € and thus we could have used there only
Ly, estimates and Proposition 1 (ii).

The previous result becomes of special interest if we consider bodies K for which C3(K°)
is bounded (e.g., K the n-dimensional cube). In this case we get in (22) an estimate on N
which depends only on € but not on n. A variant of this observation is the following known

fact.

Proposition 7. Let K be a convex symmetric body in R"™ so that the Euclidean ball B™ is
the ellipsoid of minimal volume containing K. Then there is an orthogonal transformation U

so that

(25) A"'B" c }(K+UK) c B"
where
(26) A < ¢Cy(K°)In (C2(K°) +1)

Proof: The right hand inclusion in (25) is clear for every choice of U so we have only to
check the other inclusion relation. We denote the norm induced by B™, respectively K°, by
|- ||| and || ||+. It was proved in [K] in the case of the cube and in [M], [M.P] for a general
K that the set of subspaces Y of R™ of dimension [(n + 1)/2] for which

(27) lylll < exllyll.C2(K°)In (C2(K°) +1)  y€Y

has measure > 1 (with respect to the usual normalized measure on the Grassmanian). Hence
there is a subspace Y C R" so that (27) holds for Y as well as its orthogonal complement (with
respect to ||| |||) Y+. Choose now U to be the orthogonal map defined by

Uy=y,yeyYy |, Uy=-y’yEYJ-'
Then forz =y + : withy € Y and z € Y+ we have
A ! o -] -1
(28) [Uzlle + llzlla > llylls + [l2ll+ > (cC2(K°) In C2(K°)) ™ ||l=ll]

and this proves (25). o



Remark. It is of some interest to look at (28) also in the following form. By definition of

cotype 2 we have for every choice of {z;}/2, in R"

Cg(K°)/||Zr,(t zi|| dt > ( le z|2)Y? .

=1 =1

Inequality (28) shows that also an inequality in the other direction holds (of course not the
obvious reverse inequality since this would imply type 2 and thus that || ||. is uniformly

equivalent to an inner product norm). The inequality we get is that
(29) f I Er,(t)z')" dt < Cy(K°) In2C,(K°) ((Z lz:)12)? + (Z: U2 ‘/") .
i=1 i=1
Indeed, we have
[ DICRE f I e < (3 )

and by (28) we deduce (29).
We now give a result on a very general Minkowski sum. The proof is straightforward

generalization of the argument of Schechtmaa in [S].

m
Theorem 8. Let {K;}™, be symmetric convex bodies in R™ and let K = ) K;. Then for

i=1

every 0 < € < 1/2 there is subset {z,} Y, of {1,...,m} with
(30) N < cn?e2|logz|
and scalars {\;})_, so that

N
(31) ' (1-e)K C Z MK, C(1+e)K .

j=1
Proof: We pass again to the duals. Let -||; be the norm in R™ whose unit ball is K.
Then ||z|| = 3, ||z||; is the norm whose ur:: ball is K°. Let {zx};_, be an Auerbach basis
of R™ with respect to || - ||. In other words =k|| = 1 for 1 < k < n and for any z € R™ with

n n "
|zl < 1 we have z = ) agzx with |ax| < 1 for all k Let a; = E ||zklli, 1 £ ¢ £ m. Then
k=1

Z o = Z lzx|| = n and for every z with ||z = 1 we have||z||; < ;. Let v be the probability

measure on Q = {1,2,...,m} defined by v(i) = a;/n. Let {u;}{_, be an e-net with respect to



|| - || of the unit sphere in R™ with the same norm and with s < (4/¢€)™. The functions {g:}{_,
on {2 defined by

9:(7) = (nlluelli/es) — 1 1<i<m.

These are functions of mean 0 with ||g:||z_ () < n and ||g¢||z, () < 1. By applying (3) we can
find {i;})_; so that for every 1<t <s

N
(32) N7V nfluls;/es; — 1| < €
Jj=1

provided that 2logs = 2n|log4/e| < €2N/8n, i.e., that (30) holds. Now by Lemma 3 it follows
from (32) that
(1-A)K C —Ena_lK c(1+A)K
=1
where A = 3¢/(1 —¢). o
It is likely that at least some of the refinements of Schechtman’s result which were worked
out in [B.L.M] carry over to the setting of Theorem 8. We did not pursue this point.

2. Minkowski symmetrizations

Let K be a compact convex set in R™ and let u be any vector in S*~! = {u ; |||[v||| = 1},
where as before |||-||| denotes the Euclidean norm. We denote by 7, the reflection with respect

to the hyperplane through 0 orthogonal to u, i.e.,
(33) TuZ =z — 2(z,u)u .

Obviously 7, is an orthogonal transformation in R®. The Minkowski symmetrization K with
respect to u (or with respect to hyperplane orzhogonal to u) is defined to be the convex set
,‘l,(;-ruK + K). This type of symmetrization was apparently used first by Blaschke in his book
“Kreis and Kugel” and is therefore also called Blaschke symmetrization. The main result
in this section is a proof of the fact that for every € > 0 we get from K after performing
cnlogn + c(e)n random Minkowski symmetriza:ions a body which is (with a large probability)
up to € an Euclidean ball. By a random Minsowski symmetrization we mean an operz;:tipn

in which u is chosen randomly on S™~! with the usual rotation invariant distribution. If



we perform several operations the u’s in different steps are chosen independently. After N

symmetrizations by vectors u;,...,uy, the resulting body may be written in the form

2% Y [ m(®)
Dc{1,..,N}i€D
where the sum is taken over all subsets D C {1,..., N}. As insection 1, we want this Minkowski
sum to approximate the euclidean ball for a random choice of vectors u;,...,ux in the sphere
S™~1, where N should be taken as small as possible.

This result on Minkowski symmetrizations is in some sense related to the fact discovered
by Diaconis and Shashahani (cf. for example [DS]) that the product of ;nlogn + c¢n random
reflections m, produce a random orthogonal transformation on R". It does not seem however
that this fact can be used for simplifying the proof of our main result. The methods we use
here are different from the tools employed in [DS]. In particular we do not use here results from
the theory of group representations.

In the proof given here, the methods of the pfevious section have to be combined with
additional techniques, given in Lemmas 10,11,12. We will make use of the concentration
phenomena on the orthogonal group (see Lemma 13) besides the concentration on the sphere.

The version of Bernstein’s inequality we use in this section involves martingales rather
than independent random variables. More specifically we use the following martingale version

of Proposition 1(ii).

Proposition 9. Let (2, B,u) be a probability measure space and let By C Bz C --- C By be
sub-o-algebras of B. Let f be a By measurable real valued function and let put E(f | B;) = f;,

1 <1< N. Assume further that for some constant A

(34) E(exp(|fi — fi-1|/A | 3i-1) <2, 1<i<N

(Bo is the trivial o-field and fo = E(f | Bo) = [ f(w)dp). Then for 0 < e < 44
(35) Prob {|f — /n fdu| > =N} < 2exp(—e*N/164%) .

Note that the assumption (34) is stronger than ||fi — fi-1lL,, < 4; it is a pointwise

condition on the conditional expectation.
Proof: There is no loss of generality to assume that A = 1 and that ffdp. = 0. Put
Q

d; = fi — fi—1 and note that E(d; | Bi-1) = 0. Also by (34) E(]d,-[“|8,'_1) < 2 - k! for



1 <1< N and all k. Hence for 0 < A <1/2

(= o]
E(exp(Ad;) | Bica) S14+2) A <1+4X2, 1<i<N,wen.
k=2

Consequently for 1 < N

[ o0 = [ B(exp(35) | Bi-1)an
Q Q
- / exp(Afiz1) - E(exp(Adi) | Bim1)du < (1 + 4)2) f exp(Mfi_1)dps .
Q Q

It follows that

Prob{f > N} exp(sAN) < / exp(Af)du < (1 + 422)V < exp(4A2N) .
0

By taking A =¢/8 (< 1/2) we get
Prob{fnx > eN} < exp(—€*N/16)

and this implies (35)

We shall apply Proposition 9 in the proof of

Lemma 10. Forz € S™! and u = (u;,u,,.. . UN) € (S“_I)N put

(36) eu() = sup 27N ([ muz)l

D  ieD
where the sum is taken over all subsets D of {1,...,N}. Then for fixed z,0 < § < 8y, n > n(6)

and N = ¢yn|log§| we have
(37) Prob {u ; pu(z) > 6} < exp(—c26%n/|log 6|)

where 6o, ¢; and ¢y are absolute constants.

Proof: Clearly p,(z) = 2=N| Y 0p ] mu,zl||| for suitable signs 0p (i.d., 0p = *1).
' D €D
It follows that
(38) pu(2)? <4V SN (] 7wz, [ 7z
D D' ieD i€D’

Every summand in the right hand side of 38) is at most 1. The number of summands for which

the symmetric difference DA D’ has carcinality DAD’ < N/4 is o(4") and thus for n > n(6)



(5
is at most 64V /4. We consider the other summands and take a choice of D and D’ so that

DAD’ > N/4. We consider

fo,or(v) = f(u) = ([ mwiz, ] 7uiz)

i€D ieD’!

as a martingale taking as the sub-o-algebras B; those subsets of (S™~!)¥ which depend only on
the u; with § > N —1. The indices ¢ which contribute a non-zero summand to the presentation
of f as a sum of martingale differences are exactly those which belong to DAD’. We explain
this by considering ¢ = 1. If 1 ¢ DU D’, then obviously f is already By_; measurable. The
same is trué if 1 € DN D’ since 7,, being orthogonal implies that

f(u) = ( H T, T o H wu‘z) A

ieD~{1}) ieD'~{1}

Assume that 1€ Dbut 1¢ D'. Putv= ] gz, w= [[ my,z. Then
1€eD~{1} ieD’

f(u) = (my,v,w) = (v,w) — 2(v,uy){w,uy) .
Put

f-2(0) = B{f | By-a} = (ow) =2 [ (o,u)(w,u)don(v)

- (1 = %) @ o) -

f - fN—I = %(‘U, w> = 2(0,1&1)(!0,‘!&1)

Note that

and that ||( - v)?||z, (s»-1) & n~'. Hence, for some c3 > 0 and all v and w
E(exp(can|f — fn—-1]) | Bn-1) < 2.

The function fy—_; is of the same form as f only with the additional factor (1 - ;) We can

now repeat the same reasoning with ¢+ = 2 and so on. We get in particular that

E(f) = / f(dop)N = (1—%)N where N’ = DAD’.
(S~=1)v
Since we assume that N’ > N/4 we can, by a suitable choice of ¢; (in the definition of N),
ensure that |E(f)| < 6/4. Since /2N < 4/can for § < 6o we may apply Proposition 9 and get
that for some absolute ¢4 > 0

Prob{|f| > 6/2} < Prob{|f — E(f)| 2 6/4}

< 2exp (— 6%(can)?/16-4- N') < exp(—c4é’n/|logé]) .



For D and D' with DAD’ > N/4 put
1 if |fp,pr(u)] > 6/2

Xp,p’ (v) = {

0 otherwise.

Then
Prob {u ; Xoio: (u) =1 for at least & - 4V /4 pairs D,D'} < 4(4”6)'1E(ZZXD D’) <

D D’
< 467! exp(—c46%n/|log ) .

If u is such that for at most § - 4 /4 pairs D, D’ with DAD’ > N/4 we have |fp,ps(u)| > §/2
then clearly
oul(z) <6/4+6/4+6/2=6. o

Our next goal is to strengthen Lemma 10 by showing that ¢, (z) is small for most u and

all z and not only a single z.

Lemma 11. Let p,(z) be as in (36). Then for N = c¢56~%|logé|®>n, 0 < § < 8o and n > n(6)
(39) Prob {u ; py(z) > & for some z € S"~'} < exp(—cgn|logé|) .

Proof: Let k and N; be integers, let u € (S*~!)V* and v € (S"~1)*¥N:, We consider (u,v)
as an element of (S™~1)(¥+1)MN: and there is an obvious meaning to @y ,(z) for z € S*~1.
Note that pu,u(z) < pu(z) for all u,v and z. We assume that ,6 and N; are such that for all
ze St

(40) Prob {u € (S*" 1) ; p,(z) >6§/2} <e.

Since, for each fixed vo, Yu,v,(z) is bounded from above by the arithmetic average of 2kN1 of

n—1

expressions of the form ¢, (z) for suitable vectors z in S we get by the same reasoning as

that used at the end of the proof of Lemma 10 that

Prob {u € (8™ )M ; vy (z) > 6} < 2/é.
Hence, for all z € S™~1,
(41) Prob{(u,u) Reuule) = 6} < Prob {v ; pu(z) > 5} - 2¢/6 .
By induction on k we deduce that

(42) Prob {v € (S* )M ; p,(z > 6} < (2¢/6)* .



By Lemma 10, (40) holds with N1 = ¢;n|log§| and € = exp(—8¢26%n/|log §|). Hence by taking
k ~ |log §|26=2 in (42) we get that for N =~ n6~2%|logé|®, z € S~ 1,0 < § < § and n > n(s)

Prob {v e (S" )V ; p,(z) > 6} < (6/4)*" .
Let {Zo}aca be a 6 net in S*~1 with A< (4/6)™. Then
(43) Prob {v ;p,(z4) > 6 for some a € A} < (5/4)" .
A trivial argument, similar to the proof of Lemma 3, shows that if p,(z4) < § for all z, then

wu(z) < 6/(1 —6) <26 for all z € S™! and this concludes the proof of our assertion. o

Remark. It is evident from the proof that if we take a larger value of N we get (39) with
a smaller value for the probability. This holds also for the results below, in particular for
Theorem 14.

Our next lemma is a simple exhaustion argument.

Lemma 12. Assume that {wq}aca is a family of vectors in S™~! so that for some § > 0

sup A1) [(wa,v)| <6 .
yesn—! acA

Let 0 < A < 1 and let k be an integer. Then there are disjoint families ¥3 = {B;}%_,, B € B, of
elements of A so that |J 75 > (I—A)?—k and so that for every € B there is an orthonormal
BEB

set of vectors {vg,}X_, satisfying

(44) llvg — wg ||| < 645/x, 1<i<k.

Proof: Assume that we already have families 5 as above and that U7 < (1 - A)i — k.
B

Then we can construct by induction on ¢ distinct elements {a;}¥_, in A which do not belong
to the 75 and for which
i

(45) Zl(wa:,wa‘_‘_l)ls‘l&/;\, IS‘Sk_l.

j=1

l

Indeed, put A = A ~ ({a; Yz U U F5) then A > A4 and by our assumption

Z:Z wﬂ!wa)l'(ZZ‘wa, wa|<15A

= ] j=1ax€A



Hence there is an a € A which can serve as a;4; in (45). Let {vq,}%_, be the system obtained

from {w,, }¥_, by the Gram Schmidt orthogonalization procedure. Then

1
Vg.., — Wg.: <2 E Wa:,, s Va: )l <
= il =
|“ ai+1 n.....,”l I( a;+1vVa )I
=1

t t
<2 (Wi s wa)| +2 ) |llwa; — va,!]| <
=1 i=1

i
<26i/A+2)_ ||lwa; — va;l]| -
=1

From this inequality we deduce by induction on ¢ that

<é6-4/), 1<i<k. o

|[lva; — wa]
The next lemma is a concentration of measure result on the orthogonal group.

Lemma 13. Let ||-|| be a norm on R™ so that ||z|| < |||z||| for all z. Let {z;}*_, be orthonormal

vectors (with respect to||| |||), and let u, be Haar measure on the orthogonal group O™. Then
(46) u{U €0™; k1Y Uz / |Uzldin(U)] > €} < exp(—es?nk) .
=1 on

Proof: We use the following known fact (cf. [MS], p. 29). Let F be a function from O™ to
IR which has Lipschitz constant A if O™ is taken in the Hilbert-Schmidt metric, i.e.,

|F(U) = F(V)| < AU = V]l|n.s.

Then
pn{U eo™; |F(U) - / F(U)dun(U)| > €} < exp(—ce’n/A?) .
on

k
We use here the function F(U) = k~! Y ||Uz;||. Note that
=1

k
|F(U) = F(V)| <k™2) (U -V)zi| <

=1

k k
<k YOI -Vl < £ - Ve 7)Y <

i=1

< kY2||U = V]||us.

Thus we may take A = k~/2 in the estimate above and this proves (46). o

We are now ready to prove the main result.



Theorem 14. Let K be a symmetric convex body in IR™ and let € > 0. If n > ng(e) and
if we perform N = cnlogn + ¢(e)n random Minkowski symmetrizations on K we obtain with

probability 1 — exp ( — ¢(¢)n) a body K which satisfies
(1-¢)rB* c K C (1+¢)rB"

for a suitable r = r(K) .

The meaning of random Minkowski symmetrizations was explained in the beginning of this
section. As usual ¢ denotes an absolute constant while ¢(e) and ¢(e) denote positive constants
depending only on €.

As was the case in section 1 it is more convenient to carry out the proof in the dual space
because of the simple behaviour of the support function of a Minkowski sum. We first formulate

the theorem in the dual form

Theorem 14'. Let || - || be a norm in IR™ and let N = cnlogn + c(e)n (where € > 0 and
n > no()). Then for all {u;}N_; in (S*~!)N with-the exception of a set of (0,)N measure at

most 1 — exp ( — &(e)n) we have

(47) t-erllielll <27V ) [ [ muzll < @ +e)rlllzll,  zeX
D ieD

where the sum is taken over all subsets D of {1,...,N} and
() r= [ lelldon@) = [ I02ldun (@)
Sn—1 on
Proof: We assume as we may that ||z | < |||z||| for all z and that for some vector e, |e|| =
|le|]|]| = 1. Then clearly ||z|| > |(e,z)| and thus

(49) 1>r2> / |{e, z)|don(z) = 1/v/n .

We shall perform the operations in steps. We shall show below that the following holds.

Statement a. Ifr < 1/8, then with Ny < ¢;n we have
(50) Izllz = 27 > || ] mwizll < 3lllalll,  z€ R
D izD

with probability of at least 1 — exp(—z2n).

In proving Statement a, we shall use Lemma 11 for a certain absolute value of §. Note

that because of the rotation invariance of o, and the fact that the m, are unitary operators



we have that r = [ [|z||adon(z), i.e., r does not change in this operation. If r < 1/16 then
Sn—=1
by applying Statement a to the norm 2||z||; we obtain a norm 2||z||3 which satisfies ||z||3 <

$ll|zl||- (Statement a uses only the normalizing condition ||z|| < |||z|||. The requirement on
the existence of e with jle|| = |||e||| = 1 is used only to obtain a lower estimate on r in (49). As
mentioned, r is fixed throughout the whole procedure.) Note that because of the special form
of our operation if follows that ||z||3 can be obtained directly from ||z|| via the formula.
lalls =272 3 || T] musal]
D ieD

where here of course, the sum is over all subsets D of {1,2,...,2N;}. In view of (49) we will
get, after %logn steps, to a norm for which the ratio between its maximum and average on
S™—1 is at most 8. So far we have performed %clnlogn symmetrizations and the probability
that we fail to get a good norm is at most 3 logn exp(—can) < exp(—e3n) (for n > ng). Thus

to conclude the proof of the theorem it suffices to verify besides Statement a also

Statement b. If > 1/8, then for all € > 0 and n > n(e) and with N2 = ¢(e)n

(51) (t=o)rllzll <27 3 || [T mui=

ieD

|<@+e)rlllzlll, =zeX

with probability of at least 1 — exp ( — ¢, (e)n).

Proof of Statement a. We shall use as §,A and k absolute constants which will be
determined shortly. By Lemmas 11 and 12 we get with probability 1 — (§/4)" (see (43)) that
if Ny = ¢562|logé|®n we can decompose, for every z € S™~!, the set consisting of the 2™
‘vectors [] 7,z into disjoint families {73} pecp consisting of k elements each and a remainder
of size ,\.‘261:?1 . For each such family 7 = {wj}_‘;?=l there are orthonormal vectors {v,-};;l so that

|||w; — vj]|| < 6-4%/X for all j. By Lemma 13

k
(52) pn{l € O™ ; k71 E |Uvj|| — r > 1/8} < exp(—cakn) .
i=1

Hence

k
pn{U€O0™; k71 E||ij|| —r>1/8+6-4%/\} < exp(—cqkn) .

=1

Consequently the set of [” € O™ for which

k
DY lUwy |l <7 +1/8+6- 4k /)
=1



for at least (1 — ,\)ﬁ of the families 73 have a measure not smaller than 1 — A~! exp(—c4kn)
(use the same argument as that at the end of the proof of Lemma 10). We deduce from this
that there is a set of {u;}N*, of measure at least 1 — (§/4)" so that for all z € S®~! the set of
U € O™ for which

(53) 27N Y ||U [ iz

D i€D

|<r+ +6-45/ A+ 2+

has measure > 1 — A~ ! exp(—c4kn). By Fubini’s theorem we deduce that for some U, € O™,
(53) holds for all {u;}}}, in a set of measure > 1 — (§/4)" — A~! exp(—c4kn) and all z in a set
of measure > 1 — A~ ! exp(—c4kn). Since
U H Ty, T = H Tuw,UT
i€D ieD

and the map {u;}N!, — {Uw;}}, is measure preserving there is no loss of generality to

i=1
assume that Uy = identity. We choose ),6 and k so that 2X = 1/16, §4¥/) = 1/16 and then
A~ exp(—c4kn) takes the form exp(—cs|log§|n) and we are still free to choose § as small as
we please. For § sufficiently small a set on S™~! with measure > 1 — exp(—cs|log §|n) contains
a 1/4 net. Thus for a 1/4 net on S™~! and a set of {u;}}!, of measure > 1—2 exp(—cg|log §|n)
we have

(59 27 N L musll < 3/8.

t€D
This implies that (54) holds for the same {u;}Y!, and all z € S™~! with 3/8 replaced by

3/8-(1— -) = 7 and this proves (50).

Proof of Statement b.  The proof is almost identical to the proof of Statement a only now
k,6 and A will depend on the given e.
Instead of (52) we will get now

k
un{U € O™ 5 k™1 Y ||Uv,|| = r| > er/4} < exp(—c7e?kn) .
i=1
We shall choose now k and A and § so that 2\ = /32 (< er/4) and §-4%/) = €/32. This gives
for the measure of the exceptional set (of {u;}j!; or of z) an estimate of
exp ( — cge?|log(e/6)|n). For non exceptional {u, }¥i and z € S"~! we get that
(55) |2~ M Z | TI #uiz —r| < 3er/a.
teD
We choose now (&) small enough so that by an argument using nets on S™=1 we can ensure

that (55) holds for all z € S®~! with 3er/4 replz:ed by er. o



Remarks. 1. The theorem and iis proof are valid also for non symmetric convex bodies
K which contains O in their interior. We just have to work throughout with norms such that
I - 2l # =l

2. The dependence of the ¢(¢) (appearing in the statement of Theorem 14) on & which we
get is c(€) ~ exp(ac™?|loge|).

3. The dependence of N on n in Theorem 14 is optimal. Let e be some vector in
IR™ with |||¢||| = 1 and consider tie norm ||z|| = |{e,z)| + |||z|||/n'/?. For this norm

r= [ |z||don(z) ~ n=/2. After k random symmetrizations we get from the given norm a
Sn—1 .
norm whose expected value at z is > (1 — %)k|(e,:c)| + |||z]||/n!/2. Thus unless k > inlogn
we get a norm whose expected value for e is significantly larger than its average (i.e., ). If
we consider also deterministic symmetrizations then it is no longer clear to us that c¢n sym-
metrizations will not suffice always. For the deterministic case it is evident that in general we
need at least n — clogn steps. Indeed, if we symmetrize with respect to {u;}%_, we do not
change the norm at all of vectors z waich are orthogonal to all the {u;}X_;. For some norms
(e.g., the norm in £3,) it is known that there are no subspaces of dimension > ¢ log n which are

Euclidean up to 2,say.
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