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A REMARK ON THE MAXIMAL FUNCTION ASSOCIATED TO

AN ANALYTIC VECTOR FIELD IN THE PLANE

3. sourcat )

l. Introduction

We conslder the planar case, Let thus IIU::It1 be a bounded open set
and v: O = s} or, more generally, v: n'-rl1 be a vectorfield defined on
a neighborhood (' of the closure [l of (L

For g = 4 (taken small enough), consider the averages (along v)

1 [
A= [ fOrevx)de (1.1)
0

where £ L8 a priori a bounded measurable function
The differentlation problem f= lim ﬁnl’ almost sure (a.s.) leads
=0
naturally to estimacing the corresponding maximal function

H“E = Mf = sup 1.&EE| 5

€< g,
although our interest in this object here will be rather the purely

harmonic analysis aspects. Our purpose is to prove the Lz—inequality in the

real-analytic case (se¢ Theorem 2 below).

Already the boundedneass of hEE (as an operator on |_.1 say) requlres
hypothesis on v, as shown by the example of the Nikodym set (see [G]).
The differentiation problem has been solved affirmacively in the analytie
case but Is scill open for & vecter Elelds. More precisely, estimates
on v were obtalned vhen v has non-vanishing curvature (see [N-$5-W]), say

inf dec[Dvi{x)v{x),v(x)] >0 . (1.2)
x EQ

*
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Assume v normalized and det[Dwv(x)v(x),v(x)] > 0 on (3. Then an L?-baund

on |-|1III may In fact be formulated in terms of the quantity

sup det[Dv(x)wix),vix)]

0
inf det[Dv(x)v(x),v(x) ]
y

(1.3)

thus the ratio between maximum and minimum curvature of the integral
curves of v. In the context of "non-vanishing curvature”, this theory
has been generalized and developed in several directions (for instance,
the higher dimensional case and maximal functions assoclated to certain
Radon-transforms, of [Chr], [Ph-St.]).

It has been observed that for a constant curve r; = [, the maximal

function

[ =
Hrf{:-:} = ::pu ig [E{x + T'{I:]]1dl (1.4)

requires geometric conditions on T In order to have non-trivial boundedness
properties. However, these restrictions on [ did not indicate
so far necessary conditions on the integral curves in the vectorfleld

case,. Possibly H“ is bounded as soon as v is ﬂ},

2. Statement of a Condition and Verification in the Analytic Case

The letters ¢,C > 0 will stand for various constants.

The result proved here is obtained using known ldeas and techniques.
As such, a conditlon on v will be Imposed, expressing "how well v turns",
This condition will permit us to prove the L;-baundednc:n of Hu and will
apply also in certain flat cascs, even Ilncluding stralght lines among the

integral curves of w.



For x € (] and £ small enough; define the function
w (£) = w(t) = ldet[vix + tv(x)),vix) ]| . (2.1)
We require a unlform estimate of the Eype

mes{t € [-g,e]l: wit) < 7 sup w(e) } £ ETcg (2.2}
-E S t<g

vilid for all 0 = s < 1, 0 =g < € where 0 < ¢,C € = are constants

independent of the polnt x E [l

Theores L: IE v is ﬂ} and sacisfies a condition (2.2), then Hv is

bounded oa L2(C) .

Combining the argumeént with some additional interpolation, the
analogue statement for p > 1 may be obtained. We do not carry the decalls
out In this paper. It is also likely that similar ideas permit us to

prove boundednass results on the Hilbert transform along v

€
0

H E(x) = Bv [ i{x : Evix}) 4e .
"0

In case of posltive curvature, (2.2) holds vith ¢ = 1 and for C the
expresslon (1.3). The maln additional application [z the Eollowing

strengthening of the differentiation result for real analytic vectorfields.

Theorem 2: Let v be real analytic on O'. Then for €, » 0 chosen

small encugh, Hu is bounded om LF{{H.

In order to verify (2.2), consider first the polynomial case.

Clearly, for fixed =,



ple) = detlv(x + tw{x)},v(x)]

iz a polynomial im t of degree bounded Independently of x.
How on polynomials p = p(t) of a given degree d, there is a uniform

estimate (2.2} In fact, one has Eor p ¥ O,

€
P% f lpcey|~P d:}lfﬂ {| sup |p(oy i< cip.d) ., p < % (2.3)

T|=
2 <

which is easily checked by factorization of p and using Holder's
inequalicty.

Asgume now v = v[xl.:ij real analyctic in a neighborhood of the
closure 0} of . If sach polnt *q 'EEl has a neighborhood on which (2.2)
holds, then (2.2) will be wvalid on ?L hence [}, by compactness.

Since v Ls real analytic, we may write for Ix-:u1 <6

K
Fix,£) = E £, (x=x_)E
ko1 K 0

where for some constant C,
IEkmﬂic’“’m L, EN =N x M. (2.4)
We use the following
Lemma 2.3: There is v > 0 such that for 1::' <y,

IRCIEY-E = max £ 00| (2.5)
=

holds, where ll:ﬂ is some Integee.



It will then clearly suffice to have a uniform estimate (2.2} for

real analytlc funcclons w(c) = E E{h}l:k satisfying
k>0

sup |@(k)| = sup |EK)| =L . (2.6)
k>0 k < kg

Such w may be writtem om a (Eixed) nelighborhood of 0 as a product p - oy
where p is a polynomial of bounded degree (depending on ku} and
mlm}i > & = b(ky). Verification of (2.2) then reduces to p, i.e., the

polynomial case.

Proof of Lemma 2.3: We will invoke a quantitative version of the

division theorem for convergent power series, which may be found Ln [Br]
(see Th. II}. Take thus ll,"'"i‘. > 0 linearly Iindependent over Z and
consider the Banach algebra K[p] of formal power series f in Xy 9%y guch

that

i O P
lell = L e lte 1B <=
]llji Eﬂ

£

denoting p = {pl.pzj, Py ™ 1] l, Py = 77~ and where 0 < 1, 7| < 1 will be

sultably chosen, Glven palrs E .EF in H-I,, denote

Sk
A= L {Ei + HI} and R{A,p) the subspace of elemeénts
1<i<p
faix - in Elp] such thae E(u'.] =0 for @ € A. For appropriate v > 0,

E=T fig)
a
by (2.5), the sequence (f } is contained in K[p] and lltkl] < . Lec d
be the ldeal generated by {Ek] in K[p].
It is proved in [Br] (see Th. ILI) that there this +,71> 0, a finlte
generating sequence Fl" ...FP in & and a set A CI:-I2 as above, such that

the map ¢ given by



P
aali hy = E F. +h

maps H[p] onto K[p], denocing

Hlpl = k[p)® @ r(a.p)

the Banach space with norm
P E;
lgys-- 8ot = = o Ullg,ll + Il -
i=1

Moreover, every element f In K[p] Ls equivalent up to an element of &

with a unique element of R{A,p). Thus for £ €&, ||£]l €1, there 1s a

representation f = L El.Fi for some ByresrB € Klpl, HEI."' <B
l<i<p P

(l<i<p). In particular, for some v > 0,

€G] < ¢ max|p, (0] 1f |x| <. (2.7
Since the Fi & &, there is an integer ku such that the right member of
(2.7) is bounded by C max 1fkh:'|' Applying (1.11) to the functions
k<k
S

E'm J:-k'Ek completes the proof.

Remark: The author is grateful to P, Milman for polnting out the

reference [Br] to him, simplifving an earlier argument.

We now come back to the proof of Theorem 1. The baslc fdea Is the
following. To the wvectorfield v, we associate a "natural" system of
rectangles, say &, for which the corresponding maximal operator HG
gsatisfies a weak-type estlmate and hence i3 bounded on 1..:. The difference

between H,.r and M_ is then taken care of by "local" estimates, posslible

[ 4
because of condition (2.2).



In the next section, a general estimate is proved whilch i{s later

exploited using (2.2}).

3. A Local Estimate on the AE-Mnmges

Assune || < B and choose ¢ < ¢y < T5o5 - It then easily follows

from a change of varlable that
la £ll, < 2ligll, (3.1)

where, for convenience, th is redefined as

nEHH} = I El(x + gtvix))a(t)dt {3.2)

taking for o a fixed, positive C -Ffunction supported by [-1,1],
a(-t) =a(t), [a(t)de = L.

Since Hv is a positive operator, we may as well put

va{xj = Sup iﬁefl
€ <e
where HEE is defined by (3.2).
Take a polnt % £ {1 and assume ﬂxﬂ} ¥ 0. Let R be the rectangle

with center Xy orientation v{:u}, length :[?{ }l {in direction v{xu}]

*o
and width

(x.)
fmwg - sup Idet[\r{:o + r,u(::ﬂ]}. {53?1-][ (3.3

le] < e
which we assume non=-zero.

evix)

'r{xq‘.l

el vixg |



Since g =< L {'TE%E y X+ gvix) will clearly lie in a 2&4-neighborhood

of xq + Hv{xn}. hence in the doubled rectangle R, of R, for each x € R.

L
Let T be a positive number (practically T > ﬁ-l} and assume
BUpp fc B(O,2T)\B(D,T). Let ¢,§ be a pair of positive ¢ =functions

amJHF satisfying

[ #(x)dx = 1 = [ ¥(x)ax (3.4)
q,i are supported by the disc B(0,1) . (3.5

Denote as usual qhixj - ﬁ-=¢{ﬂ-11], hence supported by B(0,8). Thus,
denoting H3 a doublinmg of RE’ 1“] W qﬁ = 1 on RE and by previous

consideraclons, also

AE| =af
£

2
g ™A I!H where £ fixaz * g . (3.6)

The Eunction

8= f0g * 9 * o
E §

satisfies the following properties, by (1.5}

lsl < 1£] « g * 49 (3.7
& o
T
supp & = B(0,31)\B(O, ) . (3.8)
Also
e, -sll, < 2ll€ O, * o'l - 1ht.gl:i e (g -yl
T T
where & stands for Dirac measure at 0. Further

0



g, * 7 * (8 = o)l = llo* 8 - 4l 255
T 4T

and thus, by (3.1}, (3.8},

lagtly - Aelgll, < 2lle-sll, <3 llf{:n,“ * 1yl - (3.9)
T

Our purpose now is to evaluate HAE;|EH1. By (3.8), we may write
a8 = [ 5@ ™ deeven anpatehas (3.10)

where B {s a C™-functfon, 8 = 1 en (3,3] and vanishing outside [},4].
Estimate by duallby

Iaglgll, = | 8@ ne' ©8) Gevio enaxipale)reg

< llgll, I neoRGey D] et %28 d(e (v NG (e vix) £ N BCT ™" £ |ag Taxdx" ).

We simply appeal to Shur's inequality to estimate the integral above.

Thus by (3.7}, (3.9), this gives the following bound

51!2

s _elgll, < clyy + Zﬂif':wu.ﬂll * o'l (3.11)
T

denotilng

S 2 et X8 G ie ) E NG (e v (x) ENBT gD agax  (3.12)
X
B

and which remains to be evaluated.

Put

x-x' = l!—u'ieiﬁ, £ -:'uiﬂ, vix) = 1#{:}1&1“, wix') = |v{:'}|-iul
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and rewrlte in polar coordinates

[ et & X8 hdc. apa g e

% 5{;:1u(='1|=n=(a-u'1ja{r'1:}=u:da 3 (3.13)

5

Pul:l."l:T.lil:fh. ﬂpllctihyi-z

% + 8 and estimace (3.13) as
TI‘“I Ef.i:ﬂ-:.:'ll:T ’inm'mifﬂﬂ'1“(ﬂ |Bin{ﬁ-u}}

X dletT|v(x") [sia(B-v"))B(L) cde|dl . (3.14)

Evaluate the t-Lintegral In (3.14). Firsc, by partial integration and

the fact that @ € . there is a bound
. = =6
o1 + |x=x'|T|sin@-e) )™ . (3.15)
Sacondly, using just the decay of @, there is also the estimate

c(l + eT|v(x) | |sin(@B-v) | + gr1v{x'}11utncilu'}|}'5 . (3.16)

Mote that for x € R, |l.r|‘,u}| - u{:n}l < 51'—““[}' = !B:lv{:u”, hence
I'l.rl:x}l = 1““1}”‘ Also |:|:-:|:'i < ngﬂ{:ﬂljl for x,x' ER.

Recombining the terms of (3.15), (3.16), one gets cherefore

(L + etlvixg) | sta@-w) | + eTlvixy) | |singu-v) | + T]x-x" | |stacg-w | 178
bounded by
1+ qriu{xulllul.nii-v}l]-:

x [1+ W (|dee[x=x"' ,v(x) ]| + ctﬂat[vit]:‘-‘{l'}]l}]'ﬁ .



Integrating In 0]

'1 i + ELII’I' x l
4 t!d!t[uii},ﬂ{:'}]i}l ® {J'li]

We now come back to (3.12) and Iintegrate on R. For fixed x €R, write

vix)* for the normalized direction perpendicular on v(x) and for x' €R
x'-x =av(x) + B0 * (la] <e 8] 2O .

Since

|det[x-x',v(x) 1| ~ |BI i"'":“u} |
and

|det[vix) ,v(x") ]| = |declvix),vix + avix))]] - Blv(x) | |x"-xav(x) |,

integration of (3.17) glves after change of coordinates

% =4
= [1 + T|B| + det[v(x) ,vixtav(x))]1|] ~ da dp
b |l:r.|jl e lel v(xg) |
|B| < &
<ce [ [+ sTIvE:u}I'lu:{ul 7% . (3.18)
la]< ¢

Substituction of (3.18) in (3.12), (3.11) gives finally

lia Elgll, < cligtxge * #pll, - ( +
T

o e,
sup |1 + eT|vix )| a7l ] (3.19)
FEUE o % 1*f-c.e]

11
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wvhere R' is some multiple of R, supp fc B{0,2T)\E(0,T) and where
Lz[-g,c] is 1* on [-g,e] with normalized measure.

We will specify (3.19) under hypothesis (2.2).

Observe first that (2.2) easlly implies a doubling estimate

sup w (t) €C sup (t) . {3.200
le] <2¢ * le] < %

We continus to use the lecter B for the Lipschitz constant of v,

Lemma 3.21: Assume x,x' two points In [}, which are "close”" in the
sense that x' = x + gv(x) + v where |u-,1 < Cg,

|¥| < ﬁei'-r{:}rl | sup w (t). Then (provided ¢ < g, assumed small
t

| <¢
enough) ,
sup w (t) - sup @ () . [3.22)
[e] < * lel<e *

Proof: We show the lnequality

sup w (t) <C sup w ,(t) {3.23)
[e] < * le] < *

{the other inequality is similar, in fact simpler).

Hotice first that since for |t] < g
2
-:u“{t} < |1.r{r.]1 |v{x]-1.r{x + tv{l:[.j” < BEI?{:}l i
one has
let0-v(x") | € Blx=x’| < eBle|v(n) | + ceselvia]) <3 v ] ,

hence

[wixy| ~ |wex"y] . (3.24)



Thus the length s essencially preserved on the neilghborhood described
above.

Hext esctlace

|det[vix) ,vixtew(x)) ]| < cldeelv(x") ,vix"-av(x)-y) ]|
+ Cldec[vix"y ,v(x"+(t-g) v(x)-¥) ]| (3.25)
and the first term by
|vix'y [Bly| + |dec[vix') ,vix'-Bvix')) ]|
+ |vix") | |vix'-gv(x")) - vix"-av(x)-y) | (3.26)

where B ~a will be Introduced later.

First erm in (3.28) is at most m;l]w H
x" =
L (-g.g)

Second term in (3.26) 15 bounded by

lhall o = Nl o by (3.20) .
L"(~Ce, Ce) L (-ese)

Third term in (3.286) may be for an appropriate cholce of B

estimated by
Blvix) | |-Bwix') +avix) - ¥|
< H.ll.rl::u:}] hrl + Blv{:u:jl < Biy' + Blvix) |||:|.'|.r|::t‘j = Pwix -I-uv{::]}l

. '-'-'H“'-"“HL.{ y + Beldet[vix) ,vix + avi(x)]] .
£ E

The second term in (3.25) is bounded similarly to the first

13

(replacing o by a=-t). Collecting previous estimates, (3.23) 1is bounded by
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Cllee .l + 8Ce flw Il _
* L%-e,0) "0l L (-g,€)

hence

|l < cllw,ll # = [l Implying (3.23).
b L™ (~¢.€) ! L (-g.g) 2 T L (~e,

This proves the lemma.

We now comé back to (3.19). By previcus lemma,

”I.DIH = o '|[u.'-“ I e for x € R. Moreover, for fixed x € R,
L (-e.€) 0L (-ee)

it follows from (2.2)
E = -2
J I+ etlvixg | () 177 de
=g

< n:ta”tl < 'EI"" () < =il “ 1
* * L% (-e.0)

+ eler|vixy) I'I*““’:“L-t . 7
SE»

< e + e(1I8) "2 (3.27)

where 1L > v > 0 may be arbitrarily chosem. Therefore, for an appropriate

cholca of 1 in (3.20)
Lemma 3.28: Under hypothesis (2.2} and with R,R" and £ as in (3.19),

s £lglly < cre)™ lletug, * o, (3.29)
T

for some constants 0 < ¢,C < = depending on (2.2).
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4. Geometrical Properties of Assoclated Rectangles

We use the nocationm R',R"™, etc. for dilates of a given rectangle K.

For * Efl, ¢ < g,, define R: as the rectangle considered In previocus

ul
section, i.e., with center x, length Eiu{:}l and width

bR, ) = e|vix) ["1[|m=|,| = . As a consequence of Lemma 3.21 and
! L (-g.¢)

its proof, there Is the following property.

Lemma &4.l: Let x' ER; . then

vE
[wixy | = |wix'y| (4.2)
flw |l = Il (4.3)
*L7(-e.0) * L(-e.0)
e .4
ﬁf&x,g] ﬁ(H:r.E} (6.4)
R is contained in a multiple of R_,
A X E
and vice versa . (%.5)
There Is the following corollacy.
i ' ' < Ce.
Lemma 4.6: Assume H“*E M Rll'tl ¥ @ and £ Ce. Then
R CR' _ and ¢ L8R, ) > ce B(R )
Il'tl. K;E e = L :l’tl
Proof: Take x, €ER' nNR’ . Then by Lemma 4.1, since also
T 2 Ky E Hl‘tl.
Xy [ 5 RII.E'
R - Hr : E." = LLRY

Also, since
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lveo| = lveep] = lvexp |z llell = Yl I = e, I
- & TG T TS 1
erro®, )= v | THim || <clvo Ml . =celom, ) .
B i Lo l-epey) *1-es0) i

Let J§ stand for the collection of rectangles R: " where x € {1

L]
[= n "

Lemma 4.7: Let [R, = R } be a sequence in 4 and & > 0 such
3Ry,
that
(L) Mﬁjl - &
{il}y “j‘l‘l does not belong to Etl Uoesr E]
Then
| £ %ll, < c. (4.8)
i
Proof: Suppose R' ne' # 3 and g < By (4.6) and
—— ST LW 1=%%

(4.73¢i), it follows that

-1
“k

b > ::;l

= cR' .
& == €y = & and Rk EJ
From this observation, Lt is easlly seen that having a fixed point

in too many R!-rectangles must contradict (ii).

]

The next lemma L3 a Beslcovietch-type covering property.

Lemma 4.9: Every subser Jy of § has a further subset Jrl = Jh

gacisfving

(y | u =rlzc £ |u|.

REJb REJ:I



(L) Hn E"’l Xarllg 2 € -

Proof: For s >0, define B = [R € Ju';!"'l < B(R) <277},

Construct 3' C B satisfying condition (4.7)(i1) and also

R €l =>x € U B .
T S0 R €3
]
Hence we have by [4.5), (4.8),
u R U R" (4.10)
RED R €5
| e | S e (4.11)
R E,ﬂ:H L'

Construct now by Inductlon syscems d‘ 'l:-j" as follows:

8 = %
-53_'_1 = [R E 35_'_1'?.' does not Iintersect R&
for any Rl:l- £ .51 U... U dnl .

By comstructlon and (&4.11), denotling Jr1 = J.,

| Z g =sopll £ x |l_<c, te. (1)
REJIH s EE&: R

= ¥ [ '
Assume R E '&u-!-lul:-l'l' Thea B" Lntersects B! for some R“ = ﬂl,. s' <s.

(1]
IfR= RI'E. H.ﬂ = E‘ﬂ":u’ it {s easily deduced from (4.6) that g < l.‘.gﬂ.

since the other alternative leads to a contradiction.
we then get R © R& Consequently

R' = J J

U R" .
L]
RES, s'<sH REQ,

Applying agaln (%.56)

L7



Using (4%.10), it follows that

U H.' .u u HI :u u Rlll - Lr B-“'
HE.&G 8 E.E.EB s' I.Ed!‘. RIEJ:I

R'| <¢ |r] » L.e. (1)

| v z
REdy R €H

Lemma 4.9 has the followling corollary.

Lemma &4,12: The maximal funciliom

f(x) = su 1 4
My £(x) I'“Epji“HET,;‘TiII]

has a weak-type estimate and hence iIs Lz-hﬂl.lmlld.

3, Estimation of the Maximal Function

Dafine furD{glEgn, g >0,

a = x eal2”®! < glven |l -5, ) <277},
L A PR e

(5.1)

For real analycic vectorfields, elither the Integral curves of the
vectorfield are straight lines (in which case the problem Lls l-dimensional)

or for each ¢ > 0, the complement of the set U ﬂs = has measure 0. It
5 ]

then suffices to prove the LE- inequality on the maximal funccion

H?f = sup |J|. f1 restricted to n i 0 - Hence, it I8 no
e>0 ¢ e>0 >0 ©=

restriction to assume for each ¢ 2> 0 that

fi= U O
s>p ©°
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(since, a priori, only finitely many ¢'s have to be considered).
In the general case of v satisfving (2.2), it obviously suffices
to prove the Lz-buund on ﬁ. = {x € 0|v(x) # 0}, Since it suffices to
prove the Inequality for functlons with finitely supported Fourler
crans form, the rectangles Ir.hg, x E ﬂ*. may always be redefined such that

E{R: E:} > 'rtl'-r{x}| for some v > 0. In particular, the rectangles will be
L]

* *
non-deégénerated and again 3 = W § for each g > 0.
s>0 ©°

For ¢ < €y ve only consider dyadie wvalues 2"]. i= Jﬂ‘ Clearly,
for fixed s, the I‘;IE g 2Te esgentlally disjoint. From (4.4), Lf = € i.‘ln =
L3 ¥

d x' €R' the R - 37" ' U i .. Hence
and x' € S n &( !..G} s hence %' € ] 2 L 8

1 C Y R L= U a .,
£,3 Ly [ Cy8
x €0 |s-s'| < ¢
and therefore
Iz | <ec. (5.2)
Let £ € 1.I and [ = E f_ be a Littlewsod=Paley decomposition where
T dyadic

supp f © B(0,2T)\B(0,T). Thus ngf = zntfr and for x €0 evaluated as

la g =] £
J I -

Af(0|l+ I la £ (x| (5.3)
<3 €T | T>2% €T

where the second term in (5.3) Ls bounded by
1/2

2
E E _laflx, = E [mxf = |ace )% ] (5.4)
e>0 T>2° €T %y 330 ¢ Va0 € 290 'O,

an expresslon independent of g. Evaluate in 12-norm replacing the

g=gupremum by the square functiom to get
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/2
les.al, <z A ce L ox o (5.5)
2 j['El’ € 1'1‘] ﬂEn'!lz

To evaluate the Lamar Li-nurru. use (31.29). Firsc cover ﬂc < with
Ll

rectangles R!. £ & such that conditlon (i1} of {4.7) holds, hence

|z }LE||L < C and therefore
E L

T wi € C R (5.6)
: R} %
Write, using (3.9) wich T = 27, 5 = 27

2 2 -cj 2
Wt urpxq Nl <2 et sepg ll, <277 E1IE 40506, * o iﬂ} I, -
2

Thus, by (5.6),

o ¢ oo%, lhge™e ke * v 0, -
i el L‘IE.‘I I'ﬂ ﬂg.: E"j Lz

Hence, substituting in (5.5) and exploiting (5.2},

e -c§ 2
lies-@ll, < ¢ 1:2 '::u "'fg""lnﬁ,':_. * 11_,__11i|2}

- 2 2
<c27 gl 0 < cliells .
i 5 E“"J s

It remains to take care of the contribution of the first term In (5.3).

The idea is teo replace H'ur by Hj'

Lemma 5.7: If supp g < B(0,T) and |x-::'| 'ﬁ% ; then
|3ll.':::|| < Cg*{n".r. where g* refers to the usual Hardy-Littlewood maximal

function.



21

Proof: Assume x = 0 and g satlsfying % = 1 on B(D,1),
lotxy] < c(1 + 1:131". Since §, = 1 on supp f, we have
T
- 2 -k *
lg@] = | &2dg] = |e.gd 2c = T8 [ xlsmlxsaa .
= k>0 B(D, =)
T —
Taking for g the function . -E 8 ET and x € nh!" by (5.7)

[a g | = |] 8x + erv(ad)a(erdt]

<c | &% ) s g*{yﬁdr] a(t)de
B(x+gtv(x),2 7)

2I

™ L] k3 ek
R ey o lL B S OMy(8) (1) < CME ) (x)
X, E

since we may assume |; E H fTI = Ef‘, for each s.
T=<12

Invoking (&4.12), it follows that the L?-:unttihutiﬂn of the first

term in (5.3) is bounded by
- *ok
ey, €0l = cliell, < cllell,

which completes the proof of Theorem 1.
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