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O SETS OF RECURRENCE

J. Bﬂl.lr;nln{”

SUMMARY: The existence is shown of a positive non-continuous measure u on

the eirele which Fourier transform vanishes on n set of recurrence, {.=.

8 ={(n€ T:u(n) = 0) 1is n set of recurrence but not a Yan der Corput set.

The method {s constructive and involves some combinatoriml considerations.

fact, we prove that the generic density condition for both properties are

the same.

1. DEFINITIONS AND FRELIMINARIES.

Clven a subset § of I, let

p*(s) = Tim 80 LLA
[

be the upper density of 8.

Recall following defintions for a subset A of I

(1) A 1s a set of recurrence or Poincaré set (P) {ff

AN (S - §) f #.f]whenever & € Z. D(S) > 0.

(2) A 1s a Yan der Corput set (wdC) {ff

' ines
Univeraity of Illincis

In



B E I*{l‘]. ;[n] =0 {f n€ A 2p continuous.
[(3) A is an FC'-set [foreing continilty for positive measures) 10F
i E H+{ﬂ']. ].:{h'_l +0 on A=2p continuous.

It 1s obvious that (3)%{2) and well-known that [(2)2{1). I intend to prove
that (1) does not Imply (2). thus the existence of a positive non-continuous
measure vanishing on a (F)-set. A first step. in fact containing the main
idea, consists in disproving the implication (1)={3). The actual vanishing
property for the Fourier transfrom i{s then achieved by modifying the previous
construction, modiffcations mainly of technical mature.

The definition of [vdC)-set given above Is equivalent with the following one:
"If [u“] is a sequence of reals, then its uniform distribution (mod 1) is
implied by the uniform distribution of the difference sequences {“mh - l-tn].
shenever h € A",

The equivalence of those definitions follows from [K-M] and the work of Y.
Peres [P]. It nlso explains the terminology.

The following observation (cf. [K-M]) will be useful in the next section.

LEMMA 1: Let A C Z. for which there exists a sequence “nln:l.ﬂ.... in
A(l) satisfying the conditions

(1) w, 1s supported by A

(11) sup I“n.ll_'l” { =

(111) » (0) =1

(iv) rﬂlx} +0 for €0, x # 0.

Then A i3 mn Fﬂ+—sut,



Proof: Let p € M (0). Since (¢,) 1s uniformly bounded, (iv) implies

lm ]ﬂ ¢, (x)uldx) = u({0)). (1)

s

Since lim ;'ni.'k]' =0 for each k, it follows from {11)
| |

Tim |} »_(k)a(k Tim [u(x)].
i 1) v, GMm(k)| € e T Ju(i | (2)
It follows thatif i + 0 on A, then u({0}) = 0.

2. THEN CENERIC CASE

Notice that negation of the properties (P), (vdC), F'.".!+} leads to classes of
sets stable under finite union. [k |

The following remark is a variant of a result of Y. htmlln};]lttﬂ to
density in the Bohr compactification for a random subset of Z with

prescribed density.

Lemma 2: Let A= U1

k kel
2" 2
lk = [2 .2 ]. Coose for each k a random subset "‘k of Il:' I"lltl = "l:

k be a partition of the integera in Iintervals, =ay

assigning to each element of I, the same probability & . Let A= ";-1 A,

Then nlmost surely

(1) 1 Tim ﬂ_kﬂk ¢= then A fis not ma recurrent set
k

(2) 1¢ ﬁ:n“‘ﬂk--. then A 1s an FC'-set.
k



Proof .
(1) It is well-known (cf. [Ka]) that 4f Tim z"‘n’k ¢ @, then almost surely
A 1is not dense in the Bohr compactification (in fact A will be a Helson
set). Hence, there are finitely many poltns tl"""_] in 0 such that

J Ell.ntj
inf E | -8 | 2 0. Clearly such A 18 not recurrent.
A y=1

(2) Assume Tim E-RHI‘ ==, Fix k and consider {ndependent (0.1)-valued
k

selectors (£ ) ., of mean &, ﬁ*l[kl = M . Define the random function
k

v, (%) = Ht; ) E (w)e'™.

nel,
Thus
I e Mydy = 1 = I v (0)du. (3)
Also
le 0l § - 1) "™+ g 1) (g, - 8)e'™]. (4)
k e, k 'k

The first teeme {a bounded by ilhl_tli - ulxl-l. which ia small for x not
to close to 0. For the second térm in (4). we apply standard probabilistic

estimates to get
IHEIk{fn{uj - 8)e"™ i du € e(log]1, )" JtE,ktfn[uﬁ“m ¢ e(2*n k.

This will be ‘“{"1::' provided E-I"llk +® Thus it results from (4) that given

v » 0, for an approprinte k



l sup | (x)ldw < 7. (5)

x|

Using (3). (5) it is now easy to satialy the hypothesls of Lemma 1. This

completes the proof.

The previous result shows that generically for subsets of ¥ with given
density, conditions (F), (vdC), [FC*]' are equivalent (namely the condition

for density in the Bohr compactifieation).

3, CONSTRUCTION OF A RECURRENT SET WHICH 1S NoT (Fc').

For t € 0, let Et be the Dirac measure.

FROPOSITION 3 : Define the {nfinlte convolution

v= w [3(8y, +8 ,)]
JE[ 'IT -ﬂ.

and let p = &, + ¥ Let a: M=+ PR, satisfy lime(n) == Then the set
| s

A=U g Iu(n) | < 20,

is recurrent.

Obviously A is not (FC') provided uuﬂnﬂlnu.
|1 e

Proposition 3 is dearly a consequence of
LEMMA % : Let A be n subset of {1.2,....J1}. |A] > eJ! Then

n |pgn)| ¢ Mel |
“::_AII-'[ ” < J (€)



Denote I.'I‘j = {0.1,....]) mnd 01 = I.'I1 " 1'.'2 L LER) 'I'.IJ_1 . The representation
J-1
n = quJ.H (0<aq, <) ()
J=

defines a one-to-one map from (1.2.....J1 -1} to 0. Denote by © the
normalized counting measure on 0N (= product measure). Let A be a subset of
(1.....J1 = 1}, |A] > eJ! nand ACn the imge of A under the mapping
considered above. Thus n[I} »e. Following combinatorinl lemma will be

used.

LEMMA 5: Let BCQ, w(B) > c. Then there is a palr of points x,x’ in B

and an Integer ¢ € 8 € ] such that

(] ]

:1 L #I_...u:l-'-__’ -l._l
[ 3
X, = 0, X, = [i-]

P - ]
|u’+] -x g 2.....|uJ_I :J_II <2
Proof. Perform following construction

BJ'B

By
By o = (t€0] there 1s t' €B; , with tl-t;...‘.tJ_rant:l_a.lt_]_zn-tj_zlil.tJ_IItJ_I]-

= tl 3 ﬂl th‘!‘rﬂ‘ is t' € BJ with tl = t'ipn-qq.t‘l_z L t:l__zn ItJ—l i trJ_II 5 1}

¥ L] L ¥
B' = {'-'Eﬂl tl'ler! is t‘l L B.""I. ‘1th tl - tlha--.-.q.t._l = t'_lrlt- & t.-' '5 llt.+1't.+1l!ll]



Thus each element of E-.I can be perturbed in the s-th coordinate by at most
one unit to become an element of B'+1. Perturbing the J - ®» Ilnst
coordinates, an element of B is obtained,

Denote by r: the projection on the coordinates 1,....8 - 1,8+ 1,....J-1.
If for each x € 'I[BH*I] there s t € N-” with 'r-ir[t} = X, then

clearly

#(BN\Byy1) 2 }bi{';m-*l” ? %'[H-H}

v(B,) 2 (1 + Hua,, ). (8)

J
Fixting 1 <J < J. (8) and the fact that | | {:u}].i—. imply the
8=

exiastence of some & > #(B)-J and a point x € ';{Htilj satisfying

tE€n, Iu[t]-:#tifﬂul.

Thus, by construction, one may find for each p € {0.1,....8} nn element
P F
I“l'*"‘#ﬂ-l'P'!lﬁl""'IJ-I,
tn B, where |xi =% ] ¢ 0K, =% ] $1. The lemm follows.

Froof of Lemma b: Applying Lemma § to the set K, a palr of elements

J-1 J-1

ne= E X, i n = E u} i
i=1 J=1



in A is obtained, where {:j]. t_n'j} fulfill the condition of Lemma 5. Thus

mEn -nm= [% ol 4 (xgy = Xgyg)(a # 1)1 #eved (= x) NI - 1)1 18 in

a+]

the difference set A - A. By definition of p

3 = -

pim) = 1 + JI-II ﬂblz‘lﬁ—z 1 *Hw.hﬁ‘
Hence

I;{l]l ¢ |1 + con EI-{;T.l—ﬂ-i + z |1 - cos ErJLII
Jis
= 2 I:nlz'l' I—;—;-—i-rri" 2 E lil‘l.EI" J—-r lg]
Js

where

|eos » i;_:ﬂTl = |cos #[3] .—:.ﬂ - ﬂ%l

and since 5:'” i

1!1[. w -ﬁ—l = fu:ln r{[i—] :;.'r-:— + {:‘.*] e I-il]l.——}rul EXERE t_ﬂ:l_l = Iqulu—;!lull = ﬂ[-}}-

| EE.rH.hJ._l -:r.:'_ll €2, for 28 +2

Substitution in (9) yleld thus

la(m)| ¢ :nn:t{-li . E lﬂ] " :. ¢ EI'J
" Jra ]

using the lower estimate on s glven by Lemma §. This completes the proof of

Lemma & .

The purpose of the next sections {s to modify previous construction in order

to obtain a (P)-set on which p actually vanishes.



& . REDUCTION TO A LOCAL FROBLEM.
Assume for each J positive Integers 11.1 L4 Tlﬁ l‘l‘1 glven nnd n trigonometric

polynomial FJ satisflying following conditions

Py 2 0. Ej{u] -1 (10)
supp ;] c [-% N, % ny. (11)
(12)

If AC [ﬂ'“J]* IA| » %-nj then ;]{n] - - % for some m € A - A

L{Eﬂ&j{: Under the conditions (10). (11). (12). there is a positive measure

p. p({0}) = 1. wsuch that p wvanishes on some set of recurrence.

Froof: Define

qj[t] = Fl[t]PEIHIt]FS[HtHEt]'"Fj("l"'Hj_ltj

for which

= 1 1 LN
BUpp |:|“I c[- 3 “l---“j' 3 HI Hj]‘

Thus since

qj{l] - qj-l{tlpj{ﬂl--'ﬂj—ltj

we have

(13)

I q,(t)de = :I “1—1}[1 pj}- 1.
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Alse for |n| ¢ % "liiinihl‘
ay(n) =, (n). (14)
If n= HI*HHJ_II+ then

a,(n) =p,(m). (15)

Let v be the weak -limit of the sequence 'hj] in M(x). By (13, (14).

(15)
Mol = 1 (16)
(o] = ;.f{':' {f n=NeooN m if = ‘%"1‘ (17)
Def ine
b by 2y, (19)

Take SCZIZ, D(S) > e » } . Since the clnas {A - A|]AC 8, A [inite} 1=

homogeneous in the sense of [R]. there {s a subset ll of [D‘"l---“j-lnj]

for which
Aj-A C8-8 (19)

Ayl > € B =R (20)

-1y



1)

Hence there is A C {l.....'nJ} satisfying

(A= AN eeoNy | C A - A (21)
|.l|| > mj.
By (12). ;jt-} = -% for some m€ A - A Thus if n = Ny*=*N,_\m. then

nES -5 by (21), (19) and since |m| {%HJ. by (17)
p(n) = 1 - 29{n) = 1 + 2;_1{.: -0,

This proves the lemma.
Fixing mn Iinteger n and e > 0, our purpose will be to construct a positive

measurt p, Apfl = % , umatisfying

;[m] =—-;— for some m€ A = A
whenever A C [0,n]. |A] > en. (%)
Civen p, let for some N

Py wFy)+ (u-(unF)InD
where

F, = N - F&jer kernel and III“ = n = Dirichlet kernel. For N large

N
enough, we may ensure that

Mln - (™ F)IwDA <L



1L,

Thus p = P +* % is n positive polynominl and
p(m) = ;I{I] =p(m) for |m| ¢ n, mxo.

It ia now clear how to get from (%) a sequence {pJ',I satisfying the

conditions of Lemma £,

¢, CONSTRUCTION OF CERTAIN MEASURES.

Fix nn integer N and consider the basic measure

u'%{ﬁﬂr"a 2y )
T N

with transform

o(n) = cos Eiﬁ- :

In this section we construct a perturbat lon 2, of o satisfying the

following conditlions.

u:ruuj,': Given R and a nusber L, thepe i a positive measure oy such

that o, 15 supported by the HN-th roots of unitl-'r and

1
;]:n] =1 1f Lg|n] SRL (22)

a(n) =-1 1f |§-n|lgR (23)

2
"o = oy < el (24)
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Proof: We mssume RL <{ N, H even. Consider the polynomial

ql[t_l - E [1 - cos -Eﬁr* (RL - In{*int.
Inf<RL

Since the function

1 - cos 3 (RL-n) #f 0¢ngRL

0 if n2>RL

is nonnegative, decreasing and convex, .ql is positive.

=I-nns£ﬂL{!U{

RL.2

Def ine

L_'E|L|. int
a,=a,"F 5 Fl)= ) e'™ - Féfer kernel.

InlsL

Then
SupD ;2 € [-L.L]
a, 2 0, Na,l, < 10(%)?
9 {10 R g

Hext, define the polynominl

(25)

(26)

(27)

(28)



qa{t] = 40 R qzjt} + [2 cos RLt - :nl[%-- RL)t - :n:{% * !L}t]ql[t},

By (28). (27)

ay 2 0. flaghy < 500 R(F)%.

If L<m<RL. then

;3{n} - ;l{n -RL) =1 - cos %F n.

11 IE-' n| € RL, then

o) = G- Jomy - - -

Finally consider the positive measure

for which by (29)

lﬂl - "'H[H] $ %

1.

Y lagter B1 € 2aagn, < 2000 R()°
=

(29)

(30)

RL) = ~q,(RL - |n - ]) = -1 - cos 5 n.
(31)



15.

while

H-1
;I[n] = ;{:n] + # E {q3-t_1m

1l ogk = OS5 gﬂ'—h+z{53{-_'_l|u - n € NT)
k=0 %

and (22), resp. (23) follow from (30), resp. (31). as easily verified.

€. PROOF OF EXISTENCE OF A (P)-SET WHICH IS NOT (vd£:).

Our aim is to satiafy (%) in Section 4 We will use arguments similar to
those of Section 3 and the measures constructed Iin the previous section.

Take n of the form ﬂr, Q even. Fix an integer R. Use the representation

P-1
we ) @ (0 < a, <Q)
=0

to get a one-to-one map from [O.n - 1] iInte 0= {0,1.....Q - I]F. Denote
v the normalized counting measure on (0. Identifying {0.1.....Q -1} with
the cyclic group Z/QZ, denote 0 the coordinate wise shift acting on 1.

By Lemm 2, we get for each j a positive measure "j on 0 satisfying the

conditions
oy(m) =1 1f ol ¢ |m| ¢ Ro? (32)
;j-[n:] = -1 ff Iqj: - | ¢ ra! (33)
(L =a), v =a™). Moreover
$1+CR) > (24)

o M)

qﬂ



1€.

mrvd :-.--1 is supported by the :r'”-rmu of unity, implying Q'jﬂ-purludinitr

of EJ_ Def ine

Poe qn L :ll HeeeM uF-I'

Hence by (34)
P

Let A be m subset of [O.n = 1], |A| > en. Let K C 0O be 1ts tmge under
the correspondence mentioned earlier. Thus n{I] > £ . Consider next the
sats K. 8(K).....0(A). It is easily seen that for some 4 {r SR - 2 say,
the set

B=Ane (k)

2
will satisfy v(B) > 'T'ﬁ . provided we choose R » % . (This is the
recurrence principle).

Assuming now

(1 + %}F > 1062 (35)

the same combinatorial argument as described Iin Lessm § gives a palr of points

¥, * (m B

l+l"""p} x E‘[:"':I'“" l'l'%'x.l-l-l”"'l;!}
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where
|xj-u:1]52 if s¢JCP.

Thus, x, ar{x’; are both in A corresponding to a pair of points a, a'

in A
P-1 P-1
a= E qjtri En'nzq']ﬂj
=0 =0
where
..;-q!:{g-h:_....§+n-1}+m (37)
q:F - q, € {(-R+1,...,-2,2,....R - 1) + QZ. (38)

let m=a" ~a. Thus m€ A - A nand we claim that ;[n}--l. Since

#(n} = EEJ[I}. in vier of (32), (33), 1t suffices to show that

. € [% u:ﬂ = R‘Q‘. %qafl. 2 ml] 3 ﬂ'”l (39)

me ((-red.ra!\pel Q'] s 2 r g ps (40)
Clearly, for a fixed |

= € (q) - a0 + 2’0"y 4 o!*'z.
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Therefore (39). resp. (40) follows from (37). resp. (38). To satisfy (36),

tanke P = ¢{c)Q. Then (35) implies together with the condition on R
Iun'mn {1+ :'{:J% {2

for Q large enough. Take =g u + (1 -3 0(0)) which will fulf1ll (%).

This completes the proof.
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