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ON SETS OF RECURRENCE

J. Bourgaln(l)

SUMMARY: The existence is shown of a positive non-continuous measure p

the circle which Fourier transform vanishes on a set of recurrence, i.e.

S = (n € Z;p(n) = 0) 1is a set of recurrence but not a Van der Corput set.

The method is constructive and involves some combinatorial considerations.

fact, we prove that the generic density condition for both properties are

the same.

1. DEFINITIONS AND PRELIMINARIES.

Given a subset S of Z, let

D*(s) = Tim SN [LN

N0 )
be the upper density of S.
Recall following defintions for a subset A of Z

(1) A 1s a set of recurrence or Poincaré set (P) iff

AN (S - S) f ¢.}],whenever S CZ, p*(s) > o.

(2) A 1is a VYan der Corput set (vdC) {ff

! HES
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p € H+(1). u(n) =0 1if n € A 2 p continuous.
(3) A is an FC'-set (forcing continuity for positive measures) 1iff
u€M(O), u(n) »0 on A=3p continuous.

It is obvious that (3)3(2) and well-known that (2)2(1). I intend to prove
that (1) does not imply (2), thus the existence of a positive non-continuous
measure vanishing on a (P)-set. A first step. in fact containing the main
idea, consists in disproving the implication (1)2(3). The actual vanishing
property for the Fourier transfrom is then achieved by modifying the previous
construction, modifications mainly of technical nature.

The definition of (vdC)-set given above is equivalent with the following one:
"I1f (un) is a sequence of reals, then its uniform distribution (mod 1) {is
implied by the uniform distribution of the difference sequences (un+h = un).
whenever h € A",

The equivalence of those definitions follows from [K-M] and the work of Y.
Peres [P]. It also explains the terminology.

The following observation (cf. [K-M]) will be useful in the next section.

LEMMA 1: Let A CZ. for which there exists a sequence (¢ ) _, o in
A(IT) satisfying the conditions

(1) *n is supported by A

(11) sup "'Pn“A(ﬂ') (o

(111) wn(O) =1

(iv) wn(x) 20 for x €M, x #0.

Then A 1{is an FC+—set.



Proof: Let p € M (I). Since (wn) is uniformly bounded, (iv) implies

[ g Gon(ax) = u((o)). (1)

o I

Since I1im pn(k} =0 for each k, 1t follows from (i1)
o

Tim ) ¢ (u() | € e Tim fui)|. (2)
n k€A
It follows thatifp 0 on A, then p({0}) = O.

2. THEN GENERIC CASE

Notice that negation of the properties (P), (vdC), FC&) leads to classes of
sets stable under finite union. [KJ

The following remark is a variant of a result of Y. Katznelso;\;;lated to
density in the Bohr compactification for a random subset of Z with

prescribed density.

Lemma 2: lLet N =U1I1  be a partition of the integers in intervals, say

k
2k 2k+l
lk = [2" .2 ]. Coose for each k a random subset Ak of Ik' |Ak| - Nk'
[--]
assigning to each element of Ik the same probability Gk. Let A = Uk=1 Ak.

Then almost surely

(1) If TT;‘2_ka (®, then A 1is not a recurrent set
k

(2) 1f Tim 2—ka =w®, then A is an FC'-set.
k



Proof .
(1) It is well-known (cf. [Ka]) that 1f Tim 2 N, < ®, then almost surely
A 1s not dense in the Bohr compactification (in fact }\ will be a Helson

set). Hence, there are finitely many poitns tl.....t in I such that

J

J 2wintj
inf E | - e | > 0. Clearly such A 1is not recurrent.
J=1

(2) Assume 1im 2_kﬂk =®.  Fix k and consider independent (0,1)-valued
k

selectors (fn)n€I of mean &, 6-|Ik| = Nk. Define the random function
k

o) =5 ) E(@e'™

nelk
Thus
I "vm“Adﬁ’= 1 = j ¢, (0)dw. (3)
Also
(4 i 1 1
le GOl < f- 1) ™+ 513, (£, - 6)e'™]. (4)
k o er k k
k
The first term is bounded by Ilkl_lll = e:xldl. which is small for x not

to close to 0. For the second térm in (4)., we apply standard probabilistic

estimates to get
IHEIk(fn(w) = 6)einx"”d@ < c(logllk')% J(Elk(fn(ﬂ)z)”d“ ¢ c(2ka)“.

This will be ofN,) provided 2 XN -+ ®. Thus 1t results from (4) that given

T > 0, for an appropriate k



I sup |wu(x)|du 4 (5)

xX|>T

Using (3)., (5) it is now easy to satisfy the hypothesis of Lemma 1. This

completes the proof.

The previous result shows that generically for subsets of Z with given
density, conditions (P), (vdC), (FC+) are equivalent (namely the condition

for density in the Bohr compactification).

3. CONSTRUCTION OF A RECURRENT SET WHICH IS NOT (FC+).

For t €I, Ilet Gt be the Dirac measure.

PROPOSITION 3: Define the infinite convolution

or + 6 31)]
! !

[
o
L

and let p =6, + Y Let a: N+ R_ satisfy limd(n) = ®. Then the set
e

A=U {1 ¢ngN: fu(m)| < 2
N

is recurrent.

Obviously A 1s not (FC+) provided lim E%?l = 0.
noe

Proposition 3 {is dearly a consequence of
LEMMA #: Let A .be a subset of {1,2,....J!}, |A| > ¢J! Then

o M(c)
i < . €
utes lu(m)| <=5 ()



Denote ﬂJ = {0,1,...,J) and 0 = nl x 02 xeoo nJ—l . The representation
A §
) a3 CRENEE) (7)
J=1

defines a one-to-one map from {1,2,...,J! - 1) to 1. Denote by v the
normalized counting measure on 1 (= product measure). Let A be a subset of
{1,....J! - 1}, |A| >eJ! and ACQN the image of A under the mapping
considered above. Thus v(x) > c. Following combinatorial lemma will be

used.

LEMMA 5: Let B C, v(B) > c. Then there is a pair of points x,x’ in B

and an integer c¢J { s { J such that

Proof. Perform following construction

B, =B
] - ] - ’ . r
By, = (t¢€ 0| there 1s t' € By with t) = ti,....t; 5=t} ,. 'tJ—l - tJ-ll < 1)
[] [ ' —
By, = (t€N| there 1s t' €B) , with t =¢t}.....t) 3=t 3ty -t ol Sty =

' e L} =
B, = {(t€n| there s t' €B_ . with t = ti.....t t_ 1.|t at | 1t =

'
t’+1. s

ty-1)

2



Thus each element of Bs can be perturbed in the s-th coordinate by at most

one unit to become an element of Bs+ Perturbing the J - s last

1
coordinates, an element of B s obtained.

Denote by 1: the projection on the coordinates 1,...,s - 1,s + 1,...,J - 1.
If for each x € '!‘Bs+l) there is t € H\Bs+l with 'E(t) = x, then

clearly

U(Bs\Bs+l) 2 % v;‘r;(ﬂs+1)) 2 % v(Bs+1)

v(B,) 2 (1+ (B, ). (8)

- J
Fixing 1< J < J. (8) and the fact that [ ] (1+2) =L, tmply the
!:j
existence of some s > y(B)*J and a point x € I;(Bs+1) satisfying

—

teEN nv(t) =x=>t€ Bs+1'

Thus, by construction, one may find for each p € {0,1,...,8} an element
' '
(xl""'xs—l'p'xs+l""'xJ-l)
’ - r -
in B, where lxs+l xs+l| < l.....li_l xj—l' 1. The lgmma follows.

Proof of Lemma 4%: Applying Lemma 5 to the set X, a pair of elements

J-1 J-1

n = E X, L n' = E u} N
=1 =1



in A 1is obtained, where (xj). (x}} fulfill the condition of Lemma 5.

3- l J_l)(J = l)! is in

m=n" -n= [—] s! + (x' (s + 1)1 #e0es (X

s+l s+1)

the difference set A - A. By definition of pu

;(m) =14+ || cos2r J%-: 1+ [ cos2r j} .
ye1 J J=s+1 I

Hence

|;(m)| < |1+ cos 2n t;_£173T1 + E |1 - cos 2r i%]

s
= 2 m 2 m
=2 cos¥ I;—:—TTT-+ 2 2 sin'w T
>s
where
m 1 1
|cos » TE_I_TTTl = |cos t[%] ;—I-T| = o(;)
and since Ixs+l = x;+i| < 2.....|xJ_1 = x}_ll €2, for J2s8+2
my 878! L (x Is_t_l)i
|sin » j!I = |sin I([z] T + (xs+l s+l) 4ooot (x.1 ; ~ X
Substitution in (9) yield thus
~ 1 l 1 1
Ih(m] < const(5+ ) 2

I>s

using the lower estimate on s given by Lemma £. This completes the proof of

Lemma 4 .

3-1)

Thus

(9)

e

= 1)!

The purpose of the next sections is to modify previous construction in order

to obtain a (P)-set on which p actually vanishes.

H

o(

1

J

).



4 . REDUCTION TO A LOCAL PROBLEM.

Assume for each j positive integers nj < -113 N‘1 given and a trigonometric

polynomial pj satisfying following conditions

Py 2 0, PJ(U) =1 (10)

supp p, C [+ N,. T N,] (11)
[ S R S

If Ac([on] IAl> %nj then ;)j(m) = -5 for somem€A-A (12)

LEMMA €: Under the conditions (10), (11), (12), there is a positive measure

~

p. p({0}) =1, such that p vanishes on some set of recurrence.
Proof: Define
ay(t) = Py (t)py(N t)py(N Nyt)e=p (N === N _;¢)
for which
su o c[.—l-“ eoseN }_N -.oN]
PP Qy Tt L D Tl T
Thus since
- e t
qj(t) qj-l(t)pj(Nl N,‘I-l )

we have

j%th=dqrpdpﬂ=L (13)



10.

Also for |n| < 3 N +<eN

2 J-1
a,(n) = ay_,(n). (14)
If n=Np@N,_m then
ay(n) = py(m). (15)

Let v be the weak -limit of the sequence {qj) in M(w). By (13, (14).

(15)

oll = 1 (16)

o(n) = ;J(m) {f n=NooN_m 4f m< %—Nj. (17)
Define

=6y + 2v. (18)
Take S CZ, D'(S) > ¢ > % . Since the class {A - A|JACS, A finite} is
homogeneous in the sense of [R], there is a subset Al of [O.Nl°-°NJ_lnj]
for which

Ay~ A CS-S (19)

Al > e NyoeNy_in,. (20)
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Hence there is A C {1.....nj} satisfying

(A-A)Nj==sN,_ CA - A (21)

J
|A| > en

g

for some m€ A - A. Thus if n = Nl‘..NJ—lm' then

B =

By (12). p,(m) = -

n€S-S by (21), (19) and since [n| < LN, by (17)

i
n(n) =1 - 29(n) =1 + 2;J(m) = 0.

This proves the lemma.

Fixing an integer n and ¢ > 0, our purpose will be to construct a positive

measurt p, Null = %-, satisfying

- 1

u(m) = - 5 for some m €A - A
whenever A C [0,n], |A] > en. (%)

Given u, let for some N

-(”“Fn)"'(u"(u*}-n)]"nn

b=
e
|

where

FN = N - Féjer kernel and bn =n - Dirichlet kernel. For N large

enough, we may ensure that

M — (p % Fy)] %D N, < %



12,

is a positive polynomial and

o Lo

Thus p = Py +

p(m) = py(m) = u(m) for |n| < n. m#o.

It is now clear how to get from (%) a sequence (pj} satisfying the

conditions of Lemma 6.

& CONSTRUCTION OF CERTAIN MEASURES.

Fix an integer N and consider the basic measure

1
0 = 5(8y, + 8 5,)
N N

with transform
o(n) = cos 2w% .

In this section we construct a perturbat lon o of o satisfying the

following conditions.

LEMMA 7: Given R and a number L, there is a positive measure % such

that o, 1{is supported by the N-th roots of unit’ and

1 1f L |n] ¢RL (22)

oy(n)

-1 1f |3-n| R (23)

o (n)

2
o - °1"u(n) < c(R)(%) . (24)
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Proof: We assume RL ¢{ N, N even. Consider the polynomial

q(t) = ) [1-cos 3 (RL - |n|)}'™.
In|<RL

Since the function
1 - cos %;—(RL -n) {f 0<{(n¢<RL
0 if n>RL
is nonnegative, decreasing and convex, 'q, is positive.

2r

Hence

flq My = 1 - cos 2 RL < 1082, (25)
Def ine
ay=a, *F 5 F(t) = ) L—"t-lﬂ e!™ - Féjer kernel.
InfsL
Then
supp 82 C [-L.L] (26)
agy 2 0. Hlgylly < 10(%)2 (27)
q, < 10R q,. (28)

Next, define the polynomial



1h.

N
qa(t) =40 R qz(t) + [2 cos RLt - eos(% - RL)t - cos(§-+ RL)t]ql(t).
By (28). (27)
a; 2 0. flagh, < 500 R(R)Z. (29)
If L <{n <RL, then
~ ~ 2.'
qs(n) = ql(n -RL) =1 - cos T o (30)
N
If |§ - n| <RL, then

2,(n) = ~a;(n - 3+ RL) - q)(n - § - RL) = —q,(RL = |n - 5]) = -1 - cos FF n.
(31)

Finally consider the positive measure

N-1
Ul=d+ﬁ'q3° 262‘"5
k=0 N
for which by (29)
N-1

"oy = M ¢ & ) lag(2n ) < 2Ma g, < 2000 113{1%)2
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while

N-1

Sl i 1 -int 2 o

ol(n) = o(n) + N z (q3e )'t onk = ©OS TF-n + z {qs(m)]m - n € NZ})
k=0 - N

and (22), resp. (23) follow from (30), resp. (31), as easily verified.

€. PROOF OF EXISTENCE OF A (P)-SET WHICH IS NOT {\‘J-di )

Our aim is to satisfy (%) in Section 4 We will use arguments similar to
those of Section 3 and the measures constructed in the previous section.

Take n of the form Qp, Q even. Fix an integer R. Use the representation

P-1
- J
m= ) a0 (0 <, <Q)
J=0
to get a one-to-one map from [O,n - 1] into 0 = (0,1,....Q - l}P. Denote

p the normalized counting measure on f1. Identifying {0,1,....Q - 1} with
the cyclic group Z/QZ, denote O the coordinate wise shift acting on 1.

By Lemma 72, we get for each § a positive measure oj on I satisfying the

conditions
;j(rn) =1 1f Q) ¢ Im| ¢ RQS (32)
~ J+1
oy(m) = -1 1f 1%~ - m| < R (33)

(L = Qj. N = QJ+1). Moreover

1
o Myery $ 1+ C(R) Z (34)



1€.

and aJ is supported by the QJ+1-roots of unity, implying QJ+1-perlodicity

~

of oj. Define

V=0, % g, Meeekk o .
P-1

Hence by (34)

P
Holly gy € 1+ C(R) Z (35)

Let A be a subset of [O.n - 1], |A| > en. Let AC0 be 1ts image under

the correspondence mentioned earlier. Thus D(X) > £ . Consider next the

sets K. 9(1).....93(1). It is easily seen that for some 4 {r { R - 2 say,
the set
B=Anoe "(X)
2 10

will satisfy v(B) > 35 . provided we choose R > < - (This is the
recurrence principle).

Assuming now

1,P

a+g°> 10 2 (36)

the same combinatorial argument as described in Lemma 5 gives a pair of points

x, x’ in B

Q

X = (xl.....x’_l.o.xs+l,....xp) X = (xl‘""xa—l'i'xs+l""‘xp)
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where
|xj-x'J|sz if s < j¢P.

Thus, x, Br(x') are both in A corresponding to a pair of points a, a’

in A
P-1 P-1
- J ' . |
a= ) v ;8= ) ay Q
J=0 3=0
where
d -q €(3-R+1,...34R-1)+ @ (37)
q:'-qJG (-R+1,...,-2,2,...,R- 1) + QZ. (38)

Let m=a'" -a. Thus m€ A - A and we claim that wv(m) = -1. Since

B(m) = nsj(m). in view of (32), (33), 1t suffices to show that

me (3! - R, 3% + RQ°) 4+ %2 (39)
and
m € ([-Ra).RI\EQV.QI)) + @itz ar g2 (40)

Clearly, for a fixed §

m € (q:, - qJ)Q‘1 + [-QJ.QJ] + Q"”l.
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Therefore (39), resp. (40) follows from (37), resp. (38). To satisfy (36),

take P = c(£)Q. Then (35) implies together with the condition on R
ol <1+ c'(e)l <2
M(IT) Q

for Q large enough. Take p =3z v + (1 - % ;(0)) which will fulfill ().

N p=e

This completes the proof.

REFERENCES.

[Ka] Y. KATZNELSON: Sequences of integers dense in the Bohr group,
Proc. Royal Inst. of Techn. Stockholm 76-36 (1973),

[K-M] T. KAMAE, M. MENDES FRANCE: Van der Corput’'s difference
theorem, Israel J. Math., Vol. 31, Nos. 3-4, 1978, 335-342.

[P] P. PERES: Master Thesis.

[R] I. RUSZA: On difference sequences, Acta Arithmetica (1974),
25.





