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ON SETS OF RECURRENCE 

J. Bourgain(1) 

SUMMARY· The existence is shown of a positive non-continuous measure μ on 

the circle which Fourier transform vanishes on a set of recurrence, i.e. 

S = {η € Ζ;μ(η) =0} is a set of recurrence but not a Van der Corput set. 

The method is constructive and involves some combinatorial considerations. In 

fact, we prove that the generic density condition for both properties are 

the same. 

1. DEFINITIONS AND PRELIMINARIES. 

Given a subset S of Z, let 

be the upper density of S. 

Recall following defintions for a subset A of Z 

(1) A is a set of recurrence or Poincaré set (P) iff 

A Π (S - S) ^ whenever S C Z. D*(S) > 0. 

(2) A is a Van der Corput set (vdC) iff 

1IHES 
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Λ 

μ € Μ+(¥), μ(η) = 0 if η € A =* μ continuous. 

(3) A is an FC+-set (forcing continuity for positive measures) iff 

μ € Μ+(ίί), μ(η) -* 0 on A => μ continuous. 

It is obvious that (3)^(2) and well-known that (2)^(1). I intend to prove 

that (1) does not imply (2), thus the existence of a positive non-continuous 

measure vanishing on a (P)-set. A first step, in fact containing the main 

idea, consists in disproving the implication (1)Φ(3). The actual vanishing 

property for the Fourier transfrom is then achieved by modifying the previous 

construction, modifications mainly of technical nature. 

The definition of (vdC)-set given above is equivalent with the following one: 

"If (u ) is a sequence of reals, then its uniform distribution (mod 1) is 
n 

implied by the uniform distribution of the difference sequences (u
n+
^ - U

n
), 

whenever h € A". 

The equivalence of those definitions follows from [K-M] and the work of Y. 

Peres [P], It also explains the terminology. 

The following observation (cf. [K-M]) will be useful In the next section. 

LEMMA 1: Let A C Z. for which there exists a sequence (<p_) ,
 π

 in 
- XI IT— X · t · · · 

A(I7) satisfying the conditions 

Λ 
(i) is supported by A 

(11) sup
 «V'A(I7) < ” 

(iii) *„(0) = 1 

(iv) ·ρ (x) *♦ 0 for x € Π, x / 0. 
η . 

Then A is an FC+-set. 
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Proof : Let μ € M
+
(H). Since (?

n
) is uniformly bounded, (lv) implies 

lim ί φ (x)p(dx) = μ({0}). 
n-*» JÏI 

(1) 

Λ 

Since lim ¥>n(k) = 0 for each k, it follows from (ii) 
η-κο 

llm ^
n
(k)M(k)| i c lim |p(k)|. 

n k€A 
(2) 

It follows that if p -* 0 on A, then μ({0}) = 0. 

2. THEN GENERIC CASE 

Notice that negation of the properties (P), (vdC), PC+) leads to classes of 

sets stable under finite union. ^^ j 

The following remark is a variant of a result of Y. Katznelson related to 

density in the Bohr compactification for a random subset of Z with 

prescribed density. 

Lemma 2: Let W = U 1^ be a partition of the integers in intervals, say 

2k 2k+1 , , 
I^ = [2 ,2 ]. Coose for each k a random subset A^ of 1^. |A^| = N^ 

to 
assigning to each element of 1^ the same probability 6Let A = A^ 

Then almost surely 

(1) If lim 2 ^Ν. < ». then A is not a recurrent set 
k k 

(2) If lim 2 ^N, = », then A is an PC+-set. 
k k 
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Proof. 

(1) It is well-known (cf. [Ka]) that if lim 2 < ®, then almost surely 

A is not dense in the Bohr compactification (in fact will be a Helson 

set). Hence, there are finitely many poitns t1,...,t. in Π such that 

Clearly such A is not recurrent. 

(2) Assume Fix k and consider independent (0, 1)-valued 

selectors (f ) j of mean 6, 6·|ΐ^| = Nk. Define the random function 
k 

Thus 

| =1=| (3) 

Also 

(4) 

The first Ur* is bounded by 11^|_1 11 - elx| which is small for x not 

to close to 0. For the second tirm in (4), we apply standard probabilistic 

estimates to get 

i"L
 (Γ

η
(ω)

 " «J®
1™11.*·’ * cOogllJ)* [(^ (£„(*>) i c(d\)K. 

J k J k 

This will be ο(Ν^) provided 2 ·* w. Thus it results from (4) that given 

τ > 0, for an appropriate k 
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sup W
u
(x)l*> < τ· 

|χ|>τ 
(5) 

Using (3), (5) it is now easy to satisfy the hypothesis of Lemma 1. This 

completes the proof. 

The previous result shows that generically for subsets of Z with given 

density, conditions (P), (vdC), (FC+) are equivalent (namely the condition 

for density in the Bohr compactification). 

i. CONSTRUCTION OF A RECURRENT SET WHICH IS NOT (FC+). 

For t € Π, let δbe the Dirac measure. 

PROPOSITION 3 : Define the infinite convolution 

and let μ = 6^ + V Let a : K -♦ R satisfy limof(n) = «. Then the set 
n-*° 

is recurrent. 

Obviously A is not (FC+) provided 

Proposition 3 is clearly a consequence of 

LEMMA 4 · Let A be a subset of (1,2 J!}, |A| > cj! Then 

(O 
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Denote = (0.1 J} and Π = χ fîg χ··· ^J-l * The representation 

(ο $ qj $ J) U) 

defines a one-to-one map from {1,2 J! - 1} to Ω. Denote by v the 

normalized counting measure on Ω (= product measure). Let A be a subset of 

(1,...,J! ~ 1), |A| > cj! and A C Ω the image of A under the mapping 

considered above. Thus υ(Α) > c. Following combinatorial lemma will be 

used. 

LEMMA 5 : Let BCD, υ(Β) > c. Then there is a pair of points x.x' in B 

and an integer cj < s < J such that 

*1 = xi Vl = Xs-1 

x

s
 = °· = Φ 

K+l ‘ Xs+J * 2 IXJ-1 XJ-1^ * 2‘ 

Proof. Perform following construction 

Bj
 = B 

Bj-i = {* € nl there is € Bj with - ti tj-2 = tJ-2’ ^J-l “ tj-i' * *) 

B
j-2 = ̂  €ΩΙ there 18 t# €Bj_i with ti = tr**’tJ-3 = tJ-3· ̂ >2" V2I * 1 ’ tJ-l = tJ-l> 

Β
β
 = {ten| there le f € B^ .1th t1 = t'1 V, = |t

g
 - t’J < 1. Vl = ^+1 · · · · \ 
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Thus each element of B can be perturbed in the s-th coordinate by at most s 

one unit to become an element of ®s+j· Perturbing the J - s last 

coordinates, an element of B is obtained. 

Denote by tv the projection on the coordinates 1 s - 1, s + - 1. 

If for each x € ΐΓγ(Ββ+1) there is t € n\Bg+1 with irv(t) = x, then 

clearly 

(8) 

Fixing 1 < J < J, (8) and the fact that imply the 

existence of some s > P(B)*J and a point x € w
v
(B
s+

j) satisfying 

t€i?, ?v(t) = x Φ t € B
g+

j. 

Thus, by construction, one may find for each p € {0,1,...,s) an element 

<xi Vrp-Xs
+
1 xj-i^ 

in B, where 
K+l Xs+ll * 1 IXJ-1 " Xj-J * l' The lemma follows. 

Proof of Lemma 4: : Applying Lemma 5 to the set X, a pair of elements 



8. 

in A is obtained, where (
x
j)· (

x
j) fulfill the condition of Lemma 5. Thus 

m = n' - n = [|] s! + (x^
+1
 - *

s+1
)(s + 1)! +···+ (x^ - Xj_

x
)(J “ 1)* is in 

the difference set A - A. By definition of μ 

Hence 

(9) 

where 

and since |x
g+1

 - Xg+1I i
 2

 I

X

J_J “
 X
J-1I *

 2

·
 for

 J *
 8 + 2 

Substitution in (9) yield thus 

using the lower estimate on s given by Lemma 5. This completes the proof of 

Lemma 4· 

The purpose of the next sections is to modify previous construction in order 
Λ 

to obtain a (P)-set on which μ actually vanishes. 
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4. REDUCTION TO A LOCAL PROBLEM. 

Assume for each J positive integers n^ < ■— Nj given and a trigonometric 

polynomial pj satisfying following conditions 

Pj > 0. Pj(0) = 1 (10) 

supp p C [-i Hy i HjJ. (»1) 

1 >N | 
If AC [Ο.η^], | AI > y rij then pj(m) - ~ rj> *

or
 some m € A - A. (12) 

LEMMA Under the conditions (10), (11), (12), there is a positive measure 
A 

μ, μ((0)) = 1, such that μ vanishes on some set of recurrence. 

Proof‘ Define 

q_,(t) = P1
(t)p

2
(N

1
t)p

3
(M

1
H
2
t)---p

J
(N

1
-*-N

J
_
1
t) 

for which 

supp C [- |· Nj···!^, ^ 

Thus since 

qj(c) = <
ij-i(

t
)Pji

N

r*’
N

j-i
t
) 

we have 

J qj(t)dt = (J qj.jïïJ Pj^ 1. (13) 
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Also for |n| < ^Ni***Nj_i* 

A A 

qj(n) = q
JM

(n>. (14) 

If n = then 

A A 

qj(n) = Pj(m)· (15) 

Let v be the weak -limit of the sequence (qj) in M(ir). By (13, (14), 

(15) 

Hull = 1 (16) 

υ(η) = Pj(m) if n = ^ (17) 

Define 

μ = 6
Q
 + 2γ. (18) 

Take S C Z, D (S) > e > y . Since the class (A - A(A C S, A finite} is 

homogeneous in the sense of [R], there is a subset A1 of [Ο,Ν^···Νj_i
n
jl 

for which 

A1 - A1 c s - s (19) 

V >ε VViV 
(20) (20) 
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Hence there is AC {1 nj} satisfying 

(A - A)N1*-*Kj__1 C AJ - (21) 

|A| > Enj* 

Λ 1 By (12). Pj(m) = - ^ for some m € A - A. Thus if η = then 

n € S - S by (21), (19) and since |m| < ~ N ^, by (17) 

μ(η) = 1 - 2Ÿ[n) = 1 + 2^(πι) = 0. 

This proves the lemma. 

Fixing an integer n and ε > 0, our purpose will be to construct a positive 

3 
measure μ, ΙΙμΙΙ = ̂  . satisfying 

Λ 1 
μ(ιη) = “ 2 for some m € A - A 

whenever A C [O.n], |A| > εη. (x) 

Given μ, let for some N 

pl = (μ * Fn) + (μ - (μ « F,)] x D
n 

where 

F
M
 = N - Féjer kernel and Î) = n - Dirichlet kernel. For N large 

π n 

enough, we may ensure that 

«[μ - (μ « F
N
)Ü * ο,"* < \ 
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Thus P
 =

 Pj
 +

 4 a positive polynomial and 

A A 

p(m) s Pj(m) = p(m) for |m| in, m # 0. 

It is now clear how to get from (*) a sequence (p } satisfying the 
J 

conditions of Lemma 6. 

5. CONSTRUCTION OF CERTAIN MEASURES. 

Fix an integer N and consider the basic measure 

with transform 

A ^ 

σ(η) = cos 2rrj-- . 

In this section we construct a perturbat (on of σ satisfying the 

following conditions. 

LEMMA 7 : Given R and a number L. there is a positive measure such 

that O1 is supported by the N-th roots of unity and 

σ.(n) =1 if L i |n| i RL (22) 

Ôj(n) = -1 If || - n| i RL (23) 

”σ °1ΗΗ(Π) i c(R)(0 ' 
(24) (24) 
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Proof : We assume RL << N, N even. Consider the polynomial 

Since the function 

if n > RL 

is nonnegative, decreasing and convex, ,q1 is positive. Hence 

(25) 

Define 

q2 = ql * FL 5 
Féjer kernel. 

Then 

Λ 

supp q2 c [-L.L] 
(26) 

m 9 
q2 > °. »q2»! S (27) 

i 10 R q2- (28) 

Next, define the polynomial 
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N N 
q
3
(t) = 40 R q2(

t
)
 +

 C
2 cos

 RL* ” cos(^ - RL)t - cos(^ + RLJtjq^t). 

By (28). (27) 

q
3
 i O. Ilq

3
ll, i 500 R(^)2. (29) 

If L < n < RL, then 

q
3
(n) = qj(n - RL) = 1 - cos ̂  n. (30) 

If |;j - n| < RL. then 

(31) 

Finally consider the positive measure 

for which by (29) 
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while 

and (22), resp. (23) follow from (30), resp. (31), as easily verified. 

6. PROOF OF EXISTENCE OF A (P)-SET WHICH IS NOT (VdC) 

Our aim is to satisfy (*) in Section 4 We will use arguments similar to 

those of Section 3 and the measures constructed in the previous section. 

p 
Take n of the form Q f Q even. Fix an integer R. Use the representation 

(0 S qj < Q) 

to get a one-to-one map from [0,n - 1] into Ω = (0,1 Q - 1) . Denote 

D the normalized counting measure on Π. Identifying (0,1,...,Q - 1} with 

the cyclic group Z/QZ, denote Θ the coordinate wise shift acting on Π. 

By Lemma 7. we get for each j a positive measure oj on Π satisfying the 

conditions 

Ojim) =1 if Q
J

 i |m| i RQJ (32) 

Oj(m) = -1 if 

(L = Qj, N = Q^+*). Moreover 

(33) 

"VMW *1 + C{R)
 ? 

(34) 
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and σ. is supported by the Q^+*-roots of unity, implying Q^+*-periodicity 
Λ 

of Oj. Define 

0 = °0 * °ι *'"* °p-v 

Hence by (34) 

(35) 

Let A be a subset of [0,n - 1]. |A| > εη. Let X C Π be its image under 

the correspondence mentioned earlier. Thus i>(A) > ε . Consider next the 

sets A
f
 Θ(Α),.··

9
Θ (A). It is easily seen that for some 4 ζ r i R - 2 say, 

the set 

B = X η e'r(X) 

2 , 
will satisfy 1>(B) > ~ , provided we choose R > ~ . (This is the 

recurrence principle). 

Assuming now 

IP -2 
(1 + i)

K
 > 10ε

 Z (36) 

the same combinatorial argument as described in Lemma5 gives a pair of points 

x. x' in B 

X
 =

 (x
l Vl’°Vl V X' = (X1 X

s-l’2
,X

s+l
 X

p> 
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where 

|χ - x-jl ί 2 If s < j ί P. 

Thus, x, θΓ(χ' ) are both in A corresponding to a pair of points a, a' 

in A 

where 

o;-i
8

€<f-R+l §4R-1)*QZ (37) 

W <-R + 1 ~2·2 R-1> + QZ· 
(38) 

Λ 
Let m = a' - a. Thus m € A - A and we claim that u(m) = -1. Since 

5(m) = UOj(m), in view of (32), (33), it suffices to show that 

m € [| QS+1 - RQ*. i QS+1 + RQS] + QS+,Z (39) 

and 

m € ([-RQJ.RQJJ\[-QJ.QJ]) + QJ+,Z if j * s. (40) 

Clearly, for a fixed j 

m € (q' -
 qj

)QJ + [-Q
j
.Q
J
] + Q

J+,Z. 
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Therefore (39), resp. (40) follows from (37), resp. (38). To satisfy (36), 

take P = C(E)Q. Then (35) implies together with the condition on R 

""V) i
1 +

 «=’(*>£<
2 

for Q large enough. Take μ = |ι»+(1-| i>(0)) which will fulfill (*). 

This completes the proof. 
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