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A SZEMEREDI TYPE THEOREM FOR SETS OF POSITIVE DENSITY IN Rk

J. MURG&IH{‘]

SUMMARY : Let k > I and A a subset of Hk of positive upper density. Let V be
the set of vertices of a (non-degenerated) (k-1)-dimensional simplex. It is showm
that there exists £ = L(A,V) such that A contains an isometric image of # .V
whenever &' > L. The case k =2 yields a new proof of a result of Katznelson

and Weiss [4] . Using related ideas, a proof is given of Roth's theorem on the

existence of arithmetic progressions of lemgth 3 in sets of positive density.

1. INTRODUCTION

The following result has been obtained by Katznelson and Weiss [4] .

¥

THEOREM 1 : Whenever A is a subset of R~ with positive upper density, then

a number £ = Z{A) such that |[x-y| = &' for some x,y € A , fixing any L' >2.

Recall that A .:11"‘ has positive upper density provided

- e |B{o,R} N A
ﬁ{ﬁ.} = I-i- J—ﬁi-q.TI—J‘ *» 0
where Blo,R) = (x E‘llk;lz-tl-:lt]- .

Their argument combines ergodic theory and measure theory. In the next sectiom,
a short proof will be given based on elementary harmonic analysis. This proof

can be elaborated in order to get the result mentioned abowve, thus

THEOREM 2 : Assume a:nk,ﬂa} >0 and V a set of k points spanning a
(k-1)-dimensional hyperplane. There exists some number L such that A contains

an isometrie copy of L'.V whepever L > L.

(*} I.H.E.S.



REMARKS

{a) Theorem 2 is of the sam¢ nature as the generalizations of Széméredy's
theorem [7] obtained in [3] (see also [2]). More precisely, the dilations are
réeplaced by rotations. Although the method presented here requires an increasing
diménsion, the eéxact role of the dimension k does not seem well understood yet.
{b) The following simple example clarifies the necessity of the non-degeneracy
hypothesis on the set V . Let V= {-1,0,1} and A = {x €R%;[x|®€l0,751+Z,} .
Clearly &4(A) >0 . Assume now x E A and ¥y € ¥ , |¥] = t satisfying

x +vyEA and x - yEA . Then
2 2
28 m2ly|® = x +yl? + Ix -y - 20xlP € l0,3) + 2,
implying the existeénce of some k EE* B.E.
k 1
le-yzl « ==
vf;‘ sk

Consequently there are arbitrary large values of & such that A does not
contain an isometric copy of R.V.

This example permits several variations.

It is easily seen that Thms 1 and 2 result from the following "compact” versiom.

PROPOSITION 3 : Let V be as in Th. 2, diam V<1 . Let Ac [0,11%, |a] > ¢

and O < l:j € 1 a sequence satisfying :j+1 < %tj «» Then there exists

j £ J(e,V) such that A contains an isometric image of I:j."i". In fact, for

Lt = I:j .
1 I |,t.l' f(x)E(x + tﬂal}...E{: + ':':"1-1’ dx do > % Et
R 50(k)
where f = .-"{* y ¥ m {I},al,...,lh_l} and d0 refers to the normalized invariant

measure on the orthogonal group S0(k) .

For the sake of clarity, the case k =2 will be handled separately. The complete



proof of Prop. 3 is given in section 3 of this paper. The last section is an
appendix in which it is shown how a new proof of Roth's theorem (see [5]) can

be obtained using similar ideas. The letters O < e,C < & demote numerical

constants.

2. A PROOF OF THE KATZNELSON-WEISS THEOREM

A s .
As usual F(£) = | Kk Fix)e vicx, & dx stands for the Fourier transform. In

E
case k =2, the left =ember of (2) becomes

£(x)f(x+ty)dxo(dy) = JE(E)E(-E)o(tE)dE = E}|TalefE])dE 2
1! [t t-0)8 f12ee) 1% cele]) (2)

where 0 denotes the normalized arc-length measure of the unit circle. Thus

1
18¢e)| < clgl 2 and |1-5¢£)| < c|g] (3)

Also, by definition of f

A A A
|£(e)-£00)| < 2uf, [<x,E>]dx ; [£(ED- |A] |< c [ellal .
Hence, for &>t to be specified later, as consequence of (3)

- 2 ] 2""
[1€Ce31” ade|e]rag = (f P A | S B F ({4 g A (TAL13
elese™ ) Toeleles™ ™l Tlel>s™e™)

> % fleee) 12ae = HGIK EQHIIE{t}IEdE

Clelese™  [6e  e]e]es™ e

> c1|ﬁ|z - n455|a| - HOIRE
[Et-chEI{ﬁ-lt-ll .

= 1 1
Assume & << I!.I2 . It is clear that there exists some j i_ﬂ{lﬁg%}E ld-Elng =

satisfying

[ |Eee)]%ae < = ¢
[ﬁt;l{|ﬁi{ﬁ_1t;1]



and therefore

c

I f(x) Elx+tyy) dxoldy) > % |al* QED.

REMARK : Combined with the results on the spherical maximal function in the plane,

Th. 1 can be improved as follows :

THEOREM 1" : If Ju:]ti , 6(A) > 0 , there exists £ =L{A) such that whenever

L, > ¢ there is a point x € A fulfilling the condition

{|e=y| : y € A} 2 [z,2.] .

k -t|£]

Denote P, the Poisson-semigroup kernel on B . Thus Et{E} = g In
general, let K (o) = t "K(t™'x) satisfying K, (£) = R(te) .
The key estimate of [1] related to the planar spherical maximal operator can

be formulated as follows :

PROPOSITION 1 : For p > 2 , there are constants Clp) < = and alp) > 0 satisfying

alp)
| max |[£-(£aP )]ac_| !|F < c:p}::;;: |iE[lP LB E (&)

2L
=0

Similarly as in proving Th 1, the negation of Th 1°' leads to a subset A of

[ﬂ.l,fl2 , lal > £ and a sequence of positive numbers

g, »# E, =~ 8

1 1 }t:'.}“' »&8_ 2t

2 J J

where J can be taken arbitrarily large, satisfying the properties

1
E‘jﬂ < itj (5)

and

x€AN (s 150" e sup (Do) =1 (£ =1, and R = (0,11%)

8 DL,
1

j

R

Hence, we may write for a fixed v > 0 and choosing j < J large enough



Jt  sup [ -Flas ] < (1-1) |t (6)
lj }t}tj

Fix 4 >0 . As a consequence of (4), we may write

|| sup [Qg-fxc ] - sup [(1-F)#P, *ut]HI <|| sup |[E-£ap

. lao LHP*HM“ 1
j

(.1 4
5. 3C>C B, > [ =]
PE7Ey Cigads ™ j

(7]
For ¢ £ aj, also

146! ~f1.§ g * e -[Qp-Dar_, 1] 5|Ipﬁ_lS -{Pk'ls #a )< €8 (8)

8. & 8. i §
1 ] ] 1

Thus, again by (&), using (6), (7), (B)

*a ]}
B MESE. ¢ Ey 5 T

¢ ||l -£)n 1:5_1! 1-1 “R‘”*"stj]”p > [E sup ([(1-£)ap, w0 1-[(1-f)xp
i : G | j

| W

} = cat =
B

]

(1-1)Jf = [E[(1-D)a 1’5-1

“2tfE + (J0)* - €% ¢

|

(e=21)e - C&°- 1

|

Taking 7,5 small enough and J sufficiently large, a contradiction follows.

F 1 -
Indeed, if tj+l L4 zl:j s then for 2 < p £

1
PP
(2. ]| (eap, ) -(eap ) ||} < clig]l
1 tj*'l. '-j | . P
This completes the proof of Th.l'.
3. PROOF OF THEOREM 2 IN GENERAL CASE
Lec v =1lo, LI POTTEE 1 be non-degenrated. Simple invariance arguments show

that the left member of (1) may be rewritten as

0%V ey 1o*Day ). oD

If{“]f(;+ty1}f{x+:y2}...f{:+:rk -17° ¥y  SERTTS

(dyi



(i)

is the average on a (j)-dimensional sphere in EF
‘.I"'ln . !Fk-j-l

where a

dependent on the points ’1"""k-j—1 already fixed and on V . We will use

the sstimate

-

-

~
| otd) N1 (10)

1+d1 i
Yyae- -J'k_j_ltﬂléc?[ st(€, [y,

¥ geg-1

which is a consequence of the decay at infinity of the Fourier transform of the
j-sphere in R1*! | Denote Gy m{mﬁk} the Grassmannian of m~dimensional
®

subspaces of !I:Ill endowed with the normalized Haar-measure.

LEMMA 1 : Form € k

[ 0. [dise(e,P)+0 ) |2 1-e 816132 dpar < {ﬁ+6§}11f : (11}
Rh Gh.m ck "2
Proof : Estimate the left member of (11) as

cslldls + €l sup

=0 2
! R 1 ]'Ghm[dill:{E.FHl] dF} || £ 1!2

Proof of Theorem 2 : Denote for simplicity

o o lk=1) (k-2) (k=j)
dﬂj{rl,....jrj} o {d?l}dj"l {dhj'"u:l'l,u--?a_l{dfj:
1
Fix & > 0 and compare the expressions
I E{xjf{!+tflj"'E{I*tyh—i}f::*:Fhulldxdnk~1{?1"*"?k-lj (12)

and

| g0 H:n:+t:|.rl] . -E{:-Ftyh_zllftPﬁtl {x-r.yk_lldu “"1;-1‘?1- . *-.j’k_l:: {13)

vhich difference can be estimated as

i i (1)
lazn-aun| < [ |ls Ef*P“:I]ﬂ[uyl‘___Jk_E]t [PLETPLS SPRTE WPy

or by Parseval's identity, using (10}, (11}, as

Cv{]{nIch RiEEE}lzll-e-ﬁt|;*|]2[lﬂis:{tz,ﬂ}-uzdﬁd!"}”z < L‘,ﬁm 14, (14)



-,

Next we compare the expressions

jE{ﬂ{EiPs.lt)iﬂ”:ﬂ:yl}”.H:it}rk_rzldx mh—l{rl”“ylt-lj (15)
and
If(x]f(:*:yll...f{x+=3k_2}iitﬁr1t Yxety, Jdx @ (y)4.ee0y, ) 0 (16)
which difference is simply majorated by
sup ||l:fnP_r1 M=x) - (fx Py ) (ety)|| 2 <
lyl<1 § St - L™ {(dx)
-~ % i -1
o (1860 |2 1-e2m00e 82 278 eIl 12 o eg 1), (an
yi<l

Collecting estimates, it now follows

| (12)=-(15)] < |{11]-{13]ii|l[1."l'.l-l.'1li'.i|+|(13}-(1&}|_{C‘51"M||f|21-||{EtPﬁ_.lt‘,r-{E*P“}"z

In the expression (15)

(15) = fftx]{fﬂﬁ_lt} i::::lH.:utyl‘.h”ﬂmftyk_z}d:dnk_z(rl....,yk_”

the variable "k-l does mot appear any more. We Ereat {15) the same way as (12)

where Y2 plays the rSle of Yi-1 * Thus defining

an = fe6tae ) E(xrty)) oo Elxsty,_)and o0y, eeenyy )
[

Similar computations give

| (1s-(17)] < e (eve Dol [|, + [l Cea Ps_lt}-(h?“]lll

Iteration of the procedure yields that

[ (12)-f£(x) (£ 'Ts":}k-lmml <, (ks+ Ea’”} el cear y )=Cearg) [l,  (8)

Further
e < fteap _ ¥
(. 3 4

k-1
£ IRy )7 Ry o+ AR, - Cer g D,



-

k-1 k-1 k-1
< JE.(ExP ) e |l(ear . )T C-[p, alfax P . )0 VN4 (xR, d-C(Ex P . ) ||
5 Le a1 st i 2 st a1 V2

where the second term is dominated by

B[ (£a P-i }1“'.-1}_‘“?5 *(En P _ ]h—llzllfi

d 't Et

[

& lt

E a'-l;it

|~

ok || (ExP_, )-(Ewp_, .rﬁti I, < cxsldl,

[ T § "t 3

Therefore, as a consequence of (18) and previous computation

(12) > c* L‘-,,.'m}”""llf1|2 - llCenpg,) = (Eap_ )|, Ceed)
5L

i : 1 :
Taking suitable t E {t11t23++.}tJ} {tj""l{ Itj] s We may dominate
|| Ceap, )=Ceap_, ) |l, < SC10gb) [I4]
- Bt Relll T 2
g0 that
k_ /4, =1, 1 1 k
(12) > e =Culls 437 (logg)) /& > 3¢

for an appropriate choice of & and J . This completes the proof.

4. APPENDIX :

A PROOF OF ROTH'S THEOREM ON ARITHMETIC PROGRESSIONS OF LENGTH 3

Let G be a compact Abelian group and T = G the dual group.
THEOREM 3 : Given ¢ > 0 , there exists ' = ¢'(e) such that wvhenever f is

a functionon G, 0<f <1 and IGE'I::;]:I: » £, then

[ fix)flxey) E(x+2y)dxdy > € . (1)
GrG



Applying the result to a finite eyclic group G -EIHE (taking N large
enough) and f = X (S c G,|5| »¢) yields Roth's theorem ([5]) .

The proof i5 based on two lemmas 3

3
LEMMA 2 : iJffli:JfE{x+ny3{x+Ey}K{r}dxdyE illr:l‘,‘_m]I JIillfdlifjlifillgfl

Proof : |<f,,Jf,(-+y)E (+29)K(yddy>| < ||£))|_1Se, Copdg, Coapdrlyday Il 0y

and the second factor is dominated by ""'um ||[1]|2 ||E3||2 . Reversing the rile

of El'f2 and making the product gives the estimate.

LEMMA 3 : (Bozejko-Pelczynski theorem on invariant approximationm, cf. [8] ).
Given a finite subset A " of T and 71>0 , there exists a kernel K satisfying
(i) K>0,K>0 and K(0) =1
(ii) [E(?}'ll <1 for y EA

(iii) |supp K|< NC|A|, 1)

Proof of Th. 3 : Let f be as in Th. 1. Combining lemmas (1),(2), it follows

that given a kernel K with R finitely supported, there exists K' satisfying

(i) of Lemma 2 and

(2) |k = (KaK')| < 1
(33 |JIECa)ECary) £ xr2y)KCyddndy = [[OEaK®) () CE#K") (xby) (£%K' ) (x42y)K(y)dxdy| <t
(4) |supp K'| < N"(|supp K], K]l _,7) .

Take K, =1 . Previous considerations and an inductive construction lead to a

sequence lKi}ﬂ{i{I satisfying (i) of Lemma 2 (I is a positive integer of

gize <8 ) .

Denote £, = f » K, . By (2}, Ifi-{Ei*HL*lll < 1. Thus
(P T T [ (T T 20 S 1 L P8 [ 7 o vs 2 0 [ T [ 2
i+1 "2 i+ 2 2 s T iegtz =402 B i+l'2 "N 2

and summation shows the existence of some 1<i<I fulfilling

1

E gy ~Esylly € 4 ¢ 21



and hence

(5) 1[Jf;,  (E, eoy) £, G2y, (y)dndy=[ £, GOE, . (xoy); _ (x+2y)K, (y)dudy|<1274617

Assume (1) does not hold. From (3) and the constructicn (K = Ki,l' = Ki+ )} it

1
now follows from (5)

(7) |6, GOF,_ GoopdE,_ (x+29)K, (yddxdy | < 131461 Peetl|

Also, for v = 1,2

2 4
ULl e ) eayd=£,_ )| Hi{ylﬁndyllj - 12 Iﬂfi_ﬂlg-ft

1/2
5 #K.>) < G/T

i=1"fi1

which permits us to replace in the left member of (7} fi_l‘:x*ﬂ. Ei_l{:'*!*f} by

fi_l{nJ. Hence

e? < ([0 < [Je,_ (07K, (y)dxdy < 16ve61 aetllk, |,

giving a lower bound on ¢’

REMARK : It follows for instance from the construction of Salem and Spencer

(see [6],p ) that ¢'(c) is nmot a polynomial function of ¢ in Theorem 1.

However there exist known methods providing better bounds than results

from the previous argument.
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