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§ 1. Introduction.

In [1], we proved an existence and uniqueness theorem for
solutions of the equations of motion for systems of infinitely many
particles. In this article, we will apply this theorem to the study of
the time-evolution of states of classical statistical mechanics. Let us
recall briefly the notation and results of [1]. We denote by X the
set of locally finite configurations of labelled particles and by [3€ ]
the corresponding set of configurations of unlabelled particles. A state
of classical statistical mechanics is a probability measure on [ O€ ]
invariant under space translations. Let 5E denote the set of labelled
configurations satisfying conditions L1) and L2) of (1]. Theorem 2.1
of 1] asserts the existence of a solution of the eguations

da, (t) dp, (t)

—5r— = p(%) —at = Z Fla;(t)-ay(t))
i

and the initial conditions

‘11(0) = q‘i ’ Pi(o) = pl ’

provided that F has compact support and satisfies a Lipschitz
condition and that the initial configuration (qi,pi) is in fe ;
it also asserts the uniqueness of the solution in the class of
trajectories satisfying a certain regularity condition. This theorem
enables us to define a one-parameter group 'I't of evolution operators
mapping [SE.] (the set of unlabelled configurations corresponding

A -

to the set X of labelled configurations) onto itself. If the mappings

~
Tt are measurable, they define a time evolution of measures on [J3€ ]



and in particular of states of classical statistical mechanics which

are concentrated on [5&] (i.e., for which E&:]\[ﬁ%.] has measure
zero). This time evolution will be the object of our investigations.
In § 2, we develop some notation and tools which will be needed
in the course of this article, and we restate in a convenient form the
results we will need from [1] . Section 3 is devoted to some measur-
ability questions which are technically important if not very interesting;
we prove that [éé] is a Borel subset of [X] and that the time-

% A
evolution mapping (t,x) +—=> T'x is a Borel mapping from R x [£]

N
to [ ]. In § 4 we show that for a state p of classical statistical

Fa
mechanics to be concentrated on [X] it is sufficient that p :

i. has a Maxwellian velocity distribution
ii. has correlation functions 5;(q1,...,qn) of all orders

(see [2]) adwitting a majorization of the form
= n
P (dyseeena ) S X

with )\ independent of n, Tyseeed, o

These two conditions are satisfied if p 1is an infinite volume limit
state obtained from the grand canonical ensemble at small activity and,

for a non-negative potential, at arbitrarily large activity.

In § 5, we prove an approximation theorem which will be our main
technical device for the rest of this article and which asserts that
the time evolution of the part of an infinite system contained in a

bounded region can be arbitrarily well approximated by the evolution



of the corresponding part of a system with a large but finite number of
particles. We apply this approximation theorem in § 6 +to show that
states obtained by taking infinite volume limits of grand canonical
ensembles with a given twice-continuously-differentiable stable™
potential of compact support are invariant under the time-evolution
defined by that potential, provided again either that the activity is

small or the potential non-negative.

In § 7 , we show that the entropy per unit volume is conserved
by the time evolution. Here, for the first time in our investigations,
thermodynamic- stability properties of the potential defining the inter-
particle force play an essential role. We assume that the interparticle
force is the derivative of a potential ¢ with compact support which

may be written in the form
8= + 4,

with §1 stable and of compact support and *2 non-negative, continuous,

and strictly positive at the origin. We consider a state
A
concentrated on [3X] and which has :

p which is

i. finite mean kinetic energy in (0,1)
ii. finite mean square number of particles in (0,1),

and we let pt denote the lime-evolved measure po T"t

-

A function & on R 1is a stable potential if there exists B such

that, for all n and all Qyseensd

b Q(Qi—qj) 2 -nB .
1€i<jsn



Under all these hypotheses we show that, for any t, the entropy per

unit volume of pt is equal to that of p .

§ 2. Preliminaries.

de will need, unfortunately, a rather complicated set of tools ;
these are developped in this section. Most of the results given here
are of limited originality. In particular, Sections 2.1 and 2.2 draw

heavily on [2] , and Section 2.3 on [3] .

§ 2.1. The Space of Locally Finite Configurations.

Recall that the set X of locally finite labelled configurations
is defined as the set of all mappings (qi,pi) from an index set (which
is either (1,2,34.+.4n) or (1,2,3,...)) to R xR , subject to the

restriction that lim ]qi| =» if the index set is not finite, and
i

that [3€7] denotes the set of all eguivalence classes of such mappings,
two mappings being cquivalent if they differ only by a permutation of
the index set. We will define a topology on [X ] by specifying a
class of functions on [X] and giving [3€] the weakest topology

making each function in this class continuous.

Let :H% denote the set of all continuous real-valued functions
f on R x R whose supports have bounded precjections onto the first
factor. In other words, a continuous real-valued function f is in :}L1
if and only if there is a bounded set A CR such that f(qsp) =0

whenever q € A . For f in :}{1 , we define a function Sf on [3€ ]

by



= B
sf(x) = 2 £(q;,p;)
i
6% (qi,pi) is a representative of x . The sum has only finitely
many non-zero terms because of the support properties of f and the
local finiteness of x j; moreover, Sf(x) evidently does not depend
on the choice of the representative (qi,pi) of x . We give [X£]

the weakest topology making Sf continuous for every f in 3%1 .

We can zive another description of this topology. For any x in

(€] , let (qi,pi) be a representative of x , and define a measure

My on R xR by

In other words, My is the measure which assigns, to every subset of
(R x R , the number of particles whose position and momentum lie in
that set. It is easy to see that My determines x, so [X] may be

thought of as a set of measures on R x R . From the formula

sf(x) = Jf d u

it follows that the topology on [D¢] is just the weak topology on
measures defined by the space :M;1 of functions. Using measure theory,

one proves the following :

Lemma 2.1. The set of positive linear functionals on 3G1 of the

form f +——> Sf(x) is closed in the weak topology in the alge raic

dual of 3@1 v

By Tychonov's Theorem, this implies the following compactness



criterion :

Proposition 2.2. A closed subset X of [XX] is compact if and

only if each Sf is bounded on X .

We want to transform this criterion into one which is more
directly applicable. Before doing this, we will define some notation.

For any bounded set A cR , we define three functions on [X] :

Nn(x) = #{i: a; € A}
) 1 2
K.EJ.A(X) = E E [ Pl : ql 6 A]
P (x) = Ov sup{|p,| : a; €A} .

Here, as usual, (qi,pi) is a representative of x . NA, K.E., , and

?A are respectively the number of particles in A , the total kinetic

energy of the particles in A , and the maximum velocity of any particle

in A. The following proposition is easily obtained from Proposition 2.2,

Proposition 2.3. A closed subset X of [X] is compact if and only

if, for every bounded open set A , N and ?A are bounded on X .

We also have :

Proposition 2.4. Let A be a bounded open subset of [R . Then NA,

K'E'A’ and E« are lower semi-continuous functions on [x] .

Proof. Let ¢n be an increasing sequence of non-negative continuous
functions on R x R converging pointwise to the characteristic function
of A xR . Then 3A = Sﬁp S *n ; Since each S¢n is continuous by

definition, N,\ is lower semi-continuous. A similar argument shows



that K°EA and that

—

By o= [ nflp|"t a3 el ™

are lower semi-continuous. Every point of [>¢] has a neighborhood
on which HA is bounded ; on such a neighborhood, ?: converges
uniformly to ﬁm as n goes to infinity. Hence, ?A is lower semi-
continuous.

The following proposition is proved by showing that the topology

of [X] may be defined by a suitably chosen countable subset of the

functions of the form S8f, f in }G1 .

Proposition 2.5. The space [X] is a Polish space, i.e. it is

separable and its topology is compatible with a metric with respect to

which it is complete.

§ 2.2. Borel Neasures on [X].

For any bounded non-empty set A c R , we let [X](A) denote the

gset of configurations of finitely many unlabelled particles in A

symm.

Be(A) = JTLO (A x R)™

where 1l denotes disjoint union and (A Xx m):ym the symmetric product
of n copies of A xR , i.e., the set of all equivalence classes of
n-tuples of points in A x R , two n-tuples being eqguivalent if they
differ only by a permutation of their labels. Since [X¥](A) is a
disjoint union of guotients of products of copies of A xR , it has

a natural topology. This topology in itself is not very useful, and we
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will use it only to define the Borel subsets of [36](A) .

Given any bounded non-empty subset A of IR , there is a
natural mapping from [>¢] to D€](A) which simply forgets about
all particles outside of A . We will refer to this mapping as the

restriction from R to A 3 it is a Borel mapping* if A is a Borel

sett¥*,

Let [a,b) be a non-trivial bounded interval in R ; then we
can decompose R into a countable union of disjcint translates of [a,b).
It is easy to see that this decomposition gives a bijective mapping

from [X] to f} [je]([an,bn)) (an = a + n(b-a) , b, = b+ n(b-a))

N=-—m

*p mapping from one topological space to another is Borel if the

inverse image of every Borel set is Borel.

** The restriction mapping is not continuous : A continuous trajectory
in [¥] can have a varying number of particles in A (since particles
can move in and out of A), whereas the number of particles is constant
on continuous trajectories in [X](A) . This is why the topology we
have defined on [3€](A) 4is not very useful. If A 1is open, a better
topology can be defined on [3X](A) by imitating the definition of the
topology on [X] ; this topology makes the restriction mapping

continuous and has the same Borel setsas the topology we are using.



and that this mapping is in fact a Borel isomorphism if

TT ) [a b )) is given the product topology. Thus, we have a fairly

31mple description of the Borel structure on [X].

The representation of [3] as a product space gives a useful
technique for constructing measures on [Xx] . Let M be a probability
measure on [*]([a,b)). For each n , translation by n(b-a) gives
a Borel isomorphism of Exj([an,bn)) with [3] ([2,b)), and we get
therefore a probability measure on each Exj([an,bn)). Taking the
product of all these measures gives a probability measure on Exj.

We will refer to this procedure for passing from a measure on

[x)([a,b)) to a measure on [X] as the product measure construction.

It zives a measure which is periodic under translations, with period
b-a.

We can apply this construction in particular to thermodynamic
ensembles. Thus, let a stable two-body potential & , an inverse
temperature B, and a chemical potential |3 be given. For any interval

[a,b), we define a measure on ([a,b) X R)n as

.
N

1 1
I;—Iexp{id[u-gi‘.p- -z (aq, i723)1}day...dq dp,...dp
i i<j

(where dq,dp, is Lebesgue measure on [a,b) x R). Because of the
stability of the potential ¢ , this collection of measures defines a
finite measure on 35([a,b)), and by normalizing we get a probability
measure, which we will call the grand canonical ensemble on [a,b)
Applying the product measure construction to this measure gives a

probability measure on [X] which, physically, corresponds to the
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grand canonical ensemble for the infinite system with insulating walls
at the points an §

Let %1[36] denote the set of Borel probability measures on
[x]. We will introduce two topologies on JG [x¢] 5 each of which is a
weak topology defined by regarding c)’{tl?[}j as a subset of the dual of
a space of bounded measurable functions on [] . Thus, let 06 ve the
C* algebra of functions on [X] generated by the set of all functions
of the form cp{Sf1,...,ka), where f,,...f, belong to 5‘@)1 and
is a bounded continuous function on le. The C%* algebra (i defines
a topology on 5’4 [x] which we will refer to as the (& topology. When
we speak of convergence in %1[1] without specifying a topology, we
will always mean convergence with respect to the (5(’1 topology. It is
sometimes useful to consider the topology defined by the C#* alpgebra
(,%m generated by all functions obtained by composing a bounded Borel
function on [X] (A) (A some bounded Borel set) with the restriction
mapping from [x] to [X](A) . We will refer to this topology as the

(.%m topology ; it is evidently strictly stronger than the C%topology.

We may regard [>X] as a subset of the spectrum of ce y and it
may be seen that the &% topology on [X] coincides with the initial
topology. Since 06 is defined as an algebra of functions on [Xx] , it
is clear that [x] is dense in the spectrum of 06 . The following

proposition further clarifies the way [3] lies in the spectrum of UG

Proposition 2.6. There exists a family (% n) of elements of %,
b
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0 < qh,n < ¢m+1,n < 1 , such that, if the mm,

on the spectrum of éﬂ y then the characteristic function of [X] is

are rezarded as functions

inf su .
P CPm,n
n m

In particular [X£]

is a Baire set™ in the spectrum of .

This proposition is due to Ruelle ([2] , Proposition 4.2 and
Corollary 4.4). The proof in this reference is inseparable from other
and more complicated considerations j; for the convenience of the reader

we will give here a direct proof. The idea of the proof is simple :

A point of the spectrum of Ol which does not belong to [%] heuristic-

ally represents a situation in which some bounded interval, which we can

take to be of the form (-n,n), contains either infinitely many particles

or a particle with infinite velocity j; we will therefore construct

P, 0 that lim Posi = 1 on [X] but such that i ™ 0 for

m>®
all m if there are infinitely many particles, or a particle with
infinite velocity, in (-n,n).

Let

X be a continuous non-increasing function on R such that

x(t) =0 for t 21 and ¥(t) =1 for t <0 . Let §, bea

% On any topological space, we define the set of Baire functions to be
the smallest set of functions containing the continuous functions and
closed under pointwise limits, and the Baire sets to be those sets whose

characteristic functions are Baire functions. Every Baire set is also

a Borel set ;

the converse is true if the topological space in question

is metrizable.
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centinuous non — negative function on R which has compact support and

-
-

which is ejqual to one on (- n,n). de will prove that we may take

N N s
C&m’n(l‘;" x\an(x) -ﬂ) ’

with fn(.l,p} = wn(q)(Hpaj. Since f  is inj’fj and X is bounded and

continuous, it feollows from the definition that . belongs to a.
]

Since 0 <X <1, and since X is non-decreasing, we have

Qs Cptn,n s q’mH,n <1

Clearly, lim ¢ n(x}=1 for all x in [X].
?

[l =0

have the desired property

It remains to be shown that the ®, n's
’

[¥] from the rest of the spectrum of €l . Thus, let x be

of separating
[X] , and let 321

a point of the spectrum of (A which does not belong to

be a net in [¥] converging to x . We claim that, for some n ,

lim sup bfn(xa} =@ .,
a
If this were not the case, it would follow from Proposition 2.3 that

the net (x )
\ 0‘.}

assumption that lim Lo 4: [ %] . Thus, for that value of n , we must have

has a cluster point in [X¥ ] , and this would contradict the

a

: N o e =
tpm’n(x; = l;.m q)m,n(xa) =0

for all m . Hence, inf sup Do = 0O on C[}] , whereas we have seen that
n m ?

inf supgqnn=1 on [X].
)

n m
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Let E(&) denote the set of states of @; E(@) may be identified
with the set of regular Borel probability measures on the spectrum of .
Any Borel probability measure on [X] may be regarded as a Borel
probability measure on the spectrum of § which assigns measure zero to the
complement of [X ] . lMoreover, such a measure is automatically regular.
To see this we remark first that, since any finite Borel measure on a
compact space is regular on the Baire sets [4 ] , it suffices to show that
any Borel set in [¥] is a Baire set in the spectrum of d. This last
assertion follows from the fact that [ ] is a Baire set in the spectrum
of Ol and the fact, easily verified, that there is a countable set in O
which generates the topology of [X ] . We may therefore, when convenient,
regard U“U[%] as a subset of E(Q) . It is easy to construct integrals
of functions withwlues in E(0l) ; we will need some technical results
which assure us that, if we consider such a function whose values actually

lie in JU [X€] , then the integral is also a measure on [X¥ ] .

Proposition 2.7. Let (X, v) be a probability measure space and Er—p

a mapping from X to E(Q) such that X—sp | y) is measurable for every

W in Ol. Define a state p of @by

ply) =jdv(x) Pl ) . (2.1)

Then, for all bounded Baire functions f on the spectrum of a ’

X — fd [ is measurable and

Jf d p= jdv(x) jf d py :




o {lf o

Proof. Let ?:denote the class of all bounded Baire functions on the
spectrum of O for which the proposition holds. Since the continuous

functions on the spectrum of Ol are just the elements of Ci,, E; contains

the continuous functions by the definition of p . On the other hand, if

(fn) is a uniformly bounded sequence of functions in ?f converging pointwise
to f , then a double application of the dominated convergence theorem shows

that f is in F. Hence, “F contains all bounded Baire functions.

Let the notation be as in Proposition 2.7. Then p belongs

Corollary 2.8.
to d‘f}[.*_] if and only if p belongs to 0"[,1[%] for almost all x .
X

Proof. By Proposition 2.6, the characteristic function X[‘%] of [X]

is a Baire function. The assertion therefore follows from (2.1) and the

remark that p belongs to u”U [X] if and only if

jdp[ 1 _XLBEJJ =0 .

Let the notation be as in Proposition 2.7, but assume

Corollary 2.9.
that p, is in u*(,1[3€.]

for almost all x . EEE f be a bounded or non-

negative Borel function of [X]. Then

jf d p =Jd\,(x) Jf d p, (2.2)

The assertion for non-negative functions follows from the assertion

Proof.

for bounded functions by the monotone convergence theorem. The assertion for
bounded functions follows from the corresponding assertion for characteristic

functions of sets, by a standard approximation argument. The assertion for
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characteristic functions of sets follows from Proposition 2.7 and the fact

that every Borel set in [ff_] is a Baire set in the spectrum of [/ S

If p belongs to U‘U[}_] y we define a translated measure TP by

(Tsp){qﬂ — p(¢ 9 TB)

for ¢ in Ql. It is easy to see that, for any ¢ in @ and any x in [¥],
S ‘p(-rsx) is continuous. Hence, by the dominated convergence theorem,

5+—> TP is continuous in the Ol topology. We may therefore construct

%ja ds trp » which belongs to U‘bll[x'] . If we temporarily denote this
o

measure by ; s then by Corollary 2.9 we have

ffd;‘7= &f ds[jdp(fo-rs)'] (2.3)

for any semi-bounded Borel function f on [X] . If p 1is periodiec with

period a , then E ie translation invariant. We will refer to this measure

as the average of p over translations . We can apply this construction

in particular when p is obtained by the product measure construction from

a measure p, on [X )([a,b)) ;3 we will refer to the operation of passing

from Py to this invariant measure as the averaged product measure

construction.
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§ 2.3. Entropy.
We will need the notion of the total entropy per unit volume of a

measure on [¥] which is periodic under translations. In our discussion we

will follow, roughly, the work of Robinson and Ruelle [3] . The infinite
volume of momentum space, however, introduces some complications not present
in the theory of the configurational entropy.

We will start by defining, abstractly, the entropy of a probability
measure with respect to an arbitrary g = finite measure. Let X be a set
and A¥ a g - algebra of subsets of X . We will consider the g - algebra
4} to be fixed and suppress it from our notation, i. e., we will speak of
measures on X rather than of measures defined on Aé and of measurable
fonctions on X rather than of functions measurable with respect to A4,
let o bea g = finite measure on X . If p is a probability measure on
o as = o if

X , we want to define the entropy of p with respect to

is not absolutely continuous with respeet to o and as
do d.p
) 108 (%) e
de dg

if p is absolutely continuous with respect to

p

o . Unfortunately, this

integral need not make any sense 3 the positive and negative parts of the

integrand may both have infinite integrals. If ¢ is a finite measure, this
difficulty does not arise because x log x is bounded below. If g is not
a finite measure, we must restrict the class of probability measures p

that we consider. This we do by choosing a non-negative measurable function



s AT o

@ which is rapidly increasing in the sense that —/;3_¢ dg < e« , and

considering only p's such that jﬂﬁ d.p < oy,

Lemma 2.9. Let X, g, § e as above 3 let f be a non-negative measur-

able function on X such that ff dg =1 and Ef d) dg < ® . Then the

positive part of - f log f has finite g - integral, and

—Jf log £ dg < jf.ds dg + log( -fe-¢dg) : (2.4)

Proof. The first statement of the lemma follows at once from the identity

-flog f = f.qb - e"?s (f,./e-é) log (f,/e_¢) (2.5)

and the integrability of f.ﬁf) and ta.-‘sIS . The ineguality (2.4) is proved
by integrating this identity and using the concavity of - x log x .

We now make the following definition : Let p be a probability
measure on K such that fﬁﬁ dp < w. Then we define s(p,0), the entropy

of p relative to o , by

iy (%g)log (g—g) dg if p is absolutely continuous with
respect to o ,

3(ps0)

= = o otherwise.

(We could have given a more general definition by defining the entropy for
any probability measure p for which there exists a ¢ with the desired
properties. For our purposes, it will be convenient to work with a fixed ¢.)
We will denote by 01(,1(1() the set of probability measures on X .
There is an obvious pairing between (_)(,1 (X) and the space of all bounded

measurable functions on X 3 we will refer to the weak topology induced on
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the set of measures by this pairing as the £® topology. Any statements
implying a topology 0n()b1(K} are to be understood in the £° topology.
If we identify probability measures which are absolutely continuous with
respect to o with elements of L1(g) , then the & topology corresponds

to the weak topology on L1(o) .

Proposition 2.10. Let o be a finite measure, and let N be a real

number. Then s(p,c) is an upper semi-continuous function of p and

{p S(p:G‘) > -N} is compact.

Proof. Using the concavity of - x log x , one checks easily that
(A, )

s(pyo) = inf{ - . p(4;) log c—(ﬁ)]

where the infimum is to be taken over all partitions of X intoa finite
number of disjoint measurable sets { A1,...,An} each of which has strictly
positive ¢ - measure. Since p F_;p(ki) is continuous, s(p,0) is the
infimum of a collection of continuous functions and is therefore upper semi-
continuous. In particular, ({p : s(py0) 2 =N} is closed in.gﬂf(x) ‘

Let 791{0) be the set of non-negative elements of L1(g) with
integral one 3 to complete the proof of the proposition it will suffice to

prove that

X- 6’!"1(5) :ff log f dg s N}
is relatively compact for the weak topology on LT(g) .

To prove this, it is enough to show that

lim Lf dg = 0
Q(E)"-)O
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uniformly for f in '}( [5]-

Let )\ Dbe a real number greater than one. Then

jf dg = f do + f do
En {fsi) E n {f>r]

E Y Q(E) + f fdo .
{51}

We therefore want to show that

lim f f dg=0
Lo J{f>)]

uniformly for f in j{ « But

szflogfdo-z log(k)f fdo-%jdo,
{£>)\} X

or

N+9£—xlzlog(l) fdo ,
{f>)\}

which completes the proof of the proposition.

Proposition 2.11. Let (X,0) be a measure space, and let 4) be a non-

negative measurable function on X such that fe-a¢dg < o for all a >0 .

Let M, N be real numbers. Then ps..;.a(p,g) is an upper semi-continuous

function on {p EUI{}(K) g(ﬁ dp s M} , and { p e(}[j(){) v(¢ dp < M and
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s(p,u) > - N} is compact.

Proof. It follows from the hypotheses on ¢ that there exists a non-negative
O n

measurable function $ on X such that feﬂd) dog < «» and such that

; P(x)_
;’LJE;?)—-%w m_o : (2.6)

Let o' denote the finite measure e ' g . Then we have

s(ps0) = s(pyo') + j‘ﬁ dp

by (2.5) . Proposition 2.10 asserts that s(p,o') is an upper semi~
continuous function on J{,1 (X;I « We will prove the upper semi-continuity of
A

S(p,o’) by proving that p |-—>J¢ dp 1is continuous on

1
{ped(X) : fgﬁ dp < M} .

A
Let Eﬁn = ¢ A n ; then ¢n is a bounded measurable function on X,

so p HJ(ﬁn dp 1is continuous. On the other hand,

[ st < foy b epn,, 88 froo

and, by (2.6) , the right-hand side goes to zero as n goes to infinity

uniformly for p in { p: fﬁb dp = M} . Hence, p l__;..Jﬁ dp is a uniform
limit of continuous functions and is therefore continuous.

It remains to prove the compactness of
1 '
[pGJL(X)zfgl dp s M, s(py0) 2-N} .

Since J‘(b dp = sup f(ﬁb A n} do , p Hjﬁﬁ dp is lower semi-continuous,
n
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so  {p EUQ(X) :‘jQ dp < M, s(py0) 2 N} is closed. Let o" = e*¢ o ; then

s(pso) = s(pyo") + j@ dg

It therefore suffices to prove that {p e(HJ(K) H s(p,g“) 3 —(M+N)] is
compact 3 this follows from Proposition 2.10 since g " is a finite

measure.

e 1
Proposition 2.12. Let Pr 2 P2 € % (K) y and suppose j‘ﬁ dp1 < o and
J¢ dp2 <o . Let 0 g <1 . Then

a B(p1 o) + (1-a) 9(02y0) < s(a [ +(1—a)92,0')
(2.7)
< as(p,0) + (1-0) s(p,,0) + log 2

Proof. This follows, just as in [3] , from tne concavity of - x log x

and the monotonicity of 1log x .

Proposition 2.13. Let T be a one—one measurable mapping of X onto

itself with a measurable inverse. Suppose that g 4is invariant under T

i.e., that g(T-1E) = o(E) for every measurable subset E of X . Let o

be a probability measure on X such that
-1
ji]d.p(m ’ j¢d(poT )(m B

s(pse) = s(pe T 40)

Then




- 9D o

Proof. This proposition follows at once from the definitions.

We now apply this general construction to stzatistical mechanics.

For any bounded Borel set A , let o, be the Borel measure on [X](A)

. 2 5% n .
whose restriction to each A xR . is given by the measure
ymm Y :

l dg ...:iq_n dp,...dp on (A x Eﬂ)n « If p is a probability measure on
n! 1 1 n

[Ef] , the image of pp wunder the restriction mapping is a probability
measure p = on [ 1(A) . The role of the function l# of the preceding
propositions will be played by the kinetic energy in A § note that, for

any o >0 , we have

2
B ; \’:V(A)
o0 KaBioy dg, = © e (2.8)

where v(A) is the Lebesgue measure of A . If SK.E.A d.p <o 4 We will

define S,\(P) y the entropy of p in A , to be s ,O-A) .

PA

Proposition 2.14. Let o be a probability measure on [3}¥] such that

fK.EA dp < @ for all bounded Borel sets A . Then SA(p) is a sub-

additive set function, i.e.,

8 + 8 2.
(p) < (p) AZ(P) (2.9)

8

for all pairs Ays A of disjoint bounded Borel sets, and we have

. 1/3 1 1/3
SA(P) < 3(—2—) v(a) [m K.EA dp] (2.10)

for all bounded Borel sets A .
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Proof. The subadditivity is proved in exactly the same way as in Proposition

1 of [3]; the inequality (2.10) is obtained by applying (2.4) of Lemma 2.9

and (2.8) to get
%
s (p) <a KB dp+ J-&v(z\)

for any q > O, then minimizing with respect to a.

Let a be a positive real number, and letnﬂt;ﬁx] denote-the set

of probability measures on [X] which are periodic under space translations

with period a . If »p ec{;[}ﬂ, and if &dp K‘E'[O a) < o , then
?

“{dp K.%A < o for every bounded Borel set A . Thus, we can define aA(P)

for all such A .

_— 1
Proposition 2.15. let p Gtﬁ%aifﬂ! and suppose that SK'E'[O,a)dp < &

Then @

; I lim 1

B~ 8 —Q

S[a,B)(P) exists. We denote this limit by 8(p) 3 it

is the entropy of p per unit volume.

2. 3(p) = inf = sy o v(p)

3. E(p) is an affine function of o

4. s(p) < 3(%)1/3[; K'E‘[g’a)dpl1/3

5. For any pair of real numbers M, N,

:}{= [P GJ[;_[}J ’ K’E'[O’a)dﬂ < M, g(p) = = N}

is compact for the éﬂb topology, and the Cﬂ topology agrees with the a
N o

topology on j{.

6. _For any real number N, E(P) is an upper-semi continuous function for
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the 6{ topology on [p Ed(;[%] =jK'E'[0ya)dp < M}.

Proof. By Proposition 2.14, sEO na)(p) is a sub-additive function of n ,
b

1 . 1
so lim — b[o nd)(p) exists and is equal to inf o= B[D,na)(p) . Now let

r—sm n

B >q be given and let n, n' be chosen so that na <gq < (n+1)a ,

n'a s g < (n'+1)a . Then by subadditivity

S[a,B)(p) s Si(ﬂ+1}a,n'a)(p) " ®la,(n+1)a * B ata B)(p)
By (2.10) tae right-hand side is not greater than

)1!3 a2/3[ K.E.

s[(n+1)a,n'a)(p) N 6(3 [O,a)dP]1/3 .

S0

. 1
lim sup 8 (p) < 1lim 5 S (p)
- a=»> [ -0 (o ’8) n-—>w [0yna)

Similarly,

1

) : 1
1 nf 8 > 11 — 8
;m_ ;__,m 3 - q ["LsB)(p) = n_fm na s’['O,na,)(p) ’

so statements 1. and 2. are proved.

The fact that s(p) is an affine function of p follows from
inequality (2.7) of Proposition 2.12. The bound 4. follows from 2. and

ineguality (2.10) of Proposition 2.14.,
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#*
To prove statement 5., let P, be a universal net in J{ 3

Then since we have :

B(pg_’ [-na,na)’ c"[—na.,na)) W = ona. N

fK'E°[—na,na) dp(l £ 2n M

it follows from Proposition 2.11 that converges in the &

Pay [-na yna)

topology for measures on [ X ]([-na,na)). Let aEna g8 denote the limit-
’

ing measure. Then the collection of measures (3[ nie na)) is consistent and
= 1

therefore defines a unique measure 6 on [X$] 3 evidently P converges to

B in the Ol topology. It remains to be checked that 3 belongs to H . It

is clear that § is inJ ;[ge] . Since for any g Edl"[x] K.E.[O a)dp -
]

= sup}[K.E.[o’a) An]dp ’ p’_—"SK'E'[O,a)dp is a lower semi-continuous
n

. 1 . : A
funtion on M, [¥] with the am topology 3 hence, fK.B.[O,a)dp <M.

By Proposition 2.11, each s (p) is an a.m upper semi=-

[-na,na)

continuous function on {p E(n; (3] ’jK'E'[O a)dps M} and hence, by 2.,
)

¥ See (6], for the definition of a universal net. A universal net is roughly
one which is a refined as possible. Every net has a universal subnet ; the
image of a universal net under any mapping is universal § a Hausdorff
topological space is compact if and only if every universal net in it

converges.
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s(p) is also & upper semi-continuous on this set. Hence, in particular
0/ & & ’ 1

E(P) > - N, so Sbelongjs to :H, and }{ is a - compact. From the compact~-
o
ness ofj’f in the Ol topology, and the fact that the a topology is a
[=-]
H:éusdorff topology which is no finer than the Cﬂh topology, it follows

that the Gl topology coincides with the @Zm topology on j{, .

We still have to prove 5., and we know already that s(p) is a;
i —conti Hs 're: [x.B dy < M} . T ve O
upper semi-continuous on = [P € a,[‘x']' a .J[O,a) p < } . To prove

i
upper semi-continmuity, it is enough to prove that, if 0 igs a net in }(
o

which converges to p , then E(p) > lim sup g(pa) . There is evidently

o
nothing to be proved if lim sup S(Do:) = — o . If this is not the case,
a

then we can pass to a subnet for which s( pa) ig bounded below, without

changing the lim sup. In other words, w can assume that all the pa are
contained in
1 o
lp €ALX] :jK'E'[O,a)dP =y Bp) 2 =0 ],
for some choice of N . But, on this set, the Ol topology coincides with the

a topology, so Py converges to p in the & topology, and
m , @

E(p) > lim sup '§(pa)
Qa

follows from the a upper semi-continuity of s .
[=4]
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Proposition 2.16. Let X be a compact topological spzce, xr—+?px a

continuous mapping from X to LR;EX], and y a Radon probability measure

on X . Suppose ‘fk'E'[O,a)dpx is bounded with respect to x. Let

P dy(x) py - Ihen

J.K.E.[O,a)dp = jdv(x) fK'E'[O,a) dp, and

5(p) = [au(x) 8(p,)

Proof. The first formula follows immediately from Corollary 2.9. Replacing

Xyv by their images under st o We can suppose that X c:d1;ﬁlﬂ and

that 6 is the barycenter of y . But E(p) is affine and upper semi-

continuous on any set on which JpK.E.[O a)dP is bounded j hence, by the
’

#*
theorem of the barycenter

3(3) - fdv(x) 5(n)

(To justify the application of the theorem of the barycenter, w have to know
that the closed convex hull of the image of X incﬂj[3ﬂ is compact, or
equivalently, that the closed convex hull of the image of X in B(Ol) is

contained in<JL1[}J . This follows easily from Corollary 2.8.)

i The theorem of the barycenter asserts that, if J{ is a compact convex set
in a locally convex topological vector space, y a probability measure on

}( with barycenter r(y) , and f an affine upper semi-continuous function

o IC, wnom 2lel Jf(x)dv(.x). see [7] -
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Corollary 2.17. Let p EJW;E*J y and assume ‘Ik'E'[O,a)dP <o . Let

= 1 *
o = Eﬁ[. ds (¢Sp) . Then
0

fK.E.[O’a)dFT - JK.E.L.O,a)dp <w ,and §(p) = s(p) -

Proof. By Proposition 2.16, we have only to prove

h[k'm'[O,a)o T dp - U[£‘E'[O;a)dp for 0« s <a .

Now K.E. + K.E

[0,a)° Ts ~ K'E'Es,a—s) - K'E'[—B,O) ‘[0,a-s)

By the periodicity of p

JK.E.[_B’O)CILP = KB, gy o -

Reassembling gives :

fK'E'[O,a) o g d‘P = J[K'E'[O,a-s) + K.E.ta_s,a)] dp = fK.E.[O’a)dp

§2.4. The Existence Theorem.

In this section we summarize and reformulate the main results of

[ 1] in a form which will be convenient for our purposes in this article.

For any x = (qi,pi) in X, we define
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ey N (x) '
]x‘ = sup (# Vo osup _(g;_ﬁ)_ t B -a> 1og+ -/u ,
i log‘._(qi) B - a \ 2

where logy(a) = log(|q] ve) . The quantity |x| is either a non-negative
real number or + o . We will regard J l either as a function on X or on

[¥] as convenient.

A
The set X is { x eX: [x | < « } . For any non-negative real
n

A
number § , we define %6 = {x eX: [x] < 8}. We denote by [¥] and by

N
[3&6] the corresponding sets of eguivalence classes.

We want to solve the equations of motion

dy, (t) dq, (t)
———=p,(t) 3 ————=15 F(q;(t) - a,(t))
it at 3 :
N

with initial data in X . Throughout this article, we will assume that F
has compact support and satisfies a Lipschitz condition. We will always
use R to denote the range of F , i.e., the smallest number such that

F(4) = O whenever |a) 2R .

To solve the equations of motion, we introduce for each initial

configuration x = (qi,pi) the Banach space (jx of sequences ¢ = (gi,qi)

of pairs of real numbers such that
15851 vInl

g Il = sup < e -
b log,(a;)
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For ¢ in E&x y wWe let x + g denote the configuration
(qi + By 1N + ni}. The equations of motion with initial configuration x
4

can be reformulated zs an evolution eguation in g,x :

¢ g (%)
———e & (P (S}
dt

the solution of the original equations is then obtained as
X.(t‘) =X r cx(t) .

We may obtain the solution of the evolution equation by an iterative

procedure. Define

e
o
ol
—
ot
~——
n
o

Cn,x(t) .. dT ﬂx(cn—1,x(T)} for n = 1,2,3,...,

ilseay

t
gi,n,x(t) =f fi‘f[l)i ¥ Tli,n_1’x(T)J
? (2.12)

t |
M,5,20 %) =f il 5 Plag+8; o 2T g “8 4 heq N
o J#i

Let xn(t) =EFE x(t)' For each positive real number m , define
b

a seuminorm I |l on Efﬂ by
m A A



|§i vVoin.
Yl =E% g I g

105+(4i)

The following proposition is a more explicit version of Remark 4.3 of [ 1] :

Proposition 2.18. There exist functions h(6,T) and ¢(n,m,5,T) such that

. § o
ico fn’x(t;”x < h(e,T) for all n
whenever lx] < & and ]tl < T .

ii. lim €(n,m,,T) = 0 for all m,§,T and

N—sm
6 28 = (D1 = € (ymys,m)
whenever le < & and |t| <T .

We define Tt to be the mapping of [ ] into itself which takes
the eyuivalence class of x to the egquivalence class of x(t) + The
mappings Tt form a one-parameter group of transformations on [5;] . We let
Ti denote the mapping of [X] into itself which takes the equivalence

class of x to the equivalence class of xn(t) . From Proposition 2.18,

one easily obtains the following :

Proposition 2.19. For any pair of positive numbers §, T, and any ;E_fi,

lim *(Tﬁx) =y (Ttx)
N—>w

N
uniformly for x in [3&61 and |t j< T.
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§ 2.5. Space-Periodized Systems.

We will have occasion to consider systems of a finite number of
particles moving in a finite interval [—a,b) "with periodic boundary
conditions". From a fundamental point of view, this is a matter of studying
a second order differential ejuation on a manifold which is a finite product
of circles. For our purposes, it is convenient to formulate the eguations
in a slightly different way.

For any function f defined on R , and any positive real number a,
Wwe let }; denote the function on R which is periodic with period q
and which agrees with f on [- a/2, 0/2). To find the motion of a system
of n particles moving in [~ a,b) with interparticle force F and with

periodic boundary conditions, it is enough to solve the system of ordinary

differential eguations

e s B @) e ()
- ; . (1) - a.(t) (2.1
at & at 3?& a+b % 3

(Note that, if a + b > 2 R , then §;+b satisfies a Lipschitz condition
since F does.) The pi(t)'s are the correct velocities, but the tﬁ(t)'s
are not necessarily the correct positions ; these latter are obtained from
the qi(b)'s by subtracting appropriate integral multiples of a + b +to
give values in [- a,b).

The solution of this system of equations gives a one-parameter group

of mappings of [*]([- a,b)) onto itself ; we denote these mappings by



-

o
TE' a,b)" If we identify
(%1 = 1] (%€ == + a(a+b), b+ na + b))
n==—o

and if we consider the separate evolution of each factor, we get a one-
parameter group of mappings of [2£] onto itself which we will also denote
~3t
b T -
y. [- a,b)
We also need to adapt some ideas from statistical mechanics to the

framework of periocdized systems. A two-body potential ¢ will be said to be

P - stable if there exist constants B and D such that

X i3 (33 - 4y) = -3Bn (2.14)
1<i< jen
for all n, Qyseeesdy o whenever d > D . Passing to the limit d —s> & in

(2.14) with the 4; held fixed gives

1<iekn

i.e., any P-stable potential is stable.
Although the notion of P - stability is a useful tool, it is not a
very pleasing hypothesis from an aesthetic point of view. Fortunately, for

potentials of compact support, it reduces to the ordinary notion of stability.
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®
Proposition 2.20. Any stable potential of compact support is P - stable.

Proof. Suppose §(g) = O for lq' > R, and suppose that
r [ (‘ll = '-l.'.) > = Bn
o
l<i<j<n

for all Bydyyeresd, - We will show that

L Bgley -ay) > - Bn

1gi<jsn

for all n, quyeceyd 4 if d 2 2 R, We canassume that Gpoeeesd € [0,d).
For any positive integer N , deiine qKn+i = Kd + EH for K= 0,150..,N=1

and i = 1,2,...,n.

Then

o : 1

1<i<jn Bye 1<i<jcNn

> 1 (-BNn) =-Bn .
N

If $ is P - stable and if a + b is large enough, we can construct

¥ Dhis proposition is due to D. Ruelle (unpublished).
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the grand canonical ensemble on [=- a,h) for the potential ?ia-i-b . We will

refer to this measure on [X%] ([- 2,b)) as the periodized grand canonical

ensemble on [=- a,0) . If F(q) = 2ol #(a), where & is an even P-stable

dg

potential, and if a + b 1is larger than 2R , then the measure on [3X]

obtained by the product measure construction from the periodized grand
canonical ensemble on = a,b) is invariant under the one-parameter group
"'t

[-a.,b) ¥

I\
§ 3. Measurability of [X%] ani T°

A
Proposition 3.1. Each [356'] is 2 compact subset of [X] .

A
Proof. By definiticn, [366] is the set of 2all x in [X] such that
§ ‘F(_q l)(X} < & log(q) for all positive real numbers g
¥
ii.

’
N(G.:B)(X) < & (pa) for all oy B With g -a > log, \&.‘;_.3_>

By Proposition 2.5, for any 4,1, B,

{x

("‘m )(x§ < & log+(1)} and
{x :N(u’e)(x) < 5 (g =)}

N
are closed in [X]. Hence, [3&6] is the intersection of a collection of

closed sets and is therefore closed. On the other hand, for any bounded open
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set A , ;/\ and N/\ are bounded on [%51 . Hence, by Proposition 2.3,

N
[3&:5] is compact.

A
[X] is a Borel subset of [¥].

Corollary 3.2.

Next we investigate the measurability of the time-—-evolution meppings

e,

is continuous

Proposition 3.3. For each § , the mapping (t,x)+—> Pt
N

from R x [?{—6] to [¥].

Proof. It suffices to prove that (t,x)p—> ¢(Ttx) is continuous for every

in Ol. We kncw from roposition 2.19 that

Y

lin ¥ (T:f1 x) = y(0')

n—? e

and that the convergence is uniform as t runs over any bounded interval

and X Truns over [%6]' Hence, it will be enough to prove that

() sy (Tz x) is continuous. Furthermore, we can suppose that v depends
only on the co-ordinates of the particles in some bounded interval [=- AsA] «
such that

By Proposition 2.18 there is, for any T > 0 , a constant H

\
165 n,x(t)| < B log (a;)

whenever [t| < T and x = (Cli’Pi} € }6 .



- 37 =

Now choose ) = so that |a] - H 1og+(Q) < ) implies gl < ), ;3

if xe% |, ir ;
€ s if |t| < T, and if ]qi - gi,n,x(t)l $ X for some n,

then ]qi| < X, - Choose successively \,, Ayy++. S0 that la) < Aj
and |ql| > Xj+1 implies
lq] +Hlo;~;+ (qg) + R < Ja'l —Hlog+(q_') J = 0y1,2,...

Then if x ¢ 366 and if fa;| Ay o [34] 2 2y, , ve have

|2 (v) - ay (¢)] > R

i,n,x n,x

for all n and all |t] < T . (We have introduced the notation

y .
qi,n,x(L’ =37 §i,n,x(‘t) +)

From the formula (2.12) for (t), we see that, if

gi,n,x(t)’ni,n,x

(t) depend only

|t] = T and if |4,] < A, , taen q, (t) and T
: et |

il lynyx

on t , on the values of p (r) y v between O and t, and on the

values of gq. (r) y T between O and t , for those j's with

Jsn=1,x

| qj| S Ajyq * By induction, and using the fact that qi,o,xkt) =4q;

pi,o,x‘t) = p,, ue see that, if (qil <\, »andif {t| < T , then

(t) and p, (t) depend only on t and on those qj'n and pj'a

qi,n,x iyn,x
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with |qj| <Ay, e Furthermore, from the continuity of F we see that the

(t), »p. (t)), and hence q;(xn(t)), are continuous functions of

(4 in,x

i,n,x

these variables. (Here, we regard § as a function on ¥ rather than on
[X1-
It is now an elementary exercise in the topology of [X] to

conclude from these statements that *(T;Gl x) varies continuously with %

A
and x for |t|< T and xe[%{)].

Corollary 3.4. The mapping (t,x) — Ttx is a Borel mapping from

A N
Rx[¥] to [¥] .

ey
§ 4. Measures Concentrated on [x73.

If p is a probability measure on [X] , we let PA denote

the probability measure on [¥ ] (o) which is the image of p under the
restriction mapping. Specifying a probability measure on [:;f—] (A) is
equivalent to specifying, for each n,a finite permutation - invariant
measure on (A x R)" such that the sum of the total masses of these
measures is one. We say that p has a Maxwellian velocity distribution

with inverse temperature g if, for each A , the component of °A on

(A x lR)n has the form
An _ B )
d.p,\(‘l?,...,\ln) exp{~ % E, p{} dpy...dp

AN . i ; ; n
where PA is a permutation-invariant measure on A .



-39 -

N
Proposition 4.1. Let p E,}U[}j. For p to be concentrated on [¥] it is

gufficient (but not necessary) that the following two conditions both hold :

A. P has a Maxwellian velocity distribution (with some inverse

temperature g).

B. There exists a real number ) such that, for any interval [a,b)

of length at least one, and any n =0, 1, 2,...,

dp Mo py(Bpy p)=1) oo (Fp, 1yn) < [ A(o=2) B (41

Moreover, we can put the estimates in a more guantitative form : There

-

exists a function ¢(6,8,0) _such that 1lim ¢ (8,py)) = O for all (B,\)

6o

and such that

P([[Jeﬁl) < (6,8 )
whenever o satisfies A. and B.

Proof. Let P be a real number, and let

Y1 p = fx € [X¥] ¢+ For some integer m there is a particle with
]
B g < m+ 1 and  |p;| 2 P log (m))}
Y, p= {x ¢ [¥]: For some integers m,j with 2j > log+(m) s the interval
’

fm-j, wtj) contains more than 2PJ particles) .



[

e will estimate g(Y1 P) and P(Yz P) and show that they both go to zero
) .
as P goes to infinity j; this will prove the propositiocn.

Let P, n be the p measure of the set of configurations with
’

precisely n particles in [m,m+1), and let

¢(g) =Ef e'P?z dp .
g

An elementary calculation shows that the p measure of the set of
configurations having at least one particle in ([m,m+1) with velocity at

least P log+ﬁm) is

o103

< (fg'P 10g, (m)) B gd #J(VEP log, (m))fdp N it}

Y= B p {x : There is a particle in [ mym+1) with velocity at

least F log+ (m)}

<) L 4R e, )
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Using the fact that #(g) decreases more 1apidly at infinity than o5 ;6 .
it is easy to verify that the right—hand side of this inequality goes to

zero as P goes to infinity.

To estimate the measure of Y2 9 s & let
»

measure of the set of configurations having exactly n particles in the

p:n,j,n denote the p

interval [m-j, m+j), and we let

T,k = |0 Nmegmes) ey ™) oo Mg, meg) 1)

- n!
Z a =~ x)1 — TodeR ;
n=k

By condition B.,

K
Glﬂ,j,k s (2}.3)

It is straightforward to verify, using this inequality, that*

R 1)t ;
Py dsn ™ b j{: ()7 < L 2235

; ¢t Wadsttn n!
=0

#*

The possibility of using such an identity to estimate particle number

probabilities was suggested to me by D. Ruelle.
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Thus, the measure of the set of configurations with more than 2Pj particles

in [m-j,m+j) is not greater than
2\ ] 1 AN
oAl E =3 (20 3) .
WA

If P > 2) , the ratio of succeeding terms in this sum is not greater than

1/2 , so the sum is not greater than twice its first term. Using Stirling's

eP+1 B \2]

formula, w see the sum is majorized by C. . « Letting
5
P

ePfl P
f(P,)) = A s We have
PP
()< 5 c [£(p0) 1D
M= =eo 2Jblog m)
Since lim £(P,,) = 0 , the right-hand side goes to zero as P goes
P e

to infinity, so the proof of tae proposition is complete.

Condition B. holds, in particular, if p has correlation functions

of all orders 7 (q1,...,qn) and if there exists a constant 3 such that

‘ﬁn(q1,---,qn) g % (4.2)



e W3t e

for all n and all q1,...,qn « In fact, w have :

Jd.p H(a,b](w(a,bW = 1Y) aiwe (N‘.a,b) - n+1)

= dq1'00dqn En(Q.A'!""qn)
[a-:b)n

There are two cases in which inequalities of the form (4.2) are known to

hold :

i. p 1is a state obtained by taking the infinite-volume limit of the

3
grand - canonical ensemble at low activity [8]

ii. p 1is a state obtained by taking any infinite volume cluster point of
the grand cancnical ensemble for a system with a non-negative

potential, at any value of the temperature and chemical potential.

In both these cases, g also has a Maxwellian velocity distribution and
1

A
is therefore concentrated on [X] .

Case 1ii. requires some explanation. Suppose we have fixed a

temperature and a chemical potential, and suppose § is a non-negative,

#
The_activity } corresponding to the inverse temperature g and chemical

potential | is eﬁu\/gl
B
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two=body potential . For any positive number m, let 5& be the measure

on [ obtained from the grand canonical ensemble on [fm,m) by the

averaged product measure construction, and let g be the corresponding
S J P P

measure obtained from the periodized grand canonical ensemble. The measures
ﬁn and 3; are translation invariant, and it may be seen that they both
have correlation functions satisfying (4.2) with ) egual to the activity

3 . Furthermore, th.E.[0,1)d§m and - E[Eﬁ), and the corresponding

quantities for a; , are bounded if m stazys away from zero. Hence, by
statement 5. of Proposition 2.15 , { ﬁn :m>1} and [%; :m3 1} have

compact closures in c’ﬂ[aej . Any cluster point of the net (5;), or of the

net (Em), has a Maxwellian velocity distribution and satisfies (4.2) with
I8

A= 3 , and is therefore concentrated on [X] . It is to such cluster

points that ii. refers. We will see in § 6 that, if & has compact

support and has a first derivative satisfying a Lipschitz condition, so

that we can solve the equations of motion with F(q) = --%q $(q) , then

any cluster point of the net (§n) is invariant under the time evolution

given by this F .

§ 5. Approximation by Space-Periodized Systems.

In this section we show that, if we consider the time-evolution
of an infinite conf'iguration x, but look ouly at those particles in some

bounded interval, v find a motion which is well approximated by tae
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evolution of a corresponding systesm which is space-periodized with respect
to some much larger interval. To be more explicit, we will show that, for
any ina, any x in [’i]and any + , ¢(T+'x) = lim \b("i“E_a,b)x) as
a, b go to infinity in an appropriate way. Since the space-periodized
evolution is constructed by putting together infinitely many independent
finite systems, this result enables us to approximate infinite system by
finite ones. It therefore makes possible the use of the classical mechanics
of finite systems, notably of Liouville's Theorem and energy conservation,
to obtain information about the infinite system.

This approximation theorem will be proved as follows : we start from
the eguations for a finite periodized system in the form given in § 2.5,
eq. (2.13) . These equations are formally identical with the equations
for a non-periodized system, and we will study them in thelsame way. Thus,
we convert these equations to a non-linear evolution equation, which we
solve by successive approximaticns. By keeping track of the way the
estimates depend on the interval [—a,b) of periodization, we find that
the convergence of the solution by successive approxigatinns is uniform in
a, by, provided that they are large enough and that oﬁe is not too much
larger than the other. Thus, all we have_to do is to show that the nth
approximation for the periodized system is close to the nth approximation

for the original infinite system. Now the evolutions of the two systems

differ only by "boundary effects" having to do with the behavior of
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particles near the ends of the periodicity interval. Using the finite range
of the forces, and bounds on the distances particles can travel, we can
control the propagation of these boundary effects and show that, for any n
and any finite interval (G,B)! the nth approximations to the motion of the
particles inside (a,a) for the periodized system and the non-periodized
system are identical, provided that the ends of the pericdicity interval
are far enough from the origin.

The details of the proof will consist primarily of the rewriting of
the estimates of [1] in the slightly different context of finite periodized
systems. We will frequently have to impose scme restrictions on the
periodicity intervals we consider, and it is convenient to have an

abbreviation for this set of restrictions. We will say that an interval

) ) e e 1 _ log(a)
[-a,b) is allowable if a>e ,b=z2ze ,a+b> 2R, and.ﬁ-s Tog(b) < 2,
(No special importance should be assigned to the number e° $ it is simply

a conveniently large number. A similar remark holds for the bounds on
log(a )
log(b) °*

Let [-a,b) be a finite interval, and let x = (p1,p1;...;qn,pn)
he a configuration of particles in [-a,b). We may regard x as a
configuration in R which happens to be finite and to be contzined in
[-a,b) 3 with this convention we will use the definitions gziven in § 2.5
for |x| , %fx y “x , m“ ”x y&c. If X(t) denotes the solution of
the ejuations (2.13) with Xo) = x , we write %(t) = x + E;(t) , With

gx(t) in [jx . The differential equations become
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dz (¢) o ~
= Ax,a+b(tx(t)) (5:1)

dt

where

Kx,a+b(g) N (Pi Tt g 5:; §;+b(qi B = qj - Ej)) (5.2)
JFi

The following lemma generalizes Lemma 3.4 of [1] :

Lemma 5.1. There exists a constant K such that, for all allowable

intervals [-a,b) , for all finite configurations x = (q1,p1;...;qn,pn)

in f-a,b), for all closed intervals f[a,8] c[-a,b] , for all (2= 1,

= - &5
and for all n-tuples of numbers (gi) with — *_‘11 & % .

i log (a;)

we have the ineguality :

€ ; {{asp] + k(a+b) ]}

k== m

# {3

q.+§

J J

I\

|x] {8 -a+Kx [log, )+ log, (la| v 8|} .

Proof. By Lemma 3.4 of [1] , we have an estimate of the desired form on

*p[ S qj + gj € Dx,g]] . Thus, we want to consider j's such that

qj + §j € [0 B8]+ X(a+b) for some k £ O . Since (ayp] c [ —a,b], We must

at least have q + gj 4 (-a,b) . But |qj| < avb, so a4 must be
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within a distance ) log+(a v b) of the boundary of (-a,b) , and the

number of such
(v

hand, the interval [q,ﬁ] + k(a+b) wmust also come within a distance

A log,(a v b) of the boundary of (-a,d) , 2nd this implies that
|a| v [g! > aAb-=- log+(a v b) 5

Using the inegualities
log+(a v b) <2 105+(a A D)
and

1 .
Llog,(av b) - log,(log,(a vb)) 2 — log,(a v b)
2 1C

1;'s is not greater than 2[x|) log,(a v b). On the other

(which follows from a v b 2 ee), and also using the sub-additivity of

lo-E;+ y We zet

"

1oz, (la] v |8]) = log,(a A D) - log, (x log,(a v b))

W

A log,(a v b) = log (1) - log,(log, (a v b))

v

1
— log,(a v D) = log (1) .
10

Hence,



S

#lsa5+85 €U ([osp] + k(avd))} < 20 |x| ) [ log(|alv|g]) + log (1)1

k#o

- 8o the proof of the lemma is complete.

Proposition 5.2. There exist constants C, D such that, for all allowable

[-a,b), all configurations x in [-a,b), and all £ i_n‘jx s We have

1K, (Ol < O+ 1x])re + D llell, 2og, (litl)] :

The proof of this proposition, using Lemma 5.1, is nearly identical with

the proof of Proposition 3.3 of [1] 5 we omit the details.

Lemma 5.3. Let a real number d be given. Then there exists a constant B

such that, for all g > o there exists an my such that, for all m = m s

all allowable [-a,b), all configurations x in [-a,b), and all g, A

Eﬁx with || 8| <dy, ||e"'||sd, we have :

Al By an(®) =K (8, < B x| log(m), . llt-el, -

The proof is essentially the same as that of Lemma 4.1 of [1] .

We now define :
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Eo,x(t) =0
t

;n,x(t) =j dr Ax,a+b(:n—1 ’x(—;)) for n = 152, 35 voe
Q

Proposition 5.4. There exist functions h(6,T) and E'(n,m,e,T) , With

I
o

lim 'E(n,m,a,T) -

n-row

for all m, 8§, T, such that

i) |8 ()l = B(em)

ii.) e (8) - (8| = En,m,eT)

for all n, m, whenever [—a,b) is an allowable interval, x 1is a

configuration in [_—-a,b) with | x l <6 ,and |t] <T.

The proof is essentially the same as that of Proposition 4.2 of [ 1 ] .

We now state the principal result of this section :

Proposition 5.>. Let >0, 6, and T be given, and let ¥ belong to &.

Then there exists a real number A such that, whenever a > A , b 2 A,

1—5 lgggil-g 2 , wWe have

2 log(b)
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‘ Q(Ttx) - (%E—a,b)x) | < y
N
if xe [¥;] and jt] sT.

Proof. It suffices to prove the propesition for y of the form

¢(Sf1,...,5fk) , with ¢ 2 bounded contimious function on ®S
b

and

gaeeesfy in :ﬁ_1 . Choose m so that fi(q,p)==0 for all i if lql 2 m .

N
For any labelled configuration x belonging to X and any finite

interval [-a,b), let X be the part of x in [-a,b). (The index set for
the finite labelled configuration X may not be of the form (1,2,3,...,n),
but this is inessential). Note that l;l < |x| . Using Propositions 2.18

ani 5.4, we see that there is a constant H such that
” ¥ NJ' -~
‘lcn,x(t)'x <H , “Cn,x(“)”x < H (5.3)
whenever [-a,b) is allowable, |x| < 6, and |t| =T .
Choose mo so that

| a | =2Hlog, @) s m implies |a| = m (5.4)

Now these inequalities imply that, if [-a,b) is allowable, if |x| <& ,

if |t|<T?,and if a2m, b 2m, the sums defining Sfj(Ttx) and
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Sf.("ft \X) can be restricted to those i's with lq.| < m_ . The number
J [—a,b; i 0

of terms in such a sum is not greater than 25 m_ , and (5.3) enables us

to put an upper bound on the velocities of the particles entering the sum.

Hence, the fj , and also d , are uniformly continuous on the relevant

ranges of variables. To prove the proposition, then, it will suffice %o

prove the following assertion : For all ms 6 T and g> 0 , there exists

a real number A > m such that, ir l-s }E§£El.g 2 4 if azh; bzl ,
e} 2
log(b)

if Ia] < &, and if |t|] < T , then

: Jay) s} s e (5:5)

Again using Propositions 2.18 and 5+4, we see that there exists n

such that

m, ! Cn,x(t) -5 (), s €/2

~ ~
rna'| Cn,x(t) Il Cx(t)lk < €2

whenever |t| <T , |[x|< 6 , and [-a,b) is allowable. Comparing these
inequalities with (5.5) shows that it suffices to find, for any given n ,

a constant A 2 m, such that, whenever [-a,b), t, x are as above, with
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a2A, b >A, we have

Bi,m, 28 = 8y olt) 3 My 2lh) ~ny oy (8) (5.6)
for all i with l qi] s m .
We choose successively Myy Bpyees,m SO that, if la] s ms
la’ | 2 myq
|a| + B log(4) + R< |a'| = 2H log,(q') (5.7)

We assert that we can take A =m_ . We will prove (5.6) by showing by

induction that, for [-a,b), t, x as above, for a 2 m, and b2m, and

for O£k gn , if !qil S Wy then

§1 k, t) = gi,k,x(t) ! ﬁl,k,i(t) = ﬂi,k,x(t) . (5'8)

This is clearly true for k = 0 since everything is then identically zero.

Suppose it is true for k 3 we will prove it for k + 1 . Now

€yt () = [ drley + T ()] (5:9)
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and corresponding equations (2.12) hold for gi,k+1,x(t) and ni,k+1,x(t)'

- Iqi] S Mpk-1? e lqil S Mk 2 S ni,k,E(T) N ni,k,x(T) by

the induction hypothesis. Hence, by (5.9) and the first part of (2.12),

~ B = .
gi,k+1,x(t) :i,k+1 ,X(t)

From the inegualities (5.3) and (5.7) it follows that, if

| a] s M _,_q » the sums over j in (5.10) and in the second part ef (2.12)

- . ' 3 .
may be restricted to those j's with |qj[ < mp s and Fa+b may be
replaced by F . But from the induction hypothesis

g.

Jsksi('r) - gJ 9ksx(T)

for all j with ]qjl < m _, - This proves the induction step (5.8)

and therefore the proposition.

§ 6. Equilibrium States.

In this section, we prove two propositions which imply that many
infinite~volume limits of thermodynamic ensembles are invariant under the

time—-evolution defined by the corresponding potentials.

Proposition 6.1. Let (aa) be a net of positive numbers, with lim a ==
o

N
For each o , let 0 be a probability measure on [ X ] which is




= BB =

invariant under 'I‘t y # Suppose that

[-a !aa

o

N
1im pq(il[‘fal) =0

6>

uniformly in a , and that

lim = p(y)
: f%aw ply

for all § ﬂq . Then the state p of @l is a probability measure
N
concentrated on [X ] and is invariant under ot

Proposition 6.2. Let (a.q) be a net of positive numbers, with

N
lim aa = @ . For each ¢ , let Py be a probability measure on [3€]
a

~

a
Q.
whioh is invariant under O . Let p = 2 ds(r. p.)
[-a_,a ) — a s "a
o’ a 2a
a "3.’1

and suppose that

A
Lin '@(E[‘aeﬁ]) -0

d—% o

uniformly in o and that

lim d.E)- v = (*)
o & P
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for every E@Z Then the state p of @ is a probability measure

A
concentrated on [2¥] and is invariant under v .

We will give the details only for Proposition 6.2; the proof of

Proposition 6.1 is similar but less complicated. Let us first dispose of

A
showing that p is concentrated on [¥]. Choose § so that

A
EQ(E[}'B]) 21 -¢ forall @ . Since p is a measure on the spectrum
A
of Y , and since, by Proposition 3.1, [IG] is a compact subset of the
spectrum of § , we have :
N A
p([féj) = inf{p(.l,) : el, y20, y2 1 on [}6]] i

But for any such ¥ oo '%'L(w > 1 -¢ for all q, so p(q;) 2 1 =-¢ 3 hence,

N
p([ﬁ‘_é']) > 1 - ¢ . We can make this argument for any g » 0 , so

o2 =1.

To prove the rest of the propesition, it suffices to show that

Jdp yort = Jdp " (6.1)

for all y in O with | w11 . The first thing we want to show is

that

[dp joT% = limjdﬁa;p ot (6.2)

a
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This is not immediate since y o ‘I't is not in a . However, we can argue
as follows : Let § be chosen large enough so that Ba([[3%] < ¢ for

n
all a . By Proposition 3.3, y o ?* is continuous on ['}_61 . Since

A
LESJ is compact in the spectrum of @ , the Tietze extension theorem

asserts that there exists $ in Olwith || § || £1 , such that a =y 0 pt

on [ib] . Then

IJdﬁu(df"Tt -l 2¢

for all q , and similarly

ljdp (*oTt—Q)Iﬁ 26 .

Hence, whenever ¢ is large enough so that lp(g) -_pu(a)| < € , we have

|Jdp($°Tt) —Jdpa(){,ﬂ‘t)l <1 ]dp (o™ = )] + [o(§) - p, W)
=&
+ l_[dﬁa(t cr-Plsse,

so (6.2) is proved .

Next observe that equation 2.3), applied with f equal to the
A
characteristic function of [X¥ ], implies that Ts(pa) is concentrated
A
on [¥ ] for almost all (and therefore for all) s between - a.a and a.a .

Also notice that :
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a
x
dﬁ y = — ds dp Yot
Ja 2a J a E:
@ Jg
fa 4
a
1 a ~
[ ds d.p ¢o T © Tg_a & )
2a & a’a
& P
o
aa
1 s
= — ds d T oT
2a J P ¥ [-a_+s,a +s)
@ e
a

Jdp (*oT ) + & al. J ds dpa[:*o:i"[t_a +8,8 +8) ]ﬁoTtJO‘TS
a-a a a

(1

(The first equality is just the definition of Eu; the second follows

—

] ' . gr
from the invariance of ,-_;‘cl under T[ _aa’aa) s the third Peilews Poem 1

- F-lt

T o© T = OT
3] -8, -3 +8,a +5
[ f!’atl) [ i )

and the fourth uses equation (2.3) with f = ¢ o Tt).
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Let ba= sup { s < a 2 log (aa—s) > log(aa+s)}; then

b
lim Ta =1, and proving (6.1) reduces to proving :
a a
b
T * s la 5 T = ga 0% w0 (6.3)
im pa [* [_a +8,a +S) 1|Jo o TB .
o 2a a a
% "y
a
log(a -8)
Also, lim (ac. -ba) = o, and, if |s| < 'b{1 =% Tog = 2 2

o

We are therefore in a position to apply Propesition 5.5. For any § ,

define X{, on [X] by

Then for sufficiently large g

t t
Bup I‘I'QT[-a+s,a+s)"i°T|SX6 ’
| slsba o a

Hence,

b
o
\ 1 ~t t
lim SuP_'I dstpo[¢”T[-a+a,a+s)_i—'° T Jorg]
a a
-b
o

a 2a
[0 4
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< lim su 5 X
npfaa

for all § . Since 1lim u[‘dﬁ& .X% = 0 uniformly in a¢ , (6.3) is
> o

proved and the prooyéf the proposition is complete.
We now describe two applications of these propositions to proving

that thermodynamic limit states are invariant under the time evolution.

Assume that F(q) = - E%—@(q) sy Wwhere § is even, of compact support,
and - stable. We choose an inverse temperature and a chemical potential,

and we construct, for every real number m > R which is large enough so
that the P-stability ineyuality holds, the periodized grand canonical
ensemble on [-mym]. Recall that, in our terminology, this is a probability
measure on [¥])([-m,m)). Let B; be the measure on [%] obtained from
this measure by the product measure construction. By Liouville's Theorem

-~

: ~ - ; y t
and energy conservation P is invariant under T .
2 ¥m [-mym)

A straightforward adaptation of the arguments in [8] shows that,
if the activity is sufficiently small, the measures ﬁw :
i. have correlation functions satisfying a bound of the form (4.2), where

A may be taken to be independent of m

ii. converge as m goes to infinity to a translation-invariant measure

p on [X] .
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Moreover, p is the same state as is obtained in [8] as the
infinite volume limit of non-periodized grand canonical ensembles. The
discussion in this reference is in fact formulated in terms of correlation
functions and not in terms of measures, but, because of the bound (4.2),
statements about correlation functions may easily be translated into
statements about measures*.

Taking into account Propesition 4.1, we see that

lim  §_ ([[5\&5]) = 0
b— w

If a measure a on the space of locally finite position configurations
has correlation functions satisfying (4.2), then the measure may be recover-
ed from the correlation functions as follows : Let A be a bounded Borel
subset inR , and let E be a symmetric Borel subset of An. The 3—measure
of the set of all configurations having precisely n particles in A and
those n particles distributed so that their co-ordinates form a point of

E is

> (1)
d -..d X dt.'.d U ) e 1 - '. :
Jg(") j! J;} 4 In ‘LJ 41 qJ Pn+j (q1 ’ 1999 Q.J)

This formula, which does not seem to appear in the literature, was pointed

out to me by D. Ruelle.
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uniformly in m . Hence, Proposition 6.1 applies and shows that p is

invariant under the time evolution.

Now assume that $ is non-negative, rather than merely stable,

and ccnsider 3 , the average of 5 over translations, for any fixed
] m
values of the inverse temperature and chemical potential (i.e., not

necessarily for smallactivity). By the last paragraph of § 4 , [E;}

has compact closure in oqj[aﬁj and

- A
lim pm( [356]) = 0
6>
uniformly in m . Hence, Proposition 6.2 implies that any cluster point

of the net (?HJ is invariant under the time evolution.

§ 7. Conservation of Entropy.

In this section, we will assume that the interparticle force F is

of the form --%1 $ (q) 5 where @ is even, of compact support, and

stable, and we will consider probability measures p on [X] which are
A
translation invariant and concentrated on [ff] , and which have, in
addition,

dp K.E.

3 T
dp I\[O,T}‘: ) [0,1)<w

For such a measure p , we denote by pt the measure p om® . The main

result of this section is tne following
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Proposition 7.1. Let p , F be as above. Then, for any t ,

fdpt KBorg gy < @

S0 E(pt) ig_defined, and we have i

3p°) = BleY

This would immediately imply that E(pt) = 8(p) if we knew that

2
Jd.p N[0,1) < o 3§

we will also prove this, but under more restrictive assumptions on the

potential § .

In outline, the proof of Proposition 7.1 goes as follows :

¢ . t t =t A
1. We consider, instead of p , the measure Pp=P° T[—n,n) y Which

should be a good approximation to pt for large n , by Proposition 5.5.
Although it need not be translation invariant, pz is periodic with periocd

2[‘]0

2. Using conservation of energy for the periodized system, together with

the P-stability of the potential, we obtain a bound

1 (.t
= |dp_ K.E.

9,‘1
5 < 1

[‘nyn)

valid for large n . In particular E(QE) is defined for such n.
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3. Using Liouville's Theorem, we show that

- f t rn¥
Sp) = (o)

4. Denoting by 5i the average of Pz over translations
n
-t _1 45 t
Pn _En TaPy 2
-n

we have by Corollary 2.17 E(Ez) = 5(p)

L=t 1| t
dp K.E.[o’” = EJK.E.[_n,n) dp < M .

5. Finally, using Proposition 5.5, we prove
: =5 . %
lim pn =90

n—s

which implies by a semi-continuity argument :
K.E dp” < lim_inf |K.E dﬁt < N
“®tro,1) P n 0,1 ) Pu
5(p%) = limsup 5(5°) = S(p)
l\P = n P Onj p .

We now proceed to fill in the details. Step 1. merely defines the
notation. For step 2., we define the energy in [—n,n) for the periodized

interaction as :

~

+ P.E.

~d
E = K.B
[‘n!n)

ﬂ.[“n)n) [‘nsn)



- 64 bis -

N,., 1 ~ _
P‘“"[an,n)(x) s Z #o,(a; - qy)
it

qi”‘l‘jEE_n!n)

where (qi,pi) is a representative of x . By conservation of energy for

the periodized system ,

L Nt ~
E °T =E .
[-n,n) (-n,n) [-n,n)
-
We will prove that E[ . n) is p—integrahle and estimate its integral.
ey

By the translation invariance of p

J.d.D K-E-[_n’n) = 2nfip K'E'[O’T):ﬁ

on the otuer hand, if K is an upper bound for | $ | , and if J is

an integer not smaller than R , then

n-=1 J
; X Z L: N N
\ P'E‘[-n,n)\ G T =2 Tihin) [i+3,i%j+1)

where i + J means that integer in [—n,n) which is equal to i +
module 2n . Applying the Schwarz ineguality and translation invariance, we
get

e 2
jdg B 0y S K(27 + 1) n | dp ¥eo,1)
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Hence,

& dp B Tt T 2n
ipn L‘[_n’n) ] o] J[—n’n)p [_n,n) = .ip [—n,n} = n M 3

where M' does not depend on n .

Now suppose that n 1is large snough so that

2 £, (a, —q.) =2 - 3Bm
fedeloy B &

for all m , Qgoeeesdy o Then

P.E + BN > 0
*[-n,n) (-n,n)
But we also have
f - _ ot 7 i - i v
o, I"[-—n,,n) = [drp N[—n,n) ° T[-n,n} ijr&p h[-—n,n) ~ &xnjCa [0,1)

and therefore
b k.E < |ant (E + BN ] < 2n W
Aoy K [ -nyn) Pn L [-n,n) [-n,n)d € <0

where again M does not depend on n . This finishes the precof of 2.
To prove step 3., it suffices, by statement 2. of Proposition 2.15,

to prove that

t
S[—Jn,jn}(pn) = S0-in,n)(P)
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for all odd integers j . Liouville's Theorem asserts that the

e

S . t

measure is invariant under 'I‘[ n,n) ; our statement now
)

Of -jn, jn)
follows from Proposition 2.13.

Step 4. 1is a straightforward application of Corollary 2.17. For

step 5 ., ® have first to prove

11
lim h j ds jdp lyo"l's oT‘E_n l'l) = dp °Tt (7-1)
2n d
n--somn -n

for all ¥ in O . Using the equation

Tt - T
T * [-n,n) [-n+s,n+s) ° Ts

and the translation invariance of p , we have

B ~ck 1 (" Tt
%1 ds fdp yo Tg T[—n,n) =2 da | dpi y 8 T[—ﬂ(1-ﬂ)s
. -1 n(1+a))
By Proposition 5.5, if - 1<a < 1,
_ ~t _ t
B Ton(1-a),n(1va)) T V0T
n—= o

on [X¥X] ; hence, applying the dominated convergence theorem twice gives
(T )s
To finish the proof of Step 5., and hence of the proposition, we

have only to show that
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[0,1)

then the statement about the mean entropy will follow from statement 6 of
Proposition 2.15. Because pt is translation invariant,

almost everywhere, so it will suffice to prove that

KGE.( = K.Eo

0,1) [0,1)

p I——% KOI‘JO(O’T) d-p

is a lower semi-continuous function on L}11[36]. Let ()Cj) be an

increasing seguence of non-negative continuous functions on [R converging

pointwise to the characteristic function of (0,1), and let
2

fj(q,P) =;¥j(l} P . Then *j - (Sfj) A Jd is an increasing sequence in
2

63L such that

u[k.m.(o,1) dp = sgp p(wj)

for all p in ‘M_‘I[%] Since pHp(¢j) is continuous, our assertion is
proved.
Next, we take up the question of the integrability of N%O 1)
’

with respect to pt .

Proposition 7.2. Let »p be as in the first paragraph of this section ;

assume that F(q) = - -%i $(q), where § has compact support and is of

the form ¢1+§2g with ¢, and ¢, both even, § P-stable, and $, mnon-
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negative and bounded away from zerc on a neighborhood of the origin. Then

b R
fd" Boyi) ™ = ®

Proof. e will keep the notation of the proof of the preceding propesition.

; LT . ; :
Since p is translation invariant,

t 2 t 2
Jd" "fo,1) =fd" ¥(o,1)

Arguing as in the proof of Step 5. of the preceding proposition, we see
that pr—|dp N?ﬂ 1) is lower semi-continuous on.on1[36] and therefore
1y

that it sulfices to obtain an upper bound on

n-1
1 -t 2 - « : ;
— th N(. . which is uniform in n for large n .
2n ; 3’J+1)
J=-n

By eyuation (2.3),

n-1 0 1 2n n-1

_t ¥ g
4 'N' o = d" d N | F

E Pn (JsJ"‘1) 2n ; Pr E ('-""TH)OTQ
J=n e

§]

2n 1n-1

-1 ds dpz E N%'-s j=41)
2n J=-n TS
0]

For any value of s between O and 2n, some of the intervals (j-s, j-s+1)
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will be contained in (-n,n) and some in {(-3n,-n). One, at most, will

contain -n ., If Jj=s <« -n < j-s+1, we can estimate

t .2 t o, . 2
u{dpn N(j—s,j-s+1) = |9y, (R(j-s,-n) * l\‘[—n,j-sﬂ-T))

t 2 2
s 2 ) dp, [H(-n-17n) i N[—n,—n+1)] ’

From these two remarks, and the periodicity of pi s we see that
to prove the proposition it will be sufficient to show that there is a

constznt K such that, whenever n is large ernough,

1 t 2
= d.p_:_1 z: NI. < K
2n J J

for all pairwise—disjcint collections {11, I2,...} of intervals of unit

length contained in [-n,n) . Usirg the conservation of energy and particle

nunber for the space-periodized evolution, we can get such an estimate if

we can find constants C, C' such that
2 »
i C E « + C' N
%; mlj < OByt O N

whenever n is large encugh and {Ij, I2,...} is as above.

From bie P-stability of @1, ve have



- 70 .=

2 ’ﬁ[_n,n) {X) > -8B N[_n,n)(x) + Z%: ;2’21,1("11 = q-])
17J

1354 5€[-n,n)

(where [qi,pi) is a representative of x).

Since %, is non-negative, we can omit any terms we like from
the sum on the right j; we keep only those pairs with qi’qj both belonging
to the same one of the Ik's « The proposition now follows from the fact
[97 that there exist B', B", with B" > 0, such that, for all m and all

Qypevesdy in [0,1] ,

2
= - U 1
E @2(qi 43) -2 B'm + B"m

if]
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