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In the algebruaic formulation the thermo-
dynamic pressure, or free energy, of a spin system
is a convex continuous function P defined on a
Banach space %5' of translationally invariant in-
teractions. We prove that each tangent functional
to the graph of P defines a set of translation=-
ally invariant thermodyz~mic expectation values.
More precisely each tangent functional defines a
translationally invariant state over a suitably
chosen algebra Ol of observables, i.e., an equi-
librium state. Properties of the set of equili-
brium states are analysed and it is shown that
they form a dense set in the set of all invariant
states over Obb . With suitable restrictions on
the interactions, each equilibrium state is inva-
riant under time-translations and satisfies the
Kubo-Martin-Schwinger boundary condition. Finally
we demonstrate that the mean entropy is invariant

under time-translations.

*
) On leave from: Department of Mathematics
University of Califormia, Berkeley, Calif.

“»-

-

XQ20



(5 | =

1. INTRODUCTION

The purpose of this paper is to continue the genergl analysis
- of quantum spin systems which was presented in 1),2) and 3). In 2) we
gave an algebraic formulation of the mathematical framework of quantum
spin systems and showed that the thermodynamic pressure, or free energy,
P could be considered as a convex continuous function defined on a
Banach space of iranslationally invariant interactions. Further it was
shown that the preséufé also served as a generating functional of equi-

librium states in the sense that the functional derivatives, i.e., the
determined translationally

Ol, of observables.

tangent functionals to the graph of P,
invariant states over a suitably chosen C¥ algebra
The states introduced in this manner play the same role as the more

conventionally used correlation functions or thermodynamic expectation
values. The results of E were, however, incomplete in the sense that

we could only rigorously establish that P generated equilibrium states

under certain restrictive conditions. In particular it was shown that

if the interaction @ were such that the tangent functional to the
graph of P at @ was unique then this tangent functional determined

an equilibrium state. Tt was further shown that the equilibrium states

obtained under such conditions described pure thermodynamic phases.
This latter result was derived by establishing and using a variational
principle for the pressure which involves the mean entropy introduced
in 1). In the fcllowing we complete the results of ) by proving that
each tangent functional to the graph of P determines an equilibrium
state, thus covering the situation when mixtures of phases can occur.
Further we establish a variational principle for the mean entropy which
involves the pressure and also show that every translationally invariant
state over (ﬂ; can be approximated by physical equilibrium states.

Next we extend the results of by proving that if the interactions are

such that time translations correspond to a one-parameter group of auto-
morphisms of Ol +then the corresponding equilibrium states are inva-
riant under such translations and satisfy the Kubo-Martin-Schwinger

boundary condition. Finally, we demonstrate that the mean entropy is

invariant under time-translations.

68/53%3/5



It should perhaps be pointed out that whilst we work in an
essentially quantum mechanical setting the results we derive also have

relevance for classical spin systems and lattice gases. In fact the

analysis of 1),2) was based on carlier works 4)15),6) in a classical
framework; many of our present results can be directly transcribed to

this framework.

2. CONVEXITY THEOREMS

The aim of this Section is to derive two mathematical theo-

rems concerning the tangent planes to the graph of a convex function;
the physical application of these results will be dealt with in the

following Section.

Temme 1 : Let X and Y be complete metric spaces and let Y  be

separable. If ZCXxY is a residual set, i.e., the compo-

nent of a set of first category, then there is a residual set

X,CX such that for all xeX, the set 2 N($ x3 xy) is a residual

set in  $ x% xY.

Proof : Ve may assume that Z 1is open and dense and then it is suf-

ficient to find X,C X such that 2N (§x*3 xY) is dense in
ng Yo Porpi 8l X EXT' Let Gs850ee be a denumerable dense set

in Y ond define W, by
' F e faN = s |
W, = TTI ?z eZ. : r).("lTZLZ) : G.L) <-L—E
where ]T}(Z),TTé(Z) denote the co-ordinates of z and d(.;.) the
metric in Y. Clearly W, 1is open and dense. If X, € G}Wi it
follows that for each i ft{here is a yie Y such that (xo,yi)e 2

and d(yi;aik-;-- Then §y;3 is dense in Y.
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Corollary : Let % be a Banach space and Y a subset of the closed

unit ball in X which is a residual set. TLet we ¥
be a unit vector. It follows that for € > 0 +there is a unit vector
w' with || W - u,i'[[(& such that

PN dle VARV

is a residual set in |- 1,1].

In the following we will need the notion of the tangent
functional to the graph of a convex function; a tangent functional
is essentially a tangent plane normalised suitably. If f is a
convex continuous function defined on a Banach space X an element

T eX"' is said to be a tangent functional to the graph of £ at
e I

(s ) y 1)+ Yalw) , weX

If £ is differentiable at x the only tangent functional at x
is the derivative Dfx'

Theorem 1 : Let f be a convex function defined and continuous on a

neighbourhood of zero in a separable Banach space 3( .

Let ¥ CTX! be a tangent functional at zero to the graph of T

It follows that y is contained in the Weak*clqsed convex hull

of the set of tangent functionals T defined by 3, = S z e){'_;

v

there exist x,_f»o (in norm) such that £ is differentiable at

reach xy and weak i 'L&me& =ZS .
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Proof : From convexity we may Girectly deduce that for a sufficiently
small neighbourhood {) of zero there is an M>0 such that
|2(x)-£(y) | < M|l x-y|| for =,y eU’. iIn perticular it follows that
| yl[¢m ana || 2]l ¢ ¥ for all =z¢% . Now assume the theorem is
false; then there exists a weak¥continuous linear functional on X'
i.e., an element of ¥ 3 Wwhich strongly separates y from 'ff .
In particular there exists a unit vector ®weé % and a real number
m such that y(wW))m and z(w)g¢m for all =z e%. Since %
is bounded we can replace W by any W' sufficiently close to it
and still obtain separation. But as f is convex it is differen-
tiable on a residual set and hence; using the preceding corollary,
we see that we may assume that £ is differentiable at Aw  for
all A in a residual subset of [__-1,ﬂ « By weak*compactness we
can choose a net >~q -0 and \‘},O such that f is differen-
tiable at each )\qm and thdu . converges in the weak*topology
on ¥' . Since Zlqiiknll}f)w,‘J €% we have ln‘&ml}f}‘“m(m] G M LaOay

im. | & {050

. d)\‘\:(km\_\)\:)\ﬂ Lm (1)
However; since Aq» O +the slope of any tangent to £( Aw ) at
zero must be majorised by the left-hand side of (1). But, since y
is a tangent functional to the graph of £ at zero, there is a
tangent line to the function M —=f(Aw ) at A=0 with slope
y(w). . Hence y(w)g¢m. But this contradicts our assumption

y( W) »m, and thus the theorem is proved.

),

*
Lemma 2 “: Let f be a non-nega‘bi_v_g_mg_c? function defined on Rj

then the derivative Df of f satisfies the inequality

WoUle) < $6©@ v
i<, (i)IDRleY < log(1ra) R

*) The proofs of this and the following lemma are based upon sug-
gestions by D. Ruelle.
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men (k) | DG = ©
% which

and hence
xe R"
refers to the usual Euclidean norm on R

where the I|.”
is also identified with its dual.
Hx H\(\a because the contrary
Now, let

We may assume “Df ” >0 for
assumption leads trivially to the desired result.
with x(0) =0 and such that

.
.

Proof

x(t) be an arc in R

%~ B
x( £) = - (o)
t)]| &<t and

We note that for t)0 we have Hx
o) + \dtd
) S: £ ()

0 ¢ kW)
a
fo) - | de oI
Q
£lo) = ma (happar) [IDENG) jﬁ_it._
a ol+t
A simple rearrangement yields the desired result.
Iemma 3 ¢ Let f be a convex continuous non-negative function defined
on Rn and let a >0 be given. There is an x_gjn, with
H “ £a and a tangent functional h to_the graph of £ at x
such that (1+]] J!)“th <2f(0)[10g(1+a)
rroof 3 It __;O: be & segusnce of positive ot Tumetions of
SUIESSRT SSooart itk ke IGilcwiiEs prumeriics
l jclxjx,\(ﬂ = |
2. Sn % F —> {. uniformly on compact sets

~ (3“ x 5)(0) < 2£0)
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6.

Now j) ¥ 1is non-negative, C 00, and convex; therefore_, there
exists an X, with ||1 || such that
(+IndIID, (g bl ¢ HE
'-cuﬁlhcﬂ

by lemma 2. Next, possibly passing to a subsequence, we can assume
X, —x and hnzl)xn( ?n*f)_’hx' We then have
72§
(e liR,) ¢ 2Rk
afj(kru)
But, by convexity, we also have

—

(30 )¢8) 2 (gerFY) + hae) . eR
and therefore |

%(MS) 5 Y () + h(9)

ie€ey hx is a tangent functional to the graph of f at x. This
completes the proof of the lemma.

Theorem 2 : Let f be a convex continuous function defined on a sepa-

of L.

rable Banach space X% and let h € ¥ have the properties
that h(x) <f(x) for all x<¢X . It follows that h is contained

in the weak¥*closure of the set of tangent functionals to the graph

Pfoof : We can suppose, without loss of generality, that h=0. Now

68/533/5

let Wy Wyresepld € X and €>0 be giveh. ' We have to
find an x e X and a %angent functional Yy to the graph of f at
x such that |yx( r_,oi) | { €& for i=1;2.+4yn. Now by the Hahn Banach
extension theorem, it suffices to find an x in the linear subspace
% or % spanned by W,sees;W ~ and a ‘tangent functional

A

- 1 r ~
¥, € X such that lyx( uoi)

(G fOI‘ i=1’215o.,n, i-e-, we Oan,
effectively, assume that ¥ is finite dimensional. The proof of
the theorem is thus immediately given by lemma 3.



Note that x and the tangent functional y, cen be chosen
such that we not only have |yx(wi)[< &€ for i=1,25.+eyn bub
also |y (x)|< €. This remark, which will be of importance in the

next Section, follows from the estimate given in lemma 3.

3. EQUILIBRIUM STATES

In this Section we apply the foregoing results to the charac-
terization of the equilibrium states of a quantum spin system and to the
derivation of certain properties of these states. The characterization
we obtain completes earlier results obtained in 2) and 3). We begin by
recalling the mathematical framework associated with a quantum spin

system.

A quantum spin system is described in terms of a simple sepa=-
rable C* algebra Ol of quasi-local observables and a collection
3{51‘(1\ )% of C* subalgebras of Ob , where /\ takes values on
the finite subsets of 2’ . Elements of the OW(A) are called
strictly local observables. flhe algebras OL and OUWA), Ac A
satisfy the following properties

e Oh(A)c OL(A) iz A <A,
24 Ol is the norm closure of f}i’ze oL(nY
3. Coun),o)=0 12 ANA = ¢

4. the group 2% of space translations is a subgroup of the
automorphism group of Ol and the action of these automorphisms

is such that

AeGUA) — oA € GU(A) ) x eZ

ITA, e8]l 7=20 , ABeOL ana xeZ

5. for each f\c Z‘) y OL(A) is isomorphic to the matrik algebra
of bounded nperators iy (", ) on a finite dimensional Hilbert

space Pae!\ .
AR/533/5H



The states, i.e., the normalized positive linear functionals
over O}, , form a weakly compact convex subset E of CL' and the

translationally invariant states, i.e., the states such that

t‘{(t;ﬁ\) = 5(}\\) X A e QL ,Keza

form a weekly compact convex subset E ﬂin'a of E. The extremal
elements (B ﬂL;'o ) of this latter subset enjoy many remarkable

) aea SV whtoh

properties of an ergodic nature [:gee for example
allow the physical interpretation that they describe single thermo-
dynamic phases. If we consider a state 53 restricted to any sub-
algebra 0_'.1()'\) then, by property 5. above, the state defines a

positive operator Sﬁa on '}9,\ such that
\r,afh (?A\ = and -T:‘}f,\ (3,\ I\\ = ,Y(A)

for A& OL(A) [here and in the sequel, we tacitly identify(Q(A) and
L—('}E;\ ):| + The density matrices j"‘ are related by certain compati-
bility conditions, but for our present purposes it suffices to note that

we can define a local entropy Se (A) of a state via

S‘j(h\ - Tr\'&eh(?)r\bcsgn)

and, if S is an invariant state; i.e.; JJe,EﬂL;‘; ; & mean entropy

via
S et R
N(AY A NN

where N(A) is the number of points in the set /A\c2z® and, for sim-
plicity, here, and in the folldwing, we take the limits over parallele-
pipeds whose sides cach tend to infinity. The mean entropy defined in
this manner is a non-negative affine upper semi-continuous function on

EnII;o (for details, and proofs of these statements, see 1 )
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9.

Physically we consider the points x e 2° as sites of particles
or "spins", wh;i.ch interact together. In our rather abstract setting we
introduce an interaction @ as a function from the finite sets XC Z:'
to Ob with values g(x) € OL(x). We assume

5 G(X)  is Hermitian
e ¢'(‘K+&\ = Ta ¢(Y~ for ae 2
da 3. Wl = > el o
e X30 N(x) < :

With respect to the norm introduced in the last conditions the inter-
actions @ form a separable Banach space 8 . The finite range inter-
actions, i.e., those interactions such that for X30 @(X)=0 unless
XCA for scme finite /N , form a dense subset % C8 It is conve-
nient to introduce an auxiliary Banach space QS,’ whlch we leave arbi-
trary up to the assumption that 80 z 81 <l 8 and 80 is dense in 81.
The interaction energy of a spin system confined to the finite set A\

is defined for ¢ e 81 by

Ug(A) = 5 $x)

xc h’

We also introduce the "interaction energy" at the origin by

.: T (é('{\'
A = 22 N

The following theorem gives information concerning the equili-

brium states of spin systems with interactions g ¢ %1; in part the

2)

~theorem summarises results already derived in o

Theorem 3 :

1. If g¢ 81 then the thermodynamic pressure

WA= e Nm Logy T ("- Rl
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10.

30

4.
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exists. The function g-P(#) is convex continuous on the Banach

space @1 and

\ P() - PW)| < ig-wil , 6,48,

If ocge 8,; is a tangent functional to the graph of P at @, i.e.,

‘P((b+$'}\ > P(g’)‘) — 'Xﬁ("p) for all ‘Pe 81

through the relation

then determines a state (v.,€ EﬂL:‘e
g _ Oy EAL

ks (V) = S’(p(‘%)

The states Ssg defined in thies way will be called equilibrium

states.

If T c81 is the set of @ such that the graph of P has a unigue

4

tangent functional at # then T is a residusl set in 81 and

for @PeT the equilibrium state t)? detiermined by the tangent
Yﬁ(" E(EnL's ). Further we

functional ocﬁ ig ergodic i.e.,

have for BT the relation

- } v I T e"UdU\\ U‘P{A\ (2)
Ag(¥) = 3Ry = ben Try (€540) %( N(K\)

The pressure P, +the mean entropy S, and the set of equilibrium

states are related as follows

U
-
[ =4

P(B) = S -5ult) = 3 1,050 505 48, ©



De

1.

where S)ﬁ ig any equilibrium state associated with ,@.I The supre-

mum in the last expression is reached by a unique state EQ if,
w
and only if, @e&T.

The pressure P, the mean entropy S, and the space 81 of inter-

actions are related as follows

£ £a)% ENLS
s@-;l% P8 +9(ANY  tor  geENLE

The equilibrium states are weak*dense in the set ENLS, of all

translationally invariant states over Ob .

Proof : Statements 1. and 3. together with parts of statement 4. are

2)

proved in "/. In particular it is shown in this reference that
the maximum principle (3) holds and that, for ge&T, the tangent
functional d‘gﬁ determines an ergodic equilibrium state fﬁ’ the
relation (2) is valid, and 5’;2! gives the unique supremum in (3).
However it now follows directly from theorem 1 that a general tangent
functional o(ﬁ determines an equilibrium state yﬁ; in the present
context theorem 1 states that a tangent functional O"gf with Ef{'l'
can be approximated weakly by convex combinations of tangent func-
tionals Oy with {YeT. The facts that in general py gives
the maximum in (3) and that this maximum is unique only if feT
follow from considerations reproduced in 2) and 3). It remains to

prove statements 5. and 6.; we begin with the latter.

Let ¢pe EﬂL;; be any invariant state; then from (3) we

see that

68/533/5
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12.

where we have used %the non-uegativity of § +to obtain the second inequa-
lity. Thus the function g- A(4) = ?(Aﬁ) is linear and its graph lies
below the graph.of P. Hence by theorem 2 o lies in the weak¥closure
of the set of tangent functionals to P and thus by statement 2. of the

above theorem we obtain the desired result.

To prove statement 5. we note that by (3)
P(@)+3(h) - S(9) 7 O (4)

for @ ¢ 81 and (eE nqu + However, given € >0 we can choose
g & 81- and Tﬁ such that

(o) + < S(3) = PB) +94(Ag) - (5)

J

and

[5(ke) - (A | < £ e

Here we have used the upper scmi-continuity of S and the remark at the
end of the proof of theorem 2. Combining (4), (5) and (6) we find with
this choice of g

& > ?(‘P) +3{A¢,\} = S(g\ >/ O

This establishes the desired property and completes the proof of the theo-

I'Clle

In the foregoing we have left a certain arbitrariness in the

definition of the Banach space f&. In the following, however, we will

consider one specific Banach space which we define as the set of inter-

actions £ € B which have the property that

68/533/5



13,

18I, = 20 1160 epinN®y < « o (7)
X320

For this space of interactions it is possible to discuss the time develop-

ment of the spin system. In particular, for each g e 31 there exists

a one-parameter group of automorphisms of the algebra Ol of quasi-

local observables corresponding to time translations. We denote the

action of this group by A0l - ‘Cf& e L for teR; the action is
defined by

2ER = L 2EUBN) o=+t Us®) te R AcOh, de3,
& A->00 ) ’

@he existence of this limit was established in 3) for a dense subset of
81; Ruelle 9) has shown that the arguments of 3) can be improved to

establish the existence for all g € 31:]

Theorem 4 : If g¢ 31, the space of interactions whose norm is given

by (7), then any equilibrium state 0, defined by a
i

tangent functional to the graph of the pressure P at @, hus the

following properties:

Te '_3355 is invariant under time-translations, i.e.

S(;]('C?Fq = j.;s(ff"\] for all Af—G‘l’.téR

24 L0 o satisfies the Kubo-Martin-Schwinger boundary condition.

Explicitly, for A,B & OL , the function t- pd(A(th))
I~

extends to a bounded continuous function on the strip

0<Im$t3 €1 which is analytic on the interior of the strip,

and we have

0o (A(22:8)) = 55 ((<8)A)

68/533/5



14.

Proof : Let T C'B1 be the set of interactions at which the graph of
P has a unique tangent planc. For @ in T +the properties
stated in the theorem have alrcady been proved in 3); we will ob-
tain the general statement from this result by an approximation
argument using thecorem 1. It is easy to see that weak limits of
convex combinations of statcs satisfying 1. and 2. again satisfy
1. and 2.; hence, by theorem 1, it will suffice to prove the

theorem in the special case in which

§o = lm ¢4,

where @y is a net in T converging in norm to @ and .Sﬁx

is the state determined by the unique tangent plane to the graph of

P at ﬁ{x . Moreover, we can assume that A and B are strictly
local; the assertions for general elements of Ol, are then obtained

by a straightforward limiting argument. o

9)

It follows easily from the estimates in that

o [| ofA - ] =

Uniformly for 1 in any bounded interval. Hence,; using the inva-

riance of Yﬁ under E:%‘ we get
o

(s

| GoetR) =R | ¢ [ogleth) gy (ctA] +

tleta - ekal ')W % (#)]

and the right-hand side goes'to zero as & - . This proves 1.

68/533/5
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To prove 2., we first remark that

L ¢ e P { =
L—th‘B r Li KB;)

dt
where '
't f UL (N E
B LuA :
by S Ao L U1 J]
and that H BD'k || is bounded with respect to o for any fixed B.
Hence,

5"4,* (Px (% BY}

is a net of continuous functions on the strip 0<£ Im %t"i < 1 which
are holomorphic on the interior of the strip and whose derivatives

are bounded uniformly in ¢ and in +. Since

g4 (A(2£8) = (A (29)

n 99 (A(siB)) = o4 ((edn)4)

for all real 1, +his net converges pointwise to a function conti-
nuous and bounded.in the closed strip, holomorphic on the interior

of the strip, with the right boundary values, so 2. is proved.

4. CONSERVATION OF ENTROPY

Theorem 5 : Let o ¢ 81___and let SJ be a translation-invariant state
over Ol. Por any teR, let the state p,__over Ol be
?

defined by

gt(A\ = S(Et;\)

68/533/5



Then, s rnt) =s(¢) for all %.
) !

Proof : By reversibility, it will be sufficient toc show that s ?t)
> s(9), and, sincé s is upper semi-continuous, this will
4

follow if we can show that 9% can be approximated arbitrarily

well by states with the same entropy as j? .

If a is strietly positive integer, we let

Na) = E(n,‘...Jq,)eZJ s R $Q§
N@) = N(MaY) = QoY

P(L E(Zl’ll(lj....?,llgﬂ) ’ q”..n,ez%

I

and we let x1,x2,... be an enumeration of the elements of !

1 L]

Define a one-parameter group of automorphisms at:f of (Ol vy
N
: &
atf(ﬁc\ = lun E.}‘i )] Ltz—-’ LMJUP(A@\}% A .
N =200 = )= .

: Q_‘;.?E: -:.t:j.T Tx, U'L(hfﬁﬂi

This one-parameter group of automorphisms corresponds to an inter-

action which differs from that defined by @ only in that all inter-
actions between translates of

A(a) by different elements of TL
are suppressed. Note that:

1. 1e. A e OL(AaY) | STd(A) = u\vfitwﬁﬁ\)ﬂ exfE-LtUga(f'\(aﬂ%.

250 LE X & |_1 ’C-‘-‘t-‘f’ oGP
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17.

Let

08 = 3(etlw)
J J
then arat is a state over Ol invariant under the subgroup rl

a
of Z° and its entropy is equal to that of Y « Therefore, if
we define

"%(A)-

N(‘“ YA 3

?t is invariant under 2 3 and has the same entropy as g
Taking into account the remarks at the beginning of the proof we
see that all we have to prove is that

o?t.“\} = gt(a‘ﬂ
for all strictly local A in O\ .

By the translation invariance of g
SEL) 2 e P A)
58 = 35 Zy, T A)

so it will suffice to prove

b e 0 2 fete (R) = E2{A)
450 N{a) xeNa)

Since A is strictly local; the terms in the sum on the left with
Ty (L) ¢ Gl(A(a)) become negligible as a—wm, s0 we can replace
the left-hand side by:

, e 2 Ao )?
b, 5y S, U A 01

68/533/5



18.

Thus, to complete the proof it will suffice to prove the following

assertion: For any AeCL, any t, and any €& > 0, there is a
I

finite subset A of 4 Y such that, whenever /\3/\

4
x-\.\'

{L I\. , r.,-.l'._—.‘ n.él_ﬁq\lll[

~

=
(
'

o
Pl
L]

-~

I <-/\|

-J"‘-

i)
e

1]
— .,t
-

<

This assertion is equivalent to the assertion that, for any 1, any
A, and any increasing sequence /\n of finite subsets of 2 .

whose union is all of Z Y ’

Luﬂ e)\pgutugg. f‘mz A QXP"' qu( n\ = t2A

n—=ob t’

For + small and A strictly local, this follows from the power
series expansion for zfg(A). For +t small and general A, the
assertion follows since a sequence of isometries on a Banach space
which converges strongly on a dense subset converges strongly every-
where. Finally, the assertion for general +t is proved by remark-
ing that, if a sequence of isometries on a Banach space converges
strongly, the sequence of nth powers converges strongly to the

nth power of the limit.
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