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ABSTRACT. Determinants of invertible pseudo-differential operators (PDOs) close
to positive self-adjoint ones are defined through the zeta-function regularization.

We define a multiplicative anomaly as the ratio det(AB)/(det(A)det(B)) con-
sidered as a function on pairs of elliptic PDOs. We obtained an explicit formula for
the multiplicative anomaly in terms of symbols of operators. For a certain natural
class of PDOs on odd-dimensional manifolds generalizing the class of elliptic dif-
ferential operators, the multiplicative anomaly is identically 1. For elliptic PDOs
from this class a holomorphic determinant and a determinant for zero orders PDOs
are introduced. Using various algebraic, analytic, and topological tools we study
local and global properties of the multiplicative anomaly and of the determinant
Lie group closely related with it. The Lie algebra for the determinant Lie group
has a description in terms of symbols only.

Our main discovery is that there is a quadratic non-linearity hidden in the defi-
nition of determinants of PDOs through zeta-functions.

The natural explanation of this non-linearity follows from complex-analytic prop-
erties of a new trace functional TR on PDOs of non-integer orders. Using TR we
easily reproduce known facts about noncommutative residues of PDOs and obtain
several new results. In particular, we describe a structure of derivatives of zeta-
functions at zero as of functions on logarithms of elliptic PDOs.

We propose several definitions extending zeta-regularized determinants to gen-
eral elliptic PDOs. For elliptic PDOs of nonzero complex orders we introduce a
canonical determinant in its natural domain of definition.
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1. INTRODUCTION
Determinants of finite-dimensional matrices A, B € M,(C) possess a multiplicative
property:
det(AB) = det(A) det(B). (1.1)
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An invertible linear operator in a finite-dimensional linear space has different types of
generalizations to infinite-dimensional case. One type is pseudo-differential invertible
elliptic operators

: A:T(E) = T(E),

acting in the spaces of smooth sections I'(E) of finite rank smooth vector bundles
E over closed smooth manifolds. Another type is invertible operators of the form
Id + K where K is a trace class operator, acting in a separable Hilbert space H. For
operators A, B of the form Id + A the equality (1.1) is valid.

However, for a general elliptic PDO this equality cannot be valid. It is not trivial
even to define any determinant for such an elliptic operator. Note that there are
no difficulties in defining of the Fredholm determinant detz,(Id +A"). One of these
definitions is

detp,(Id+K) := 1+ Tr K + Tr (A2K) + ...+ Tr (A"K) + ... (1.2)

The series on the right is absolutely convergent. For a finite-dimensional linear opera-
tor A its determinant is equal to the finite sum on the right in (1.2) with A := A—1d.
Properties of the linear operators of the form Id 4+ A" (and of their Fredholm determi-
nants) are analogous to the properties of finite-dimensional linear operators (and of
their determinants).

In some cases an elliptic PDO A has a well-defined zeta-regularized determinant

dete(A) = exp (=0/0,Ca(s)]| _,)

where (4(s) is a zeta-function of A. Such zeta-regularized determinants were invented
by D.B. Ray and .M. Singer in their papers [Ra], [RS1]. They were used in these
papers to define the analytic torsion metric on the determinant line of the cohomol-
ogy of the de Rham complex. This construction was generalized by D.B. Ray and
.M. Singer in [RS2] to the analytic torsion metric on the determinant line of the
d-complex on a Kahler manifold.

However there was no definition of a determinant for a general elliptic PDO until
now. The zeta-function (4(s) is defined in the case when the order d(A) is real and
nonzero and when the principal symbol aq(x,€) for all x € M, £ € Ty M, £ # 0, has
no eigenvalues ) in some conical neighborhood U of a ray L from the origin in the
spectral plane U C C 3 A. .

But even if zeta-functions are defined for elliptic PDOs A, B, and AB (so in
particular, d(A), d(B), d(A) + d(B) are nonzero) and if the principal symbols of
these three operators possess cuts of the spectral plane, then in general

det(AB) # det(A) det(B).
It is natural to investigate algebraic properties of a function

F(A, B) := det(AB) /(det(A) det(B)). (1.3)
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This function is defined for some pairs (A, B) of elliptic PDOs. For instance, F((A, B)
is defined for PDOs A, B of positive orders sufficiently close to self-adjoint positive
PDOs (with respect to a smooth positive density g on M and to a Hermitian structure
h on a vector bundle £, A and B act on I'(E)).! (In this case, zeta-functions of A,
B and of AB can be defined with the help of a cut of the spectral plane close to R_.
Indeed, for self-adjoint positive A and B the operator AB is conjugate to A/2BA!/2
and the latter operator is self-adjoint and positive.)

Properties of the function F(A, B), (1.3), are connected with the following remark
(due to E. Witten). Let A be an invertible elliptic DO of a positive order possessing
some cuts of the spectral plane. Then under two infinitesimal deformations for the
coefficients of A in neighborhoods {/; and [7; on M on a positive distance one from
another (i.e., U/; N U; = () we have

8.8, logdet(A) = — Tr (§;A- A716,A4- A7), 1.4)
¢

This equality is proved in Section 1.1. Here, §;4 are deformations of a DO A in
U; without changing of its order. The operator on the right is smoothing (i.e., its
Schwarz kernel is ("™ on M x M). Hence it is a trace class operator and its trace is
well-defined. Note that the expression on the right in (1.4) is independent of a cut
of the spectral plane in the definition of the zeta-regularized determinant on the left
in (1.4).

It follows from (1.4) that log det¢(A) is canonically defined up to an additional
local functional on the coefficients of A. Indeeed., for two definitions, log det¢(A) and
log det(A), for a given A, we have

5,8, (]og det¢(A) — log (let.'((.-i)) =0. (1.5)

The equality 6,8, F(A) = 0 for deformations §;A in U/}, U;NU, = 0, is the character-
istic property of local functionals.
It follows from (1.4) that

f(A, B) := logdet(AB) — log det(A) — log det(B) (1.6)

is a local (on the coefficients of invertible DOs A and B) functional, if these zeta-
regularized determinants are defined. Namely, if 6,4 and ;B are infinitesimal vari-
ations of A and of B in U;, j = 1,2, Uy N Uz = 0, then

8§,8,f(A, B) = 0. (1.7)

I'The explicit formula for F(A, B) in the case of positive definite commuting elliptic differential
operators A and B of positive orders was obtained by M. Wodzicki [Kas]. For positive definite
elliptic PDOs A and B of positive orders a formula for F(A, B) was obtained in [Fr]. However it
was obtained in another form than it is written and used in the present paper. The authors are very
indebted to L. Friedlander for his information about the multiplicative anomaly formula obtained

in [Fr].
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This equality is deduced from (1.4) in Section 1.1.

For some natural class of classical elliptic PDOs acting in sections ['(E) of a vector
bundle E over an odd-dimensional closed M, their determinants are multiplicative
(Section 4), if operators are sufficiently close to positive definite ones and if their
orders are positive even numbers. The operators from this (odd) class generalize
differential operators.

As a consequence we can define (Section 4) determinants for classical elliptic PDOs
of order zero from this natural (odd) class. Such determinants cannot be defined
through zeta-functions of the corresponding operators because the zeta-function for
such an operator A is defined as the analytic continuation of the trace Tr(A~*).
However the operator A~* for a general elliptic PDO A of order zero is not of trace
class for any s € C.? Also such a determinant cannot be defined by standart methods
of functional analysis because such an operator A is not of the form Id +A", where
K is a trace class operator. Nevertheless, canonical determinants of operators from
this natural class can be defined. Here we use the multiplicative property for the
determinants of the PDOs of positive orders from this natural (odd) class of operators
(on an odd-dimensional closed M ).

This determinant is also defined for an automorphism of a vector bundle on an
odd-dimensional manifold acting on global sections of this vector bundle. (Note that
the multiplication operator by a general positive smooth function has a continuous
spectrum.) The determinant of such an operator is equal to 1 (Section 3).

A natural trace Tr(_y) is introduced for odd class PDOs on an odd-dimensional
closed M. A canonical determinant det(_;(A) for odd class elliptic PDOs A of
zero orders with given o(log A) is introduced (Section 6.3) with the help of Tr(_y.
The determinant det(_;)(A) is defined even if log A does not exist. This det(_y)(A)
coincides with the determinant of A (defined by the multiplicative property), if A
sufficiently close to positive definite self-adjoint PDOs (Section 6.3).

Let D, be a family of the Dirac operators on an odd-dimensional spinor manifold M
(corresponding to a family (A,, V") of Hermitian metrics and unitary connections on
a complex vector bundle on M). As a consequence of the multiplicative property we
obtain the fact that det (D,, D,,) is a real number for any pair (u;, u;) of parameters
and that this determinant has a form

det (Dy, Dy,) = ¢ (w1) & (u2) (det (Dii))u’? (det (Di}))lh

for any pair of sufficiently close parameters (u;,u;). The factor e(u) = £1 on the

?Such an operator is defined by the integral (i/27) [ A{‘e’) (A- /\)_1 d), where I' := 'py is a
smooth closed contour defined as in (2.30), (2.31) and surrounding once the spectrum Spec(A) of
A (Spec(A) is a compact set) and oriented opposite to the clockwise, ,\{_;) is an appropriate branch
of this multi-valued function. Here, R is such that Spec A lies inside {A: |[A| < R/2} and @ is an

admissible cut of the spectral plane for A and A} := exp (—s log ) A), 0 — 2m < Im(loggy A) < 6.
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right is a globally defined locally constant function on the space of invertible Dirac op-
erators according to the Atiyah-Patody-Singer formula for the corresponding spectral
flows.

Absolute value positive determinants |det |A for all elliptic operators A from the
odd class on an odd-dimensional manifold M are defined as

(|det |A)? = det (A"A).

They are independent of a smooth positive density on M (and of a Hermitian struc-
ture on E). It is proved (in Section 4.5) that (|det |A)? has a form |f(A)|*, where
f(A) is a holomorphic multi-valued function on A. We call it a holomorphic deter-
minant. The monodromy of f(A) (over a closed loop) is multiplying by a root of 1 of
degree 2™, where m is a non-negative integer bounded by a constant depending on
dim M only (Section 4.5).

The algebraic interpretation of the function F(A, B), (1.3), in the general case is
connected with a central extension of the Lie algebra Si,z( A1, E) consisting of symbols
of logarithms for invertible elliptic PDOs Ell5 (M, E') C U,CL*(M, E), a € C. (The
principal symbols of elliptic PDOs from Ell} (AL, E) restricted to S*M are homotopic
to Id.) The algebra Sog( M. E) is spanned as a linear space (over C) by its subalgebra
CS°(M, E) of the zero order classical PDOs symbols and by the symbol of log A.
Here, A is any elliptic PDO with a real nonzero order such that its principal symbol
admits a cut of the spectral plane along some ray from the origin.

The logarithm of the zeta-regularized determinant det) A for an elliptic PDO
A admitting a cut L = {A: argA = 0} of the spectral plane C is defined as®
exp (—g’i“w}(O)). There is a more simple function of A than () ;(0). That is the
value C4,9)(0) at the origin. In the case of an invertible linear operator A in a
finite-dimensional Hilbert space H we have (4,(4)(0) = dim H. So (4,4 (0) is a reg-
ularization of the dimension of the space where the PDO acts. It is known that
Ca,6)(0) is independent of an admissible cut Ly ([Wol], [Wo2]). However in gen-
eral (4(s)(0) depends not only on (M, E) but also on the image of the symbol o(A)
in CS*(M,E)/CS* " Y(M,E), o :=ord A, n := dim M. If H is finite-dimensional,
then C4(0) = dim H is constant as a function of an invertible A € GL(H). Let invert-
ible PDOs A and B of orders a and 3 be defined in I'(M, E), let o, 3,a+3 € R*, and
let there be admissible cuts 04, 05, and 045 of the spectral plane for their principal
symbols a := 0,(A), b:= 05(B), and for 0,45(AB) = ab. Then the function

Z (o(A)) := —a(a(0) (1.8)
is additive,

7 (0(AB)) = Z (0(A)) + Z (a(B)). (1.9)

3Here, ¢'(0) := 8:C(s)|s=0- The zeta-function is defined as the analytic continuation of the series

Z’,\(j;‘].
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The function Z (o(A)) = —a (€a(0) + ho(A)), where ho(A) is the algebraic multiplic-
ity of A = 0 for an elliptic PDO A € Ellg(M, E) C CL*(M, E), was introduced by
M. Wodzicki. He proved the equality (1.9). The function Z(o(A)) was defined by
hirn also for zero order elliptic symbols o(A) € SEIY(M, E) which are homotopic to
Id. For such o(A) this function coincides with the multiplicative residue

r*(o(A)) = ‘/Dl res (a"(f)ci(f.)) dt, (1.10)

where a(t) is a smooth loop in SEIJ(M, E) from a(0) = Id to a(1) = o(A). The
integral on the right in (1.10) is independent of such a loop. This asssertion follows
from the equality which holds for all PDO-projectors P € C'L°(M, E), P* = P,

res P = 0. (1.11)

Reverse, the equalities (1.11) are equivalent to the independence of (4, (0) of an
admissible cut L) for ord A # 0 ([Wol]). The additivity (1.9) holds also on the space
SEIS(M, E) ([Kas]). Hence, the function (4(0) as a function of & (logw] A), where A
is an invertible PDO of order one, is the restriction to the affine hyperplane ord A = 1
of the linear function —Z (o(A)) on the linear space {0 (]ogm A)} =: Siog(M, E) of
the logarithmic symbols (defined in Section 2).

It occurs that () 5(0) for ord A = 1 is the restriction to the hyperplane ord A = 1
of a quadratic form on the space log(A). Hence the formula

Tr(log A) = log(det(A))

(true for invertible operators of the form Id+A’, where K is a trace class operator)
cannot be valid on the space of logarithms of elliptic PDOs. (Here, we suppose that
Tr(log A) is some linear functional of log A.)

We have an analogous statement for all the derivatives of (4,()(s) at s = 0. Namely
for k € Z, U0 there is a homogeneous polynomial of order (k + 1) on the space of
log(g) A such that 05Ca)(3)|s=0 for ord A = 1 is the restriction of this polynomial to
the hyperplane ord A = 1 (Section 3) in logarithmic coordinates.

These results on the derivatives 954 () (s)|s=0 as on functions of log(g) A are ob-
tained with the help of a new canonical trace TR for PDOs of noninteger orders
introduced in Section 3. For a given PDO A € CLYM,E), d ¢ Z, such a trace
TR(A) is equal to the integral over M of a canonical density a(z) corresponding
to A. Polynomial properties of 94 (s)(s)|s=0 follows from analytic properties of
TR(exp(sl + Bo)) in s € C and in By € CL°(M, E) for s close to zero. Here, [ is a
logarithm of an invertible elliptic PDO A € Ellg(M, E).

This trace functional provides us with a definition of TR-zeta-functions. These
zeta-functions (1R (s) are defined for nonzero order elliptic PDOs A with given families
A=* of their complex powers. However, to compute (1% (so) (for soord A ¢ Z) we do
not use any analytic continuation.
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The Lie algebra of the symbols for logarithms of elliptic operators contains as a
codimension one ideal the Lie algebra of the zero order classical PDO-symbols. (We
call it a cocentral one-dimensional extension.) This Lie algebra of logarithmic sym-
bols has a system of one-dimensional central extensions parametrized by logarithmic
symbols of order one. On any extension of this system a non-degenerate quadratic
form is defined. We define a canonical associative system of isomorphisms between
these extensions (Section 5). Hence a canonical one-dimensional central extension
is defined for the Lie algebra of logarithmic symbols. The quadratic forms on these
extensions are identified by this system of isomorphisms. This quadratic form is
invariant under the adjoint action.

The determinant Lie group is a central C*-extension of the connected component
of 1d of the Lie group of elliptic symbols (on a given closed manifold M). This Lie
group is defined as the quotient of the group of invertible elliptic PDOs by the normal
subgroup of operators of the form Id +X, where K is an operator with a C* Schwartz
kernel on M x M (i.e., a smoothing operator) and detg,(Id+X) = 1. (Here, detp, is
the Fredholm determinant.) It is proved that there is a canonical identification of the
Lie algebra for this determinant Lie group with a canonical one-dimensional central
extension of the Lie algebra of logarithmic symbols (Section 6). The determinant Lie
group has a canonical section partially defined using zeta-regularized determinants
over the space of elliptic symbols (and depending on the symbols only). Under
this identification, this section corresponds to the exponent of the null-vectors of
the canonical quadratic form on the extended Lie algebra of logarithmic symbols
(Theorem 6.1). The two-cocycle of the central C*-extension of the group of elliptic
symbols defined by this canonical section is equal to the multiplicative anomaly. So
this quadratic C*-cone is deeply connected with zeta-regularized determinants of
elliptic PDOs.

An alternative proof of Theorem 6.1 without using variation formulas is obtained
in Section 6.6. This theorem claims the canonical isomorphism between the canonical
central extension of the Lie algebra of logarithmic symbols and the determinant Lie
algebra.

The multiplicative anomaly F'(A, B) for a pair of invertible elliptic PDOs of positive
orders sufficiently close to self-adjoint positive definite ones gives us a partially defined
symmetric 2-cocycle on the group of the elliptic symbols. We define a coherent system
of determinant cocycles on this group given for larger and larger domains in the space
of pairs of elliptic symbols and show that a canonical skew-symmetric 2-cocycle on
the Lie group of logarithmic symbols is canonically cohomologous to the symmetric
2-cocycle of the multiplicative anomaly (Section 6.4). Note that the multiplicative
anomaly cocycle is singular for elliptic PDOs of order zero.

The global structure of the determinant Lie group is defined by its Lie algebra
and by spectral invariants of a generalized spectral asymmetry. This asymmetry is
defined for pairs of a PDO-projector of zero order and of a logarithm of an elliptic
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operator of a positive order. This invariant depends on the symbols of the projector
and of the operator but this dependence is global (Section 7). The first variational
derivative of this functional is given by an explicit local formula.* This functional is a
natural generalization of the Atiyah-Patodi-Singer functional of spectral asymmetry
[APS1], [APS2], [APS3]. The main unsolved problem in algebraic definition of the
determinant Lie group is obtaining a formula for this spectral asymmetry in terms
of symbols.

The determinant Lie algebra over the Lie algebra of logarithmic symbols for odd
class elliptic PDOs on an odd-dimensional closed M is a canonically trivial central
extension. So a flat connection on the corresponding determinant Lie group is defined.
Thus a multi-valued determinant on odd class operators is obtained. It coincides with
the holomorphic determinant defined on odd class elliptic PDOs (Section 6.3).

The exponential map from the Lie algebra of logarithms of elliptic PDOs to the
connected component of the Lie group of elliptic PDOs is not a map “onto” (i.e., there
are domains in this connected Lie group where elliptic PDOs have no logarithms at
all). There are some topological obstacles (in multi-dimensional case) to the existence
of any smooth logarithm even on the level of principal symbols (Section 6).

A canonical determinant det(A) is introduced for an elliptic PDO A of a nonzero
complex order with a given logarithmic symbol o(log A). For this symbol to be
defined, it is enough that a smooth field of admissible cuts 6(z,¢), (x,§) € S*M, for
the principal symbol of A to exist and amap §: S*M — S' = R/27Zto be homotopic
to trivial. This canonical determinant det(A) is defined with the help of any logarithm
B (such that o(B) = o(log A)) of some invertible elliptic PDO. However det(A) is
independent of a choice of B. The canonical determinant is defined in its natural
domain of definition. The ratio

di(A)/ det(A) =: do(o(log A)) (1.12)

depends on o(log A) only and defines a canonical (multi-valued) section of the de-
terminant Lie group. This section is naturally defined over logarithmic symbols of
nonzero orders (Section 6). With the help of do(c(log A)) we can control the behavior
of det(A) near the domain where o(log A) does not exist (Section 8.3). The canoni-
cal determinant det(A) coincides with the TR-zeta-regularized determinant, if log A
exists. However det(A) is also defined, if o(log A) exists but log A does not exist.

A determinant of an elliptic operator A of a nonzero complex order is defined
(Section 8) for a smooth curve between A and the identity operator in the space of
invertible elliptic operators. This determinant is the limit of the products of TR-
zeta-regularized determinants corresponding to the intervals of this curve (in the
space of elliptic operators) as lengths of the intervals tend to zero. This determinant
is independent of a smooth parametrization of the curve. However, to prove the
convergence of the product of TR-zeta-regularized determinants, we have to use the

4The same properties have Chern-Simons and analytic (holomorphic) torsion functionals.
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non-scalar language of determinant Lie groups and their canonical sections. This
determinant of A is equal to a zeta-regularized determinant, if the curve is A’, 0 <
t <1 up to a smooth reparametrization. Such a curve exists in the case when any
log A exists. For a product of elliptic PDOs (of nonzero orders) and for a natural
composition of monotonic curves in the space of elliptic PDOs (corresponding to
the determinants of the factors), this determinant is equal to the product of the
determinants of the factors.

Any logarithmic PDO-symbol of order one defines a connection on the determinant
Lie group over the group of elliptic PDO-symbols. The determinant Lie group is the
quotient of the Lie group of invertible elliptic operators. The image d,(A) of an elliptic
operator A in the determinant Lie group is multiplicative in A. For any smooth
curve s, in the space SEIIY of elliptic symbols from Id to the symbol o(A) = si=y its
canonical pull-back 3, is a horizontal curve in the determinant Lie group from d;(Id).
Hence d;(A)/3, defines a determinant (Section 8.1) for a general elliptic PDO A of
any complex order (in particular, of zero order). This determinant depends on a
smooth curve s, from Id to o(A) in the space of symbols of elliptic PDOs without a
monotonic (in order) condition. It does not change under smooth reparametrizations
of the curve.

For a given logarithmic PDO-symbol of order one (i.e., for a given connection)
this determinant for a finite product of elliptic operators is equal to the product of
their determinants. (Here, the curve in the space of elliptic symbols in the definition
of the determinant of the product is equal to the natural composition of smooth
curves corresponding to the determinants of factors.) There are explicit formulas for
the dependence of this determinant on a first order logarithmic symbol (defining a
connection on the determinant Lie group) and on a curve s (from Id to o(A)) in a
given homotopic class (Section 8.1). Its dependence of an element of the fundamental

group (SEllg) is expressed with the help of the invariant of generalized spectral

asymmetry. In the case when s, is o (A") (up to a reparametrization), det(s,)(A) is
the zeta-regularized determinant corresponding to the log A definding At

1.1. Second variations of zeta-regularized determinants. Let the zetategular-
ized determinant det;(A) of an elliptic DO A € ENY(M. E), d € Z, be defined with
the help of a family Az} of complex powers of A. (Such a family is defined with the
help of an admissible cut L = {A: arg A = 0} of the spectral plane, see Section 2.)

Then we have
8 (=0 Tr (A7) [s=0) = 0, (s T (614 A7'A7%)) Jomo. (1.13)

The function Tr (6,4 - A=?A~*) is defined in a neighborhood of s = 0 by the analytic
continuation of this trace from the domain Res > dim M/d, d = ord A, where the
operator (§;A- A71A™*)is of trace class. This analytic continuation has a simple
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pole at s = 0 with its residue equal to
Res;=o Tr (51 A, A_IA_") = —res (§1A . A'l) /d,

where res is the noncommutative residue [Wol], [Wo2]. However at s = 0 the function
ds (s Tr (6, A+ A~ A7#)) is holomorphic.

The second variation d,d,det(A) can be written (by (1.13)) in the form
1

Tr [ A CHISGAA-N)T"HAA-N) dA) .(1.14)

2m T

820 det(A) = 0 (s

(Here, ['(p) is the simple contour surrounding an admissible cut L), see Section 2,
(2.1).) The operator é;A (A — A)~' 8,4 is smoothing (since its symbol is equal to
zero as Uy N /3 = () and its trace-norm is uniformly bounded for A € I'(g), |A| = oo.

The operator norm H(‘—l = i “t?l in Ly(M.E)is O ((1 - |/\|)_1) for A € I'(5). Hence
the trace-norm of &4 (A—AN)""8A(A-N""is O ((1 - |/\|)_l) for A € I'g), and
for s close to zero we have

Tr ( AN A A =N 6A A=) rf)\) =
[

=/ AT (§A(A= AT 6AA-NT) A (1.15)
(8)

The function Tr (51 A(A=X)""16A(A- /\)—l) is holomorphic (in A) inside the con-
tour I'(g). Hence we can conclude from (1.14), (1.15) that

Sabidete(A) = = Tr (54 A7'5A - A1), (1.16)

and the formula (1.4) is proved. 0

Let us deduce from (1.16) the equality §,0,f(A, B) = 0. Here, f(A, B) (given by
(1.6)) is the logarithm of the multiplicative anomaly (1.3).

By (1.4) we have

8,8,(log det(.-4B)—-logdet(.~1)—]ogdeL(B)):—Tr((?l(AB)(AB)“&(AB)(AB)“)+
+Tr (A ATNRA - AT 4 Tr (4,B-B™'6,B-B™") =
= (- T (46,B-B7'6,B- B'A™) + Tt (4B B'6,B - B™)) -
—Tr (§,A5,B - B A7) = Tr (46,8 - B'A7'6,A- A7) . (L17)

The operator Aé;B- B~'6,B - B~! is a smoothing operator in I'(£) (since its symbol
is equal to zero because U/; N U, = (). Hence it is a trace class operator and

Tr (.4513 BB B'AT) =T (513- B~5,B - B-l) .
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By the analogous reason we have
Tr (A§,B - B AT'5,A - A7) = Tr (6,B- B'A7'5,4).

Since §; B - B~'A710,A is a smoothing operator with its Schwarz kernel equal to zero
in a neighborhood of the diagonal M < M x M (because Uy N U, = 0), we see that

Tr (A6, B B A\ 64- A7) =0,
Hence the equality (1.7) is deduced. 0O

2. DETERMINANTS AND ZETA-FUNCTIONS FOR ELLIPTIC PDOSs.
MULTIPLICATIVE ANOMALY

Let a classical elliptic PDO A € EllS(M. E) C C'LY(M, E) be an elliptic operator
of a positive order d = d(A) > 0 such that its principal symbol a4(x,§) has no
eigenvalues in nonempty conical neighborhood A of a ray L(g = {A € C,arg A = 0}
in the spectral plane C. Suppose that A is an invertible operator A: Hy(M, E) —
H(s—a) (M. E), where H, are the Sobolev spaces ([Ho2], Appendix B). Then there
are no more than a finite number of the eigenvalues A of the spectrum® Spec(A) in
A. Let L) be the ray in A € C such that there are no eigenvalues A € Spec(A) with
arg A = 0. Then the complex powers Af, of A are defined for Re <0 by the integral

.'1{:9) = _' /\:(.“‘l—“)\]_ldA. (21)

where (g is a contour I'y g(p)UT0.s(p)UT20(p). T16(p): ={A=wexp(if),+o0 > > ph,
Loo(p): ={A=pexpliv).0>p>0-27}, Ty4(p): ={A=xexp i(0—27),p<z<+00},
and p is a positive number such that all the eigenvalues in Spec(A) are outside of
the disk D, := {A: |\| < p}. The function A* on the right of (2.1) is defined as
exp(zlog ), where 6 > Imlog A > 0 — 27 (i.e., Imlog A = 0 on I'y 5, ImlogA =0—27
on I'y4). For Rez<0 the operator Af, defined by the integral on the right of (2.1)
is bounded in H(s)(M, E) for an arbitrary s € R (as the integral on the right of (2.1)
converges in the operator norm on Hy) (M. E)). Families of operators Afj depend
on (admissible) 6.

For —k € Z, the operator .~i'(_9j]" coincides with (A~')¥ ([Sh], Ch. II, Proposi-
tion 10.1). Operators Ay are defined for all = € C by the formula

Ay = ARATS, (2:2)

where z — k belongs to the domain of definition for (2.1) and where A[zg']k are defined
by (2.1). It is proved in [Se], Theorem 1. and in [Sh]. Ch. I, Theorem 10.1.a, that

54 is an invertible elliptic PDO of a positive order. Hence 0 ¢ Spec(A) and Spec(A) is discrete,
... it consists entirely of isolated eigenvalues with finite multiplicities ([Sh], Ch. 1, § 8, Theorem 8.4).
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the operator Af, defined by (2.2) is independent of the choice of & and that (2.2)
holds for all k € Z for the family Af,. The operators Af for Rez < k € Z form a
family of bounded linear operators from Hs) (M, E) into H(s—acayx) (M, E).
The operator Afy is a classical elliptic PDO of order zd(A), Af, € EI*Y (M, E).
[ts symbol
bigy(x.€) = D bly_je(,€) (2.3)
JEL 40
is defined in any local coordinate chart {7 on M (with a smooth trivialization of E|y).
Here, d := d(A) and bjrﬂ—-;‘,ﬂ(‘v'f'f) = f:d_-"bid_j.g[;r,ﬁ) for t € Ry (i.e., this term is
positive homogeneous of degree dz — j). This symbol is defined through the symbol
b, 60 = 3 boiy(r6,N) (2.4)
JEL U0
of the elliptic operator (A — A)™'. The term b_4_;(x, &, A) is positive homogeneous in
(f, /\”‘f) of degree —(d+j). (The parameter A in (2.4) has the degree d = d(A).) The
symbol b(x, €, \) is defined by the following recurrent system of equalities (a(x, &) :=
Y 7,00 @-d—j(x, &) is the symbol of A, D, := 171a,)

bog(a,E.0) = (ag — A) ™,

bog_1(x, & A) = =by (”-d—lb-—d +)° 8£.ariDr.b—d) ,

1 b T § (a ]
bogoj(x.60) i==bg > ;-,55 @a-iDgb-a-1;
lol+i+=i
i.e., (a(x,€) — A) ob(x.€.\) = Id. where the composition has as its positive homoge-
neous in (E,/\'”) components

1
Y. 0 aa-k(@, & A) DRbog(w, € A).

|| 4 k+{=const Q

Here, ag_i(z,€,A) := ay— — 0k oA 1d. The terms b_q—; are regular in (z, &, A), £ #0,
such that the principal symbol (ag — AId) is invertible.®

6The operators (A— A)~' and A — X in general do not belong to the classes CL~%(M,E;A) and
CLYM, E;A) ([Sh], Ch. II, § 9) of elliptic operators with parameter. Here, A is an open conical
neighborhood of the ray L) = {A: argA = 0} in the spectral plane such that all the eigenvalues
of the principal symbol ag4(x,€) of A do not belong to A for any (¢,€) € T*M, £ # 0. For a
general elliptic PDO A € CLY(M,E), d > 0, of the type considered above and for an arbitrary
j > d there are no uniform estimates in £ € T°M, A € A, (€,X) # (0,0) of |b—4—;(x,&, A)| through
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If Rez < 0, the formula for b7 (x,€) is ([Sh], Ch. II, Sect. 11.2)"

by ol €) = / Nibcsl, € XA (2.6)

For Re z <k the symbol b7, (. §) is deﬁned as the composition of classical symbols®

a*(x,€) 0 b5 (2. €) =: bjy)(2.€), (2.7)

where a*(z,€) = Y i€z w0 agq_;(x,€) is the symbol of PDO A*. The composition on
the left in (2.7) is independent of the choice of & > Rez. k € Z ([Sh], Ch. II, Theo-
rem 11.1.a). The components bZy_i(x, &) of the symbol of A* are the entire functions

of z coinciding with a},_;(x,€) for = = k € Z ([Sh], Ch. II, Theorem 11.1.b,e).

The log(g) A is a bounded linear operator from Hy) (M, E) into H,_.)(M, E) for
an arbitrary € > 0, s € R. This operator acts on smooth global sections f € F(E) as
follows

(logm] A) f:=0: (-“Hsz) |:=0- (2.8)

For arbitrary k& € Z and s € R operators A* is a holomorphic function of z from
Rez < k into the Banach space L (H(S,(.:U. E},H[S_;.d,(.-’\f,E)) of bounded linear

operators, d = d(A) ([Sh], Ch. II, Theorem 10.1.e). Hence, the term on the right in
(2.8) is defined. The symbol of the operator log, A is

o (log(g) A) = D:bjg) (2, €)|e=0 := Ezuoab, +9(3 )| =0- (2.9)
JEDS

The operator Af|.=o is the identity operator. Hence its sy mbol bfy (2, £)|:=0 has as
its positive homogeneous components

by o(:6)lemo = Si01d. (2.10)

We see from (2.10) that
9:b2y9(2,€)|2=0 = d(A)log |€] 1d +0:bZ, (. &/[€])] =0
0:b24_0(x,€)]:=0 = |§|_J 0:b4_;.0(: v, &/|€])|:=0 for j > 1.

hold in local coordinate charts ({/,x) on M. Here, |€| is taken with respect to some
Riemannian metric on TM (and hence on T*M also). The term 0.bZ;4(x,&/[€]) on
the right in (2.11) is an entire function of = positive homogeneous in ¢ of degree zero.

(2.11)

—d—j t'f—j
C (lEI + |)t]”d) and of |ag—j(x,€)| through C (1£| + |A|”d)
"Here, Alg) = exp ( log ) )\) where 8 — 2 < Imlogy) A < 0.

8The composition a o b of the classical symbols a = 2 ag-j and b = ZJ m-j s @aob =
S(a 0 b)mid—j, where aob:=3" (a!) )~'9ga(z, &) D3b(x, ).
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By analogy, 0.b%,_;4(x,&/|{|) is an entire function of z positive homogeneous in & of
degree zero. So the symbol of logy A locally takes the form

0:bfg (2, €)|:=0 :=log |€]Id+ D c_jo(a,€), (2.12)
JELHUO
where c_;g(x,€) := |§]7 0:04_; 4(x.£/|€]) is a smooth function on T*M \ i(M) pos-
itive homogeneous in ¢ of degree (—j). (Here, i(M) is the zero section of T*M.)
The equality (2.12) means that in local coordinates (x,&) on T*M the symbol of
log(s A is equal to d(A)log||1d plus a classical PDO-symbol of order zero. The
space Siog(M, E) is also the space of symbols of the form

o= :Uog{,;) A L T, (213)

k € C (for an arbitrary elliptic PDO A € CLYM, E) of order d > 0 and such that
there exists an admissible cut L) of the spectral plane C 3 A). Comparing (2.12)
and (2.13) we see that the space Sjog(M, E) does not depend on Riemannian metric
on T'M and on A and Lg.

The zeta-regularized determinant det(g A is defined with the help of the zeta-
function of A. This function (a,g)(=) is defined for Rez > dim M/d(A) as the trace
Tr (4(_3;) of a trace class operator” Agi. (Here, d(A) > 0.) This operator has a
continuous kernel on M x M for Rez > dimM/d(A). The Lidskii theorem [Li,
[Kr], [ReS], XIIL.17, (177), [Si], Chapter 3, [LP], [Re], XI, claims that for such z the

series of the eigenvalues of A7 is absolutely convergent and that the matrix trace
Sp (Ai_ﬁ}) =5 (4.{_9]& e;) of Ag] is equal to its spectral trace!®

Tr(Ag) = X i (2.14)
AeSpec(A)

Here. (€;) is an orthonormal basis in the Hilbert space Ly(M, E) (with respect to a
smooth positive density 4 on Al and to a Hermitian metric h on E). A bounded
linear operator in a separable Hilbert space is a trace class operator, if the series in
the definition of the matrix trace is absolutely convergent for any orthonormal basis.
In this case, the matrix trace is independent of a choice of the basis, [Kr], p. 123.
Thus for Rez > dim M/d(A) the matrix trace of Ag is independent of a choice of
the orthonormal basis (e;). The Lidskii theorem claims (in particular) that this trace

A bounded linear operator B acting in a separable Hilbert space is a trace class operator, if the
series of its singular numbers (i.e., of the arithmetic square roots of the eigenvalues for the self-adjoint
operator B* B) is absolutely convergent. The operator A is a PDO of the class CL~*¢(M, E) with
Re(zd) > dim M. Hence it has a continuous kernel ([Sh], Ch. II, 12.1) and this kernel is smooth of
the class C* (k € Z4) on M x M for Re(zd) — k > dim M.

0Here, the sum is over the eigenvalues A; of A7), including their algebraic multiplicities ([Ka],

Ch. 1, § 5.4), the function )‘{_s} is defined as exp (—: log(g) A). 0 — 2w < Im(logs A) < 6.
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is independent also of y, and of h. Hence for Rez > dim M/d(A) the zeta-function
Ca,6)(2) is equal to the integral of the pointwise trace of the matrix-valued density
on the diagonal A: M — M x M defined by the restriction to A(M) of the kernel

A_.g(x,y) of A('g*;.

The zeta-function (4 (5)(2) possesses a meromorphic continuation to the whole com-
plex plane C 3 z and (4,(5)(2) is regular at the origin. The determinant of A is a
regularization of the product of all the eigenvalues of A (including their algebraic
multiplicities). The zeta-regularized determinant of A is defined with the help of the
zeta-function'' (4 (5)(z) of A as follows

det(g)A :=exp (_'a:CA.{&}(:)'::D) : (2.15)

Remark 2.1. Note that if an admissible cut L) of the spectral plane crosses a finite
number of the eigenvalues of A, then det()(4) does not change. Let A possess two es-
sential different cuts 6, 0 of the spectral plane, i.e.. in the case when there are infinite
number of eigenvalues A € Spec(4) in each of the sectors Ay := {A: 0; < arg )\ < 0,},

Ay :={X: 0; <argA < 0, + 27 }. Then in general det(.4) depends on spectral cuts
L(g) With 0= BJ'.

Remark 2.2. If the determinant (2.15) is defined. then the order d(A) =: d of the
elliptic PDO A € ENS(M, E) C C'LY(M, E) is nonzero. Also for the zeta-regularized
determinant of A to be defined. its zeta-function has to be defined. So a holomorphic
family of complex powers of A has to be defined. Hence the principal symbol a(A')
of some appropriate nonzero power A' of A (I € C*, A' € Elli (M, E) C CL*(M, E))
has to possess a cut Ly of the spectral plane C 3 A. This condition is necessary for

the holomorphic family (-‘1!){101

(2.1). In this case, log, (.4") is defined. (Note that ld = lord A € R*.) Hence some

of PDOs to be defined by an integral analogous to

generator log A := log g (‘—11) /l of a family A7 is also defined. Thus the existence of
a family A7 is equivalent to the existence of log A.

On the algebra C'S(M, E) (of classical PDO-symbols) there is a natural bilinear
form defined by the noncommutative residue res ([Wol], [Wo2] or [Kas])

(a,b),., = res(aob).

Here, a o b is the composition of PDO-symbols a. b. This scalar product is non-
degenerate (i.e., for any a # 0 there exists b such that («,b)es # 0) and it is invariant

UIn the case d(A) < 0 the meromorphic continuation of 4 (4)(z) is done from the half-plane
Rez < dimM/d(A) = —dim M/|d(A)|. (In this half-plane the series on the right in (2.14) is
convergent.)
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under conjugation with any elliptic symbol ¢ € ENlY(M,E) c CSYM,E), ie., ciz,§)
is invertible for (z,£) € S*M. Namely

(cac™,cbe™") := res (cabe™) = res(ab) = (a, b)res- (2.16)

Remark 2.3. The noncommutative residue is a trace type functional on the algebra
CS%(M, E) of classical PDO-symbols of integer orders, i.e., res([a,b]) = 0 for any
a,b e CS% M, E). The space of trace functionals on CS% (M, E) is one-dimensional,
[Wo3]. Namely for L := C'S%(M, E) the algebras with the discrete topology L/[L, L]
and C are isomorphic by res. (Note also that resa = 0 for a« € CLY(M, E) of non-
integer order d. So (a,b)es = 0 for orda+ord b ¢ Z.) The invariance property (2.16)
of the noncommutative residue follows from the spectral definition of res ([Wo2],

[Kas]).

Proposition 2.1. Let A, € Ellg (M, E). a € R*, be a smooth family of elliptic PDOs
and let B € EIS(M,E), 8 € R*, 3 # —a. Let the principal symbols o, (A;) and
o3(B) be sufficiently close to positive definite self-adjoint ones.\? Set

res

F(A, B) := det(s)(AB) /det(z)(A)det(z)( B). (2.17)
Then the variation formula holds
dlog F(A, B)=— (o (A,A7") o (log (A B) (a+5) — o (log#B) /9 - (218)

Here, a cut Lz of the spectral plane'® is admissible for A, B, AB and it is suf-
ficiently close to L(zy. The term o (Iog{ﬂ [.-{:B)) [la+p3)—0 (log[,-r) B) /B on the
right in (2.18) is a classical PDO-symbol from CS°(M,E). It does not depend on
an admissible cut Lz close to L. Hence, the scalar product (, )res on the right in
(2.18) is defined. The right side of (2.18) is locally defined.!*

Remark 2.4. The principal symbols 0,15 (A:B) are adjoint to o444 (BI”A:BW).
The latter principal symbols are sufficiently close to self-adjoint positive definite
ones. The function F(A, B) is called the multiplicative anomaly.

First we formulate a corollary of this proposition.

Corollary 2.1. Let A and B be invertible elliptic PDOs A€ Ellg(M,E) C CL*(M,E),
B € E]lg(M, E) Cc CLP(M,E) such that o,f3, (o + B) € R* and such that their

12We suppose that a smooth positive density and a Hermitian structure are given on M and on

E.
13Note that F (Ay, B) is independent of L7, by Remark 2.1. In general a cut L(#) depends on 1.

4The symbols & (]ogm A) , o (AEN) are locally defined for a PDO A of an order from R with

its principal symbol admitting a cut L) of the spectral plane.
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principal symbols a,(x,€) and bs(x,€) are sufficiently close to positive definite self-
adjoint ones. Then the multiplicative anomaly is defined. Its logarithm is given by a
locally defined integral

log F(A, B) = — /0’ dt(o (4A7") o (logs) (4:B)) /(a + B) -
— o (logz) (A)) /o) - (219)

Here, A = iz B, 0 := ABZ!" € BU§(M, E) C CL(M, E). (In particular, we
have Ao := B(lY, A1 := A. F(A0.B)=1.)

The expression o (logm [AfB)) [(a+B)— (logm (A ) )) /a on the right in (2.19)
is a classical PDO-symbol from C'S°(M, E). Thus the integral formula for the multi-
plicative anomaly has the form

log F(A, B) = — [] Lt (o (togz) )+ (logs) (15 B *D79)) [(a + B) -
— o (logs) (5 B°"°)) /a) . (2:20)
Operators logzy 1 and (3 are defined by (2.30) and (2.31) below.
The proof of Proposition 2.1 is based on the assertions as follows.

Proposition 2.2. Let Q be a PDO from CL°(M,E) and let C, A be PDOs of real
positive orders sufficiently close to self-adjoint positive definite PDOs. Then the
function

P(s) = o (@ 8) — Cam(@: ) = Tr (Q (i ™¢ — 4Gy ™*4))

has a meromorphic continuation to the whole compler plane C 3 s. The origin is
a regular point of this function. Its value at the origin is defined by the following
expression through the symbols o(A), o(C). o(Q)

B o (log(ﬁ) C) o (log(,-r) A)
== (U(Q]’ ordC  ordA ’ (2:21)

The same assertions about P(s) and P(0) are also valid for @ € CL™(M,E), m € Z.

Proposition 2.3. Under the conditions of Proposition 2.2, the family of PDOs

= —Q (CEL¢ — A™Y) /s € CL*(M, E) (2.22)

is a har:vlo'rnr)-r"phic15 family of PDOs. In particular, it is holomorphic at s = 0.

15This family of PDOs is holomorphic in the sense of [Gu], Sect. 3, (3.17), (3.18).
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Corollary 2.2. The pointwise trace on the diagonal tr K(x, ) of the kernel K(z,y)
of Ky is a density on M for Res < —dim M. This density has a meromorphic
continuation from s < —dim M to the whole complex plane C 3 s. The residue of
this density at s =0 is equal to

Res,—o tr Ky(z,2) = tr (—Q (C’f;;’rdc - .alié;"“)) (@)=
. Q vsfordC ys/ord A
= —res; o (—: ( (%) - ‘J‘(fr) )) =

- log;)C logz A
SEREs (Q( ordC  ord A ))’ (2.23)

where res, is the density on M corresponding to the noncommutative residue [Wo2],
[Kas]. These assertions follows immediately from Proposition 3.4 below.'®

Remark 2.5. The formula (2.21) follows from (2.23) since

P(0) = — Resy=o Tr i’;.

Proof of Proposition 2.1. The .va.ria.tion dlog F (A4, B) is
d;log F (Ar, B) = 0y (=0:Ca,5,()(5)ls=o + 0sCar#(5)]s=0) - (2.24)

For Res > 1 the operators (A,B](_,.f} and A7) are of trace class. For such s these
operators form smooth in ¢ families of trace cﬁass operators. By the Lidskii theorem
we have for such s

Te (Arfn) = 2 (Aifnenes) (2.25)
where ¢; is an orthonormal basis in Ly(M, E). (Here, we suppose that a smooth
positive density on M and a Hermitian structure on E are given.) For Res > 1 we
have

8, Tr (Ar5) = Tr (0ALS) - (2.26)
Indeed, A; ;) is a smooth (in ¢) family of trace class operators. So 9,A; ;) is a trace
class operator. Hence the series

Z ) (*4[(5;716';, e") =), (B;A;(’ﬂe,-, 6")

t

is absolutely convergent. Thus the series on the right in (2.25) can be differentiated
term by term ([WW], Chapter 4, 4.7) and the equality (2.26) follows from (2.25).

16This proposition claims that analogous assertions are true for any holomorphic (in a weak sense)
family of classical PDOs. The proof of this proposition is based on the notion of the canonical trace
for PDOs of noninteger orders introduced in Section 3 (below).
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For Res > 1 the equalities hold

0Tr ((AB)7) = (=) e (A7) (AB)G)
0 Tr (‘4:{317]) = (—s)Tr ((-"“;1{-4:[) ATS ) .

t,(m)

(2.27)

(Here, /:l; is defined as 9;4;.) Indeed, for such s we have

8T (A7fy) =Tr (—i A (A= N A4 =0 dA) =

2m Jris

i

=Tr (_ﬁfr,ﬂ A (0 (A = N)7) d,\‘i,) -

= (—s)Tr (i Kl g Xy dm,) =

27 JT(z)

= (=) Tr (A5 A) = (=) Tr (AeAT" ). (2:28)

The zeta-function (A:fi)) =: (a,(7)(s) has a meromorphic continuation to the
whole complex plane C 3 s and s = 0 is a regular point for this zeta-function.
So (—s)Tr (.ﬁi,A,‘l,ﬁl;[’i}) also has a meromorphic continuation with a regular point
s = 0. Hence the equality holds

0, (sTr (AA7 A7) |y = (14500 Te (AA7'4735) ) |, (229)

and the meromorphic function on the right is regular at s = 0.

The formula (2.18) is an immediate consequence of (2.24), (2.27), (2.29), and of
(2.21). In (2.21) A A7! is substituted as Q. Proposition 2.1 is proved. O
Proof of Corollary 2.1. 1. If the principal symbols a,, bg of A, B are sufficiently
close to positive definite self-adjoint ones, then the principal symbol a, (bg){_;;’! P ofn

possesses a cut L(r) along R_. If all the eigenvalues of bs are in a sufficiently narrow

conical neighborhood of Ry, then the principal symbol (ad (b;g)(—;;fﬁ)fﬂ)(bg)?ﬂ;a of
1}{‘;{)8&”]’6 possesses for all 0 < ¢ <1 a cut Ly of the spectral plane.'”

Set A = nisBXY. Then Ay = B, F(Ao,B) = 1, A = A, F(A,B) =
F(A,B). We can use the variation formula of Proposition 2.1 and the equalities
(2.24), (2.27). Note that the operator AAT =0, (n[’ﬁ]) (r};i])_l is equal to logz 7.
Here, log ;) 1€ CL°(M, E) is the operator

!—f log s A - (1 — A7hdN, 7 —2m <Imlogg;) A S 7, (2.30)
2w JTrs

17This symbol is independent of a choice of an admissible cut Lz close to Lix).
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[r# is the contour I'y g (e) U Lo 7(g) Uy r () U R, where

[yri(e):={ zexp(i7),R>x>c}, TDarz(e):={A=zexp(i(7—27)),e<z <R},
: Loz(¢) :={A = cexplip), & 2 ¢ > 7 — 27},

and g is the circle [\| = R, A = Rexp(iyp), oriented opposite to the clockwise

(# — 21 < ¢ < &) and surrounding once the whole spectrum in Ly(M, E) of the

bounded operator € C'L°(M, E). The radius ¢ > 0 is small enough such that this

spectrum does not intersect the domain {\, [\ < c}. We have logz) n = 9z le=o,
where

I

Nz =

[ Ay =27 dn (2.31)
Frz

2
The spectrum of elliptic PDO 7 is compact. The operator logz) 7 is a classical PDO
from CLO(M, E). The symbol o (log(z 1) € CS°(M, E) is equal to (i/27) fr, log A -

o ([?} - )\]_') d\. Here, o ((f; - a\.)_l) is a classical PDO-symbol from CS°(M, E),
the principal symbol ao(y)(x,€), € # 0, has all its eigenvalues in the half-plane
C; := {A: ReA > 0} and I'y is a contour in C; oriented opposite to the clockwise
and surrounding once the compact set U, g)es+ar Spec (ao(n)(x,€)) C Cy..

Hence, if the function Tr (Q, ((AfB)(_;'] - 4,‘(2])) for Q; := A;A;! has an analytic
continuation to the neighborhood of the origin and if s = 0 is a regular point of this
analytic function, then we have from (2.24), (2.27), (2.29)

dlog F (Ar, B) = 9,0, (Tr (AB)3 — Tr ATl — Te BR) | _, =

= (140, Te((togeyn) (4B = A7) o= Tr (o) (A BV AT ) | =
= (1480 Tt (A A7 (ABG T - BZ")) | - (232)

By Proposition 2.1 we have for 0 <t <1
drlogF(As, B)=— (o (log(s 1) (log(s(AB)) [+ 8) — (108 (2)(4) /o) res (2:33)
Thus Corollary 2.1 is proved. 0O

Remark 2.6. Let A, € EllS(M, E), 0 <t < 1, be a smooth family of invertible elliptic
PDOs of order o € R* such that the principal symbols a; . of A; are sufficiently close
to positive definite ones. Let B € EllS(M, E) have a real order 3 # —a and let the
principal symbol by be sufficiently close to positive definite self-adjoint one. Let Ag

be a power of B, Ag = Brﬁf)ﬁ. Set A := A,. By Proposition 2.1 the multiplicative
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anomaly of (A, B) is given by the locally defined integral

log F(A, B) = _foldf(O'(Qf)-O'(10g[ﬁ][_4!3))/(a+;3)_
— o (logz)(4)) /o) . (2:34)

Here, Q; := A,A7' € CLY(M, E).. [ts symbol o (Q;) is locally defined in terms of
o (Ay). The right side of it is the integral of the locally defined density on M. This is
a formula for the multiplicative anomaly corresponding to a general smooth variation

between B&”f and A.

Remark 2.7. The assertions of Proposition 2.2 that P(s) is regular at s = 0 and that
there exists a local expression for P(0) is the contents of Lemma 4.6 in [Fr]. Propo-
sition 2.2 is a consequence of Proposition 2.3, of Corollary 2.1, and of Remark 2.5.

Proof of Proposition 2.3. The symbols o (L"f,‘,'r]‘"dc) and a( ?;’;;'rd 4) at s =0

are equal to Id. These symbols are entire functions of s € C (i.e., all the homoge-
neous terms of o(/A’) are entire functions of s € C in any local coordinates on M.)
The family of PDOs C() := C(\™“ € Elly € CL*(M, E) is holomorphic in the
sense of [Gu], (3.18). The latter means that for PDOs Ci(p) := C(p) — PeC(p) €
CLF*(M,E) as § = 0 we have

| (Cxee + 6) = Culn)) /5_“(,”)” ? 50 (2.35)

for s > Repu — k. (Here P.C'(p) € CL*(M.E) are the PDOs defined by the image
of o(C(p)) in CS*(M,E)/CS**=1(M,E) and by a fixed partition of unity on M
subordinate to a fixed local coordinates cover of AL) In (2.35) ||-||*) is the operator
norm from H,(M, E) into Ly(M, E) of the operator defined on the dense subspace of
global ("*-sections ['(£) in the Sobolev space H(,)(Al. E) and Ci(p): T(E) = T(E)
is a linear operator. (In (2.35), as well as in [Gu], (3.18), A = (A,...,An) is an
arbitrary collection of ordinary differential operators of order one with the scalar
principal symbols, acting on I'(E).) The subscript A in (2.35) means

Bl 2= (T T B T (2.36)

The operators C'(u) and A(p) = 4“’““ for ¢ = 0 are the identity operators.
Hence o(C(0)) = o(A(0)) = Id and the symbol q = 0u(a(C(p)) — o(A(p)) )u=o0 is
a PDO-symbol from CS°(M, E). For any PDO S € CL°(M, E) with o(S5) = S the
operator Ko+ QS is smoothing in ['( £), i.e., it has a C™ Schwartz kernel. (Here,

Ko :=—lm Q(C(p) — A(p))
=0
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is the value at s = 0 of A from (2.22).) Indeed, Ky + QP2m+15': Hi_m)y—= Hpy isa
bounded linear operator since by (2.35) it is a bounded operator from H(,) (M, E)
to Lo(M, E) for s > —(2m + 1). Similarly, by (2.35) [41, Ko+ QPymy1S] is a
bounded operator from H (M, E) to Ly(M, E) for such s and for an arbitrary DO
A;: T(E) = I'(E) of order one with a scalar principal symbol. Hence Ko+ Q Pami1S
is a bounded linear operator from H( to H) for s > —2m. Applying (2.35) with
higher commutators A, we see that K+ QP;,,1+;§' is a bounded linear operator from
H(_m) to H{m).

Operators Cp,(pt) := C(p) — P C(pt) and A, () from H5(M, E) to Ly(M, E) for
|| < r and for s > r —m are uniformly bounded by (2.35). The analogous assertion
is true by (2.35) for higher commutators of C,,(p) (or of A,,(p)) with DOs A; of first
order with scalar principal symbols. (Such type operators are defined in (2.36) and
are used in (2.35).)

For a holomorphic family of PDOs we have a Cauchy integral representation.
Namely for [, := {, |p| = r} it holds
CL )= s ("‘(;{] de, (2.37)

2mt Jr, z —

for a family C,,(z) of linear operators on I'(E£). This integral is absolutely con-
vergent in the operator norm topology in the space of bounded linear operators

L (H{,)(M, E), Ly(M, E)) for s > r — m. This integral is convergent also with re-
spect to the semi-norm ||-||£j} from (2.36) for s > r —m, where A = (Ay,...,Ax) is

an arbitrary collection of first order DOs with the scalar principal symbols. (Indeed,
the Cauchy integral representation (2.37) holds also for a holomorphic family PDOs

Ar,., [Ae Cult)] .. ],
To prove that I, (from (2.22)) is a holomo1phic at g = 0 family of PDOs, it is

enough to note that for Ay, (p) := —Q (Crn(pt) — Am(pt)) /1t we have

(K (1) = En(0)) /1 = =Q (CO(1) = AD (1)) (2.38)
for CA () := (Cm(t) = Cn(0) — 0, Crnlu=0) /1i* because Cp,(0) = An(0) (= 0 for
m € Z,) and because K,,(0) := —Q (0,Com|u=0 — OuAm|u=0), where 9,Cy, is the

operator C,, from (2.35). The operator C{*)(y1): I(E) — T'(E) converges to the
operator 02Cm (pt)|u=0/2: T(E) — ['(E) in the semi-norms

|Cc@) = B2Cumlmof2]) — 0 (2:39)

as pu — 0 for s > r —m because for |p| < r, pu # 0, we have

2 1 Cm(2)
CO(p) = = jr ﬂd.ﬂ. (2.40)
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The operator 02Cn(pt)|u=0/2 is defined as this integral with ¢ = 0. The integral
in (2.40) is convergent and continuous in u (for sufficiently small |¢|) with respect to
the semi-norms ||||f:] for s > r —m. The assertion (2.39) is true for all s > —m. (It
is enough to substitute in (2.39) p with sufficiently small |g|.) Hence the family K,
from (2.22) is holomorphic at s =0. O

3. CANONICAL TRACE AND CANONICAL TRACE DENSITY FOR PDOs OF
NONINTEGER ORDERS. DERIVATIVES OF ZETA-FUNCTIONS AT ZERO

For any classical PDO A € CL*(M, E), where a € C\ Z, a canonical trace and
a canonical trace density of A are defined. Indeed, since the symbol of A has an
asymptotic expansion as [é| = +o0

a(z,6) = ). aq-i(z,6),
keZ 4L0
the Schwartz (distributional) kernel A(x,y) of A has an asymptotic expansion for
T — y, T # y in any local coordinate chart {7 on M as follows

Alz,y)= ). Acn-ot(®,y— )+ Az, y). (3.1)
k=0,1,....N
Here, n = dim M, N € Z, is sufficiently large'®, A(n)(z,y) is continuous and this
kernel is smooth enough'? near the diagonal in U7 x U. The term A_,_,4x(z,y—x) is
positive homogeneous in y — x of degree (—n —a+ k) for all pairs (z,y) of sufficiently
close  and y from U and for 0 < t <1, i.e..

Acpaskl(ztly—)) =t A (z,y—2). (3.2)
Remark 3.1. The (local) kernel A_,_,+x(2,y — ) corresponds to the integral
[ taslw, € expli(z - ,€)de. (3.3)
This integral is defined as follows. The analogous truncated integral
[ plleDaa-i(a,€) expli(x = y.£))de (3.4)

is an oscillatory integral, [Ho1], 7.8, since the estimates hold
|D2D7 (p(|€])aa-k(2,€))| < Cpare(1 + €N
for 2 € K C U. (Here, U is a coordinate chart on M, K" is a compact, p(t) is a

C*°-function, p(t) = 0 for small ¢ and p(t) = 1 for ¢ > 1.) This truncated integral

181t is enough to take N € Z greater than n 4+ Rea + 1.
19The kernel A(y)(z,y) is of the class C'(U/ x ) for I +dim M + Rea < N +1. Here we suppose

that the coordinate system is defined in some neighborhood V' of U.
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defines a distribution on C§°(z,y) of order®® < [ for Rea — k — [ < —dim M, [Hé1],
Theorem 7.8.2.
The integral

[ (= p(€D)aa-i(z,€) explila — y. )de (35)

is absolutely convergent for Rea — k > —n, n := dim M. All the partial derivatives
in z, y under the sign of this integral are also absolutely convergent for such a. So
the kernel (3.5) is smooth in (x,y) for such Rea.

The integral (3.3) is the Fourier transformation { = y—a =: u of the homogeneous
in ¢ distribution a,_x(z,€) (depending on x as on a parameter) of the degree o — k.
For a —k € {m € Z,m < —dim M} and for a fixed x the distribution a,_x(z,) has
a unique extension to the distribution belonging to D’ (R") (£ € R™\0, n := dim M),
[Ho1], Theorem 3.2.3. The Fourier transformation of a—i(z,§) is a homogeneous
in v = y — x distribution of the degree (—a + k — n), [Hol], Theorem 7.1.16. So
this integral for a — k ¢ Z; U 0 (and for a fixed ) has a unique extension to the
distribution belonging to D' (R").

Note that a,—x(z,&) is (for a fixed x) a temperate distribution, i.e., it belongs to
S’ (R™). Indeed, p(|¢])aq—k(x,€) is (for a fixed x) a temperate distribution, [H61],
7.1. Fora—k ¢ {m € Z,m < —n}, n := dim M, (and for a fixed z) the distribution
from D' (R™\ 0)

(1 = p(l€1))aa-k(x,€) (3.6)

(equal to |€]*~*(1 = p(|€]))aa—k(x, E/|€]) for |€] small enough) has a unique extension
to a distribution from D’ (R™) with a compact support. (This fact follows from [H61],
Theorem 3.2.3, because (3.6) is homogeneous in || for sufficiently small [£|.) Hence
this extension of (3.6) is also a temperate distribution. Its Fourier transformation
provides us with an analytic continuation in a of the integral (3.5) from the domain
{a: Rea >k —n}toa €C\{mé€Z,m<k—n}. So the Fourier transformation
of ay—i(z,€) is defined and belongs to S’ (R™).

The wave front set for the oscillatory integral (3.4) is contained in {z,y—z = 0,£},
[H61], Theorem 8.1.9. Hence the kernel (3.4) is smooth outside of the diagonal z = y.
The Fourier transformation (3.5) from £ to u = y — « (for a fixed z) has its wave
set belonging to {u = 0,¢} ([H61], Theorem 8.1.8) because the wave front set for
(1 = p(|€]))aa-r(z,€) (z is fixed) belongs to the cotangent space at { = 0. So the
kernel (3.3) is smooth for = # y.

The canonical trace density a%;\,](ar) :=tr A(yy(2,x) on U is defined as a pointwise
trace of the kernel A(y). This density does not change under a shift N = N + k,
k € Z,. This density for a large positive N is denoted further by ay(z).

20A distribution u on C$°(V') (for a local coordinate chart on M) is of order [ € Z, U0, u € V),
if for any compact K in V the estimates hold [u(f)| < Ck 3_5¢,5up |62 £|, f € C§°(K).
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Proposition 3.1. The denisity ay(z) at @ € M is independent of a smooth coordi-
nate system U 3 x on M near x.

Proof. Let z = f(Z) be a smooth change of local coordinates near x. Then according
to Taylor’s formula we have for X and Y sufficiently close one to another

Acnark (f(X), f(Y) = f(X)) =
= Mosecanh (.f(.\'). S RAXNY = X)P/B!+ rn(X, Y}) =

1<|al<N
= B—n—a+k(_\"_ Ve \) + B—n—n+k+1(_\" ) ‘\r) + ...+ R—n—a+k,{N}(1¥, Y),

where R_,_o1+k(n)(X,Y) is a local kernel continuous near the diagonal and such that
Rpasi(v)(X,X) = 0. (Here, vy is o (|X = Y|") for close X and Y and ry is
smooth in X, Y.) Hence R(y) does not alter the demsity ap. Thus a local change of
coordinates does not alter this density. [

Hence any PDO A € C L*(M, E) of a noninteger order a € C\Z defines a canonical
smooth density a(x) on M. We call a(x) the canonical trace density of A. Integrals
of such densities provide us with a linear functional on C'L*(M, E) 3 A defined as

TR(A) := / a(x). (3.7)
M
We call it the canonical trace of A € CL*(M.E), a ¢ Z.

Remark 3.2. Let Rea < —n. Then a PDO A € CL*(M,FE) has a continuous
Schwartz kernel A(x,y) and the density a(x) on M coincides with the pointwise
trace tr A(z,z) of the restriction of the kernel A(x,y) to the diagonal.

Remark 3.3. Let a € R_, a < —n, and let the principal symbol o_.(z,§) of an
elliptic PDO A € ElI§(M,E) C CL*(M, E) possess a cut L(g) of the spectral plane
C. Then the spectrum of A is discrete.?! According to the Lidskii theorem [Li], [Kr],
[ReS], XIIL.17, (177), [Si], Chapter 3, [LP], [Re], XI, the operator A is of trace class
and we have

Tr A = fn- Alz, z).

Hence in this case we have

TR(A) = Tr A.

21 4 is a compact operator in La(M, E). Its spectrum is discrete in C\ 0. The only accumulation
point of this spectrum is 0 € C, [Yo].
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Remark 3.4. Let A € Ellg(M, E) C CL*(M, E) be an elliptic PDO of order o € R
and let its principal symbol o,( 4.)( ,€) possess a cut L(g of the spectral plane.

Then the holomorphic family A 7 is defined. The operator A(é) is of trace class for

Res-a > n. For s € C such that - a ¢ Z and that Res - a > n we have?
Ca@y(s) =Tr (A7) = TR (A7) (3.8)

This zeta-function has a meromorphic continuation to the whole complex plane. (This

assertion also follows from Proposition 3.4 below.) The kernel 4{3]( ,y) for x # y also

has a meromorphic continuation. Homogeneous terms of the symbol o ( {9)) (5€)

of A[&] € Ellg**(M,E) C CL™*(M, E) in any local coordinate chart U on M are

holomorphic in s. Hence by the definition of TR and by (3.8), the equality

Caiy(s) = TR (A7) (3.9)
holds for all s € C such that s- o ¢ Z.

Here we use the weakest properties of a holomorphic (local) in z family of PDOs
it has to possess.

Definition. A (local) family A(z) € CL/®)(M,E) is called a w-holomorphic
family, if in an arbitrary local coordinate chart®® [/ 5 z,y and for any sufficiently
large N € Z the difference of the Schwartz kernel for A(z) and a kernel corresponding
to a truncated symbol of A(z)

N
=Y [pUEDIE IV asy(z 2 6/1ED expli(e =y, ))de  (3.10)

is a C™-smooth (local) kernel on {7 x [/, where m = m(N) tends to infinity as N — oo
and this kernel on U x U is holomorphic in = together with its partial derivatives
in (z,y) of orders not greatel than m(N). Here, p(t) is a cutting C"*-function,
p(t) =0 for 0 <t <1/2, = 1fort > 1, f(z) is (locally) holomorphic in z, and
a-;(z,x,€/|€|) are holommphlc in = functions on S* S* M|y with the values in densities
at x. The kernel A, ,(z) has to be holomor phic in z for @, y from disjoint local charts
Usaz,Vay, UnV =0.

22For such Res an operator family A7) is defined by the integral (2.1) with an admissible for

A cut L close to Lz). Note that . !?ﬂi Id —Py(A), where Py(A) is the projection operator on

algebraic eigenspace of A corresponding to the eigenvalue A = 0 and Po(A) is the zero operator on
algebraic eigenspaces of A for nonzero eigenvalues.
231t is enough to check these conditions for a fixed finite cover of M by coordinate charts.
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Proposition 3.2. For classical PDOs A, B such that ord A+ ord B ¢ Z the equality
holds :

TR(AB) = TR(BA), (3.11)

i.€.,
TR([A, B]) = 0.

Remark 3.5. The equality TR([A, B]) = 0 means that TR is a trace class functional.
Note that the bracket [A, B] is defined for classical PDOs A, B having arbitrary
orders. However the equality TR([A, B]) = 0 is valid only if ord A + ord B ¢ Z
(otherwise the TR-functional is not defined).

Proof of Proposition 3.2. 0. We assume that ord A,ord B € R. The general case
follows by the analytic continuation (Proposition 3.4).

1. It is enough to prove the equality (3.11) in the case when A is an elliptic PDO
such that log A exists and such that exp(zlog A) =: A7 is a trace class operator for
z from a domain U C C. Indeed, any A € C'L*(M, E) is the difference A = A, — Az
such that ord A; =ord A+ N, N € Z;,ord A; > 0, A; € EIgdA*N (M, E), and auch
that log A, log A, exist. It is enough to set

af2+N - af24N
A= (05 + cld)t:) +A, A= (AF -|-cld){:)

Here, ¢ € Ry and N € Z, are sufficiently large constants, a := ord A, and AL
is the Laplacian for (M, E) corresponding to a Riemannian metric on M and a
unitary connection for an Hermitian structure on E. Operators defined by (3.12) are
invertible and possess complex powers (for sufficiently large ¢ and N).

Let A be the difference A; — A;, where A;, A; possess complex powers. Suppose
we can prove that TR (A;B) = TR(BA;). Then TR(AB) = TR(BA).

2. Let A be an invertible elliptic operator with ord A > 0 and such that complex
powers A* are defined. Let us prove that in this case the equality (3.11) holds (under
the condition ord A + ord B # 0). Let so > 1 be so large that for Res > sq the
elliptic operators A(1=9)/2 and AU=*)/2B are of trace class. By Remark 3.3 for such s
we have

TR (A—AB) = Tr (A™AB) = Tr (A0-/2BA0-)2) =
=Tr (BAA™") = TR (BAA™). (3.13)

(3.12)

(Here we use the fact that A=)/ is of trace class and that A=9)/2B is bounded.)

Let q(s) == Tjezqu0q(1-s)ats-i ad 1(s) = Tjez,u0T(1-s)otp-j) @ = ord 4, f =
ord B, be the symbols of A'*B and of BA'~*. Note that for Res > so the canonical
trace density of A is also equal to the restriction to the diagonal M (in M x M) of
the Schwartz kernels corresponding to A'~*B minus the local kernel for a finite sum
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of homogeneous terms in ¢, corresponding to j =0,..., N (where N € Z, is large
enough). This difference of the kernels is sufficiently smooth near the diagonal. But
it is continuous on the diagonal and holomorphic in s also for s > n+1—N+a+p,
(1~s)a+8 ¢ Z,n := dim M. So this difference is regular near the diagonal for s close
to zero, if N € Z is large enough. The analogous assertions are true also for BA'~*
and for r(5) when we take the difference with kernels corresponding to a sufficiently
much number of the first homogeneous terms in the symbols 7(,). But the canonical
traces TR (A'~*B) and TR (BA'~*) do not change for Res > so when we subtract
these (positive homogeneous in y — z) kernels. (Indeed, the kernels we subtract do
not change the canonical trace densities on M defining the functional TR.) Hence
we can set s = 0 in the equality (3.13) as a + 3 ¢ Z. So TR(AB) = TR(BA). O
The use of complex powers of PDOs in the proof above looks a bit artificial. The
direct proof using only the language of distributions also is possible but we do not

give it here.

Remark 3.6. Note that families A=* and A~*B for an elliptic PDO A, ord A € Ry,
possessing complex powers and for a classical PDO B, are holomorphic in s families
of PDOs. So the assertion (used in (3.13)) that TR (A™°B) is holomorphic in s (for
—sord A+ ord B ¢ Z) can also be deduced from Proposition 3.4 below.

Proposition 3.3. The traces of a classical elliptic PDO A € CL*(M,E), a ¢ Z,
and of its transpose ‘A € CL* (M, EY) coincide

TR(A) = TR ("4). (3.14)
(Here, EV is the tensor product of a fiber-wise dual to E vector bundle and a line
bundle of densities on M.)

Proof. Let A(z) be a holomorphic family of classical PDOs such that A(a) = A,
ord A(z) = z. Then for Rez < —dim M we have

TR(A(z)) = Tr(A(z)) = Tr (‘A(z]) = TR (*A(2)) . (3.15)

Proposition 3.4 below claims that TR(A(z)) and Tr(*A(z)) are holomorphic in 2
for z ¢ {m € Z,m > dim M}. (Here, we use that ‘A(z) is a holomorphic family.) So
using the analytic continuation of (3.15), we obtain

TR(A) = TR(A (20)) = TR (*A(20)) = TR (*A(2)) -

To produce an analytic family A(z), it is enough to set A(z) := AC**, where
C € Ell}(M, E) is an elliptic PDO possessing complex powers. []

Proposition 3.4. Let Alz) be a holomorphic in =z family of classical PDOs, ord Alz) =
2, where z is from an open domain U C C. Then TR(A(z)) is @ meromorphic in z
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function regular for z € U\ Z. This function has no more than simple poles at the
points ZNU. Its residue at m € ZNU is given by

Res.=m TR(A(z)) = —res A(m). (3.16)

(Here, res is the noncommutative residue, [Wo2], [Kas].) For m < —dim M this
funetion is reqular at m € U (by (3.16)).

Analogous assertions are true for holomorphic families A(z) of PDOs such that
ord A(z) =: f(z) is a (locally) holomorphic function. For TR(A(z)) to be @ meromor-
phic function with simple poles at f~'({m € Z,m > dim M}) =: Sy, it is necessary
that f'(z0) # 0 for any zo € Sy. If f(z) satisfies this condition, then TR(A(z)) has
simple poles with the residues

Res.=., TR(A(z)) = — reso (A(z0)) (3.17)

1
f"(0)
for f(z0) € —n+ (Z4+ U 0), n:=dim M.

The equalities analogous to (3.16) and to (3.17) are valid also for the densities
az(z) and res, o (A(z0)) on the diagonal v € M — M x M (corresponding to the
canonical trace TR(A(z)) and to the noncommutative residue res o (A (z0))). Namely

i (1:0) res; o(A(2)) (3.18)

Res.=., az(z) = —

for zo € Sy.

Remark 3.7. 1. For classical PDOs it is natural to introduce a modified trace func-
tional

TRa(A) := (exp(2miord A) — 1) TR(A). (3.19)

The additional factor in this definition does not change if ord A shifts by an integer.
(Note that the order of A may differ by an integer on different components of a
manifold.)

For a holomorphic family A(z) of classical PDOs this trace functional is holomor-
phic for all z. Here, we do not suppose that f(z) := ord A(z) has nonzero derivatives
f"(z0) at {zo: f(20) € Z, f(20) > —dim M}. This statement follows from the proof
of Proposition 3.4.

2. For classical elliptic PDOs it is natural to introduce a trace functional

TReu(A) := TR(A)/T(—(ord A + dim M)). (3.20)

For a holomorphic family A(z) of elliptic PDOs this trace is holomorphic for all 2.
(The proof of Proposition 3.4 gives us such a statement. Here we do not suppose

that f’(z0) # 0 for f(z0) € Z, f(20) = —dimM.)
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Remark 3.8. The assertion that the noncommutative residue res is a trace linear
functional on the algebra C'Sz(M, E) of integer orders classical PDO-symbols follows
immediately from Propositions 3.2, (3.11), and 3.4, (3.16). Indeed, by (3.16) and by
(3:11) we have

res([A, B]) = — Res.=ord 4+oraB TR([A(2), B(2)]) =0

for A,B € CL%M,E) and for any holomorphic families A(z), B(z) such that
A(ord A+ord B)=A, B(ord A+ord B)= B. (For example, set A(z):=AC*ordAordB,
B(z) = BC#erdA-ordB where (' js an invertible first order elliptic PDO possessing
complex powers).

Proof of Proposition 3.4. The positive homogeneous in £ terms of the symbol
o(A(z)) correspond to the positive homogeneous in y — x (local) summands of the
Schwartz kernel for A(z). Namely (in the notations of (3.10)) the integral

J 167970z, /1€0) expli( - v, €))dg

defined in Remark 3.1 is the positive homogeneous of degree —n — f(z)+jiny—=a
(local) kernel. These kernels do not alter TR(A(z)) for f(2) ¢ Z (and also for
f(z) € Z, if f(z) < n— j). Note that the kernel (3.10) is smooth enough near the
diagonal in U x U and is locally holomorphic in z. So the canonical trace TR and
the canonical trace density of this kernel are regular in 2.

Therefore the singularities of TR(A(z)) are defined by the restriction to the diag-
onal of the kernel

N
5 [(olle) = DIEF I as(zx, €/ 1) explie — v, €))de (3:21)
i=0

The kernel (3.21) is smooth in (2,y) and holomorphic in 2 for f(z) —j+n #0
(because p(|¢]) = 0 small |¢]). Namely the integral (3.21) is absolutely convergent for
Re f(z) > j —n (and the convergence is uniform in (z,y,z) for Re f(z) =2 j —n +e,
£ > 0). The corresponding integral over |£| = const is absolutely convergent for any
z. For x = y the integral (3.21) has an explicit analytic continuation. It is produced
with the help of the equality

/1 Mz =1/(A+1)
0

for Re A > —1. The right side of this equality is meromorphic in A € C.
We suppose from now on that f'(z) # 0 for zo such that f(zo)+n € Z4U0. The
residue of the integral (3.21) at z = zo such that f(z) = -n+7is

—ﬁf“—j(%xaf/lf|)dﬁs, (3.22)
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where djs are natural densities on the fibers of S*M. Note that a_;(z,z,£/|¢])|€]/€r
is positive homogeneous in ¢ of degree —n. So we have

Res.-., TR(A(z)) = — reso (A (zg)). (3.23)

1
f'(20)
The proposition is proved. O

Let ell(M, E) be the Lie algebra of logarithms of (classical) elliptic PDOs. As a
linear space, ell( M, E) is spanned by its codimension one linear subspace C L°(M,E)
of zero order PDOs and by a logarithm [ = log, A of an invertible elliptic PDO

A € Ell}(M,E) c CLY(M,E) such that A admits a cut L) of the spectral plane
C. The space {sl + By}, s € C, By € CL°(M, E), of logarithms of elliptic PDOs is
independent of . This space has a natural structure of a Fréchet linear space over
C. The Lie bracket on ell(M, E) is defined by

[.’315 + bl,ng + bg] = [.", S1b-2 - 3251] + [bl.bg] € C‘Lo(ﬂ'{, E) C C"(ﬂ.{, E) (324)
The bracket [[,s1b, — s2b1] is a classical zero order PDO because
[y 516y — s3by] = 9y (Al (5162 — $2b1) AG)) li=o € CLY(M, E).

(Here, AEB) := exp(tl) is a holomorphic in ¢ family with the generator [. The inclusion

[[,b] € CLY(M,E) for b € CL°(M, E) can be also deduced from (an obvious) local
inclusion of [log ||, (b)] to classical zero order PDO-symbols and of the description
the corresponding Lie algebra Siog( M, E) in Section 2.)

The exponential map from ell(M, E) to the connected component Ello(M, E) 5 Id
of elliptic PDOs is

sl + By — exp (sl + By) € Elly(M, E). (3.25)

The PDO A, := exp(sl+ Bo) € Ellg(M,E) C CL*(M.E) is defined as AJ|;=, where
the operator A7 is the solution of the equation

d,A7 = (sl + Bo)A;, (3.26)

AY :=1d, A := exp(By). (3.27)

(Note that A, := A! depends on an element sl + By € ¢ll(M, E) only and that A,

does not depend on a choice of [ € log (Ellé(;\!, E]). The solution of (3.26), (3.27) is
given by the substitution

AT = A"F,, (3.28)
0, F, = (A BoA”) Fr,  Fo:=1d. (3.29)

The operator A*" in (3.28), (3.29) is defined for Re

(s7) < 0 by the integral (2.1)
with z := s7. This family is continued to s7 € C by (2.2).

). The operator A™°" By A*"
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in (3.28) is a PDO from C'L°(M, E). The operator exp(Bp) in (3.27) is defined by
the integral

et By = ;—Wfr (B — A)~Yexp Ad), (3.30)
- R

where T'r is a circle |A| = R oriented opposite to the clockwise and surrounding
Spec Bo** (Recall that this spectrum is a compact in the spectral plane C and that
the operator (By — A) ™" is a classical elliptic PDO from EUY(M, E) ¢ CL°(M, E) for
) € T'g since By € CL°(M, E).) We have exp By € Ell(M, E) Cc CL°(M, E).

The existence and the uniqueness of a smooth solution for such type equations in
the space of PDO-symbols is proved in Section 8. So we have the solution o (F;) of
the equation on elliptic symbols

0,0 (F,) =0 (A" BoA ) o (F,), o(F)=1d. (3.31)

Let S, € Ellj(M,E), 0 < 7 < 1, be a smooth curve in the space of invertible
elliptic operators from Sy = Id to S, with o (S;) = o (F;). Then

9,5, = ((.-‘1‘”Bo,4”) 4 r,) S,

where 7, is a smooth curve in the space ('L™>(M, F) of smoothing operators (i.e.,
in the space of operators with smooth kernels on M x M). Set u, := S;7'F, — Id.
Then u, € CL™>°(M, E) is the solution of the equation in CL=*(M, E)

o u, = — (.‘5':'?‘75',) (Id +u.), wuo=0. (3.32)

This is a linear equation in the space C'L="°(M, E) of smooth kernels on M x M with
known smooth in I x M x M coefficients S7'r, S, € CL=>°(M, E). (This equation
can be solved by using the Picard approximations.)

Proposition 3.5. The exponential map (3.25) is w-holomorphic, i.e., for any (local)
holomorphic map ¢: (CN,O) 5 q — s(q)l+Bo(q) € ell(M, E), the family exp(y(q)) €

BN (M, E) is w-holomorphic.

The function
TR (exp(sl + Bo)) =: T'(s, Bo)
is defined for any s € C\ Z and for any By € CL°(M, E). Note that T(¢(q)) is
meromorphic in ¢ with poles at {q: s(¢) € Z,s(¢q) > —dim M} by Propositions 3.4,
3.5.

24The integral (3.30) is analogous to the integrals (2.30), (2.31). We suppose here also that the
principal symbol (B )(z, &) has all its eigenvalues inside the circle [A| = R/2 for all (z,6) € S*M.
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Proposition 3.6. The function T(s, By) is meromorphic in (s, By)*
poles at the hyperplanes s € Z, s > —dim M. We have

Ress—m T'(s, By) = —resa (exp (ml + Bp)). (3.33)

and has simple

Here, m € Z, m > —dim M, and res is the noncommutative residue ([Wo2]).
Proof. This assertion is an immediate consequence of Propositions 3.5, 3.4. [

Proposition 3.7. The product A(2)B(z) of w-holomorphic families is w-holomorphic.

Proof of Proposition 3.5. We can solve the equation for symbols o (A} (Bo)) of
Aj (Bo) = exp (t (sl + By))

dio (AL (Bo)) = o (sl + zBo) o (4! (Bo)) . o (A2(Bo)) = 1d (3.34)

for any (s, z, Bs). These symbols are holomorphic in (s,((), 2,0 (Bo)). (Here we use
the substitution (3.28), (3.29) but on the level of PDO-symbols. So we don’t have to
inverse elliptic PDOs in solving of (3.34). This equation is solved above, (3.31).)

Let {U;} be a finite cover of M by coordinate charts, ; be a smooth partition
of unity subordinate to {U;}, and let ¢; € C5°(U;), ¥y = 1 on supp (¢i). These
data define a map fy from PDO-symbols to PDOs on M. The difference Al (Bo) —
fn (o (AL (By))) has a smooth enough kernel on M x M (for N € Z, large enough),
and this kernel Ky (z,y) is a solution of a linear equation with the right side smooth
enough and holomorphic in s, By (for s close to a given so € C). Here, we choose N
depending on sg. So the kernel [\"}\f‘B“){‘”(.r,y) .= K3'(x,y) is sufficiently smooth on
M x M and holomorphic in ¢ close to qo, s (qo) = so. The PDO fy (o (Al (Bo))) is w-
holomorphic in s, By by its definition. So A (Bo) := exp (sl + By) is a w-holomorphic
in s, Bp. O

An alternative proof of this proposition is as follows (it uses Proposition 3.7).

1. First prove that A, (Bo) := exp (sl + Bo) is holomorphic in By. To prove the
analyticity in B, for any fixed s € C\ Z, it is enough to prove that

{0 (exp(ls + =Bo)} | _, (3.35)

exists and that we have

{0: (exp(ls + 2 Bo))}| _ =0. (3.36)

25That means that the function is meromorphic in (s, By) on any finite-dimensional linear (or
affine) subspace in ¢l[(M, E). In the independent of coordinates (s, Bo) form this theorem claims
that the function T is meromorphic near the origin on the space of logarithms for elliptic PDOs and
that T has a simple pole along the codimension one linear submanifolds of integer orders PDOs.
The residues of T' are given by (3.33).
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Indeed, to prove the same assertions for z # 0, we can change the logarithm [ of
an elliptic operator A of order one to the logarithm

li:=1+s'2By

of another elliptic PDO A; € Ellg(M,E) C CL'(M,E). (Note that the principal
symbols of A and of A; are the same.)
By the Duhamel principle, we have?®

1
exp(ls + zBy) —expls = /0 dr0, (exp(r(ls + 2 Bp)) exp((1 — 7)ls)) =

&= fnl dr exp(7(ls + zBo))zBoexp((1 — 7)ls). (3.37)

We conclude from (3.37) that

0. {(exp(ls + zBo))} |;=n = ‘/'Dld'r exp(7ls)Boexp((1—7)ls), (3.38)
D= {(exp(ls + zBo))} ‘3:0 =0, (3.39)
To deduce (3.38), (3.39) from (3.37), note that the equation for Al(z):=exp(r(sl+zBo)
0, Al(z) = (sl + zBo)Aj(2), (3.40)
A%z)=1d, Aj(z) =exp(rzBo), A(0)= A" (3.41)
is solved by the substitution

Al(z) = A Fy(z2), (3.42)
8,F,(z) = = (A" BoA"") F.(2), (3.43)
Fo(z)=1d, F;(0)=1d. (3.44)

Hence for 0. F;(z)|.=0 =: @s(7) we have
9,Q.(1) = AT B AT, Q.(0) =0, (3.45)

and Q,(r) € CL°(M, E) depends smoothly on 7. Thus we have
1
exp(sl + zBo) — exp(sl) = [0 dr A’ (1d42Q,(7)+0(z)) 2BoA°), (3.46)

1
0. exp(sl + :Bg)' o= /0 dr A°T B A%, (3.47)

26Note that for any

exp(r(ls + zBo)) exp((1 — )ls) € EI(M, E), exp(r(ls + zBo))=Bo exp((1 = r)ls) € CL*(M, E).
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Here o(z) is considered with respect to a Fréchet structure on C'L°(M, E). This
structure is defined by natural semi-norms (8.20) on C'S°(M, E) (with respect to a
finite cover {U;} of M) and by natural semi-norms on the kernels of A — fyo(A) €
C*(M x M) for appropriate k € Z, U0, N € Z, are large enough.?”

The expression on the left in (3.47) is the derivative of the function with its values
in C'L5(M, E) and the operator on the right in (3.47) is also from C'L*(M, E).

2. The family of elliptic PDOs

A, (Bo) = exp(ul + Bo) € ElIX(M, E) C CL*(M, E) (3.48)

is w-holomorphic in u. Indeed, set I, := [+ By/y. Then A, . := exp (ul,) is holo-
morphic in g, v for v # 0. We have also A, = A, +|y=4-

Thus it is enough to prove that A, is w-holomorphic in p at = 0. Set A}(z) :=
exp (7 (ul + zBo)), Fr(p, 2) := exp(=rpul)A7(z). By (3.41), (3.42) we have

0, Fy(1,%) = 2 (Adexp(orty Bo) Fr(p.2).  Fo(p.2) =1d = Fy(,0).  (3.49)

We have to prove that the family F,(u, 1)|;=1 is w-holomorphic in p at g = 0. The
coefficient 2 Adexp(-purt) Bo =: zv(pr) € CLY(M.E) in (3.49) is holomorphic in pur.
Set 8, F,(p,z) = f-(it,z). (We know that f; exists, if y # 0.) Then

Or f+(py 2) = zo(pr) fr(p, 2) +20,0(pur ) Fr(p, 2). - fr(1,0)=0= fop, 2). (3.50)
Let us substitute ;1 = 0 to the right side of this equation. Then (3.50) takes the form
Or f-(0,2) = zBof+(0.2) — =7 [, Bo)exp (7zBo) .  fo(0,2) = 0. (3.51)

This is a linear equation in C'L°(M, E) and it has a unique solution. (The analogous
assertion is proved in Section 8.) So fi(0,z) := 9, Fy(j.z)|.=0 exists. Hence the
family Fy(p, z) is holomorphic in g. (In particular, it is holomorphic in u for z = 1.)
O

Remark 3.9. The holomorphic in y dependence of A, (Bo) in the sense of [Gu] (Sec-
tion 3, (3.17), (3.18)) means that the image of o (A,) in C'S*/C'S §#=N is holomorphic
in i (for N € Z,) and that for any u € C and for any m € Z there exists a lin-
ear operator A, (u): [(E) = T'(E) such that the asymptotics (analogous to (2.35))
hold?® for s > Reu —m as [§] = 0

" mp+68) — An(p)) /6 — An(p) “( K — 0 (3.52)

Here, An(pt) := A, — PnA, (where P, A, € CL*(M, E) is the PDO defined by the
image of o (A,) in CS*(M,E)/CS*™'(M,E) and by a fixed partition of unity
subordinate to a finite cover of M by local charts).

2TWe use the notations of the first proof of this proposition.
28With respect to the semi-norms ||-{!E:] from (2.36), (2.35).
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This assertion follows from the Cauchy integral representation for A,,(u) analogous
to (2.37). The Cauchy integral representation for A,,(x) (with 0 < r < |u| in (3.53),
(3.54) below) can be deduced from Proposition 3.5. This integral representation
implies the expression of the operator A,,(u) in (3.52) as of the Cauchy integral of
linear operators in ['( £)

: _ 4 Am(z)
Am(}'-*'-) - .2?.”- Fr(”) (: _ ,U',)z

dz. (3.53)

Here, I',(1t) is the contour {z: |z — y| = r} oriented opposite to the clockwise. (This
integral is analogous to (2.37).)

The Cauchy integral formulas for A,,(x) and Ap(pt) hold and these integrals are
convergent with respect to the operator semi-norms ||||{A’} for s > r+Rep—m. (The
same assertion is true for any smooth simple contour I' surrounding once the point
1 and belonging to D, (n) :={z € C: |z — p| < r}.)

Set A2 (1,8) := (Am(p+6) — An(p)) /6 = An(s). Then for r > |6| we have

1 1 1

2 .,(Y = o == Am z)dz. i
AL (p, 6) o Jry () ((: — ) c—p—-0) (2- #)‘2) (2)dz (3.54)

This integral converges with respect to the operator semi-norms ||||E:) for s > r+
Reyt —m. Its semi-norm ||||£:] (for any s > r —m) is O(|8]) as |6] — 0.

The convergence of these integrals in appropriate semi-norms ||||£,‘3J is a consequence
of a holomorphic in i dependence of Fy(y, 1) (defined by (3.49)).

Proof of Proposition 3.7. Let A(z) € CL/)(M,E) and B € CL*® (M, E) be
w-holomorphic families (f(z) and g(z) are holomorphic in U C C). In the notations
of the proof of Proposition 3.5 the kernels of A(z) — fxvon(A(z)) =: rnA(2)% and of
rn B(z) are holomorphic for = close to zy and are sufficiently smooth on M x M for
such z.

The product fyA(z)- fxyB(z) is w-holomorphic by the standard proof of the com-
position formula for classical PDOs (see for example, [Sh], 3.6, the proof of Theo-
rem 3.4). For N € Z, large enough (depending on z € U) and for z close to zo the
kernels of rnyA(z)- fn B(2), fnA(2) - 7n B(2), rnvA(z) - 7y B(z) are sufficiently smooth
on M x M and holomorphic in z. O

29Here, on(A) is the image of A in

C.'LordA(ﬂ’f, E)/C'Lord A—N—l(ﬂ_{‘ E) = Csord A(M, E}/CSord A-—N—l(‘M-' E)
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3.1. Derivatives of zeta-functions at zero as homogeneous polynomials on

the space of logarithms for elliptic operators. For an element J = al + By,
a € C*, of ell(M, E) the TR-zeta-function of expJ € Ellj(M,E) C CL*(M,E) is
defined for s € C, as ¢ Z by

(o 5 () := TR(exp(—sJ)). (3.55)

Let a € R* and let for A € Ellg(M, E) its complex powers Afy be defined. (Here,

0 is fixed and the cut L) of the spectral plane has to be admissible for A.) Let
95Afg)ls+0 = J (i.e., for any C*-section f € ['(E) we have s (A‘t’mf) Lo = )

This equality can be written as

By Remarks 3.3 and 3.4 the TR-zeta-function of A coincides for « Res < —dim M
with the classical (-function

C:aTxRpJ(S) = (.:epr.(U)(S]- (357)

By Propositions 3.3, 3.5 the TR-zeta-function (1 ;(s) is meromorphic in s with no

more than simple poles at s € Z, s < dim M. Hence (3.57) holds everywhere. By
(3.33) we have
Res;=o (oo j(5) = resId = 0.

So C;%J.(B)(S) (and C&EJ(S)) are regular at s = 0. Hence the derivatives at s = 0 are
defined

¢ 5(0) := Bexpa(s)] _ 1= O5CIR 5()

Our definition of the TR-function differs from the usual one in two aspects. Firstly
we consider it as a function depending on a logarithm of an elliptic operator and not
on an operator with an admissible cut. Secondly, the order a should not be real.

8= s=0"

Remark 3.10. The main difference between a TR-zeta-function and a classical one is
that we do not use an analytic continuation of the TR-zeta-function in its definition.
This function (IR(s) := TR (A™*) is canonically defined at any point so such that
soord A ¢ Z. This definition uses a family A~ of complex powers of a nonzero order
elliptic PDO A. However, if we know a PDO A™%, sg ord A ¢ Z, then we know
(IR (s0). For example, in the classical definition of zeta-functions it was not clear, if
the equality holds

Ca (s0) = CB(s1), (3.58)

where A=% = B=%' sqord A = s, ord B ¢ Z, for nonzero orders elliptic PDOs A, B
with existing complex powers A~*, B~*. For TR-zeta-functions the equality (3.58)
follows from their definitions. These zeta-functions coincide with the classical ones
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for Re(sord A) > dim M, Re(sord B) > dim M. Hence the equality (3.58) holds for
classical zeta-functions also.

Note that the equality (3.58) is not valid in general, if sopord A = syord B € Z.
If 5pord A is an integer and if spord A < dim M, then (4(s) has a pole at so for a
general elliptic PDO A. If such A is an elliptic DO and if spord A € Z, U 0, then s

is a regular point.

Remark 3.11. The existence of the complex powers of an invertible elliptic operator
A € Ellg(M,E) ¢ CL*(M,E) (for a« € C*) is equivalent to the existence of a
logarithm log A.*° This condition is not equivalent to the existence of a spectral
cut L for o,(A). For instance, such a cut does not exist in the case a € C\ R.
However, if such a cut L exists for Ay € Ellg(M,E) C CLY(M,E), c € R, and
if A€ ElIg°(M,E) C CL*(M,E) is equal to A7, then log A defined as alog A,
exists.

Theorem 3.1. The function gewJ(O) on the hyperplane {J =1+ By, Bo€ C LM, E)}
(where | = log A and A is an elliptic operator from Ellg(M, E) C CL'(M,E) such
that log A exists) is the restriction to this hyperplane of a homogeneous polynomial
of order (k+ 1) on the space ell(M,E) := {J = ¢l + Bo,c € C,By € CL°(M,E)} of
logarithms of elliptic operators.

Proof. According to Proposition. 3.6 the function sT'(s, By) := s TR(exp(sl + Bo))
is equal to the sum of a convergent near (so, By) = (0,0) power series

sT(s,Bo)= Y, s"Qm(Bo). (3.59)

meEZ U0

The functions Q. (Bo) are holomorphic near By = 0 (in the same sense as in Propo-
sition 3.6). Hence we have

Qm JBD Z Qm r; BO (360)

gEL U0

where Q,, , is a homogeneous polynomial of order ¢ on the linear space CL°(M,E) >
Bo.

30Indeed, let A* be defined. Then for sq sufficiently close to zero and such that sopa € Ry the
principal symbol o (A*?) of the operator A®° possesses a cut along R_ = L(x) on the spectral plane.
So in this case, log ;) (A*°) is defined for a cut Lz close to Lxy. Thus log A := sy logm A% s

also defined. .
31This power series is uniformly convergent in By from a neighborhood of zero in any finite-

dimensional linear subspace of CL°(M, E) 3 Bo.
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The function Cé:[},.,
have

sTR(exp(s({+ Bo))) = Y. ™ S QualsBo) =

?HEZ+U0 q€E+U0
= ) s™Qug(Bo). (3.61)

m,q€Z U0

(0) is expressed through @, ,(Bog) as follows. For s € C\ Z we

Hence we have
“(k ! "
s . géx;(,wo][{])(—s)" [Kl=" 3" s™1Qum4(Bo), (3.62)
keZ U0 m.gEL 4U0
i.e., we have for an arbitrary k£ € Z, U 0 that
¢ 18y (0) = k! (=1)* S Qum.a(Bo). (3.63)
mgES U0 m+g=k+1
The function
Ton(cl+Bo)i= S " Qug(Bo) (3.64)
m,geL U0, m+q=k+1
(where ¢ € C) is a homogeneous polynomial of order (k + 1) on ell(M, E) = {cl +
By, By € CL°(M,E)}. Hence according to (3.63) (—1)F (k!)'lC::;(HBo)(D) is the
restriction of this homogeneous polynomial of order (k + 1) to the hyperplane ¢ = 1.
The theorem is proved. O

Proposition 3.8. ¢\¥) (0) is a homogeneous function on eli(M, E) \ CLY(M, E) of

expJ

degree k.
Proof. We have
Gexpad(s) = TR(exp AsJ) = Cexps(As),
B Cexpra (8) = N0y Cexp s (5)(As).
Then substitute s =0. O

Remark 3.12. The homogeneous function of degree & on ell(M, E)\ CL°(M, E) de-
fined in Proposition 3.8 has the form T4, /(ord J) = Ty41/c, where Tjyy is a homo-
geneous polynomial of order & + 1 on ell(M, E') defined by (3.64). So

(8 im0 = Tipa (e, Bo) fa =k (-1)* 3 a™'Qmg(Bo).
m+g=k+1, mqEL4 (365)
The polynomial Tyy, (@, By) is invariantly defined on the linear space ell(M, E) (i.e.,
it does not depend on a choice of /). By (3.65) we conclude that Ci::)(al+30)(0) has a
singularity O (a™!) = O ((ord J)™!) as « tends to zero.
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Remark 3.13. The linear form Qg (Boy) (defined by (3.60) depends on o(Byp) only.
It coincides (up to a sign) with the multiplicative residue —res* o(exp(By)) (defined
by (1.10)) for the symbol of exp(By). The linear function Ti(c/ + By) depends on
o (exp(cl 4+ By)) only. By (3.65) T; coincides (up to a sign) with the defined by (1.8)
function —Z(oexplcl+ Bo))). Hence T(cl + By) possesses the property (1.9).

Proposition 3.9. The term Qo +1(Bo) in the formula (3.63) for CS;[HB.;}(O) is as
follows

Qoks1(Bo) = —res (B [(k+ 1)\, (3.66)

Proof. It follows from Proposition 3.6 that
{s TRexp (sl + Bo)} L:u = —reso (exp By) . (3.67)

Here, the expression on the left is a continuous function of s at s = 0. (TR is defined
for s ¢ Z and s TRexp(sl + By) is continuous in s at s = 0.) According to (3.59),
(3.60) we have power series at s =0, By =0

sTRexp(sl+ By) = Z 8" Qm (Bo) ,

meL 44Ul

Qu(Bo)= ¥ Qmy(Bo). (3.68)
JEZ LU0
We deduce from (3.67), (3.68) that
Qo (Bo) = —resa (exp Bo),
Qo (Bo) = —reso (B}) /3. (3.69)
In particular,
Qo2 (Bo) = —res (B?) /2= —(B, B)res/2. (3.70)

The proposition is proved. O
Remark 3.14. For all k € Z, U0 we have®

Tir (log(a)(AB)) = T (loge)(BA)) (3.71)

for an arbitrary pair (A, B) of invertible elliptic PDOs A € ElI*(M, E) C CL*(M, E)
and B € EIIF(M, E) Cc CLP(M, E) such that log(AB) is defined for some cut L)
of the spectral plane. (In this case log(,)(BA) is also defined. It is enough to suppose

the existence of log(g) 0a+s(AB) for the principal symbol of AB € EUSTP (M, E) C
CLo+?(M, E). Then log (AB) is defined for a cut L close to L))

32The homogeneous polynomial Tk 41 of order k41 on ¢ll(M, E) is defined by (3.64).
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Remark 3.15. Let A = exp (al + Ag) € EUZ(M, E), B = exp (Bl + Ao) € EII’(M, E)
be of nonzero orders. Here we suppose that A, B are sufficiently close to positive
definite self-adjoint ones. These conditions are satisfied, if Ag and By are sufficiently
small. Then

log F(A,B)=—Ty(al+Ao) [a=Ta(Bl+ Bo) /| B+Ta((a+B)l+ Do) /(a+8), (3.72)

where (a + B)l + Do := log;) (exp (al + Ao)exp (8! + Bo)). Hence (by Proposi-
tion 2.1) the expression on the right in (3.72) depends on the symbols o (al + Ao)
and o (8l + Byp) only.

Remark 3.16. Let Ay,..., A be elliptic PDOs from CL*(M,E) 3> A; (1 <1< k) of
nonzero orders «; such that their complex powers are defined. (The latter condition

means that some nonzero powers [3; of their principal symbols oy, (A,-)’G‘ possess

spectral cuts Lg,).) Let B; € CL?(M,E) (1 <i < k) be a set of k PDOs. In this
situation a generalized TR-zeta-function is defined by

f{.-l,}.{B.}(si- counisk) = TR (BiA vus B;,-Ai.k) . (373)

This function is defined on the complement / to the hyperplanes in C*, namely on
U := Ck\ {(sl, oy SE): T (Bi+ siqi) € Z}. This function is analytic and non-
ramified on /. Indeed, this function is defined by TR for any point s € U without
an analytic continuation in parameters s := (s;.....s;) of the holomorphic family
BLAS' ... BrA*. By Proposition 3.4 the expression (3.73) is meromorphic in s with
simple poles on the hyperplanes 3, (3 + sia;) = m € Z, m > —dim M. Note that
by (3.17) we have for m € Z, m > —dim M,

R'esztlﬁd‘sm.)ﬂﬂ f{A;}.{B.} (S;, . ,3;..) =—1esog (B; Ail i BkAiklz(s]=m)- (374)

(Here, Res is taken with respect to a natural parameter z = z(s) := }; (Bi + siaxi)
transversal to hyperplanes {s,z(s) = m}.) For 3= (Bi + sia;) = m < —dim M,
m € Z, the function fia,},(8,} (51, ,8k) is regular on the hyperplane z(s) = m.

Remark 3.17. Let A € Ellg(M,E) C CL*(M,E), o € R%, be an invertible elliptic
operator such that a holomorphic family of its complex powers Af, exists. Let

B € CLP(M, E). Then a generalized zeta-function of A
TR (BAG)) =: Cilb.o(s) =t Capo)(9)

is defined on the complement U to the arithmetic progression, namely on U := C\{s:
—as + 3 € Z}. Suppose for simplicity that 3 € Z. Then the function as - C4.8,6)(s)
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is holomorphic® at s = 0 and for s close to zero we have
as- g @(s)= Y. s*Fi(A,B), (3.75)
A‘€E+Uﬂ

where F} are homogeneous polynomial of orders £ in log A with their coefficients
linear in B. Indeed, by Propositions 3.4, 3.5 we know that the left side of (3.75) is a
holomorphic in s, log A function (for s close to zero). Namely we have

sTR(Bexp(sl+ Ag)) = Z s*P. (B, Ao) ,

k€L 4U0
P (B, Ap) is a regular in Ag € C'L°(M, E) analytic function. Set

Pi(B,Ao)= Y. Pim(B,A),

mEE+UD

where Py, (B, Ag) is a homogeneous in Ay polynomial of order m with its coefficients
linear in B. So

sTR (Bexp (s (Il + 401)) 3 4™ P (B, Ao)
as TR (Bexp (—s(al + Ap)) Za m+k_1sk+mPk,m (B, Ap).

Thus the coefficients Fi(A, B) in (3.75) are homogeneous polynomials of orders & in
log A := al + Ag. Namely

Fi(A,B) = (=1)*! h o Pim (B, Ao), (3.76)

r+m=k, rmeZ U0

Note that for 3 :=ord B € Z, 3 < —dim M, Fy(A, B) is zero. For 8 > —dim M this
term Fy(A, B) is equal to —reso(B). It is independent of A and depends on o(B)
only.

More generallly, we can define this zeta-function for arbitrary log A € ell(M, E) \
CL°(M, E) and B € CLEM, E).

Remark 3.18. An analogous to the power series expansion (3.75) is also valid for a
generalized TR-zeta-function (3.73). Suppose for simplicity that 35 =: q € Z,
q > —dim M. Then

(0131 + i cxksk) f{:‘u,},{B,} (S]._'. o Sk) = Z S;H o .Szk le_,_'nk ({A.} ) {B,})

33For /3 ¢ Z this function is also holomorphic at s = 0 but in this case, s = 0 is not a distinguished
point for the TR of the family BA('H’]
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for s; € C close to zero. Indeed, by Propositions 3.4, 3.5 for C; € CL°(M, E) we
have

(s1+...+sk) TR(Byexp(sil+ Cy)... Brexp(sil + Cr)) =
= Y 8 By [ClyosCR) 5

m; €L 4U0
where Py, ({C;}) is a holomorphic in C; regular function on C'L°(M, E)®*. So

(a1s1+ ...+ arsk) TR(Brexp (s (a1l + Cy)) ... Brexp (s (arl + Cy))) =
= ZQm]LTi-H” ) Grlk f‘lk-i-mpnl .... (Cl) ..,C )‘

TIY yesny mk

where Pj ({C;}) is polyhomogeneous in C'; of orders m; polynomial with its coeffi-
cients polylinear in By,..., By. Thus

(st + ...+ aksk) fran sy (1. 586) = Y s sg* Py ({Aid L {Bi)),

nJ€:+U0

where the coefficients

By A3 A BiY) = > &P Ptk (ChanGn) (B7)

my4r=ng, my,r; €L 4U0

are polyhomogeneous in log A; = a;l 4+ C; of orders n; and polylinear in By, ..., By
polynomials. The coefficient Fy__o({A:},{B:}) is independent of { A;} and it is equal
to —reso (By,...,Bi). For Y3, = ¢ < —dim M (q € Z) this coefficient is equal to
Zero.

Remark 3.19. Invertible elliptic operators A;, A in (3.73), (3.74) can have different
logarithms in ell(M, E). Let ord A # 0. Then by Remark 3.7, 2., and by Proposi-
tions 3.4, 3.5 we conclude that

Cap(s):=TR (BA'S) /T(sord A —ord B —dim M) (3.78)

is an entire function of s and of log A € ell(M, E) linear in B € CL™(M, E) and
depending on a holomorphic family A=*.** Note that TR is canonically defined
for sord A — ord B ¢ Z (and also for sord A —ord B = m € Z, m > dimM).
But the proof of Proposition 3.4 gives us the regularity of (3.78) for all s € C.
The value of C4.5(s) for s = m € Z depends on A, B, m but not on log A. (If
q := —mord A + ord B € Z, then the latter assertion follows from Proposition 3.4,
(3.17). If ¢ ¢ Z, then it follows from the definition of TR becase this definition
does not use any analytic continuations.) So the values of (4,8(m) at m € Z as of a
function on ell(M, E) 3 log A are the same at all different log A (for a given A).

34That is g:,qlg(s] is defined by log A, B, s.
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So we have a power expansion of (4 5(s)

(ap(s)= 3 o*s*P(B,sA), (3.79)
k€T 4U0
where Py (B, Ag) is the s*-coefficient (as s — 0) for TR (Bexp (— (sl + Ao))) /T(sa—
B —n), B:=ord B, n := dimM. Here, logA := al + Ag, « € C, | € el(M,E) is a
logarithm of an order one elliptic PDO, Aq € CL°(M, E). Note that P; is an entire
function in Ag linear in B € C'L(M, E). The series (3.79) is convergent for all s € C.
As well as in (3.75) we have

P (B,A) = Y. Pim(B,A),

k,m€Z ;U0
where P ,, are homogeneous polynomials of order m in Ag linear in B. So

Cap(s)= Y s**™a*Pim (B, Ad). (3.80)

kmeL LU0

The coefficient 4=y @F Py (B, Ag) in (3.80) is a homogeneous polynomial of order
rin (a, Ag) (i.e., in log A) and it is linear in B. The values of the convergent series
(3.80) at s € Z are equal for different log A = al + Ag € ell(M, E) of A.

The analogous assertion is true for

Fiansy(s) = faney(s)/T (= dim M =37 (s;ord A +ord By)) . (3.81)

Here, fa,},(8,}(s) is defined by (3.73), s := (s1,..., k) € C*. The function (3.81) is
an entire function of s, { B;}, {log A;}. (However f(a,),(5,}(s) depends on log A; and
not on A; only.) For s € Z* the values f{AI}.{gI}(s) on {log A;} € ell(M, E)* do not
depend on log A; and depend on {A;} only. So this function has the same values at
all the points {log A;} € ell(M, E)*, where the i-th component of a vector {log A;} is
any log A;.

4. MULTIPLICATIVE PROPERTY FOR DETERMINANTS ON ODD-DIMENSIONAL
MANIFOLDS

The symbol o(P)(z,€) of a differential operator P € CL*(M,E), d € Z4+ U0,
is polynomial in & Hence oy(P)(x,€) is not only positive homogeneous in { (i.e.,
or(P)(z,t€) = t*ai(P)(x, &) for t € RY) but it also possesses the property

or(P)(x,—€) = (=1)" ow(P)(x, ). (4.1)

This property of a symbol o(A) makes sense for A € CL™(M,E), where m € Z. The
condition (4.1) is invariant under a change of local coordinates on M. Hence it is
enough to check it for a fixed finite cover of M by local charts.
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Denote by CL{" (M, E) the class of PDOs from C'L™(M, E) whose symbols pos-
sess the property (4.1) (for m € Z). We call operators from C'L{_,,(M, E) the odd
class operators.

Remark 4.1. Let A € CL (M, E), m € Z, be an invertible elliptic operator. Let
all the eigenvalues of its principal symbol o,,(A)(x.€) have positive real parts for
£ # 0. Then m is an even integer, m = 2[, | € Z.

Remark 4.2. Let A € CL{”,,(M,E) and B € CL™,(M,E), mi,m; € Z. Then
AB € CLF‘_‘I")'M(.M, E). If besides B is an invertible elliptic operator, then B~! €
CL"j(M, E) and AB~' € CLMy™ (M, E).

The following proposition defines a canonical trace for odd class PDOs on odd-
dimensional manifold M.

Proposition 4.1. Let A € CL{ (M, E), m € Z, be an odd class PDO. Let C be any

odd class elliptic PDO C € B (M, E)NCL"\(M,E). q € Zy, 2¢ > m, sufficiently
close to positive definite and self-adjoint PD(SS. Then a generalized TR-zeta-function
TR (.-4(3[_;;) is reqular at s = 0. Its value at s =0

TR (ACE) ls=o =2 Tron(A) (4.2)
is independent of C'. We call it the canonical trace of A.

Proof. 1. By Proposition 3.4 and by Remark 3.6 the TR (AC[‘%) has a meromorphic
continuation to the whole complex plane C 3 s and its residue at s = 0 is equal to
—reso(A) (where res is the noncommutative residue, [Wo2], [Kas]). By Remark 4.5
below, resa(A) = 0 for any odd class PDO A on an odd-dimensional manifold M.
2. Let B € EIlg" (M, E)NCL{ (M, E), r € Zy. be another positive definite odd
class elliptic operator. Then by Corollary 2.2, (2.23), and by Remark 3.4 we have

TR (AC7) — TR (AB}) = Tr (AC}) = Tr (ABG;) for Res > 1,
Tr (A(CG - B&)) | _,=— (o(A).o (log(s C) /29—0 (logs) B) /2r)

(Note that (2.23) is valid for any @ € CL™(M, E), m € Z.) Applying Corollary 4.3
below, (4.14), (4.15), to pairs (C'B, B) and (C'B, '), we obtain

log(,-..} C/-?rq e ]Og[i’] B/‘.Z?' € CL?_I]{A!., E].

(4.3)

s=0 res

Hence on the right in (4.3) we have a product of odd class symbols. By Remark 4.5
the residue res of this product is equal to zero (as M is odd-dimensional). Thus

TR (ACG) ls=o = TR (AB) lo=o. O
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Remark 4.3. Let A € CL( 1y(M, E) be an odd class operator on an odd-dimensional

manifold M. Then® exp(zA) € CL{_,,(M,E) N ElJ(M, E) is a holomorphic family
of ogld class elliptic operators of zero orders. By Proposition 4.1

Tr_yyexp(zA4) := TR (exp(sA)C(::;) ls=0 (4.4)

is defined for = € C. It is an entire function of z € C since by (4.4) and by the
equalities analogous to (2.25), (2.26) we have

0: Tr(_y)(exp(zA)) = Tr(_1)(Aexp(zA)),
0= Tr(—1)(exp(zA)) = 0.
The problem is to estimate the entire function exp(zA) as |z| = oco. Note that in

general the spectrum Spec A contains a continuous part. So the nature of the entire
function Tr(_;yexp(zA) is different from the Dirichlet series.

Theorem 4.1. Let M be an odd-dimensional smooth closed manifold. Let A €
() (- l)(M' E) and B € C'L( 1)(M. E) be invertible elliptic PDOs (where my,ma, my+

my € Z\0). Let their principal symbols o, (A)(2,€) and 0, (B)(z,§) be sufficiently
close to positive definite self-adjoint ones. Then det(z)(A), det(z(B) and det((AB)
are defined (with the help of zeta-functions with the cut Lz of the spectral plane close
to L(r)). We have

det(,‘,][f{B) = det(,-r](A]det(;r)(B). (45)

Corollary 4.1. Let A€ CL{_,(M,E)n EIQ(M, E) =: ElI_y)o(M, E) be an invert-
ible zero order elliptic PDO on a closed odd-dimensional M such that its principal
symbol oo( A)(z, €) is sufficiently close to a positive definite self-adjoint symbol. Then
such PDO A of zero order has a correctly defined determinant. Namely

det(z)(A) := clet(,-,}(AB)/det(;,)(B) (4.6)

for an arbitrary invertible elliptic B € C L ,,(M, E), m € Zy, such that its principal
symbol is sufficiently close to a positive definite self-adjoint symbol.

The correctness of the definition (4.6) follows from the multiplicative property
(4.5). Indeed, for two such elliptic operators B € Ellg" (M, E) N CL,(M, E),

C € Elig?(M, E) N CL{%,(M, E), my,mz € Zy, we have
det(z)(AB) /detz)( B) = det(s)(AC) /det()(C) = det(z)(CA) /det#)(C)

as (by (4.5)) we have
det{ﬁ-](AB]det(ﬁ-)(C] = det(,-r](CAB] = det(ﬁ}(B)det{ﬂ(CA).

35A PDO exp(zA) is defined by (3.30).
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Corollary 4.2. The multiplicative property holds for odd class elliptic PDOs A, B €
Ell?_”,o(M, E) sufficiently close to positive definite self-adjoint ones (M 1is closed and
odd-dimensional). Namely :

det(i](AB) = det(;,)(A)det(,-,](B]. (4.7)

Indeed, let C' = C;C; be a product of positive definite self-adjoint odd class elliptic
PDOs on M of positive orders. Then by Theorem 4.1, (4.5), we have

det(r)(AB) = det(z) (ABC\Cy) [dets) (C1C2) =
= det(s) (C2A) detz) (BC1) /dets) (C1) detzy (C2) = det(z)(A)detz)(B). (4.8)

Remark 4.4. Let A* be an adjoint operator to A € Ell{zf‘”.o(ﬂ-{, E), m € Z, and let
M be close and odd-dimensional. Let A be sufficiently close to a positive definite
self-adjoint one (with respect to some positive density and to a Hermitian structure).

Then
det{,-,](A*) = (let[,-..,[.»-'l). (49)

Remark 4.5. Let A be a PDO of the odd class CL{",(M,E), m € Z, on odd-
dimensional manifold. Then the noncommutative residue of A is equal to zero,
reso(A) = 0.

To prove this equality, note that since M is odd-dimensional, the density res; o(A)
(corresponding to the noncommutative residue of A) on M is the identity zero. In-
deed, the density res, o(A) at @ € M is represented in any local coordinates U 5
on M by the integral over the fiber STM over x (of the cospherical fiber bundle for
M) of the homogeneous component o_,(A). n := dim M. Since n is odd, we have

o_n(A)(x,—E) = —0_n(A)(x,§).

Thus we have to integrate over S:M the product of an odd (with respect to the center
of the sphere S:M) function o_,(A)(z,£) and a natural density on the unit sphere
SxM. This integral res, o(A) is equal to zero.

Remark 4.6. The equality (4.5) means that the multiplicative anomaly for elliptic
operators (nearly positive and nearly self-adjoint) of the odd class is zero. To apply
the general variation formula (2.18) of Proposition 2.1 to prove that the multiplica-
tive anomaly is zero, we have to use deformations A; belonging to the odd class
CL, (M, E)NEIZ (M, E). This is a rather restrictive condition. Note that for A
and B from the odd class a deformation A, in the integral formula (2.20) for the
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multiplicative anomaly is not inside the odd class. For a deformation not inside the
odd class we cannot conclude from (2.18) and (2.20) that F'(A, B) = 1.

Proposition 4.2. Let the principal symbol of 1 € CL{_,,(M,E) N ElS(M, E) be
sufficiently close to a positive definite self-adjoint one. Then the PDOs n(‘,-,) and
log(zyn defined by (2.31) and by (2.30) are from CL°(M, E) and they are odd class

operators.

Proof of Proposition 4.2. By (2.5) we see that

o0 (=27 (2,6 2) = (0o(n)(x,6) = V)" = 00 (= )7") (2, =€, ),
o ((1=07") (260 =
= ((0-N")( T dotn- Do (n-N)) =

lal+i+l=2
i<j-1

= (=17 o ((n=2)7") (2. =€),

(Here, o_;(n — A) := 0—;(n) — d;0A.) Thus we have

(4.10)

il

: -1
I-j (??fﬁ)) (2,€) = E./[‘R.ﬁ Atﬁj”—;’ ([7? =) ) (2,6,A) =
= (=1Y o_; (nfs)) (2, —€). (4.11)
Hence n(‘ﬂ) € CL?_”(M, E).
By (4.10), we have logzyn € CL{_)(M, E) since
o3 (108G 1) (2,€) i= 5= [ loggny M- omy (0= N7") (2,6, ) =
= (1Y o—; (logz)n) (x,=€). (4.12)

The proposition is proved. [
The proof of Theorem 4.1 is based on the assertions as follows.

Proposition 4.3. Let A; and A, be invertible elliptic operators of the odd class
EN, (M, E) :== CLT (M, E)NEU™(M,E), m € Z\ 0, such that their principal
symbols are sufficiently close to positive definite self-adjoint ones. Then

log(?-,) .-41 = ]Og{;.] .42 e CL?_H(JI‘I, E) (4.13)
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Corollary 4.3. Let A € CL{™ (M, E) and B € CL{"*\(M, E) be invertible elliptic
PDOs of the odd class and let their principal symbols o, (A)(x,€) and om,(B)(z,§)

be sufficiently close to positive definite self-adjoint ones. Let my,ma,my+my € Z\0.
Then the following PDO '

(my +my)~" log(z)(AB) — m " log(z(A) € CL°(M,E) (4.14)
is defined and it belongs to CL?',”(M.E'). By (4.13) and (4.14) we have also

(my +my)™" log(z(AB) — m3 " logz(B) € CL?_”(M, E). (4.15)

Remark 4.7. Proposition 4.2 and its proof are valid for any admissible spectral cut
0 for oo(n). Proposition 4.3 and Corollary 4.3 are valid for any admissible spectral
cuts for Ay, A;, AB, A, B. (The logarithms in (4.13). (4.14) are defined with respect
to these spectral cuts. We do not use in the proofs that the cuts for A; and for A,
in (4.14) are the same.)

Remark 4.8. The proofs of Propositions 4.2, 4.3 and Corollary 4.3 are done with using
symbols of PDOs (but not the PDOs of the form (4 — A\)~" themselves). Hence a
spectral cut L(g admissible for o ((1 - )\)_1) (2,€) can smoothly depend on a point
(z,€) € S*M. However it has to be the same at the points (z,£) and (2, —£). Hence
this spectral cut defines a smooth map

0: PM := §*M/(£1) - §' = R/2rZ. (4.16)

Here, (—1) transforms (x,€) € S*M into (v, =¢§).

The map (4.16) has to be homotopic to a trivial one for a smooth family of branches
)\{'9; over points (z,€) € P*M in the formulas (4.11), (4.17) to exist.

The condition of the existence of a field of admissible for the symbol o(A) cuts
(4.16) homotopic to a trivial field is analogous to the sufficient condition of the
existence of a o(log A) given by Remark 6.9 below. So Propositions 4.2, 4.3 and
Corollary 4.3 are valid in this more general situation of existing spectral cuts for
o ((:“1 - /\)—l) depending on p € P*M. In this situation there exists a o(log A)
defined with the help of this smooth field of spectral cuts. These fields of cuts may be
different for AB and for A (or for A; and A;) in Proposition 4.3 and in Corollary 4.3.

Proof of Corollary 4.3. Indeed, set 4, := AE’}T‘]*’“Q, Ay = (AB)F:?I)' Then Ay, A €
Ell?:'l(;“"l'm’}(M,E). So by (4.13) we have

(my + m2) log(z) A — my log(z)(AB) = log(#) A1 — log(z) A2 € CL(Z,)(M, E).
O
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Proof of Proposition 4.3. Because A, € CL{_,(M,E) and A; € CL{" (M, E)
(m is even), the formulas analogous to (4.10) hold for the homogeneous components
of o ((Al - /\]_I) and of o ((A; - ,\)_1).36 Hence for Res > 0 we have

J

o-ana-i (Arfn) (@ €)= o= [ A *oa—; (A1 =2)7") (2,6, A)d =

21 Jrs
= (=1) oae-j (ATSy) (2,—6). (4.17)
Here we use that since A € CL(zf_ln(;’\[. E), the formulas analogous to (4.10) are true
for o (( )_1) (z,€,X). Namely
ooty (A1 = 27" (&, =€, X) = (=1) oot (A1 = A7) (,6,4). (4.18)
According to (2.11) for 7 € Z, we have

o_; (logs) A1) = —d0-ane-; (ATfn) |

Hence by (4.17) we have for j € Z
O-j (log[,-r] A ) (2,—€) = (-1Y a-j (log(n) A )( ,€)-

The same equality holds for o_; (logm[.ﬁlg)). J € Z4. According to (2.11) and to
(4.17) we have also

050 —ms (-4;,?%]) 3:0("81 f) — 050 _ms ( 2—??"')) s=0
= 0s0_ms (A | _, (x:€/16) -
— 040 _ms (.4;?7-_,}) | z,£/[€]) € CL( (M, E)/CL( 1) (M, E).

Hence log ;) A1 — log(z) A2 € C L{’ 1y(M, E). The proposition is proved. O

Proof of Theorem 4.1. By Hema;l\ 4.1, the orders m; = 2[; and my = 2l of A
and B are nonzero even integers. We have li,l2,l + I € Z \ 0. By Remark 2.6,
(2.34), we have

1 a (lOg(i] ,-4;8) a (log(;,) At)
log F(A, B) = 7[0 dt (o(Q,). L . (4.19)

Here, Q; := A;A;" and A, is a smooth family of operators between B{}r‘;iz and A in the
odd class elliptic operators such that the principal symbols oy, (A;) are sufficiently
close to positive definite self-adjoint ones.

36For the sake of brievity we suppose here that m; = 2l; and ms = 2l are positive even numbers.
If I, € Z_, we have to change (4 —A)~! by (A=' = X)~! and s by —s.
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The numbers m; and m, are even. So in the odd class elliptic PDOs we ca.n find
deformations A, and B, of Aand B from A = A; and B = B; to (Ame + Id) = Ap

and (Ame + Icl) = By. Here, Ay g is the Laplacian on (M, g) corresponding to
some unitary connection on (E,hg). The deformations can be chosen so that the
principal symbols oy, (A:), o2, (B:) are sufficiently close to positive definite self-
adjoint ones. Hence, applying the formula (4.19) twice (namely first to (A, B) and

then to ((AM,E 4 Id)f‘ ,Bt)), we have by Proposition 4.2 and by Remark 4.5)
F(A,B) = F (A +1d)", (Anp +1d)*) =
We can deduce from (4.19) that F(A, B) = 0 using only one explicit deformation
of A. Set n := A(l;:;‘ B(_frl]"ri2 Ayii= (77{1} Bil;:)’) , where 7;, is defined by (2.31). Let
ly € Z,. Then according to (2.6) we have
oiaes (A") (2,€) = ;—ﬂ . Aoy (A= 27" (2,6, 0)dX (4.20)

(Here, I'(# is the contour I'g) from (2.6) with 6 = 7 close to 7. The integral on the
right in (4.20) is absolutely convergent for /; € Ry.)
Hence according to (4.20) and to (4.18) we have

o2-; (A") (2,6) = (1Y 02— (AR ") (=, =0), (4.21)

i.e., we have A~V ¢ CL7 2” (M,E) N ElI;*M,E) for [y € Zy. For |, € Z_ we
can conclude that A" € C'[( 2y(M, E) N Ellg*(M, E) (changing A~ b by AVh in
(4.20)). Hence according to Remark 4.2, we have

n=AY"B V" e CLY (M, E) NElY(M, E). (4.22)
By Proposition 4.2 we conclude that
ntsy € CLO, (M, E) N EIY(M, E),
niayBil? € CLY (M, E) NEI}(M, B). (4.23)
Ay € CL{ (M, E) NEIZY(M,E), Qi € CL{_y(M, E),
According to (4.23), to Remark 4.2, and to Corollary 4.3, the operator

4 (108(m AtB) 7 (log(frl -“f) 0
- - , E
G, := Q; ( 21, + 21, 20, € CL° (M, F)

is defined and it belongs to CL{ (M, E). By the equality (4.19) and by Remark 4.5
we have

1
log F(A, B) = —]D dt [ reseo(G) =0
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Thus det(z)(AB) = det(z(A) detz(B). Theorem 4.1 is proved. 0O

4.1. Dirac operators. An important example of odd class elliptic operators is a
family of the Dirac operators D = D(M, E, g,h) on a spinor odd-dimensional closed
manifold M (with a given spinor structure). The Dirac operator D acts on the space
of global smooth sections I'(S @ F)

D=3 eV, (4.24)

Here, S is a spinor bundle on M, (E,h) is a Hermitian vector bundle on M, {e;}
is a local orthonormal basis in T, M (with respect to a Riemannian metric g), V =
19VE4+VE®1, VE is the Riemannian connection (for g), V¥ is a unitary connection
on (E,h), €;(V.,f) is the Clifford multiplication. The family {D} of Dirac operators
is parametrized by g and by V.

The operator D, ve is a formally self-adjoint (with respect to the natural scalar
product on ['(S ® E) defined by g and by &) elliptic differential operator of the first
order. Its spectrum Spec(D) is discrete. All the eigenvalues A of D, ge are real.
However Spec(D) has infinite number of points from R as well as points from R_.

For the sake of simplicity suppose that D, and D, are invertible Dirac operators

corresponding to the same Riemannian metric g and to sufficiently close (V‘F . hl),
(V%,h2).3" Then the operator Dy D; € Ell§(M, E) C CL{_y(M, E) is an invertible
elliptic operator with positive real parts of all the eigenvalues of its principal symbol

o3(DyD;). Hence for any pairs (Dy, D;) and (D], Dj) of sufficiently close elements
of the family D, e Theorem 4.1 claims that

(let(;r)(Dng)(lCt[;-)(Di D’z) - (let(,-,)(DngD'l D;) (425)
Let all four Dirac operators (Dy. Dy, D}, D) be sufficiently close. Then we have
det(ﬁ)[DIDZ]det{ﬁ}(D’l D;) = det(,-,](DID;)(let(,—r)(DgD;). (4.26)

Indeed, according to (4.25) we have
(let[,-,](Dl Dg)det(i}(D; DE} = d.et.(ﬁ-}(Dl DQD'; D;) = dEt(ﬁ.)(D;Dl DgDi) =
= det-{ﬁ-)(D;.Dl)df_"t(ﬁ][D'ZD;) = (let(ﬁ)(DlD;)det[;,](DQD;). (427)

The equality (4.26) can be written in the form

let(DyD;) det(D,D;
Y st v f))=1 (4.28)
det(D,D;) det(D}D;)

37[f a Riemannian metric g on M varies, then the spinor bundles S(g) on M also varies, i.e., to
identify the spaces I'(S(g,) @ E) and T'(S(g,) ® E) we have to use a connection in the directions {g}
on the total vector bundle Sy,) over M x {g}. Here, {g} is the space of smooth Riemannian metrics
on M.
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Hence, if all the Dirac operators parametrized by a set U/ C {(V¥, )} are sufficiently
close one to another, we see that the matrix

Ap = (Auy ) = (detgz) (Du, Duy))
is a rank one matrix. Hence there are scalar functions f(u) on U such that
det[i} (Dtu Dug) = -’j'ul.ug = f(ul).f(u?)- (429)

For instance, for u; = u, € U we have
det(sy (D2) = det(s) (D%,) = f(u1)*,
) \\1/2 (4.30)
f(u) =¢e(u) (clet(,} (Dm)) g elw)= %1,

The operator D2 is a positive definite elliptic operator from CL?_I}(;WI, E). (It can
have a nontrivial kernel Ker D? = Ker D,,, dimKer D, < oco.) The sign e(u) has
to be a definite number for Ker D, = 0. Hence det (Dz ) € Ry U0 (because the

uy

spectrum of D? is real and discrete). This determinant belongs to R if Ker D,,, = 0.
Corollary 4.4. For any pair of Dirac operators Dy, . Dy,. u; € U, we have

det(z) (D, Du,) € R.
Let besides D, be invertible. Then det(zy (Dy, D.,) € R* and we have

1/2 1/2
det sy (Duy Duy) = e(ur)e(uz) (detin) (D2)) " (detr) (DZ,)) 7 @a)
The determinants on the right belongs to R .

Remark 4.9. The function £(u) = +1 is constant on the connected components of
U\ {u e U KerD, #0}.

If in a smooth one-parameter family D, (t is a local parameter near 0 € R) only
one eigenvalue A(t) for D) (of multiplicity one) crosses the origin 0 € R 5 X at
t = t, transversally (i.e., 9 Au(t)]i=¢, # 0). then the sign g(u(t)) = £1 changes at
t = to to an opposite one.

Remark 4.10. It follows from (4.30) that
1/2
|f(w)] = (det(r (D2)) (4.32)

is a globally defined function of u € {g. (VE,fz)}. The sign €(u) = £1 can be

defined as a locally constant continuous function on the set u € {g, (VE, h)} such
that Ker D, = 0. The last assertion follows from Remark 4.9 and from the equality
to zero of the corresponding spectral flow [APS3].
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Lemma 4.1. The spectral flow SF (D{u({p,}) is equal to zero for a family D) of
the Dirac operators parametrized by a smooth map ¢: S' — {g, (VE, h)}

Proof. Theorem 7.4 from [APS3] (p. 94) computes the spectral flow SF (D{y}) for a
family Dy, of Dirac operators parametrized by a circle. Namely for Dirac operators
D; = Dy (My,E]My) on the fibers of a smooth fibration 7: P — S' with closed
spinor, odd-dimensional and oriented fibers M, := 7~'(y). These Dirac operators act
in T (Fy ® E|Mg), where F, is the spinor bundle on M, and E' — P is a Hermitian

vector bundle with a unitary connection V. This theorem claims that SF (D{y}) =
—ind Dy, where D : I'(Fy @ F) — I'(F_- @ FE) is the Dirac operator on an even-
dimensional spinor manifold P (with orientation (J,,e), where e is an orientation
basis in T, M,). Hence by the Atiyah-Singer index theorem we have

SF (D) = — (A(T(P)) ch(B)) [P, (4.33)

where A is the A-genus, T(P) is the tangent bundle. In our case P = M, x S'is
a canonical direct product and E = 75E,, (for the projection mp: P — M,,). Hence
the right side in (4.33) is equal to zero. [

Thus we obtain the following result.

Theorem 4.2. Let Dy, be a family of Dirac operators P =D (M, Vf) on an odd-
dimensional closed spinor manifold (M, g) corresponding to a Hermitian structure h,,
on a vector bundle E — M and to unitary connections VE on (E,h). Then there
exists a function £(u) = £1 defined for u such that Ker D, # 0, continuous and
locally constant for these u, and such that

det sy (Duy Duy) = £(ur)e(uz) (detry (D2,))"7* (detery (D2,))" (4.34)

for all pairs uy, uy of sufficiently close parameters in the family Dyy. (The square
roots on the right in (4.34) are arithmetical.)

Remark 4.11. For a family of Dirac operators D, on an odd-dimensional closed spinor
manifold M the expression on the right in (4.31) makes sense for all pairs (u1, u2),
u; € {g, (VE,h)} according to Remarks 4.9, 4.10, and to Lemma 4.1. However we
don’t claim that the expression on the left in (4.31) also makes sense. The expression
on the right in (4.31) may be proposed as one of possible definitions of det (Dy, Dy,)

for a pair (DUJ) of Dirac operators corresponding to (M, E, g;,h;).
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4.2. Determinants of products of odd class elliptic operators. Note that the
assertion (4.31) can be generalized as follows.

Proposition 4.4. Let D,, u € U, be a smooth family of elliptic differential operators
acting on the sections T'( E) of a smooth vector bundle E over a closed odd-dimensional
manifold M. Let D, be (formally) self-adjoint with respect to a scalar product on
['(E) defined by a smooth positive density p(u) on M and by a Hermitian structure
h(u) on E. Let for any pair uy,uy € U the principal symbol o3 (Dy, Dy, ) (,€) be
sufficiently close to a positive definite self-adjoint symbol. Then the equality (4.31)
with (u;) = +1 holds for det(z) (Dy, Dy,). The elliptic operator Dy, D, for general
(uy,uz) s not a self-adjoint but (according to (4.31)) its determinant is a real number
for sufficiently close uy, uy. Remark 4.9 is also true for the family D,, v € U.

Proposition 4.5. The equality analogous to (4.31) is also valid for a smooth family
D, w € U, of (formally) self-adjoint elliptic PDOs from EIlIi” (M, E):=EII"(M, E)N
CLE,(M,E), m € Zy. Then the principal symbols o2, (Dy, D.,) are sufficiently
close to positive definite ones for (uy,uz) in a neighborhood of the diagonal in U x U.
So in particular for such (uy,uz) we have detz (Dy, Dy,) € R. (But Dy, Dy, is not
self-adjoint in general.) However, in this case (as well as for families D, from Propo-
sition 4.4), the assertion of Lemma 4.1 is not valid in general. So in these cases the
appropriate spectral flows are not identity zeroes. Hence in general the factors e(u)
in (4.31) are not globally defined for such families.

Proposition 4.6. Let D, u € U, be a smooth family of PDOs from EII\(M;E,F),
m € Zy. (This class consists of elliptic PDOs acting from I'(E) to I'(F') and such that
their symbols possess the property analogous to (4.1).) Suppose that a smooth positive
density on M and Hermitian structures on E, F' are given. Then a family V, := Dy,
(adjoint to the family D,) is defined, V, is a smooth family from EI”,\(M; F, E).
The assertion analogous to (4.31) is valid in the form
. 1/2 1/2

detz) (Vi Duy) = € (w1) & (u2) (detin) (Viy D)) (detin) (Vi D.,)) " (4.35)
for any sufficiently close wy,uy € U. The factors ¢ (u;) in (4.35) are 1. However,
they are not globally defined on U for a general family D,.

Proof of Proposition 4.6. Set A,, ., := det(z) (Vi Dy,) for u,, uy from a sufficiently
close neighborhood of the diagonal in U x U. (For such (uy,uz) the principal symbol
of V,, D,, is sufficiently close to positive definite definite ones.) Then the matrix
(Au, ;) (for such pairs (ui,uz)) has the rank one. Indeed, for any four sufficiently
close (uy,us,us, uq) such that D, , V,, are invertible we have by (4.25)

Aul Juz Aus‘u‘ — det[,',] (1/;4;1 Du? 1;;.l.s th ) — det[fr) (Du4 ‘/;Ll -Dl'.l'.z Lﬁlg) —
= dEt(,‘-] ( D114 ";111 ) det(ﬁ') (Du-_’a Vus ) — ‘40.1 1y Aua,ug .
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Hence we have
det(r‘r) {Vm DIQ) =1k (ul)k (”'2) , dEt[r‘r) (Vul Dul ) =k ('“1]2 :
The proposition is proved. [

Remark 4.12. A geometrical origin of Dirac operators manifests itself in the struc-
ture of the determinants of their products (Theorem 4.2, (4.34)). (Here, M is odd-
dimensional.) Namely the structure of the expression for such determinants of prod-
ucts of odd class elliptic PDOs on M (Proposition 4.6, (4.35)). However the factors
£ (u;) in (4.35) cannot in general be globally defined. Indeed, in general the spectral
flow for a family of odd class elliptic PDOs on M (parametrized by a circle S?) is
nonzero. So for such a family the multiple ¢ (u;) cannot be defined as a locally con-
stant function of ¢ € S! such that the corresponding operators are invertible. The
corresponding spectral flow for a family of Dirac operators on M (parametrized by
S1) is zero (Lemma 4.1). This fact is connected with the geometrical origin of Dirac
operators.

4.3. Determinants of multiplication operators. Let M be an odd-dimensional
closed manifold. Let E be a finite-dimensional smooth vector bundle over M. Let
Q € End E be a smooth fiberwise endomorphism of E such that for any z € M all
the eigenvalues A;(@Q,) possess the property

ImA;(Q.)| < m—¢,e > 0. (4.36)
Then for all the eigenvalues A; (exp(tQ.)) for 0 <t <1 we have
larg A; (exp(tQ;))| < m — €.
The determinant det(,)(exp @) is defined according to (4.6) by
det(r(exp @) := det(r)(Aexp Q)/det{,)(A], (4.37)

where A := A + 1d.?® Here, A is the Laplacian A := A, g& on I'(E) corresponding
to a Riemannian metric ¢ on M and to a unitary connection V¥ on (E,h). Then we
have

det(r(exp Q) := det(,) (exp @ - (A +1d)) /det{,r)(A + Id). (4.38)
For 0 <t <1 we have an analogous definition
det () (exp(tQ)) := det(r) (exp(tQ)A) /cletm(A) =: F(Q;1). (4.39)

38\We use the fact that a principal symbol of the Laplacian is scalar. Namely
oa(A)(2,§) = oa(Apm)(2,§) © ldE,

where Ajs is the Laplacian for scalar functions on (M, g). Hence ao(exp(tQ) - A) possesses a cut
Lm) for0<t<1.
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Thus we have F(Q,0) =1,
9, log F(Q,t) = —0,0, Tr ((exp(tQ) - (A + 1d)) ™)
= (1+50,) Tr (Q (exp(tQ) - (A +1d))™°)

= / tr (Q(e) Kia(w,2)) |, (4.40)
s= nf

s=

where K (z,z) is an analytic continuation in s from the domain Res > dim M/2
of the restriction to the diagonal the kernel of (A +Id)™". Set A;; := exp(tQ) - A;.
Then we have ([Se], [Gr])

K. (%, :r)L:O = ap(a, Ay),

where aq is the 7°%-coefficient in the asymptotic expansion as 7 — +0 for the kernel

on the diagonal P, (x,x) of the operator exp(—7A4;). Since A, is an elliptic DO of

the second order and since all the real parts of all the eigenvalues A; (o2(A;)(x,€))

are positive (for £ # 0), there is ([Gr]) an asymptotic expansion as 7 — +0
Prlz,2) -~ gnlss f"lL,)‘r'“‘{2 + a_(n-9)(z, ﬁll,;]v'l"'”{2 +...4

+a_y(x, .4,)1'"”2 + a,(x, .»‘1;)7'”2 +... (4.41)
Hence we have

ao(r, A;) =0, O log F(Q.t) =0, (4.42)
det(ryexp(Q) = 1. (4.43)

Thus we obtain the following.

Proposition 4.7. The determinant of a multiplication operator on an odd-dimensio-
nal closed manifold is equal to one.

Remark 4.13. To see that the coefficients of r"(_l_“w. 7=(3=n/2 in (4.41) are zero,
it is enough to note that the coefficient of 7=1=")/2 is defined by a noncommutative

residue density res, of the symbol o (A,_“_"m) ([Sh], Ch. IL, (12.5)). If n — j/2 =
k € Z, then we have

T_2k—j (4;’”) b2s.€) —'i A_*‘O'_Q_J' ([-1; - )\)_i) (&€

2m Jrim

Since A; € UL{?_”(M, E), we obtain (as in the proof of Theorem 4.1)
o_ak-i (A7%) (2,—€) = (=1Y ooasy (A7) (2, ).

Hence res, o (Afk) = 0.
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4.4. Absolute value determinants. Let A be an invertible elliptic differential
operator on an odd-dimensional closed manifold M, A € Ell‘(M,E) ¢ CLYM, E),
d € Z,. Then we can define

|det |A = (det(4*A))"/* € Ry, (4.44)

where A* is adjoint to A with respect to a scalar product on ['( E') defined by a smooth
positive density p on M and by a Hermitian structure h on E.

Remark 4.14. The determinant on the right in (4.44) is independent of p and of A.
Indeed, let a pair (p1,h1) be changed by (p2,hs2). Then

A =Q7MA7 4,0, (4.45)

where Q € Aut (E @ A"T*M), n = dim M, is defined by (f1, f2)ps.h, = (f1, Qf2)p1.h1-
The operator @ belongs to C'L{_,,(M, E) and for (pz, hs) close to (pi, k1) this operator
is close to Id. Hence for (pa,hs) close to (p1,h1) we have by Theorem 4.1 and by
Proposition 4.7

det(r) (A3, 4,4) = detr) (Q7' 45, 4,Q4) =
= det(r) (A3, 4, QA) = det(r) (QAA}, 4,) =
= det(r) (A4}, ) = detir) (A5, ,,A) . (4.46)

1,k

The equality (4.46) was obtained in [Sch].

Proposition 4.8. The functional A — |det|A is multiplicative, i.e., for a pair
(A, B) of elliptic differential operators in T'(E) on an odd-dimensional closed M we
have

| det |(AB) = | det |A - | det |B. (4.47)

Proof. By Theorem 4.1 we have the following expression for (|det |(AB))?
det(ﬁ-) (B*A*AB) = det{ﬂ.) (BB‘A-A] = det{ﬂ.) (A‘A) det(,,] (BB*) =
= (|det |A-|det |B)*. (4.48)
O

Remark 4.15. All the assertions about absolute value determinants given above are
true also for elliptic PDOs from C'L,)(M, E), m € Z, on a closed odd-dimensional

manifold M.
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For m = 0 the operator A*A, where A € C'L?_l)(f'l'f, E), is a self-adjoint positive
definite PDO from C-L?_”(ﬁ-i'., E). Hence its determinant is defined by (4.6) as

(| det [A)? := detn)(A™A) = det(r) (A" A (Ap +1d)) /det(r) (Ap +1d), (4.49)

where Ag is the Laplacian for (M.g, E,Vg,h) (Vg is an h-unitary connection on
(E,h) and g is a Riemannian metric on A).

Thus absolute value determinants are defined for all elliptic PDOs A of odd class
CL (M, EYNEI*(M, E) on a closed odd-dimensional M. All the assertions about

| det |A given above are true for such PDOs A.
Let A be an invertible elliptic PDO from EII. (M E, F'), m € Zy. (This class is

introduced in Proposition 4.6.) Let a smooth positive density p on M and Hermitian
structures hg, hp on E, F be defined. Then the operator A* is defined, and the

absolute value determinant of A is defined by
|det |A == (det (A7 4))"/? € R4.

Remark 4.16. This absolute value determinant is independent of p, hg, hr. Indeed,
under small deformations of p, hg. hr, the operator A transforms to Q; A*Q,, where
Q; are the automorphism operators of the appropriate vector bundles and Q; are
sufficiently close to Id. So by Proposition 4.7 and by Theorem 4.1 we can produce
equalities similar to (4.46). Hence det (A*A) is independent of (p,hg,hr). (Note
that the set of (p, hg, hr) is convex and so it is a connected set.)

Proposition 4.9. An absolute value determinant is multiplicative, i.e., for invertible
elliptic PDOs of the odd class A € Ell;“_'” (M; E,F,). BeEl Fi?l) (M; Fy, F>) we have

|det |AB = | det |A - |det |B. (4.50)

Proof. The equalities (4.48) are applicable in this case. [

Remark 4.17. The absolute value determinant | det |A is canonically defined for A €
ElfL,,(M; E, F) for any m € 7. Indeed, this determinant is defined for m € Z\ 0.
For m = 0 it is defined by (4.49). The multiplicative property (4.50) holds for
absolute value determinants of the odd class elliptic PDOs on an odd-dimensional
closed manifold having arbitrary orders.
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4.5. A holomorphic on the space of PDOs determinant and its mon-
odromy.

Proposition 4.10. The function (| det|A)? on the space EII™(M, E)NCLE, (M, E),

m € Z, on an odd-dimensional closed manifold M is equal to |f(A)|*, where f is a
multi-valued analytic function on the space of elliptic pseudo-differential operators
from CLTL\(M, E), i.e., on EI" (M, E) N CL{,,(M, E).

Proposition 4.11. The assertion (|det |A)* = |f(A)|* of Proposition 4.10 holds for
A € Ell-\(M; E,F). (This class is introduced in Proposition 4.6.) Here, f(A) is a
holomorphic in A multi-valued function on the space EII_,(M; E, F).

The proofs of these propositions are in the end of this subsection.

Remark 4.18. A natural complex structure on the space EIli” (M, E):=CL{ ,{M,E)N
ElI™(M, E) =: X is defined as follows. Note that X is a fiber bundle over the space
of principal symbols SEI, (M, E)/CS(" ,)(M E) := ps”,(M, E). Its fiber is the
space EllId( (M, E) := I(I+C'L'_” (M, E) of zero order elliptic operators with the
principal symbol Id. The fiber has a natural structure of an affine linear space
over C. Let the order m be even. Then the complex structure on psf’,,(M, E) =
Aut (7*E|psar)® is induced by complex linear structures of fibers m*E|peps. Let
s € ps(_y(M, E). Then Ty Aut (7 E|pepr) = End (7% E|pear) has a natural structure
of an infinite-dimensional space C. (Any v € End (7*E|p-pr) defines the tangent
vector vs € Ty Aut (7* E|p-ar).) This complex structure on the tangent bundle to the
group Aut (7*E|p.rs) =: G is invariant under right multiplications vs — vss; and
under left multiplications vs — Ad,, v-s;s on elements s; € G. So Aut (7*E|pepr) is
an infinite-dimensional complex manifold.

Let X* be the space of invertible elliptic opela,tms from X. Then the group

= Filld{ 1)(M, E) of invertible operators from Ellld( _1y(M, E) acts on X from

t.he 1'1ght Ry: x — xh for h € H*, * € X*. This action defines a principal fibration
¢: X* — G with the fiber H*. The group H* acts from the left on Ellfy _,)(M, E),
Ly: y— h™'y, and X is canonically the total space of the bundle associated with the
principal bundle q. The complex structure on Ellld( 1y(M, E) (defined by a natural
C-structure on C'L _”(M, E)) is invariant under this action of H*.

The natural complex structure on T (X*) is defined by the natural C-structure
on CL (M, E) = TiaXy (where X corresponds to the case m = 0) under the

ldentlﬁcatlon TaX* — TwaXg, 0A € Ty X* = JA-A7! € TiyX{. (Here, A € X*.)

The complex structure on TigXg is invariant under the adjoint action of the X
on TiuXy. Hence X is an analytic infinite-dimensional manifold. The complex

39Here, P*M := Ass (T*M,RP"~'), and m: P*M — M is a natural projection.
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structure on T (XS‘) (induced from X{') is invariant under the natural left and right

actions of the elements of X on X*. So X* possesses a natural structure of an
infinite-dimensional complex manifold. This complex structure together with the
complex structure on the fibers Ell?d‘(_”(M , E) of the associated vector bundle de-
fines a natural structure of an infinite-dimensional complex manifold on X. This
structure is in accordance with the complex structures on the base G' and on the
fibers Ell?dl(_l)(ﬁ’f, E) of the natural fibration X' = G.

Let m € Z be odd. Then any invertible elliptic operator A € X, gives us the
isomorphism A~!: X, —t Xo. @ = A~ 'x. The complex structure on X, defines a

complex structure on X,,. The induced complex structure on X, is independent of
an invertible operator A from X,,.
A natural complex structure on EI ;) (M; E, F') is induced by the identification

EI™ (M, E) — EII" ,,(M; E, F) (4.51)

given by multiplying by an invertible operator A € Ell?_”(M; E,F).

Proposition 4.12. Let a branch of the holomorphic determinant f(A), Proposi-
tion 4.10, be equal to det(z) (AR + Id) at the point Ag:= Af +1d € EIIETI]IG(M,E).
(This can be done because the operator A + 1d is self-adjoint and positive definite.)
Then for any element A of Ellff‘l)_o[ﬂ[. E) sufficiently close to positive definite self-
adjoint ones (with respect to a given smooth positive density on M and a Hermitian
structure on E) we have

det(z(A) = f(A). (4.52)
(Here, det(z) is defined by an admissible for A cut.)

Corollary 4.5. The equality (4.52) holds for PDOs A sufficiently close to a positive
definite self-adjoint PDO (with respect to any smooth density and any Hermitian
structure).

Proof. For A7 defined by any smooth density and any Hermitian structure we have
|det | (A% + 1Id) = det(z) (AE + 1d).

The set D of these operators is connected in EII?TI)_O(M, E). A branch of f(A) and
det(z) (AR + Id) are restrictions to this set of holomorphic functions which are equal
in a neighborhood of a point Ay € D. Hence these functions are equal on D. Then
we can apply Proposition 4.12 for any Riemannian and Hermitian structures. O

The statement of Proposition 4.12 follows immediately from Theorem 4.1, Re-
mark 4.13, (4.47), Corollary 4.2, (4.7), Remark 4.4, (4.9), or from Lemma 4.4 (and
from its proof (4.53)) below.
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Lemma 4.2. The monodromy of the functions f(A) defined in Propositions 4.10,
4.11 s given by a homomorphism

p: K (Ass (T*M,RP™")) [n*K(M) — C*,

where K = K° is the topological K -functor, m: Ass(T*M,RP™') — M is a fiber
bundle with its fiber RP"~' associated with T*M™ (n := dim M ).

Proof of Lemma 4.2. First we prove this assertion for f(A) defined on EIIi ) (M, E).
By the multiplicative property (4.47) of the absolute value determinants, it is enough
to investigate monodromy of f(A) over a closed loop A; in Ell?fl)(M, E) (k € Zy
is fixed). Let E; be a smooth bundle over M such that E & F; is isomorphic to
a trivial N-dimensional complex vector bundle 1y, where N € Z, is large enough.
Then the monodromy of f(A) over a loop (A;) € Q! Ell?fl)(M, E) is the same as the

monodromy of f(A) for (M, 1y) over a loop (A & (Ap, +1d)*) € Q' EI¥, (M, 1y).
(Indeed, f (Ar® (Ap, +1d)*) = cf (Ay), where ¢ # 0 is independent of ¢ € [0, 1]

and is defined up to a constant complex factor of absolute value one. We can set
¢ := det(x) ((Ag, + Id)k).)

The group A (Ass(T*M,RP"')) is in one-to-one correspondence with the con-
nected components of the space EIIlZ})(M,1y) of elliptic PDOs from C'LI“_U(M, 1n)

(m is fixed). The fundamental group m (EUf*,) (M,1y)) = m (EIY_,) (M,1x))
can be interpreted as follows. Let P € CL?_”(WI,IN) be a PDO-projector, i.e.,
P2 = P € CL° and its symbol o(P) belong to an odd class (4.1). (To remind, for
a(P) to be of this odd class, it is enough for all the homogeneous components of o(P)
to satisfy (4.1) in some local cover of M by coordinate charts.) The one-parametric
cyclic subgroups exp(2mitP), 0 < t < 1, (exp(27iP) = Id) are the generators of
my (BI_y) (M, 1y ).

Indeed, it follows from the Bott periodicity that K°(Ass (7™M, RP"')) is canon-
ically identified with 7y (GLn(C(X))) for X := Ass(T*M, RP"™') and for N € Z,
large enough ([Co], II.1). Here, C'(\X') is an algebra of continuous functions. Any
continuous map ¢: X x S' — GLy(C) such that (X x a) = Id, a € S! is
fixed, is homotopic to a C*-map in this class of continuous maps. So K°(X) (for
X = Ass (T*M, RP"")) is the fundamental group of the space of principal symbols
for operators from Ell?_l) (M,1y). Finite type projective modules over C'(X) =: A
correspond canonically to finite rank vector bundles over X. For every such a module
£ there exists a projector e € My(A), €? = e, such that & =~ {f € My(A),ef = f}
(as a right A-module, A := C(X)). Such a projector corresponds to a projection
p € End (7*1y) from 7*1 5 onto a finite rank vector bundle over X. Every such projec-
tion p is homotopic to a C'*®-projection. The space of elliptic operators Ell?_” (M, 1n)
is homotopic to the space of their principal symbols. For every smooth projection
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p € End (7*1y) there exists a zero order PDO-projector f € C-‘L?_” (M,15) with the
principal symbol p. (For projectors P from C'L°(M,1y) this assertion is proved in
[Wo3].)

The principal symbol oo(P) =: p defines a fiber-wise projector p € End (7*1x) of
a trivial vector bundle 7*1y over Ass(T*M,RP™ '), p* = p. The image Im(p)
of p is a smooth vector subbundle of 7#*1y and Im(p) represents an element of
K°(Ass(T*M, RP" ")) and any element of this A-functor can be represented as
Im(p) for a projector p € End (7*1y), p* = p, under the condition that N € Z, is
large enough.

For any projector p € End (7*1x) there is a PDO-projector P € C'L?_”(ﬁf, In)
with oo(P) = p. (An analogous result is obtained in [Wo3].) If Im(p) and Im (p,)
represent the same element of A% (Ass (7", RP""')), then these projectors are ho-
motopic (under the condition that N € Z is large enough with respect to dim M and
to rl\(Im(p))) If the principal symbols p and p; of PDO-projectors P and P, (from

( 1y (M, 1x)) are homotopic, then exp(2mitP) and exp (2mit P;) define the same

element of m (Eli?_” (M, IN)). Hence the monodromy of f(A) on Ell( (M, 1n)
(k € Z) defines a homomorphism

po: K (Ass (T*M, RP™')) - C*. (4.53)

Indeed, the value of @o[Im p] for an element [Imp] € AC (Ass(T*M,RP"')) =: K,
p = oo(P) (for a PDO-projector P from C'L?_l)[ﬂf.l,\r) and for N € Z, large
enough), is defined as the ratio

exp(2mitP) o fo(A /fo l =: po([Imp]) € C*. (4.54)

Here, fo(A) is a branch of a multi-valued function f(A) near Aq and exp(2mitP) o

A)|i=; is the analytic continuation of fo(A) along a closed curve Sp := exp(2mit P)-
Ao, 0 < t < 1. This ratio is independent of a branch fo(A) of f(A) since for
any two branches fo(A) and f{(A) of f(A) (defined for A close to Ap) their ratio
fo(A)/f4(A) is a complex constant (with the absolute value equals one) and so the
analytic continuation of fo(A)/fj(A) along Sp is the same constant.

We suppose from now on that N € Z is large enough. The homomorphism ¢q is
defined since the elements [Im p] span the group A" = A and since if Imp; & Imp; =
Imps, then the curve exp (2mitPs;), 0 < t < 1, represents the sum in the com-
mutative group m (EI?_) (M, 1x) . 1d) (= m (SEI{_y) (M, 1y),1d)) of the elements
represented by the curves exp (2mitFP;), 0 <t < 1. (Here, oo (P;) = p;-)

Let Im(p) belong to a subgroup 7*K°(M) of I := K°(Ass(T*M, RP™ 1)) (i.e.,
there is a smooth vector bundle V over M such that 7*V" represents the same elu
ement of K as Im(p) does). We can suppose that Im(p) = 7*V. Indeed, let
Imp @ 7*ly, = 7V @ 7*1y,. Then this equality holds with Ny € Z, bounded
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by a constant depending on dim M. We suppose that N € Z is large enough.
Then for a projector py € End(7*1y,) such that Imp, = Imp & n*1n, C 7*1n
we can conclude that Imp; and 7* (V & 1y,) are smoothly isotopic as subbundles
of #1x. (Here, V & 1y, is a subbundle of 1y.) Hence the monodromies coincide
o ([Imp1]) = @o (7* (V @ 1n,)).

The assertion of Lemma 4.2 follows from (4.53) and from Lemma 4.3 below. The
identification of monodromies f(A) over Ell”,,(M, E) and over EIIi” ,,(M; E, F) is
given by the identification (4.51) of these spaces and by the multiplicative property
of absolute value determinants (Proposition 4.9, (4.50)). O

Lemma 4.3. The monodromy o([Imp]) (defined by (4.54)) of the multi-valued holo-
morphic function f(A) on EN" (M, E) is equal to 1 for [Imp] € 7*K°(M) on an
odd-dimensional manifold M.

Proof of Lemma 4.3. We can suppose that Imp = 7#*V (as it is shown above). Then
there is a smooth homotopy of p = ao(P) (in the class of projectors from End (7*1x)
with the rank equal to rk V') to a projector py constant along the fibers of =, i.e., to
po = mpur for a projector pys € End (1x) over M (where N € Z is large enough).
Then exp(tpo) is the symbol of the multiplication operator exp (tpar) € Aut (1y) over
M (|t| is small). It is shown in Proposition 4.7 that det (exp (¢par)) is defined (for
such t) and that this determinant is equal to one. [

Lemma 4.4. For elliptic PDOs A from Ellf_” (M, 15) sufficiently close to positive
definite self-adjoint ones (where d is even and nonzero), the locally defined branch
fo(A) of a holomorphic in A function f(A) (from Proposition 4.10) is

fg(‘l) =cC- (let(,-,)(rl), (455)

where ¢ € C is a constant such that |c| = 1. (Here, det(z(A) is the zeta-reqularized
determinant of A defined by an admissible spectral cut Ligy with  close to m.)

Proof. By Theorem 4.1, Corollary 4.2, and Remark 4.4 we have for such A
det(7)(A™A) = det(#(A")det#(A),
det(s)(A%) = (det(x)(4)), (4.56)

det(,-r}(A'A) — fD(A)fO(A)s

where det(z)(A) and fo(A) are holomorphic in A (and fo(A) is locally defined). Hence
locally we have fo(A) = cdet(z)(A) with a constant ¢ whose absolute value is equal
to one. 0

Remark 4.19. The assertion of Lemma 4.4 is also true for A € El]‘{i_l](M, E).
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Remark 4.20. It follows from (4.54) and from (4.55) that the monodromy ¢o([Imp])
is given by the equality

@o([Imp]) = det(s)(exp(2mitP) - A) [detz)(A)] (4.57)

t=1"

Here, A € Ellf_]) (M,1y) is an invertible elliptic PDO close to a positive definite
self-adjoint one, d is even and nonzero, P is a PDO-projector from CL?_U (M, 1y)
with the principal symbol oo(P) = p, and det(z (exp(27mitP) - A) is the analytic
continuation in ¢ of the zeta-regularized determinant detz) from small ¢t € [0,1] to a
point t = 1.

Remark 4.21. The analytic continuation of det(z)(exp(2mitP)- A) to t =1 for a fixed
A = Ap depends on the homotopy class of [Imp] C 7*1x only. Indeed, it is equal (up
to a constant factor ¢, |c| = 1, locally independent of A) to the analytic continuation
of a holomorphic in A function fo(A)* along the closed curve exp(27itP)- Ap in the
space Ell‘({_” (M,15) (d € 2(Z\ 0)). Hence it depends on the homotopy class of a
closed curve in this space from a fixed point Ag. Such homotopy classes are defined
by homotopy classes of [Imp] C 7 1y.

Remark 4.22. By Theorem 4.1 and by Corollary 4.1 we have for small [¢|, t € C,
det(z)(exp(t P)A) = det(z)(exp(tP))det(z)(A). (4.58)

Here, A € Ell‘{f_l) (M, 1) is sufficiently close to a positive definite self-adjoint PDO,
d € 2(Z\0), P is a PDO-projector from CL?_” (M,1x). The determinant of the
zero order PDO exp(tP), det(z)(exp(tP)), is defined by (4.6).

Remark 4.23. Tt is shown above that for Imp =7V, V C 1n, p = 0¢(P), we have
det(z)(exp(2mit P) - A)|i=1 = det(z) (exp (2mitpar) - A) le=1, (4.59)

where py € End (1) is a projector from 1y onto V' (over M) and where exp (tpa) €
Aut (1y) is the multiplication operator. By (4.58) and by Proposition 4.7 we have
for small |¢|

det(z) (exp (2mitpar) - A) = det(z) (exp (2mitppar)) - det(;,)(A) = det(,‘r}(A). (4.60)
Here, A € Ellf_l] (M, 1y) is sufficiently close to a positive definite self-adjoint PDO,
d € 2(Z\ 0), and P is a PDO-projector from C'L{_,) (M, 1n).

40 f5(A) is a branch of a holomorphic on Ellf‘_ 1y (M, 1) multi-valued function f(A) locally defined
near Ag.
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Corollary 4.6. Under the conditions of Remark 4.23, we have by (4.58) and with
using the analytic continuation in t of the equality (4.60)

det(7)(exp(2mit P) - A)|i=1 = det(z) (exp (2mitppr) - A) |i=1 = det(z)(A). (4.61)

Hence ¢o([Imp]) = Id for [Imp] € #*A°(M). Lemma 4.3 is proved. O

Lemma 4.5. Any element f of the abelian group K° (Ass (T*M, RP"')) /n*K°(M)
has as its order a power of two, f** =1d. The number k € Z is estimated from the
above by a constant depending on n := dim M only. (Here, n is odd.)

Proposition 4.13. For any closed loop in the space (UmEZ Ellﬁll(WI,E),Ag) the
monodromy of a multi-valued holomorphic in A € Elli” (M, E) function f(A) defined
by Proposition 4.10 is multiplying by £}, ¢; := exp(2mi/2%), ¢ € Z. The number k
is bounded by a constant depending on n := dim M only. (Here, the monodromy of
f(A) is defined by (4.54) and n is odd.)

This statement is an immediate consequence of Lemmas 4.2, 4.5 and of Theorem 4.1
Proof of Lemma 4.5. 1. For m € Z, the group K°(RP™) := K° (RP™) /n*K°(pt)
is a finite cyclic group Zs- of order 2°, where e := [m/2] is the integer part of m/2
([A1]; [Hu], 15.12.5; [Kar], IV.6.47). The Atiyah-Hirzebruch spectral sequence ([AH],
2.1) for K9(RP?>™), m € Zy, implies A' (RP*") = 0. Indeed, the term E}? of
this spectral sequence is E}'" = H? (RP*",K%(pt)). If q is odd, then E}'?" = 0, if
q is even we have E}? = 0 for odd p, E}" = Z, for even p, 0 < p < 2m, and
EY% = 0. The terms EP7 for p + ¢ = 1 are the graded groups associated with
the filtration F?K" (RP*™) = Ker (K* (RP*™) — K' (RP?™)), where RP?" is the
(p — 1)-skeleton of RP?™. So @®p4q=1 EY? = 0= ®ER? and K' (RP*™) = 0.

2. Let M be a compact closed smooth (2m + 1)-dimensional manifold. Then there
exists a smooth tangent vector field v(x) on M without zeroes. This vector field
(together with the identification of T'M with T*M given by a Riemannian metric on
M) defines a section v: M — Ass(T*M, RP*™). The composition of maps

K*(M) =5 K* (Ass (T"M, RP™)) 5 K*(M) (4.62)
is the identity map (since mv: M — M is the identity map). Hence

K* (Ass (T"M,RP™)) = K*(M) & Kerv". (4.63)

Here, the subgroup Ker v* of K* (Ass (T*M, RP*™)) is independent of a tangent to M
vector field v without zeroes and is isomorphic to K'* (Ass (T*M, RP?*™)) [n*K*(M).
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There is a generalized Atiyah-Hirzebruch spectral sequence for the K-functor of
the fiber bundle of Ass(T*M,RP*™) over M ([AH], 2.2; [Do], 4, Theorem 3; [A2],
§ 12, pp. 167-177; [Hi], Ch. III; [Hu], 15.12.2). Its E3**-term is

Ep* = H* (M, k3, (RP™)), (4.64)

where k%, (RP*™) is a local system with the fiber K% (RP*™) associated with the
fibration 7: Ass(T*M,RP*") — M. (The fiber of 7 is RP?™.) Its EPi-terms with

p 4 q = i are groups associated with the fibration
F? (K (Ass ("M, RP*™))) := Ker (K (Ass (1"M.RP*™)) = K* (77" (M,-1)), (4.65)

where M,_; is the (p — 1)-skeleton of M.

The E?%-term of the Atiyah-Hirzebruch spectral sequence for K*(M) is equal to
H? (M, K%(pt)). The FP-filtration (4.65) in A" (Ass (T*M, RP®™)) (and in the spec-
tral sequence (4.63)) is in accordance with the FP-filtration in K*(M) (with respect

to the direct-sum decomposition (4.63)). The analogous direct-sum decomposition is
valid for H? (M, k}, (RP?™)) and for further terms EP?. Hence

K* (Ass ("M, RP*™)) = K*(M) @& K* (Ass (T"M. RP™)) [7* (K*(M)),
Gr* k' (Ass (T*M, RP™)) = E%™"(x) = EL™"(M) @ EX"(m), (4.66)

where EP'"P(7) := H? (M l:i'p [RPz""]) and EP'~P(7) are the further terms in the

corresponding spectral sequence. - Here, ki, is the local system (analogous to kj,)
with the reduced K-functor K7 (RP*™) as its fiber. We have for : =0

Ep~r(r) = H? (M, 3} (RP™)).

So EP™? = 0 for odd p and each element of H” (M, 4 (RP“‘)) is of a finite order

2°, o € Z, 0 < a < m. Hence only the terms Eﬁ,‘_z"(fr), leZ,0 <! < m, may
be unequal to zero. Thus every element of KO (Ass (T"M, RP*)) /7*K°(M) has a
finite order 2% with B € Z,0 < 3 < m?:=((n —1)/2)’, n =dimM =2m + 1. The

lemma is proved. [
Remark 4.24. The commutative diagram

K* (r'M) —— K* (7! (My_1)) — K* (77! (M,—2))

K M) — K*(M,,) —— K*(M,)

is used in the derivation of (4.66).
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Remark 4.25. Theorem 1V.6.45 in [Kar| provides us with the exact sequence
- Ki(X) @ K(X) 25 Ki(P(V) = K (£V91(X)) - K™*(X) & K™*(X).

Here, m: P(V) — X is the projective bundle of a real vector bundle V' over X,
0: E — £@*E, £ is the canonical line bundle over P(V), £Y(X) is the category of
vector bundles over X with an action of the Clifford bundle C(V) ([Kar], IV.4.11).
Proof of Propositions 4.10 and 4.11. First we prove that the absolute value
determinant |det|A as a function on EIIf’,)(M, E) has the form |f(A)|, where f
is a multi-valued holomorphic function on EIf’, (M, E). Let X be the infinite-
dimensional analytic manifold

Ell?_,,(M, E) := EI'(M, E) N CL-1)(M, E).

Let X’ be a manifold with the conjugate complex structure on it. An element A € X
corresponds to an operator A* as to an element of X’ (= X'). Then the function

f(A, B) := det(z)(AB)

is defined on a sufficiently close neighborhood of the diagonal X < X x X' for an
admissible cut 7 (close to 7) depending on AB. Here we suppose that m € Z. Then
Cap,(7)(s) is defined for Res > dim M /2m and its analytic continuation is regular at
zero. If m € Z_, the same is true for { 4p)-1(3)(s), Res > dim M/2|m|. If m =0,
the function det(AA*) is defined by the multiplicative property

det(AA") := det (Ap + 1d) AA" (Ag +1d)) / (det (Ap + 1d))*.

Note that det(z)(AB) is defined for (A, B) withm =0ina close neighborhood of the

diagonal.
For pairs (A, B) and (A, B;) of sufficiently close points of X x X' in a close
neighborhood of the diagonal X we have by Theorem 4.1

det(z) (ABA;B;) = det) (B, A) det(,-r] (BA,) = det(# (AB) det{ﬁ) (AlB) .

Hence the matrix with elements f(A, B) = det(z)(AB) for (A, B) from a close neigh-
borhood of a point (A, 4%) € X — X x X’ has the rank one. Hence there exist
locally defined functions fi(A) and fy(B) such that for sufficiently close A and B
(belonging to the domain of definition of fi and f) we have

det(z(A - B) = f(A, B) = fi(A) f2(B).

The function fi(A) is holomorphic in A since for invertible A, B € Bl (M, E) we
have

Sadetisy(A - B) =, (sTr (JA- A™ (AB)3) — res a(6AA™)/2sm) | .-
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Here, the expression on the right has an analytic continuation in s to s = 0 and it
is regular at s = 0. The same is true for f,(B) (with respect to the holomorphic
structure of X).

The funttion fy(A)/f2(A*) is (locally) analytic in A and it is a real function.
(Indeed, det(AA*) = fi(A)f2(A*) and |fo(A*)|?> = fo( A%) f2(A*) are real functions.)
Hence it is a real constant c. It is the ratio of two positive functions, det(z)(AA*)
and |fo(A%)|>. Hence ¢ € Ry. The function f(A) is defined as ¢~'/2f;(A). Thus
f(A) is an analytic function of A. The assertion that |det|A as a function on
EN \(M;E,F) > A has the form [f(A)| with a multi-valued holomorphic f is

obtained from the analogous assertion for | det |4 on EII,(M; E, F') with using the
identification (4.51) of the spaces EII” (M, E') — EI,(M; E, F') and with using

the multiplicative property (4.50) of absolute value determinants (Proposition 4.9).
O

5. LIE ALGEBRA OF LOGARITHMIC SYMBOLS AND ITS CENTRAL EXTENSION

Symbols o (Afg]) for complex powers A, of elliptic PDOs A € ENd(M,E) C
CLYM,E), d € R*, are defined by (2.6), (2.7). (Here we suppose that the principal
symbol o4(A) possesses a cut Lg) of the spectral plane.) The symbol of log( A is
defined as

(5.1)

= Z asb:d-j.e(-1’~f)

JEZ4U0

0,0 ( i)

The equalities (2.11) hold for the components on the right in (5.1). Hence the
Lie algebra Sig(M, E) of symbols o (logw} .4) is spanned as a linear space by its
subalgebra C'S°(M, E) of symbols for C'L°(M, E) and by one element o (log(g) A).
Here, A is an elliptic operator from Ellf(M, E) ¢ C'LY(M, E) admitting a cut L),
d € R*. For | :=(1/d)o (Iogm) A) every element B € Siog(M, E) has a form

B = qf + Bo. (52)

where ¢ € C and By € CS°(M, E). The number ¢ in (5.2) is independent of A and
of 8. Set r(B) := q. In Sieg( M, E) we have

[l + Bo, g2l + Co] = (I, 1Co — q2Bo] + [Bo, Co| € CS°(M,E), (5.3)

since [l, Bo] € CS°(M, E) according to (2.11). Note that C'S°(M, E) is a Lie ideal
of codimension one in Si(M, E). We call Sig(M, E) a one-dimensional cocentral
extension of the Lie algebra C'S°(M, E),

0 = CSY%M.E) = Sieg(M, E)>C — 0. (5.4)

s=0 s=0

The left arrow of (5.4) is the natural inclusion.
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Lemma 5.1. An element | defines a 2-cocycle for the Lie algebra g := Sig(M, E)
(with the coefficients in the trivial g-module)

Ki (il + Bo, g2l + Co) := — ([l, Bo] , Co) e - (5.5)

The cocycles K, for different | € Sioq(M, E) with r(l) =1 are cohomologous (i.e., for
logarithmic symbols | of degree one; here, r is from (5.4)).

Proof. The linear form K(Bg, Co) is skew-symmetric in By, Cy as it follows from
(2.16). (Here, we substitute ¢ = o (Afe)), l =@ (log(,g}A), a = By, b = Cp into

(2.16) and then take s|s=0.)
Note that K; is a cocycle because the antisymmetrization of the 3-linear form on

S]OS(M1 E)
Ki ([qol + Aoy il + Bo, ¢l + Co) = Ki([gol + Ao, il + Bo), Co)
is equal to zero. Indeed, we have

1’\",'([140, Bg], C[)) + 1\'{([80, Co] == [\"1([.-‘1[), Co] Bg =
= ([{! Cﬁ] [40 BU])res - [f "40]‘- [BU‘ Cﬂ] res ” BO] [AU’ C‘c'])res -
=+ ([Uﬂ CU]*. '10] ) Bﬂ)res i ([[’!! ‘40]* CO] ’ BD res ['{’ [AO’ CU” ’ BD)I‘ES =0

by the Jacobi indentity in Siog( M, E). We have also
I\r,i [(mt| Bo] + [*10 ¢ ] Co = ([([(]!" BO] + [AO Q'lg] [l| Cﬂ] res"

([q0l, Bo] + [Ao, q1l], [, Co)),e — ([a0l, Co] + [Ao, 2], [1, Bo]) es +
+ ([q1l, Co] + [Bos @2l , {1, Ao))es = 0

Hence K} is a 2-cocycle for g = Siog(M, E) (with the coefficients in the trivial g-
module C). For {; € r~ (1) we have [, =1 — Lo, Lo € CS°%(M,E),

K, (A, B) — Ki(A, B) = ([Lo, A], B)res = (Lo, [A, B])res,

where A, B € CS°(M,E). If A, B € Siog(M, E), A = qol + Ao, B = q1l + By, g; € C,
Ao, By € CS°(M, E), then we have

K, (A, B) — Ki(A, B) = — ([l, Ao + qoLo] , Bo + q1Lo) s + ([L, Ao] , Bo),es =
= (Lo, [Ao + g0Lo, Bo + q1 L)), + (Lo, (A0, q11]) s + (Lo, [q0l, Bo + q1Lo)) es =
= (Los [A; B])res -
Hence K;, and K are cohomologous 2-cocycles. [

Remark 5.1. The cocycle K; defines a central extension of the Lie algebra g =

Sfog(M-sE)
0-C—=gpn—a—0. (5.6)



72 MAXIM KONTSEVICH AND SIMEON VISHIK
The Lie algebra structure on g is given by

[qltl - ay + cy 1,(}'25 + (5] + Ca:* 1] = [(hf + (11,(’?23 + flz] + I\";(al, (12) - 1. (5.?)

Here, q;l + a; € Siog(M,E) =: g, ¢; € C, 1 is the generator of the kernel C in the
extension (5.6).

Remark 5.2. The extension of the Lie algebra of classical PDO-symbols of integer
orders analogous to (5.6), (5.7) (in the case of PDOs acting on scalar functions and
where [ is the symbol of log S, S is an elliptic DO with a positive principal symbol) was
considered in [R], Section 3.4. The extension of the algebra of PDO-symbols of integer
orders on the circle defined by the cocycle RAjog(4/4r) (on this algebra) is considered in
[KrKh], [KhZ1], [IKhZ2]. A canonical associative system of isomorphisms of the Lie
algebras g for | € Siog(M, E), r(l) = 1 (for r as in (5.4)) is defined in Proposition 5.1
below. Thus the Lie algebra g, a one-dimensional canonical central extension of
Siog(M, E), is defined. A determinant line bundle over the connected component of
the space of elliptic symbols SEllj (M, E) is defined in Section 6 below. The nonzero
elements of the fibers of this line bundle form a Lie group G(M, E), Proposition 6.1.
(We call it a determinant Lie group.) The Lie algebra of G(M, E) is canonically
isomorphic to g by Theorem 6.1 below. This connection of the extensions gy, (5.6),
and the determinants of elliptic PDOs is a new fact.

Remark 5.3. The determinant group is defined in Section 6. It is the central exten-
sion of the group SEIIX (M, E) with the help of C*. By Theorem 6.1 its Lie algebra is
canonically isomorphic to the central extension g (defined with the help of the cocy-
cle K}). Lemma 6.8 claims that (in the case of a trivial bundle E := 1y, where N € Z
is large enough) over an orientable closed manifold M the determinant Lie group is
a nontrivial C*-extension of SEI} (M, E). Namely for any orientable closed M, the

assotiated line bundle L over SEIIX (M, E) has a non-trivial (in H? (SEII(’,‘ (M,E), Q))
the first Chern class ¢;(L). If the cocycle A} would be a coboudary of a continuous
one-cochain on Si.g(M, E) =: g, then the Lie algebra splitting

gn=906C (5.8)

would give us a flat connection on the determinant Lie group over SEllg (M, E). So in
this case ¢;(L) would be zero in H? (SE]I;(M, E), Q). Hence A7 is not a coboundary
of a continuous cochain.

The cocycles K; for different [ € r=!(1) C g are cohomologous. We define a system
of isomorphisms of Lie algebras

w:h!'z: ﬁ“l} — ﬁ”z] (59)
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which is associative, i.e., Wy, Wi,;, = Wi,i,. These isomorphisms W), transform
ql1 + a; into the same element gl, + a} = ¢ly + a; of Sig(M, E) = g, i.e., the following
diagram is commutative

0 y C > ﬁ(h) " » 0
”‘lwilfz ” (5.10)
0 > C > A(ly) > g » 0

~

Proposition 5.1. The system of such isomorphisms Wy,;,, l; € r~1(1), given by
Wi(gh+a+c-1)=(gla+d + - 1),
where gly +a+c-1 € gy, qga+ad + 1€ gg,. and
gh+a=qla+d ing,

d = C+¢’;1;2((l)-|-q\pmg, (511)

®,1,(a) := (I, — I3, q) U, i= (la = liyla = 1) 0 /2.

s associative,

res

Proof. We try to construct W},;, using conditions of compatibility with the Lie
brackets.
1. Compatibility with the Lie brackets. Let Wi i, (q;li + ¢ +¢; - 1) = qjla+b; + f; - 1,
7 =1,2. We want to prove that

[plhi+ai+er -1, @pli+az+c; - 1]"[;”” + (D41, ([ar, a2) + [y qras — qay])) - 1 =

= [qla+bi+fi - 1, qaola+bo+ f2 - 1] (5.12)

EU?} !
Using the equality g;({; — l2) = b; — a; we can rewrite (5.12) as
Ky (by, by) — Ky, (a1, a2) = ®uyy, ([ar, 2] + [l qraz — qeai]) -

The left side of the last equality by the definitions of A}, (ay,az) and of Kj,(by,bs)
and according to (2.16) and to the skew-symmetry of (5.5) is equal to

Ki,(by,by) — Ky, (ay,a2) =
= ([lh = lgya1] y a2) oy — ([, @1 (ly = 12)] , @2) s = ([l 1] s @2(ls = 12)) s =
= (L = b, [ar, a2) + [ly, uaz — 2a1]) s - (5.13)
We conclude comparing (5.13) and (5.12) that if we set
Dii.(a) =(li—13,8) 0, (5.14)
d—c=(ly —lz,a) + qV1,-

(for Wy,;, defined by (5.11)), then the condition (5.12) is satisfied.



74 MAXIM KONTSEVICH AND SIMEON VISHIK

2. Associativity. We want to show that Wi, Wi, = Wi, (for Wy, defined by
(5.11)). We have

d"—d=(2-13ad). .+ 9%, (5.15)
where Wi i, (gla +a’' + ¢ - 1) = qlz +a" + " - 1 € gg,). Thus we have to show that
QUi = qV + q¥n5n + (I —l3.d —a), (5.16)
where [; € r~1(1), a’ — a = ¢(l;, — l3). We can rewrite (5.16) in the form
Wite = Ui, + Wi, + (I3 — I3, 13 — 1h) o - (5.17)
It is clear that W, = (lz — L.l — l),. /2 provides us with a solution of the

system (5.17). The proposition is proved. [
Proposition 5.2. A system of quadratic forms

Allgl +a+c-1):=(a,a)wes — 2qc (5.18)
onguydql+a+c-1,1er (1), is invariant under the identifications Wi,y,.
Proof. For W, ;,(gl+a+c-1) = gly + a; + ¢; - 1 we have

(51 —0‘.=qu—‘f1),

ea—e=(—=la)  +qllh—LL=1)/2 (5.19)

Hence we have

Ay (gl 4+ ay e - 1) i= (a1,01) s — 2901 =
=(a,a)es +¢* (L = L1 = 1) . +2q(a,l = 1)) o — 2qc+ 2q (L1 = 1, a) s +
+ (=)L =L, =), .= Agl+a+c-1). (520)

The proposition is proved. O
Corollary 5.1. The cones C; in gy, [ € r~'(1). defined by null vectors for Ay, i.e.,
Cri={gl+a+c-1€dp Algl+a+e-1) =0},

are invariant under the identifications Wy,

WMZC;I = C;?.

Indeed, Wy, Wy,i, = Id, Wi, Wiy, = 1d and the quadratic forms A; are invariant

under Wp,i,.
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Remark 5.4. Let go be a Lie algebra over C with a conjugate-invariant scalar product
(a,b)go,
([e,a],b)g, + (a,[c,b])go =0 for a,b,c € go. (5.21)
Let g be a cocentral Lie algebra one-dimensional extension of gy,
0-499—>g—’+¢:—>0, (5.22)

i.e., let go be a Lie ideal in g and let go be of codimension one in g (the left arrow in
(5.22) is the natural inclusion, [a,b] € go for a,b € g). Then the expression on the
left in (5.21) makes sense for ¢ € g.

Let the scalar product (,), be also conjugate-invariant under g, i.e., let (5.21) hold

for a,b € go and for ¢ € g. (Note that this condition is satisfied for the scalar product
(4 ),es ON the Lie algebra C'S°(M, E) =: g for its central extension Sig(M, E) =: g.)
Then we define a central extension

given by the 2-cocycle of g (with the coefficients in the trivial g-module)
Ki (gl + a1, 2l 4 a2) := = ([, a1}, az) g, (5.24)

on g, where a; € go and [ € r~!(1) € g (r is from (5.22)). These Lie algebras g
for | € (1) are identified by an associative system of Lie algebra isomorphisms
Wi, 8ay) o d(i) defined by the same formulas as isomorphisms (5.11) (with chang-

ing (,),e by the scalar product (,), ). This system of isomorphisms defines the
canonical central Lie algebra extension 0 = C — g — g — 0. The quadratic form

A.-(ql+d+c- 1) := (a,a)g — 2qc (5.25)

is defined on §(). This system of quadratic forms A, | € r~1(1), is invariant under
identifications W} ;,. The cones C; C gy of zero vectors for A; are identified under
Wi,1,- So these quadratic forms define a canonical quadratic form A on g.

Remark 5.5. The previous construction can be reversed. Namely, let g’ be a Lie
algebra over C with an invariant scalar product, 1 € @ be a central element with
(1,1) = 0. We assume that the linear form f: z — (1,z) on g’ is not zero. Denote by
g the quotient algebra g'/C - 1 and by go the subalgebra of g consisting of the kernel
of f. Then we have a scalar product on go invariant under the adjoint action of g,
e.i., the situation at the beginning of Remark 5.4.

We claim that @ is canonically isomorphic to the central extension g constructed
from g.

The idea is to use null-vectors [, f{{)=1, of the quadratic form on g’ for the system of
splittings (as vector spaces)

g —goC- 1
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Remark 5.6. The associative system of Lie algebra isomorphisms W},;, defined by the
formulas (5.11) is the only associative system of Lie algebra isomorphisms which is
universal. This means that the system is functorial on the category of one-dimensional
cocentral extensions of Lie algebras with invariant scalar products. This is the cat-
egory of cocentral extensions (5.22) having as its morphisms the morphisms of the
diagrams (5.22) which are equal to identity on C and which save invariant scalar prod-
ucts on the components go. (This class of extensions is considered in Remark 5.4.)
The universality of the system Wj,;, (5.11) follows immediately from the proof of
Proposition 5.1.

Remark 5.7. Let g be a complex Lie algebra endowed with an invariant scalar product
B:g@g—C,

B(z,y)= B(y,z), B(x.[y,z])= B([x,y],z2).
We will construct a map
I.: H*(g,9) = H"*'(g.C)

for each integer £ > 0. Here we consider g as a g-module via the adjoint action.
First of all, we can associate with B an element B € H'(g,g") (g" is the dual
space) as the cohomology class of 1-cochain

B(x)(y) := B(x.y), w.y€g.
The cup product (with coefficients) by B defines a map
UB: H*(g,g) » H**' (g,a0a").

The composition of this map with the map H*(g,g©g¥) = H*(g,C) induced by
the morphism of g-modules

a0ag"' =2C, 20¢— ¢(x)
gives the desired map I;. On the level of cochains. I} is given by the formula
(@) (Z1y. ..y Thgr) = Alt (B (21, a (22, .., Tpq1))) -

Note that Iy maps the center of g, Z(g) = H°(g.g), into the “cocenter” (g/[g1g])v -
H'(g,C).

Analogously, I; maps the space of derivations of g modulo interior derivations (=
H'(g,g)) into the space of equivalence classes of one-dimensional central extensions
(= H?*(g,C)). The space H'(g,q) can also be viewed as the set of equivalence classes
of “cocentral extensions”

0—=g—g—C—0.
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Let us denote by H}.,(g,a) the subspace of H!(g,g) represented by cocycles
a: g — g which are skew-symmetric with respect to B

B(az,y)+ B(z,ay) =0, =z,y € g.

Claim: for a non-degenerate scalar product B the maps I and Illﬁlk are isomor-
phisms. o

It follows almost immediately from standard formulas for differentials in C*(g, g),
C*(g,C) and from the invariance of B.

In our concrete situation we see that the central extension of Si,g(M, E) corre-
sponds to the homomorphism of degree

Siog(M,E) = C
and the noncommutative residue
res: CS%(M,E) - C
corresponds to the central element
Idg € CS°(M, E).

We can also change our Lie algebras in such a way that the scalar products are non-
degenerate. One way is to replace C'S°(M, E) by the Lie algebra of integer orders
PDO-symbols. Another way is to consider the quotient algebra modulo the ideal
C§-dimM-1() E).

6. DETERMINANT LIE GROUPS AND DETERMINANT BUNDLES OVER SPACES OF
ELLIPTIC SYMBOLS. CANONICAL DETERMINANTS

Let Elly (M, E) be the connected component of Id in the group of invertible elliptic
PDOs. The determinant line bundle det Ellj (M, E) is canonically defined over the
space SEIly (M, E) of symbols for invertible elliptic operators with their principal
symbols homotopic to Id |£|” (e € C) in Section 6.2. Its associated C*-bundle (with
a Lie group structure on it) is defined as follows.

The associated fiber bundle det,. SEII} (M, E) (with its fiber CX) of nonzero ele-
ments in fibers of p: det Elly (M, E) — SEll§ (M, E) is defined as Fy\ Elly (M, E).
Here, Fy is a subgroup of the group F' of invertible operators of the form Id +X,
where K is a smoothing operator (i.e., an operator with a C*-kernel on M x M),
and Fy is the set of operators from F' such that

detp, (Id+K) =1 (6.1)

(detp, is the Fredholm determinant). The operator K is a trace class operator in
Ly(M, E) and hence the Fredholm determinant in (6.1) is defined.
We have

F\EILX(M, E) = SEIX (M, E). (6.2)
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Hence there is a natural projection

p: det. SEll; (M, E) — SEll; (M, E) (6.3)
with its fiber Fo\F = C*.
Proposition 6.1. The bundle det, SEIl} (M, E) has a natural group structure.
Proof. For an arbitrary A € Ellj (M, E) we have

FoA= AFy

since for 1 4+ K; € F there exists K3 € F such that (1+ A7)A = A(1 + K3). Indeed,
K, := A7'K, A is a smoothing operator. We have

detr, (1 + K) = detp, (A(1+ K1)A™") = detr, (1 + A7), (6.4)

So 14 K, € Fy for 1 + K; € Fy. Hence Fy is a normal subgroup in Ellj (M, E)
and the quotient on the left in (6.2) has the group structure induced from the group
Elly (M, E). O

We call this group det, SEll; (M, E) =: G(M, E) the determinant Lie group.

A fiber-product of the groups EllJ (M, E) and G(M, E) over their common quotient
SEllg (M, E) is defined by

DEIl; (M, E) := Ell§ (M, E}SE";TM‘EIFQ\ Elly (M, E). (6.5)
This fiber-product consists of classes of equivalence for pairs
(A, B) € Ellf (M, E) x Ellj (M, E)

with equal symbols o(A) = o(B), where the equivalence relation is (A, By) ~
(A2, B,) if A} = Az and B,B;' € Fy. There is a natural projection (A, B) = A,

p1: DEIY (M, E) — Elly (M, E). (6.6)
We have a commutative diagram

1 sy CX s DEIY(M, E) — ElIJ(M,E) — 1
1

lpz l (6.7)

1 —— C* —— Fo\EllS(M,E) — SElg(M,E) — 1
where py(A, B) = A, pa(A4, B) is the class of B in G(M,E) (= Fo\ EllJ(M,E) =
det, SEIY (M, E)), o is the symbol map. The horizontal lines in this diagram are
group extensions.
Proposition 6.2. The extension DEIl; (M, E) of Ellg (M, E) is trivial, i.e., the pull-
back under o of the extension det, SEIY(M,E) — SEII(M,E) to Ellg(M,E) is
isomorphic to the direct product of groups C* x Ellg (M, E).
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Proof. The fiber py'(A) (in the top line of (6.7)) is the set of B € Ellj (M, E) with
o(B) = o(A) up to equivalence relation B ~ B, if B € FyB;.

There is a canonical element FyA in py'(A) which is the equivalence class of A,
Thus we define a section of p;. It is obviously a group homomorphism. [

To any A € Ellf (M, E) corresponds a point d;(A) € det, SEI (M, E) = G(M, E).
Namely d;(A) is the image of A in Fo\ Ellj (M, E) = G(M, E). The group structure
on det. SEII} (M, E) comes from Ell§ (M, E). So we have

dy(AB) = dy(A)dy(B) (6.8)

for A, B € Ellj (M, E).
Let A; = QA, where Q € F'. Then we have

dy(Ay) = detp,(Q) - di(A), (6.9)

where detr,(Q) is defined by the image of Q in Fo\F = C*.
The problem is to describe the Lie group

det. SEll; (M, E) =: G(M, E) (6.10)

without the use of Fredholm determinants.

It occurs that the Lie algebra of this group is explicitly isomorphic to the Lie
algebra g. (This Lie algebra is defined by the associative system of identifications
Wi, : 80y) = @) of the Lie algebras g). These Lie algebras are defined by (5.6),
(5.7) and are identified by Wj,;, given by Proposition 5.1.) We call g the determinant
Lie algebra.

The fiber bundle (6.3) has a partially defined canonical section. Let a symbol
S € SElI(M, E) of an order d € R* elliptic operator admit a cut L) of the spectral
plane. Let A € Ell(M, E) be an elliptic operator with the symbol S = ¢(A) and
such that Spec(A)N L = 0. Then det(g)(A) is defined by (2.15). An element dy(A)
of the fiber p~1(S) of (6.3), p: G(M, E) — SEll§ (M, E), is also defined. This fiber
p~1(S) is a principal homogeneous C*-space. Hence the element

do(A) := dy(A) /detg)(A) € p~'(S) (6.11)
is defined. We suppose from now on that # = .
Proposition 6.3. The element do(A) is independent of A € p~'(S5).

Proof. Let Ay, Az € p~'(S). Then A, = QA;, Q € F, di(A;) = detp,(Q) det(r)(A1).
According to Proposition 6.4 below we have

det[rr)(QAl] = detFr(Q]det(w}(Al)o (612)
(We suppose that Spec(QA) N Ly =0.) O
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Remark 6.1. To define d,(A), we don’t need the order of A to be real. To defined
det(A) for an elliptic PDO A of a nonzero order, we need a holomorphic family
A~¢ only. (Such a family may exist even if A does not have an admissible cut of the
spectral plane.) If such a family is given, then the element d;(A)/ det(A) € p~'(c(A))
is defined. (This element depends on a family A™* and not on A only.) We denote
the element d;(A)/ det(A) by do(log A). (Here, the family A™* is defined by log A.)

For a zeta-regularized determinant det;(A) of an elliptic operator A € Ellg (M, E)
to be defined, its complex powers A~ have to be defined. Hence a logarithm log A
of A has to be defined. However for (M, E) such that dim M > 2 and rk E > 2 there
are not any continuous logarithms for a nonempty open set of the principal symbols
of elliptic operators from ElI (M, E). Hence for operators A with such principal
symbols their log A and det.(A) are not defined.

Remark 6.2. The principal symbol a, of an elliptic operator A € ElIg(M, E) defines
the element a,|s-pr € Aut(n*E), where 7: S*M — M is the natural projection. For
rk E > 3 there is an open nonempty set of the automorphisms as follows. There is a
point ¢ € S*M such that a,(q) has a form

Al
as(q) = (0 ,\) @ al(q),

where a!(q) acts on an invariant (with respect to a,(q)) complement to the two-
dimensional A-eigenspace of a,(q) in (7*E),. (In general, multiple eigenvalues of
Aut(7*E) appear over a subset of codimension two in S*M, and dim S*M 2 3 for
dim M > 2. In general, multiple eigenvalues appear in Jordan blocks.) Then there is
a smooth curve f: (S!,pt) = (S*M,q), t = f(t), such that two eigenvalues A over
g = f(to) vary as A;(t) and Ay(t), where A (t) # Ao(t) at t € S*\ to and Ay(2)/[Mi(2)]
and Ay(t)/|\o(t)| are the maps fi: (S*,pt) = S', i = 1,2, of different degrees. Hence
there is no continuous logarithm log (f*a,) € End(f*r*E) of a.(f(t)) over the circle
of parameters ¢ € S'. (Here, we suppose that f*7*E is a trivial bundle over S'.)
Such a curve f(t) can appear in a coordinate neighborhood of a point ¢ € S*M
(and 7" E is a trivial bundle over this curve). To see this, it is enough to take Aa(t)
sufficiently close to (A1(#)A2(t))”". Then the map from (S',pt) to GL3(C) equal to
Aut (C?) @ As(t) (where Aut (C?) has the eigenvalues A;(t), A2(t)) is homotopic to
a map to SL3(C). Hence the map S' — GL3(C) is homotopic to a trivial map.
Let tk E = 2 and let the degrees of fi: (S',pt) — S', j = 1,2, be the opposite
numbers (i.e., Y deg f; = 0). Then f: (S*,pt) = GLy(C) is homotopic to a trivial
map. Hence for tk E > 2 and for dim M 2> 2, all the conditions are satisfied on an
open set in the space of principal elliptic symbols. This open set is nonempty in a
connected component of a trivial symbol (because these conditions can be satisfied
over a smooth closed curve in a coordinate neighborhood in S*M, and over this curve
a map f from S' to GL,(C) is homotopic to a trivial map, n := rkc E).
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Remark 6.3. Let us generalize the notion of a spectral cut to the case of operators
of complex orders. Let L € Siog(M, E) be a logarithmic symbol of a nonzero order
z € C*. Let {U;} be a finite cover of M by local coordinate charts (with local
trivializations E|p, ). Let V; C U; be a cover of M by (closed) coordinate disks. Let

L = zlog |¢] + Lo(x,€) + L1(2,€) + ...
be the components of this logarithmic symbol in U;. Set
a(L) := diam U; U,¢7, 4o Im (Spec (Lo(2,€)/2)) . (6.13)

Here, Spec Ly is the spectrum of a square matrix Lo (its size is tk E). The symbol
L can be represented as J, exp(sL)|s=o. Here, exp(sL) =: (exp L)* is a holomorphic
family of classical PDO-symbols. There is an explicit formula for changing of space
coordinates in PDO-symbols on a manifold, [Sh], Theorem 4.2. By this formula we
conclude that a(L), (6.13), is independent of local coordinates on M (for given L
and a smooth structure on M). We are sure that under the condition™

|z]2a(L)/|Re z| < 2, (6.14)

any invertible elliptic PDO A € Elg(M, E) with its symbol o(A) := exp L has a
log A € ell(M, E). The symbol exp L is defined as a solution =1 in SEllo(M, E) of
the equation

3;3; = LS:. Sp = Id. (615)

Hypothesis. Let A be an invertible elliptic PDO of order z, Rez # 0. Let
o(A) = exp L for L € Siog(M, E) (i.e., let a(A) be si|i=1 for the solution of (6.15)).
Then log A € ell(M, E) with o(log A) = L exists and is unique up to a change of
an operator log A on a finite-dimensional A-invariant linear subspace K in I'(E),
AK = K. So a family A® of complex powers for A exists and is unique up to a
redefinition of it on a finite-dimensional A-invariant subspace K.

To explain the condition (6.14) and the hypothesis on L := o(log A), let us choose
an element B € ell( M, E) with the symbol L, o(B) = L. Then the element exp B €
Ell;(M, E) is defined as b= for the solution of the equation d;b; = Bby, by = Id, in
Ello(M, E). Then o(exp B) = o(A) and b; := exp B is invertible. Let A; be a smooth
curve in ElIZ(M, E) such that Ag = exp B, A; = A, and 0 (A) = o(A) for t € [0,1].
We want to prove that there exists a smooth curve B, in ell(M, E), ord B, = z, such
that exp B; = Ay, i.e., to prove that there exists a smooth family of logarithms‘”

B, :=log A, € ell(M,E), o(B)=L fortel0,1].

41'We suppose that z # 0 and that = ¢ /.
42This problem is connected with the problem of using a kind of the Campbell-Hausdorff formula

outside the domain of its convergence.
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To find B,, we have to prove the existence of a solution of an ordinary differential
equation

F~'(ad B) o (BiAi- A7') = 8,Bi,  Bo:= B. (6.16)

(Here we use Lemma 6.6 and Remark 6.17 below, F~'(t) := t/(expt — 1). We use
also that B = log Ay exists.) Under the condition (6.14), we claim that ad (B;) for
any B, with o (B;) = L has only a finite number of eigenvalues from 27iZ \ 0, and all
these eigenvalues are of finite (algebraic) multiplicities. So the operator F~'(ad By) is
defined on an ad B;-invariant subspace of a finite codimension. However the equation
(6.16) is nonlinear, and it is difficult to prove the existence of its solution B;.

Suppose we can prove that a smooth family log A; exists. Then we can prove
(Proposition 6.5) that the following equality holds

det (A;) = det (Ao) detr, (A147") . (6.17)

(Here, A; are invertible, o (Ao) = o (A1), A;Ag' € F.) This equality is a generaliza-
tion of (6.12). We don’t suppose in (6.17) that A; and Ag possess spectral cuts. We
suppose only that a smooth in ¢ family (4;)°, 0 <t < 1, of complex powers exists
(i.e., that there is a smooth family of logarithms log A; € ell(M, E) of order z elliptic
PDOs At)

Remark 6.4. A given elliptic symbol o(A) € ElI§(M, E), z € C*, can have different
logarithmic symbols o(log A). Let = ¢ iR. Then the condition (6.14) can be satisfied
for some o(log A) € Siog(M, E) and unsatisfied for another o(log A). This condition
cannot be formulated as a condition on o(A).

Proposition 6.4. The equality (6.12) holds for an invertible Q € {Id+K} =: F
(where K is a smoothing operator, i.e., it has a C* Schwartz kernel on M x M),
and for an invertible A € ElS(M, E), d € R*, such that A is sufficiently close to a
positive definite self-adjoint PDO.*

Proof. Let Q = Id+K be an operator from F (K is a compact operator in Lo(M, E).
Hence its spectrum is discrete in C \ 0 with a unique possible accomulation point at
zero.) Let there be no eigenvalues of @ from R_. Then log(y) Q is defined by the
integral analogous to (2.30)

i _
log(n)@ = §Efr log A - (Q — M) ™" dA. (6.18)

Here, (Q — A)~! is the resolvent of the bounded linear operator Q in Ly(M, E). (The
contour g, is the same as in (2.30) with # = 7.) The operator log(,) @ =: C is an
operator with a C**-kernel on M x M.

43(nder this condition operators A and QA possess a cut L(g) of the spectral plane for almost
all @ close to 7 (i.e., except a finite number of 6’s).
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For any ¢ > 0 all the eigenvalues A of @) except a finite number of them are in
the spectral cone {A: —e < arg A < €}. So, if Spec @ does not contain 0, then in
an arbitrary small conical neighborhood of L) there is a spectral cut L) such that
Spec@N Lg = 0. For 0 ¢ Spec @ the logarithm log 4 @ =: C is defined. It is defined
as log(z) @ by (6.18) with the integration contour I'p .

Set Q; := exp(tC), 0 <t <1, Ay := Q:A. Let ord A € R,. We have for
Res > dimM/ord A

. : s =
(“,A,‘[,-r)(s) = T (g - /\[r‘r} (:4; = )'«) ! d)\) ; (619)

Here, I'(7) is the contour I'(s) from (2.6) with an admissible @ sufficiently close to
and A7) is defined as in (2.14). For such s we have

8!@‘“ [ﬂ'] ] =Tr ( A{_rr] ( (.‘1; = )\)_I (Y’qf (Af = )'i]_l) d;\) =

27 Jr

7
:Tr(glrH {r)( CA (A= A)” )(b\):

::n(g;FHAQ(—m(ampm—Arjym)z

= o Tr( [A0Ca (A -3 d/\) = —sTe (CAT,), (6.20)

since ( t—)\)_lCA,(A,—)\)_l and (,4,—)\)“26'.-—'1, are trace class operators in LM, E)
whose trace norms are O (|)\|_I) for A € I'(z). So

ACacinn(s) = —s Tr (CAT) (6.21)

for Res > dim M/ord A. The term Tr (C'At [,T)) on the right in (6.21) is a meromor-
phic function of s by Proposition 3.4 and Remark 3.4. It is a trace class operator
for all s € C. Hence Tr (CA,‘S) is holomorphic in s € C and it is equal to TrC for
s = 0.

Lemma 6.1. Under the conditions of Proposition 6.4 and for ord A € Ry, the equal-
ity holds

O (9sCa ()] _

Here, C :=log ;) Q is a trace class operator defined by (6.18).

J:-wc (6.22)
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Corollary 6.1. Under the conditions of Proposition 6.4, we have

det{ﬁ'](@"l)/det(ﬁ)(ﬂ) = exp (/{;1 dt Tr(C)) = exp(Tr(C)] =
= detp, (expC) = det+(Q). (6.23)

Proposition 6.4 is proved. O
Proof of Lemma 6.1. The factor Tr (Cit—fﬂ) on the right in (6.21) is defined for
all s € C. (Indeed, CA[(; is a trace class operator since C is of trace class and

(5 is a PDO from Ell;**"*4(M, E).) Note that the value of Tr (CA[S) at s =0
is defined and is equal to Tr(C') (since A7 ls=0 = Id, A is invertible). Thus the

equality (6.22) follows from (6.21). [

Remark 6.5. The equality (6.12) may be also obtained from the assertions as follows.

1. Note that for A € Ell5(M, E), d € R*, sufficiently close to a positive self-adjoint
PDO, the ratio clet(,-r](QA')/(let(,-T}(.Jl) =: f4(Q) is independent of A € Ellg(M, E) and
of d € R*. Indeed, let A € EllZ*(M,E) and C € El?(M,E), d; € R, be two such
operators and let d; # dy. Set B := A7'C € Ellf2=" (M, E). Then according to
(2.17) we have

f.tlB(Q)/de';(ﬁ‘)(AB) - det(ﬁ)(Q"‘lB) — F(QL B)det(,-,](QA]det.(,-,}(B) =
= f;;(Q)F(Q*‘l. B](let(ﬂ(rl)det(,-r)(B) =
= fA(Q)F(QA, B)/ (F(A, B) - det((AB)). (6.24)

Here, F(A, B) and F(QA, B) are defined by (2.17). By (2.20) F(A, B) depends on
symbols o(A), o(B) only, F(A, B) = F(QA, B). Thus fa(Q) = fe(Q). (For dy = d
it is enough to take D € Ell3(M, E) with d > d; sufficiently close to a positive
definite self-adjoint PDO. We have f4(Q) = fp(Q) = fc(Q).) Hence f(Q) := fa(Q)
is independent of A. Note that det(#(AQ) = det(#(QA) = f(Q)det(7)(A), since the
operator AQ is adjoint to QA = A™'(AQ)A. The value f(Q) is defined for all Q € F
as det(z)(QA)/det(#(A) and is independent of an admissible cut Lz by Remark 2.1.

2. The function f(Q) is multiplicative, i.e., f(Q1Q2) = f(Q1) f(Q2).

Indeed, for PDOs A € Ellg‘(ﬁi‘, E) and B € EllZ2(M, E), d; € Ry, sufficiently close
to positive definite self-adjoint PDOs we have

[ (Q1Q2) det(z)(AB) = det(z) (Q1Q2AB) = det(z (Q:ABQ) =
= F(A, B)det(z) (Q24) det(z) (BQ1) = f(Q1) f(Q2)detz(AB). (6.25)
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3. Let A € Ell}(M, E), d € Ry, be a positive self-adjoint PDO. Let {e;}, i € Z, be
an orthonormal basis in the Ly-completion of I'(M, E') consisting of the eigenvectors
of A. (Such a basis exists according to [Sh], Ch. I, § 8, Theorem 8.2.)

Let @ be an operator with its matrix elements with respect to the basis {e;},
Qei=((A—1)61;+1)e;, A € C*. Then @ € F and we have

log det(z)(QA) = —0sCga,(7)($) -

Hence for this Q we have f(A) = A. Since the K)-functor K;(C) is equal to C*
([Mi]) and since f(Q) is multiplicative in @, we have f(Q) = det(Q) for ) such that
@ — Id is a finite size invertible square matrix. (In (6.26) @ — Id is equal to A —1.)

4. For an arbitrary @ € F and for any s € R, N € Z there exists a sequence of
Q; = Id +K; € F with finite rank operators K such that @; tends to ) as 7 — oo as
a sequence of operators from the Sobolev space H*(M, E) into H**N (M, E).

Let N be greater than ord A + dim M, ord A € R*. Then det(;(QiA) tends to
det(r)(QA) as i tends to infinity. So we have

det(s) (QiA) [det(s)(A) =: [ (Qi) = detr, (@),
f(Q] = (let(ﬁ](Qr'l]/(]Et{,'7](""1) = ;li{.g detp,- (Q,) = detp,.(Q).

The convergence det(;) (Q:A) — det(z(QA) as i — oo follows from the Cauchy
integral formula for 0. (Coa(z) — Cg,a(2)).

= log A + log Ca,(7) ()| _- (6.26)

(6.27)

Proposition 6.5. Let a smooth family of logarithms log A; € ell(M,E), 0 <t <1,
exist for some smooth curve A, of invertible elliptic operators in EIlG(M, E), o =

a(A), 0 <t < 1. Then the equality (6.17) holds.

(Al)

Proof. Set (4,(s) := TR ( ) for sz # 0. Then by Proposition 3.4 Res,=q (a,(s) =

—resId = 0. Hence by this Proposition (4,(s) is regular at s = 0. For Re(sz) >
dim M, the operators A;® are of trace class. In view of Remark 3.4 we conclude
(analogous to (2.25), (2.26)) that for Re(sz) > dim M the equalities hold

T (A7) = TR (A7) = Cao)
Ca,(s) = —s TR (AeA7" - A7) = —s Tr (AAT" - A7°).

Here, A, A;7! =: Cy, where C, is a trace class operator. Hence
8, (=Cals)) | _, = Tr (CeAT)

The expression on the right in (6.28) for all s are the traces of trace class operators.
Hence this expression is regular for all s, and we can set s = 0 on the right in (6.28),

3i, (—Cals)) |, = Te (C).

(6.28)

s=0"



86 MAXIM KONTSEVICH AND SIMEON VISHIK

Thus

det (Ay) / det (Ao) = exp ( /0 T (C) dt) = detr, (4145"). (6.29)

The formula (6.17) is applicable to this case. O

Definition. Let A be an invertible elliptic PDO of a nonzero complex order
z € C*, A € Ellg(M, E), such that a logarithmic symbol o(log A) € Sie(M, E)
exists (i.e., 0(A) = s¢i=) for a solution s; of (6.13)). Let B be any element of
ell(M, E) with o(B) = L. Then the element b := exp B € Ell§(M, E) is defined as a

solution by 1=y of d;by = Bby, by = Id. The canonical section of G(M, E) over exp L is
defined by

do(B):=d,(exp B)/det(exp B), det(exp B):=exp (—83 TR(exp(—»sB))’ o) , (6.30)

=

det(exp B) € C*. By Progosition 6.6 below do(B) dependson o(B) = L € Sig(M, E)

only. Thus we can define dy(o(log A)) by the expression on the right in (6.30) for any
B € ell(M, E) with o(B) = o(log A).

Remark 6.6. We don’t suppose in the definition of do(o(log A)) that there exist a
logA € ell(M,E). We can take any B € ell(M, E) with o(B) = o(log A) in
Stog(M, E) and define do(o(log A)) as the expression on the right in (6.30).

Remark 6.7. The definition of dy(o(log A)) provides us with a canonical prolongation
of the zeta-reqularized determinants to a domain where zeta-functions of elliptic oper-
ators do not exist. Namely let A € Ell§(M, E), = € C*, be an invertible elliptic PDO
such that o(log A) is defined. (However we do not suppose that a log A € ell(M, E)
exists. An element L € Sig(M, E) is a symbol o(log A), if o(A) is equal to s¢|¢=;
for a solution s, of (6.13).) Then det(A) (corresponding to a given L = o(log A)) is
defined by

det(A) := dy(A)/do(o(log A)). (6.31)

If o(log A) exists but log A does not exist, then det(.A) can be canonically defined by
(6.31). However zeta-regularized determinants det;(A) are not defined in this case.
(Indeed, for any det¢(A) to be defined, an appropriate zeta-function {4(s) has to be
defined. But if a log A does not exist, then a family of complex powers A~* does not
exist.)

The formula (6.31) provides us with a definition of a canonical determinant of
elliptic PDOs in its natural domain of definition. This determinant is a function
of A € EllE(M,E), d € C*, and of o(log A). A simple sufficient condition for the
existence of o(log A) is given in Remark 6.9 below. For zero order elliptic PDOs of
the odd class on an odd-dimensional closed manifold, a definition of their canonical
determinant is given in Section 4, Corollary 4.1.



DETERMINANTS OF ELLIPTIC PSEUDO-DIFFERENTIAL OPERATORS 87

Some clearing and explanation of the problem of the existence of a log A if o(log A)
exists, is contained in Remark 6.3. Let A be an invertible elliptic PDO such that
o(log A) exists and ord A € C* but such that the condition (6.14) for o(log A) is
not satisfied. Then we are sure that in general log A does not exist (though o(log A)
exists by our supposition).

Note also that if A is an elliptic operator of a real positive order d and if o4(A)
is sufficiently close to a positive definite self-adjoint symbol, the function (4(s) :=
Ca#(s) and log(;) A can be defined by an admissible cut L(z) of the spectral plane
(sufficiently close to L)), Section 2. In this case, the determinant (6.31) coincides
with det;(A). Namely in this case,

d[)(A) = CI{)(O’(]O&;,) A)], (let[A) = exp(—53|s=g§',;,,-,(s)[s=o) = (letc(A). (6.32)

Remark 6.8. With respect to the exponential maps in the determinant Lie group
G(M,E) and in the group Ell (M, E) of invertible elliptic PDOs of complex or-
ders the situations are different. Namely these groups are fiber bundles over their
quotients,

pe: G(M,E) — SEIX(M, E), (6.33)
pe: EIX(M, E) — SEIX (M, E). (6.34)

The fiber of (6.33) is Fo\F' = C and the fiber of (6.34) is F' (F and Fp are defined at
the beginning of this section, (6.1)). The image of the exponential map in G(M, E),

(6.33), contains the whole fibers of pg. Indeed, if o(log A) € Sig(M, E) exists, then
{exp(c(log A) + ¢ 1) for ¢ € C} in exp (ﬁ{n) — G(M, E) is C* - di(A) = pz'(a(A)).
(If a o(log A) does not exist, then there are no points in pz'(c(A)) belonging to
the image of exp in G(M, E).) But in ElIj (M, E), (6.34), the picture is completely
different. Namely let A € ElIJ (M, E), ord A # 0, and let o(A) have a logarithm
o(log A). However let the condition (6.14) be not satisfied for o(log A). Then we
are sure that in general there are no log A with given o(log A). But it is clear that
there is an element B € ¢ell(M, E) with o(B) = o(log A). So exp B € P (0(A)) C
Ell (M, E) and the image of exp in Ellj (M, E) contains some points in pE (a(A)).
However if the condition (6.14) is not satisfied for o(log A), then the differential of
the map B — exp B for B € ¢ll(M, E), o(B) = o(log A), is not a map onto fibers of

T (p5'(a(A))).

Remark 6.9. There is a rather simple sufficient condition for the existence of o(logA) €
Siog(M, E) for a given elliptic symbol o(A) € Elly (M, E). Tt is enough that there is
a smooth field of cuts Lg(x,€) over points (z,€) of a cospherical bundle S*M such
that L (z, &) is admissible for the principal symbol ai(A)(z,€) (i.e., that oq(A)(x,§)
has no eigenvalues on L) and that there is a smooth function f: S*M — R such
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that 6(z,€) = f(x,€) modulo 27Z. Under these conditions, the symbol & (A?) is
defined by the formulas (2.3), (2.6) of Section 2. Here the existence of f(z,§) is used
in the definition of A* in (2.6) (since the branch of A* over (z,£) has to be changed
smoothly in (x,£) € S*M). The condition of the existence of f is equivalent to a
topological condition that the map #: S*Af — S' = R/27Z is homotopic to a trivial
one.

Proposition 6.6. Let By, B, be elements of ell(M,E) with the same symbols, o(B1) =

o (By), and such that ord B; € C*. Then do (By) = do (By) (where do (B) is defined
by (6.30)), i.e.,

dy (exp By) / det (exp By) = d; (exp B;) [ det (exp By) . (6.35)

Proof. Let B;, 1 <t <2, be a smooth curve in ell(M, E) from~Bl to By such that
o (B:) = o (B;) for t € [1,2]. Then d; (exp B;) / det (exp B;) =: do (B:) is defined for
t € [1,2]. By the definition of G(M, E) we have

dy (exp By) = d; (exp Byexp(—By)) dy (exp By) =
= detp, (exp Byexp(—B)) d; (exp By) (6.36)
(because exp By exp(—B;) € F and the identification Fop\F — C* is given by the

Fredholm determinant).
By Proposition 6.5 we have

det (exp By) = detp, (exp By exp(—B;)) det (exp By). (6.37)

(Here, det (exp B;) are defined by (6.30).) So (6.35) follows immediately from (6.36),
(6.37). O

Corollary 6.2. The definition (6.30) of do(B) is correct.

We have a partially defined section S — do(S) € p~'(S) of the fibration (6.3).
Since

_ di(A)d\(B) = di(AB)
for A and B from Ell} (M, E), we have (using Remark 2.1)

det(s)(AB) /dets)(A)det(s)(B) - do(a(A)o(B)) = do(a(A))do((B)),  (6.38)

i.e., F(A, B)do(AB) = do(A)do(B), where F(A,B) = F(a(A), o(B)) is given by
(2.19). Here we suppose that the principal symbols of A and B are sufficiently close
to positive definite self-adjoint ones and that ord A,ord B € RX.
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Theorem 6.1. The Lie algebra g(M,E) of the Lie group GIM, E) = det.SEIIJ(M, E)
is canonically isomorphic to the Lie algebra g defined by the central extension (5.6)
of the Lie algebra g := Siog(M, E).*

The identification of the Lie algebras g(M, E) and @ is done by the identification
of the (local) cocycles for the Lie groups SEllg (M, E) and exp (@) defined by partially
defined sections S — do(S) and by X — X (this section is given by (6.45) below) of
the C* -fiber bundles G(M, E) — SEIl; (M, E) and exp (g) — SEll§ (M, E).

Remark 6.10. On the Lie algebras level we have a central extension
05CHagME)Ba—0 (6.39)
of g = Sieg(M, E) and a cocentral extension
0> CS°M,E)5g-C—0.
So we have a natural projection
rp: g(M,E) = C

to a trivial Lie algebra C. The central Lie subalgebra of g(M, E) is C, (6.39). (How-
ever rpi: C — C is the zero map.) On the Lie groups level we have the extension

1 = C* = G(M, E) = SEIIX (M, E) = 1. (6.40)

(Here, the central subgroup C* appears from a natural construction of the deter-
minant Lie group G(M, E) but not from the exponential map of the Lie algebras
extension (6.39).) The Lie group SEIlj (M, E) is a cocentral extension

1 — SENY(M, E) = SEI}(M,E) 5 C — 1, (6.41)

where ¢ is the order of elliptic symbols.
Note that we have a similar situation in case of the subgroup SEIIS(M, E) in (6.41).
Namely there is a central subgroup C* := C* - 1d < SEIIJ(M, E).

Set G'SY(M, E) := SEllg(M, E)/iC*. Then the multiplicative residue res*, (1.10),

defines a homomorphism
res*: GSy(M,E) = C (6.42)

onto (additive) group C. We have to note that res* was initially introduced on
SENX(M, E) ([Wo2]). However it defines a homomorphism to C, (1.9), (1.10), and
is equal to zero on the normal subgroup C* - Id — SENY(M, E). So res* induces

44Note that g(M, E) is also canonically isomorphic to the Lie algebra g defined by (5.6). Here,
| = o(log A) is the symbol of an operator A € Ellj(M, E) such that log A exists (i.e., some root
AVk of A, k € Z4, possesses a cut L(z)). The canonical identifications Wi, G(y) = 8, of Lie
algebras g,) define the Lie algebra 8. The associative system Wj,;, of isomorphisms is given by
Proposition 5.1, (5.11).
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a homomorphism (6.42). We have to underline that res*(a) (for « € SEI}(M, E))
depends on a only and not on a smooth curve a(t) from Id = a(0) to a = a(1) used
in (1.10). This assertion is equivalent to the equality

resP =0 (6.43)

for any zero order PDO-projector P € CL°(M,E), P> = P. (Here, res is the
noncommutative residue.) The equality (6.43) is equivalent to the independence of
C4(0) (for invertible A € Ell§(M, E), d # 0, such that complex powers A* exist) of a
holomorphic family A®, i.e., to the fact that 4(0) depends on A only. (The equality
(6.43) is proved in [Wol].)

However, “difficult” parts in the diagrams {(6.40), (6.41)}, and (6.42) are different.
In (6.40) it is not easy to see from the definition of g that the central subgroup of
G(M,E) is C*. (It is proved with the help of the direct definition of G(M, E) and
of Theorem 6.1.) The central subgroup of SEI(M, E) is C* - Id (and it is an easy
part). But the existence of the homomorphism (6.42) is equivalent to the equalities
(6.43) for all zero order PDO-projectors P. This fact is equivalent to the existence
of n-invariants (and it is not so clear).

Proof of Theorem 6.1. Let X € SEI(M, E), where d = d(X) € R*. Let log,y X
exist. Set Ix := log(,) X/d(X). Then [ = lx defines a central extension g (5.6) of
the Lie algebra g := Siog( M, E). We have the splitting of the linear space

g = Sig(M,E)® C- 1. (6.44)

(Here, 1 is the generator of the kernel C in (5.6). This splitting is defined by (5.7).)
Hence the element [ € Siog( M, E) defines an element [ € gy, [ :=1+40- 1.

Set X be an element
X = exp (d[\]l}) = exp (l(m') , (6.45)

where lcﬁ is the inclusion of log[,,, X € Siog(M,E) in gqy) with respect to the

splitting (6.44). From now on by log X we denote the image of log X in @ under the
identification®® Wj, : @) — @. The element X in (6.45) is defined as the solution

X = X,lle of the equation in G(M, E)

—_—

0 X, = logmX - Xy, Xo:=1d. (6.46)

45The identification W : g @ is defined by the identifications Wi, of ¢y with gg,).
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For an arbitrary A € Siog(M, E) set II;,(A) be the inclusion of A into g(,) with

respect to the splitting (6.44). Let Y € SEllg(Y)(M,E), d(Y) € R*, and let ly :=

log Y € g be defined.*

Remark 6.11. For any element X g_SEllg(M,E) and for any its logarithm dl, | €
Siog(M, E), v(l) = 1, the element Xy := expy, (dI;l) in exp(g) is defined (I, is
considered as an element of g).

Lemma 6.2. We have
Wixiy g (A) = I (A) + (A= (r(A)/2) (Ix +ly) ) Ix —ly),s- 1,  (6.47)
[y, (A), i (B)] = I, ([A, B]) + Ki, (A, B). (6.48)

Here, r(A) (defined by (5.2)) is the order of a PDO-symbol expA for A € Sig(M, E)=:
g and K;(a,b) is the 2-cocycle of g = CS°(M, E) defined by (5.24) (I € r='(1) and
a,beg).

(The equality (6.47) means that under the identifications Wi, 8u,) — 8()

defined by Proposition 5.1 the elements I1;,(A) € @q,) are mapped to the elements
Hfz(A) + (A= (r(A)/2) (L + ) da—1h) -1 Ofa“g)'_)

Corollary 6.3. Under notations of Lemma 6.2, for A € Siog(M, E) with ér(A) =0
we have

Wiy (TTx (A)) = Wiy (Tx(64)) = (A = r(A)Lx, 8lx) - 1. (6.49)

Proof of Lemma 6.2. 1. For A := rly + a9 € g, r := r(A), and for II;, A :=
rlx +ao+0-1 € guy), i :=lx, [y := ly, we have

Wi, 11, (A) = 1l + ay + {(lh = l2,00) g + 7 (l2 — Ly 12 — 1) g /2} - 1,
where rl; + ag = rly + ag, 1.e.,

Wi I, (A) = T, (A) = {(li = 12, @0),0s + 7 (l2 = Ly la = 1) s /2} - 1. (6.50)
The term on the right in (6.50) can be transformed as follows

(lh = l2,80) e + 7 (l2 =l la = 1), [2 =
= (A — ?"31,31 — £2)res + r (Ez - ffl-J E'Z - EI)I‘ES /2 = (A - {?./2) (£1 + I'Z) '![1 - £2]re3 s

The formula (6.47) is proved.

46nder the latter condition, ¥ = Yi|¢=1 is the solution of the equation 8;Y = logY -Y¢, Yo :=Id.
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2. For A = T‘lf + ag, 7 = ?‘(A), ap € do. ] = {X.. H;A(A) - T}l + ag +0-1€ ﬁ(g},
and for B = ryl + by, 72 :=r(B), B € go, we have

(I, (A), I, (B)] :=[ril+ao+0- 1,79l + by + 0 - l]um =
= [’f‘lf + aop, ?”2! + b{]][! + Jr\,' ((10, b(}) ol = H,'_\. [‘fl, B] + I\[ ((Ig, bg) 1€ a[n. (651)
The formula (6.48) is proved. O

Proposition 6.7. Let X € EllY' (M, E), Y € Ell2(M, E), and XY € EllZ*% (M, E)
possess a cut L(,,] of the spectral plane. Let dy, dy, and dy + dy be from R*. Then the
elements X, Y, and XY are defined and the following equality holds

XY (X¥) ™ = F(a,b) € C*. (6.52)
Here, a := o(X), b:=0o(Y), and F(a,b) := F(X,Y) is defined by (2.19).

We have the fixed central extension

1 = C* — exp(d) — SEIZ(M,E) — 1. (6.53)
P

Since X € exp (), Y and XY are the elements of the same group exp (§), and since
p (XY) =5 (XY) = XY, the expression on the left in (6.52) is an element of the
kernel C* of (6.53).

Remark 6.12. Proposition 6.7 claims that a partially defined cocycle
f(X.Y) = XY (XY

coincides with the cocycle F(a(X),o(Y)) defined by (2.19). The cocycle f(X,Y) is
defined (in particular) for X and Y sufficiently close to symbols of positive self-adjoint
elliptic PDOs of positive real orders.

Remark 6.13. We use a non-standard and not completely rigorous notion of a “par-
tially defined 2-cocycle” of a Lie group G (in our setting a subgroup of SEll (M, E)
consisting of real order symbols). We have in mind a function defined on an open
set of pairs of elements of G obeying the cocycle condition on a nonempty open set
of triples of group elements. The most close known to us notion is the cohomology
of semigroups or monoids (see [McL], Chapter X.5). Indeed, in formulas for one of
the standard cochain complexes computing the group cohomology one does not use
inversion of elements of G. Namely

n

(de) (g1, -2 gn1) = 2 (=1) (g1 -1 GiGit1s- -+ Gnt1) -

i+1
Here ¢ denotes n-cochain of G 3 ¢; with the values in any trivial G-module, dc is the
coboundary of c.




DETERMINANTS OF ELLIPTIC PSEUDO-DIFFERENTIAL OPERATORS 93

It is known in topology that under some mild conditions, the cohomology of a
semigroup coincides with the cohomology of the universal group generalized by this
semigroup (see [A3], § 3.2, pp. 92-93). Formulas (6.122)-(6.128) are applicable in a
more general situation than ours. These formulas show explicitly how to pass from
partially defined 2-cocycles to germs at identity of cohomologous group cocycles.
Moreover, arguments of Section 6.4 show that we have a canonical associative system
of isomorphisms between corresponding central extensions of local Lie groups. Hence
we obtain a canonical central extension of the local Lie group and of the corresponding
Lie algebra. We will not develop a general formalism of partially defined cocycles
here because in our situation we have made everything explicitly.

Proof of Proposition 6.7. The following lemmas hold.

Lemma 6.3. Let a logarithm log X € g of X € Elj(M,E), a # 0, exist. Set
| :=log X/a. Then for 6X with §ord X =0 we have

Xl6X ) =Ty (X716X). (6.54)

Here, X~16X € g := Siog(M, E) and 3\7(‘,)16317(,-] € @ (@ is the Lie algebra obtained by
the identifications W,,1, of the Lie algebras gy, [ € 77'(1)).

Lemma 6.4. Set f(X,Y) = XY (ﬁ)_l € C*. In the domain of definition for
f(X,Y) the equality holds for 6X, 8Y" such that ord X =0 = dordY

(6x f) - fwll(x,y.-; - (‘\'_15-\'-3.\' = [‘") + (Y_l‘\'_lax Yoly = l“') (6.55)

res res

Lemma 6.5. The expression on the right in (6.55) is equal to

(‘\,-15}(‘ i f}-‘.\‘) =dxf f—l‘

res [X.Y]. (656)

Remark 6.14. According to (2.18), (2.19) for §X with §ord X = 0 we have

6x log F(X,Y) = (6X - X~'.Ix — Ixy) = (X7'6X,Ix —lyx) . (6.57)

res res

Indeed, by conjugation with X we obtain according to (2.16) that

(5)( XNy — f.\'i-‘) = (_\’—l(gX, Ix — fm‘)

res res

Thus for such d X we have

Sx log F(X,Y) = éx f(X,Y). (6.58)
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Remark 6.15. For X = exp(ril), Y = exp(r2l) (with [ € r~!(1) C g, r; € RX) we
have

F(X,Y)= f(X,Y)=0.

Hence Proposition 6.7 follows from Lemmas 6.3, 6.4, 6.5. O

Now we can finish the proof of Theorem 6.1.

The (local) section S — do(S) of the C*-fiber bundle G(M, E) — SEll5 (M, E)
is also defined by the cocycle F(A, B) = f(A, B). Thus we conclude that the real
subalgebras of real codimension 1 of our Lie algebras, consisting of elements of real
orders, are canonically isomorphic (by Remark 6.13 we have an isomorphism of lo-
cal Lie groups). Moreover, this isomorphism is complex linear on the subalgebras
consisting of elements of zero order. Hence the complexification of our isomorphism
along one real direction (of ord) gives us a canonical isomorphism of complex Lie
algebras. Theorem 6.1 is proved. [

Remark 6.16. The local section X of the C*-fiber bundle exp (g) — SEIX (M, E) is
the exponential of the cone C' C g of the null vectors for the invariant quadratic form
on g defined by Proposition 5.2. Indeed, log X" = ord X - [x (for ord X # 0) is an
element of the cone Cj, C g() of the null vectors for the invariant quadratic form
A; on g, (defined by (5.25)). These cones C; are canonically identified with the
cone C' C g (under the system of isomorphisms W,;,, Proposition 5.1).

In the proof of Theorem 6.1 we show that elements do(c(A)) € G(M, E) for elliptic
symbols o(A) with a :=ord A € R* (and such that the principal symbols o,(A) are
sufficiently close to positive definite self-adjoint ones) belong to the exponential of
the canonical cone C' C g. )

We define also the elements dy(c(log A)) for elliptic A with ord A € C* such
that o(log A) exists. It follows from the definition of do(c(log A)), (6.32), that such
elements form the exponential image of a C*-cone in the Lie algebra g(M, E) of
G(M, E), g(M, E) is canonically identified with g by Theorem 6.1.

Thus there are two C*-cones in § whose intersections with the hyperplane of log-
arithmic symbols of real orders coincide (in a neighborhood of 0 € g). So these two
cones coincide.

Proof of Lemma 6.3. Let X, be asolution in SEIIJ (M, E) of an ordinary differential
equation

ang = lexX;, Xp = Id. (659)

(Under the conditions of Lemma 6.3, we have X' = X;. The solution of (6.59) exists
for0<t<1.)
Let X, be a solution in G(M, E) (6.10) of the equation

0,X, =y (alx) - X;, Xo:=1Id. (6.60)
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By Lemma 6.6 below, we have

1
5X - X1 = f Ad(X,) - 8x (alx) dt,
0

o . _ (6.61)
§xX - X-1= f Ad (X7) - 6x (ollxly) dt.
Jo
We have also
¢ (Ad (Xy) - mp) = ad (aly) - my (6.62)
for mg € g := Sieg(M, E), my := Ad (Xy) - mo.
Under the conditions of this lemma, an element mg := dx (aly) belongs to
CS°(M,E) =: go € Sig(M, E) =: g and we have
Hyxdm; = 9Ilxym; = ad (allxly) - [Ixm;. (6.63)
To prove (6.63), note that
Mydm, :=1ly (ad (aly) - m) = ad (allxlx) - Ixm,. (6.64)

The latter equality follows from (5.7) and from (5.5) since for an arbitrary C' € go
we have

[H,\'Q‘L\', H\C] = [ly [Cd'x. C]F -+ I\-lx (!__\-,mt) -1, (665)

E[f‘\—]
and since K;([,C') = 0 for C € go. Hence we have two dinamical systems

0,0C =ad(aly)-C on g3 C, (6.66)
5‘,‘“,(,{?1 = a([(n.,\' (Of\)] . Cl on ﬁ[fx] 3 Cl, '

such that they are in accordance with a linear map Ily: go — d(ly), i-e., we have
Mxd:0C =y (ad (alx) - C) = ad (Ilx (axlx)) - UxC = 0,1,y [IxC. (6.67)
The equality

[Mxym; = Ad (_\,) Ml xymg =: Ny (6.68)

follows from (6.67) and (6.63) since the equation (6.60) has a unique solution. From
(6.68) we have

my € Il xgo. (6.69)

since my := Ad (X}) - mg € go for mg € go.
It follows from (6.61), (6.63), (6.68) that

Mx (6X - X7') =Ty ]0 it fn g di= ]0 inedt = 6% - X1, (6.70)
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To prove the equality (6.54), note that
XX =Ad(X! §X - XY,
KRN =M (X) o (03 X7 6.11)
X716X = Ad (X™) o (X - X71),

X1 = Xi|i=—1 for the solution X; of (6.59), X-!' = X;|j=—y for X; from (6.60).
We see from (6.70) and from (6.60) that

My (6X - X7') =4X - X7, §X-X7' € qo,

~ (6.72)

[Ixm, = Ad (.\',) - xmg

for mg € go, my := Ad (X}) - mp. Hence we obtain
X1 6X = Ad(X7Y) (5X - X71) = Ad (Xpfi=r) o Ty (6X - X7) =
= My Ad(Xi|i=m1) - Iy (6X - X71) = Ty (X7'6X) . (6.73)

The latter equality in (6.73) follows from (6.65), (6.64), and from (6.59) since Ad (X;)-
(X~'6X) € go. The lemma is proved. O

Lemma 6.6. Let A be a symbol from SEIS (M, E) (a € C) or let A be an element
of the group G(M,E) (defined by (6.10)). Let there exist a logarithm L4 of A,
A:=exp(L4).Y7 Let §A do not change an order of A. (For A € G(M, E) the order
of p(A) € SEIY (M, E) is defined, p: G(M, E) = SEllg (M, E).) Then we have

§A-A~' = F(ad (L4)) 0 6La, (6.74)

where

F(ad(L4)) := /01 dtAd(A), A =exp(tLa). (6.75)

Proof. According to Duhamel principle we have for A := exp (L4)
1
sA= [ ASLiA .
0

Hence we have

1
SA- A" = ]0 Ad(A;) - 6La. (6.76)

47L 4 is an element of g := Siog(M, E) for A € SEIY (M, E) or of g for A € G(M, E). We have
A = Atli=1, where & Ay = L4 - Ay, Ag :=1d.
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Remark 6.17. According to the equality

/ dtexp(tz) = (expz — 1)/z

the expression F' (ad (£4)) in (6.75) has formal properties of (exp z — 1)/2|.=ad(c,0)-
Proof of Lemma 6.4. We have

Suf [ 1= X (5 £ 1) R

since f € C* -1 € Kerp (p is from (6.53)) and since dx f - f~! is an element of the
kernel C in the central extension (5.6). Hence

Sxf frel=X"BX-¥ (_\’1-) 5x (XY) V. (6.77)
According to Lemma 6.3 we have
X16X = Iy (X716X),
(X7) ™" 6x (X7) = yy ((XY)'0x(XY)) = (6.78)
=TIy (Ad (Y1) 0 (X716X))
because dx ord(XY) = 0.

By Lemma 6.2 we have
My (X718X) = My (X76X) + (X761 = by)
My ((XY)'8(XY)) =Ty (Ad (Y=o (x7'6x)) + (6.79)
- (Ad (}"") 0 (X'lrSX) JUxy — f}-‘)m
since X 16X € go. Hence we get
Sxf-ft 1= {Iy (X'6X) - ¥Iy (Ad (Y1) o (X7'6X)) v+
+(X16X, 0 = Iy) _+ (Ad (Y1) o (X76X) by —Ixy) - (6.80)

The assertion of the lemma follows from (6.80) and from Lemma 6.7 below. The
latter lemma claims that the first term on the right in (6.80) is equal to zero. O

Lemma 6.7. Let Y be an element from SEIY (M, E) of nonzero order a and such
that logY = aly is defined. Then the linear operator Ily : gg — G(y) commutes with

Ad(Y) and with Ad (~) 48 Namely we have

Ad (V) 0TIy Z = Ty (Ad(Y) 0 Z) (6.81)

48To remind, ¥ := exp (Ily (aly)) lies in G(M, E).
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for Z € go (:= Sieg( M, E)).
Proof. Let Y; be a solution of an ordinary differential equation in SEll5 (M, E)
0Y; = aly - Y4, Yo :=1d.
Let ¥; be a solution in G(M, E) of
Y, =TIy (aly)- Y.,  Yo:=1Id.
Then we have Y = Y;, Y = Vi, and
Ad (V) Iy Z = Iy (Ad(Y;) 0 Z)

according to (6.68). The lemma is proved. O
Proof of Lemma 6.5. We have from (2.16) that

(Ad (Y1) o (X716X) by — ;._,\-,.-)m = (XX Ad(Y) o (Iy — Ixy)) =
= (X16X, Iy —lyx) . (6.82)
Hence, from (6.55) and from (6.82) we see that
(0xS 7| gy = (NT16X s = lyx)
The lemma is proved. O
Remark 6.18. The holomorphic structure on the determinant C*-bundle
p: G(M,E) — SEll5 (M, E) (6.83)

is defined. The reason is that all Lie algebras in our situation have natural complex
structures and the isomorphism from Theorem 6.1 is defined over C.

Proposition 6.8. Let C' be a positive definite elliptic PDO of order m > 0, C=
exp(mJ), J € ell(M, E), J := logz C. Then the splitting (6.44) of gq) with | := a(J)

oy =8 C-1 (6.84)
is defined by a homomorphism fJ CL°(M,E) = C,
f1(L) := TR(L exp(—sJ) —res o(L)/s)|s=0-

Namely for a curve exp(tL) € ElJ(M, E) we have

B, log (dy(exp(tL))/ exp (Mo (L)) |,y = Fo(L)- (6.85)
Here, dy(exp(tL)) is the image of exp(tL) in G(M, E) and exp (tH,(J)or(L]) is a
solution in G(M, E) of the equation

Oy = (HO-[J}O'(L)) ug, o = Id,
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1,50 (L) is the inclusion of a(L) C go C @ into g(e(y)) with respect to the splitting
(6.84).

Proof. The formula (6.85) follows from Proposition 7.1, (7.7), (7.8) below. O

6.1. Topological properties of determinant Lie groups as C*-bundles over
elliptic symbols. For the sake of simplicity the following lemma is written in the
case of a trivial C-vector bundle £ := 15 with N large enough.

Lemma 6.8. For a trivial vector bundle 1y =: E. where N is large enough, over an
orientable closed manifold M, dim M > 0, the C* -extension G(M, E) of SEll§ (M, E)

is nontrivial.
Namely the Chern character of the associated linear bundle over SElly (M, E) is

nontrivial in H* (SEI} (M, E),Q).

Proof. 1. The principal symbols of a family of elliptic operators from Ellg (M, 1x)
(parametrized by a map of a smooth manifold A, ¢: A — Ellg (M, 1y)) define a
smooth map

@symb: A X STM = U(N). (6.86)

If N is large enough, then the space of such maps is homotopy equivalent to the
space of maps from A into U/(cc). The A-functor K'~'(A x S*M) is defined as
the set of homotopy classes [A x S*M;U(c0)] ([AH], 1.3). The Chern character
ch: K=1(A x §*M) — H°™(A x §*M,Q) defines an isomorphism of K~' ® Q with
H°% ([AH], 2.4).

2. The space Ellg (M, 1y) is a bundle over SElly (M, 1x) with a contractable fiber
F = {Id4+K} = 7~'(Id), where K are operators with C**-smooth kernels on M x M
(i.e., smoothing operators). The determinant of the index bundle over Ello (M, 1x)
is isomorphic?® to the pull-back 7*L to Ello (M, 1x) of the associated with G (M, 1x)
linear bundle L over SEII; (M, 1y). The Chern character of 7*L restricted to a family
A of elliptic operators is given by the Atiyah-Singer index theorem for families®®

ch (@hyms L) = ch(@™7"L) = ., T(S"M) ch(ua). (6.87)

Here, T(S*M) is the Todd class for T(S*M) @ C, T corresponds to

n( ¥ U )
1 —exp(yi) 1—exp(—yi))’

49This isomorphism of linear bundles is not canonical. The existence of such an isomorphism is

proved in Section 6.2. _
50The orientation of S*M differs from the orientation in [AS1], [AS2] and coincides with its

orientation in [P].
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where y; are basic characters of maximal torus of O(n) and the Pontrjagin classes
pi(TX) are the elementary symmetric functions o; of {y?}, T =1 —p /12 +....
The uy4 in (6.87) is an element of K ~'(A x S*M) corresponding to @gyms (6.86). Its
Chern character ch(us) € H°™(A x S*M) corresponds to an element ch (duy) €
H®(A x 5*M, A x S*M) in the exact sequence of the pair (B*M, S*M) ([AH], 1.10).
Here, B*M is the bundle of unit balls in 7*M and 6: K~'(A x S*M) = K°(A x
B*M, A x S*M) is the natural homomorphism. By the Bott periodicity,

K=Y (A x §*"M) = K'(A x §*M).

3. The family ¢: A — Elly (M, 1y) is a smooth map to the connected component
of the operators with their principal symbols homotopic to a trivial ones. Hence for
any a € A the map @syms(a): a x S*M — U(N) is homotopic to the map to a point
in U(N). Up to the multiplication of the element u(a) := [psyms(a)] € K*(S*M) by
a number n € Z, the latter condition is equivalent to the equality ch(u(a)) = 0 in
H°¥(S*M,Q). (Here, we suppose that N is large enough. The torsion subgroup of
K'(S*M) is a finite group.)

Let A be an orientable closed even-dimensional manifold. Then there is a smooth
map @symb: A x S*M — U(N) (where N is large enough) such that

ch (@syms) [4 X S™M] # 0,

ch (@syms(a)) = 0. (6.88)

4. Let A = ¥ be an orientable compact surface. Let a smooth map psyms satisfy
(6.88). Then the integer multiple of @gyms

n-Peymb: B X S*M = U(nN),

n € Z., is homotopic to a trivial one under the restriction to a x S*M for any a € L.
So there is a smooth family ¢, of elliptic PDOs with their principal symbol map
n - Peymb, P1: L — Elly (M, 1,x). By (6.87) and (6.88) we have

ch (Ind 1) [£] = ch (pin"L) [£] =

/ T(S*M) ch (ug) = ch (n@syms) [S*M x E] # 0.
S*MxE
Then ch(L) is nontrivial in H°% (SEHS (M, 1,n), Q) because
ch(L) [¢1X] = ch (Ind ¢y) [E] # 0.

The lemma is proved. O
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6.2. Determinant bundles over spaces of elliptic operators and of elliptic
symbols. The line bundle over SEIl} (M, E) associated with the determinant Lie
group G(M, E) can be defined as follows. The determinant line bundle over the group
Ell§ (M, E) of invertible elliptic operators is canonically trivialized (as Ker A = 0 =
Coker A for A € Ell§ (M, E)). Any two operators A, A; € ElIf (M, E) with the same
symbols differ by myltiplying by B = A;A7' € {Id4+K}, K are smoothing. The
identification of fibers C = L;,, (A1) 3 | and Lin, (A2) 5 1 over A; and A, is defined

€ € Liny (A1) = €/detp,(B) € Lin, (A2). (6.89)

Here, detp,.(B) is the Fredholm determinant. These identifications define the line
bundle L over SEllj (M, E) canonically isomorphic to the linear bundle associated
with the principal C*-bundle G(M, E) over SEIl; (M, E). The holomorphic structure
on the C*-bundle G(M, E) over SEll; (M, E) (defined in Remark 6.18) gives us the
holomorphic structure on the associated line bundle L.

The group G(M, E) is the group of nonzero elements of L. The image d;(A) of
A € Ellf (M, E) in Fo\ Ellf (M, E) = G(M, E) (satisfying the multiplicative property
(6.8)) corresponds to the unit 14 in C = L;,,(A). The definition (6.89) is compatible
with (6.8) because for £ € C* we have

€14, =E-d(A) =€ d(A1A7") - d(Ay) = €/detp, (A2AT') - La,.
Here we use for AA;! =: B the equality
detp, (B) =d\(B) € F)\F=C* € F

(where F' are invertible operators of the form Id +K, K is smoothing).

The determinant bundle detgy over the space of elliptic PDOs has the determinant
line det(Coker A)®(det(Ker A))~' = detgy(A) as its fiber over a point A € Ell(M, E).
Here, det(V) := A™*V for a finite-dimensional vector space V over C and L~! is the
dual space to a one-dimensional C-linear space L. (An elliptic PDO A € EllY(M, E)
of any order ¢ defines the Fredholm operator between Sobolev spaces H(, (M, E)
and H(s_m)(M, E), where m := Regq, and Ker A C C*(M, E) is independent of s,
[H62], Theorem 19.2.1 and Theorem 18.1.13 also. The space Coker A is antidual to
Ker A* ¢ C®(M,E* @ Q), where E* is antidual to E and Q is the line bundle of
densities on M.)

Let det(, be the restirction of detgy to the connected component Ellg(M, E) of Id
of the space of elliptic PDOs. The natural fibration

7+ Ello(M, E) = SEIX (M, E) (6.90)

over the space of symbols of invertible elliptic PDOs has contractible fibers (Id +K)- A
(where A is an invertible elliptic PDO with a given symbol and K are smoothing
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operators, i.e., their Schwartz kernels are C™ on M x M). Hence there are global
sections of this fibration.

Proposition 6.9. The linear bundle detgy over Ello(M, E) is isomorphic to 7*L,
where L is the linear bundle over SEIIS (M, E) associated with the determinant Lie
group (and 7 is the projection (6.90)). This identification is not canonical. Any
global section s: SEIl; (M, E) — Ello(M, E) defines a canonical identification of line
bundles s* detyy, and L over SEIY (M, E).

This assertion is proved with the help of the following lemma.

Lemma 6.9. There is an associative system @4, 4,: detgn (A;) — detgn (Az2) of

canonical linear identifications for A; from the same fiber of m. If Ay and A, are
invertible elliptic PDOs, then detgy (A;) is canonically C and ¢4, 4, 1s the multipli-

cation by the Fredholm determinant (detg,(B))™", B := A A7

Proof. These identifications are defined as follows. Let Ag, Ay, Ay be elliptic PDOs
from the same fiber of 7 and let Ay be invertible. There are smoothing operators Sj,

J = 1,2, such that
Aj = (Id +S;) Ao.

The determinant line L;,,(Ao) is canonically C. The PDO Ag defines (in a canon-
ical way) the identification of Ln,(Ao) with (det(E;)) @ (det(E'g))_l, where Eo C
['(M,E) is a finite-dimensional space of smooth sections, E; := AoFEy. Let Ey,
E; be finite-dimensional subspaces of I'(M, E) such that Ker A; C Ey and the im-
age of the natural map from F; into Coker A, is Coker A;. Then the determinant
line detgy (A;) is canonically isomorphic (by the action of the operator A;) with

det (E’I) ® (det (Eg))_l. In particular, it is canonically identified (by A;) with

det (AoEo) ® (det (o)) ™, Eo = Eo (A, Ao) = A7'K_1 (S1),  (6:91)

where K_; (S)) is the (algebraic) eigenspace for S; corresponding to Si-eigenvalue
(—1) (i.e., dimg K_; is the algebraic multiplicity of (—1) for S;). The operator S; is
a compact one in Ly(M, E). Hence dim Eq (A, Ag) = dim K_; (S;) < co. We have
the composition of canonical isomorphisms (for Ey := Eo(Ay, Ao)) defined by the

operators Ag and A,

Line (Ao) 2224 det (Ao Eo) ® (det (Eo))™ &2 deten (41).  (6.92)

The truncated Fredholm determinant det, (Id+S) is defined as the Fredholm
determinant of the operator (Id +5;) restricted to the invariant subspace for (Id +5;)
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complementary to K_; (S;) in Ly(M, E). The identification of the lines
©Ag,Ay ¢ Linv (Ao) — detgn (A1)

is the composition of the identifications (6.92) multiplied by (det}, (Id +51))7". (Note
that if A, is invertible, then Ey = 0, det (Ey) is canonically C, and detp, (Id +5;) =
det (A4, A5"). So this definition is compatible with (6.89).) The identification of the
lines

P44, detgy (Al) — detgy (Ag) (693)

is defined as @a,.4, - (Pa0.4,) -

Lemma 6.10. The isomorphism (6.93) is independent of an invertible PDO Aq from
the same fiber.

Proof. Indeed, let A} be another invertible PDO with the same symbol as o (Ao).
Then we have

PAc. AL = PAY,AIPAAYS (6.94)

where @4, 4 is the identification (6.89) of the lines Lin, (40) = detgy (Ag) and
detgy (Ag).

To prove (6.94), we use the interpretation of the isomorphism ¢4, 4, as follows.
We have

Paos (Lay) = deth, (4145") - (Aveo A €5") , (6.95)

where ey € det (E'g), eo # 0, and Agep is the image of e in det (El) := det (AOE'D).
(Here, Ej are the same as in (6.91). The determinant line bundle det (El) ®
(det (Eo))" is identified with detgy (A1) by ¥ (A;).) Let E; be a finite-dimensional

invariant subspace corresponding to algebraic eigenspaces for A1 A" with eigenvalues

A € Spec (AlAa'), Al < C, C € Ry. So Ey C E,. Set Ey := A;'E,. Then we have

-1
ot = (detp, (1 - pr,) A145")) " Panay (Bo), (6.96)
where ©4,.4, (E,) is the composition of identifications (defined by Ag and Ay)

Liny (Ao) 222 det (By) @ det (E5) €222 deten (41),  (6.97)

and pg, is the spectral projection of Ly(M,E) on the algebraic eigenspaces for
A A7 = Id+S; with eigenvalues A, |A\| < C. The determinant lines det(E,) :=
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(det (E1)) ® (det (Eo))™" and det(E,) := (det (E1)) © (det (ED))“ in (6.97) and in
(6.91) are identified by Ay,

V5, 5, (Ao) : det (E,) — det(E,). (6.98)

The elements in these determinant lines corresponding to the same element a €
det (A1), a # 0, are connected by the identification (6.98). (This assertion is compat-
ible with the ratio of Fredholm determinant factors in the expressions for ¢4, 4, with
the help of ©4,,4,(F.) and 4, 4, (E'.)) Hence ¢4,.4, (14,) can be interpreted as
an element of the system of determinant lines det(£,) identified by 15, g, (Ao) with

det (E‘.) This assertion means that formally ¢4, 4, (14,) has the properties of the

expression Age A e, where e is a nonzero “volume element” from “det (Ly(M, E))”

and Age is the image of e in “det (H(_m,(ﬂf, E})“, m := Re(ord Ap). Here, e is de-
fined by a basis (ej,...,€,,...) from a class of admissible basises in Ly(M, E). This
class is defined as an orbit of a given orthonormal basis by the action on it of the
group F' of invertible operators of the form Id +A’, K are smoothing.

Let e be the volume element defined by an admissible basis (ey,...,€p,...) and
let f be the volume element defined by (fi,..., fas...)=Bl(er,... €n,...), BEF.
Then we have

f =detp.(B)-e, Af = detp.(B) - Ae. (6.99)

(This interpretation has some analogy with the construction of the determinant bun-
dle over the Grassmanian of a Hilbert space in [SW], § 3.)
Let Ag be an invertible PDO with the same symbol as o (A4y). Hence we have by

(6.95), (6.99)
Pas Ay (IAB) = AjeNe ! =det (.-45/151) (Aue A e'l) = det (AE,AEI) P oA (Lag) -
So the equality (6.93) is proved since

(ro«"lnrﬁﬁ (140) = (detp,- (_-1&;‘-161))_1 . lAfJ'

The lemma is proved. [

Proof of Proposition 6.9. Let s be a section of the fibration (6.90), s = Id on
SENZ (M, E). Then the line bundle s* detgy over SEII} (M, E) is isomorphic to the
line bundle L associated with the C*-fibration of the determinant Lie group over
SEIS (M, E). Namely the associative system @4, 4, identifies linearly the fibers of
detgy for Ay, A, from any fiber of 7 and defines a line bundle L; over SEII} (M, E)
isomorphic to L. The linear bundle detgy is isomorphic to 7*L; = 7*L since 7 is a
fibration with constructible fibers. We have

L =s1"L =s"n"L; = s"det]y.
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The canonical identification L = L, follows immediately from the coincidence of the
identifications (6.89) with ¢4, 4, for invertible A;, A; and from the associativity of
© 4,4, given by Lemma 6.9. [

Remark 6.19. (A holomorphic structure on detgy,) A natural holomorphic structure
on Ellg(M, E) is defined as follows. We have a natural projection

p: Ellg(M, E) — SEllo(M, E) (6.100)

with an affine fiber {Id +K}, where K are smoothing. (Elements of this fiber may
have the zero Fredholm determinant.) A projection py: Ello(M, E) — ps(M, E) on
the space of principal elliptic symbols (of all complex orders) has as its fiber an affine
space Id +CL™'(M, E). These fibers have a natural complex structure invariant
under the adjoint action of the group Ell (M, E) of invertible elliptic PDOs. The
base ps(M, E) has a natural complex structure (analogous to the one defined in
Remark 4.18. This structure induces complexes structures on all other connected
components of Ell(M, E) by (left or right) multiplying by representatives of these
components.

The line bundle det, over Elly(M, E) has a natural holomorphic structure. It is
the structure induced from a holomorphic structure on the determinant line bundle
L on SEII (M, E) (associated with G(M, E)*') under a (local) holomorphic section
rof p,r: U = p~'U. A holomorphic section of dety, over r(U) defines a section of
dety, over p~'(U) with the help of the canonical associative system of identifications
(defined in Lemma 6.9) of the fibers of det(, over the fibers p~!(z), x € U. These
sections over p~!(U) define a natural holomorphic structure on detp.

6.3. Odd class operators and the canonical determinant. The odd class PDOs
are introduced in Section 4. They are a generalization of DOs. Let EIl_,\(M, E) C

EllX(M, E) be a subgroup of invertible elliptic PDOs of the odd class.®> Then the
subgroup of Ell§ (M, E) generated by elliptic DOs is contained in Ell",,(M, E) and

every element of Ell,,(M, E) has an integer order.

The multiplicative anomaly on an odd-dimensional closed manifold is zero for op-
erators A, B € Elli_ (M, E) such that ord A, ord B, ord A+ord B € Z\0. Thus using
the multiplicative property, we can define unambiguously a determinant det(A) for
zero order A € Ellf‘_”.o(M, E) with oo(A) close to a positive definite self-adjoint
one, Corollary 4.1. The canonical determinant det(_;)(A) for any odd class invert-
ible zero order elliptic PDO A (on an odd-dimensional M) with a given o(log A) €
CS?_”(M, E) is defined below, (6.111). These two determinants are equal for odd

51The line bundle L over SEIIY (M, E) is explicitly defined at the beginning of this subsection. A
natural holomorphic structure on it is defined with the help of Remark 6.18.
S2E11X (M, E) is the group of invertible elliptic PDOs of complex orders.
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class elliptic A of zero order sufficiently close to positive definite self-adjoint ones and
for an appropriate o(log A). (It is proved below.)

Let G(~1)(M, E) be the determinant Lie group restricted to the odd class elliptic
PDOs, i.e., G(-1)(M, E) be the quotient Fp\ Ell("_l]_o(m‘, E).

Let Ell?_”‘o(ﬂ”[, E) 3 Id be a connected component of Ell(_y)(M, E) and let
G( y(M,E) := Fo\Ell( oM, E)

be an appropriate determinant Lie group. Then the Lie algebra c[[( (M, E) of
Ell 1](,(M E) is equal to C'L{_,)(M, E) by Proposition 4.2.

Lel‘. =g (log{g y Aj )/01(1 Aj, where A; € Ell?ﬁ'l),ﬂ(ﬁf. E), m; are even, m; # 0,
and L,y are admissible (for A;) cuts of the spectral plane. Let g(_y);) be a one-
dimensional central extension of the Lie algebra C'SP_;,(M, E) given by the cocycle

K, (M, E), Lemma 5.1, (5.5), Remark 5.1, (5.6), (5.7).

Remark 6.20. In the definition of logarithmic symbols o (log A;) it is enough to use
a smooth field of admissible for (4; — A)™' spectral cuts 6;: P*M — S* = R/2nZ as
in Remark 4.8. (This map has to be homotopic to a triv 1al one.) These fields of cuts
may depend on A;.

For such deﬁned logarithmic symbols [; = o (log A;) /ord A;, Propositions 6.10,
6.11, Lemma 6.11 (and Corollary 6.4) are valid. The existence of such fields of
spectlal cuts is a property of a symbol o (A4;) (but not of an even order PDO A;
itself). If these fields exist, then the Lie a[gebras (over Z) @7 1)y — g{ 1),(t2)

(defined below) are canonically identified by 19,;,, Proposition 6.11.

Proposition 6. 10. The extensions d(-1).1,) of the Lie algebra CSP_, (M, E) for a
closed odd-dimensional M are canonically ra’fntrﬁfd by an associative system of iso-
morphisms Wiy, : 8(-1),1) = 8(-1),(12) defined in Proposition 5.1, (5.11). These iso-
morphisms are Id with respect to the coordinates in (5.11).

Proof. By Corollary 4.3 and by Remark 4.7 [; — [, belongs to C'S_,(M, E). So the
identification (5.11), Wi,,(a+c¢-1) =a+¢ -1, for a € C'S{_,,(M, E) is given by

d=c+(ly =lz.a), . =c (6.101)

in view of Remark 4.5, i.e., Wj,;, = I1d. O

However the logarithms of the odd class elliptic PDOs form a Lie subalgebra (over
Z)e[[ (M, E) C ell(M, E). Elements of eII( (M, E) take the form mL + a, where
m € Z,a € CS°(M,E), and 2L is a logarithm of an element of Ell( no(M, E)
(for e'icample, of Ag + Id, Ap is the Laplacian of a unitary connection V¥ on E).
Analogous subgroups @{ ),y of g, are defined.
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Proposition 6.11. The identifications Wy,,,, (5.11),

Wi, 81y, — 8(-1)u(12)

are Id (over S(_y)10e( M, E), the Lie algebra over Z of SEIIE‘_”.O(M,E)) on an odd-
dimensional closed M with respect to the coordinates (5.11) in the central extensions.
(Here, l; are under the same conditions as in Proposition 6.10.)

Proof. An element qly +a+c-1 € §7,) ). q € Z, is identified by Wy, with
gbh+ad+c- 1€ "g'[E_”.“:]. where

gl +a = gly + ' € Si-pyog(M, E),

6.102
Cr=C+(31—{2.ﬂ]res+Q(t!1—fg,gl—fg]rm/'z. ( )

By Remark 4.5, ¢ = ¢ because [} — [, € CS?_,,(M,E) by Corollary 4.3 and by
Remark 4.7. O
The associative system of identifications Wi,,: Gy ;) — 8(1),) defines a

canonical Lie algebra ﬁ?_l) over Z which is a central extension of S(_y) 0g( M, E) with
the help of C.

Lemma 6.11. The cocycle Ky, (5.5), is trivial on S_1)0g( M, E) for a closed odd-
dimensional M. Here, | satisfies the same conditions as l; in Proposition 6.10.

Proof. By Remark 4.5 it is enough to show that [l,a] € CS_,,(M, E) for some even
m. Then exp(ml) € SEI,) ,(M, E). There is an invertible A € EII,) ,(M, E) with
o(A) = exp(ml). By (4.17) and by Remark 4.7 we have

0-ms-i (AG)) (2:6) = (—1) 0—memj (A7) (2. —€) (6.103)

for an admissible for A cut L(g). So we have
[ (4@) ], @6 = 0 [ (4G) o], (-0 (6.10)

Taking Js|s=0 of (6.104), we obtain m[l,a] € CS?_”(AM, E). The lemma is proved.
O

Corollary 6.4. The central extension ﬁ?_n(ﬂ-’f, E) of Si-1)10g(M, E) is canonically
trivial.

Indeed, by Proposition 6.11 the coordinates ¢ -1 in ﬁ[z_le) with respect to the
splittings ﬁ%:}.u,} = S(=1)log(M,E) & C- 1 do not change under the identifications

Wi,1,. By Lemma 6.11 the C-extensions ﬁ%—ll-(b] of S(-1)10g(M, E) are trivial with
respect to these splittings.
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The canonical splitting g—1) = S(-1)10g( M, E) & C of this central extension gives
us a canonical connection on the C*-bundle G(_;)(M. E) — SE“F'_I).D[A/I., E). Hence
we can define locally a holomorphic function on the space of odd class elliptic PDOs
on an odd-dimensional closed M. (A natural complex structure on EIl,) o(M, E) is

defined in Remark 4.18.) Namely, if for A close to Ay we choose as do(A) a locally
flat section over o(A) (with respect to the connection on G(_;)(M, E)), then

det(A) := dy(A)/do(A) € C*

is holomorphic in A. Of course in general we cannot find a global flat section do(A).
However we can define JD(A) as a multi-valued flat section of G(_;)(M, E) over zero
order symbols of the odd class such that do(A) is an anlytic continuation of the flat
section do(A) near o (Ao) = Id, where do(Id) is the identity of G-1)(M, E).

Let Ag be the Laplacian on (M, E) for (g.’\va). where gy is a Riemannian

structure and V¥ is a unitary connection. Then we define ffg(A) for ord A = 2m,
m € Z, U0, as a multi-valued flat section of (v(_y)(M, E) over SEll(z’_nn‘o(M, E) such

that (ZU( E+ Id) = d, (A’E + Id)/det[,.} (AR + 1d).

Proposition 6.12. For such a section n?g(;l) the determinant
det( ) i=dy (A /(fg (6.105)

gives us a (multi-valued) holomorphic determinant of A € EN,) o(M, E) defined in
Section 4.5, Proposition 4.10.

Remark 6.21. This holomorphic determinant is a multi-valued function f(A) defined
up a constant factor ¢ € C*. |¢| = 1. Here we define a branch of f(A) equal to
det(z) (AF + Id) at the point Ag:= Af +Id € Ellff‘l]_o(ﬂf. E). We can do this since

2 2
|/ (A0)* = (det(z) (AF +1d))" = |det(s) (AF + 1d)|". (6.106)

Here we use that A} + Id is self-adjoint and positive definite.

Corollary 6.5. The monodromy of det(A) defined by (6.105) over closed loops in
Bl o(M, E) is given by multiplying by roots of order 2™ of 1, where m depends on
dim M only. (This assertion follows from Proposition 4.13.)

Let A € E]l( no(M, E) be an elliptic PDO of odd class on an odd-dimensional

closed M with a fixed logarithmic symbol o(log A) € CQD (M, E). Then A has a
canonical determinant defined with the help of the Tr(_ l,-functlonal Proposition 4.1,
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(4.2). This functional is defined for the odd class PDOs CL7_;,(M, E) on an odd-
dimensional closed M. Namely let B € e¢ll_;)(M, E) be an operator with o(B) =
o(log A). Then the element

di_1)o(c(log A)) = dy(exp B)/det_y(exp B) (6.107)

is defined, where d;(exp B) is the image of exp B € Ell( no(M, E) in G_1y(M, E),
Foexp B, anc[

det(_y)(exp B) := exp (=0s Tr(_yy(exp(—sB))|s=0) € C*. (6.108)

For all s € C an elliptic operator exp(—sB) belongs to EH( no(M,E)CCL(_)(M, E).
Hence Tr(_1)(exp(—sB)) is defined for all s € C and is regular in s.

Lemma 6.12. The element J(_I)_D(U[Iog A))€G—1)(M,E) is independent of a choice
of B with o(B) = o(log A).

Proof. Let B; € ell_)(M, E) and o(B) = o (B;). Then
dy (exp By) = detp, (exp By exp(—B)) di(exp B),

det(_y) (exp By) = exp (~83 Tr(—1yexp(—sBy) L:O) =
= det(-y)(exp B) exp (—8, Tr(_y) (exp (—sBy) — exp(—sB)) L=0) . (6.109)
An operator exp (—sB;) — exp(—sB) is of trace class for all s € C. It is even a

smoothing operator. (An operator exp(—sB) is defined in Ly(M, E) by (3.30), B is
bounded in Ly(M, E), and o (B;) = o(B).) Thus

By) — exp(—sB)) = Tr(exp(—sB;) — exp(—sB)). (6.110)

Tr(-1) (exp (—s
(2.26), to Remark 3.4, and to Proposition 6.5, (6.29), we conclude

Similarly to (2.25),
that

exp (—63 Tr(_1) (exp (—=sB1) — exp(~sB])) =exp (Tr(B; — B)) =
= detp, (exp B, exp(—B)).
The lemma is proved. O

Definition. An (odd class) determinant A € Ell( no(M, E) with a given loga-
rithmic symbol o(log A) € CL( 1y(M, E) is defined by

det(_1)(A) 1= di(+ )/d( 1,0(o(log A)), (6.111)

where d( nolo(log A)) € G-1)(M, E) is defined by the expression on the right in
(6.107) with any operator B € ell_y(M,E) = C“L[ (M, E) such that o(B) =
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o(log A). The expression on the right in (6.111) is independent of B with ¢(B) =
o(log A) by Lemma 6.12.

Proposition 6.13. Let A € Elll?_n‘o(M. E) (M is odd-dimensional) be sufficiently
close to positive definite self-adjoint PDOs. Then

det(_y)(A) = det(A4), (6.112)

where det(A) is defined with the help of the multiplicative property, Theorem 4.1,
Corollary4.1. In (6.112) we suppose that an appropriate o(log A), namely d(log(,-r)A),
is used in the definition of det(_yy(A). (This symbol is defined by (4.12).)

Proof. 1. Let L :=logA € ell_y(M,E) = CLY_,)(M,E) exist. The det(_1)(A)
corresponding to (L) € CS°(M, E) is given by

det(_1)(A) = exp (Tr1) L). (6.113)

(This formula can be read as det(_;)(A) = exp (Tr(_”[log -4)). The functional Tr(_y)

is defined by Proposition 4.1, (4.2).)
To prove (6.113), note that for any A € C'L{_,,(M,E) we have Tr(_;)(A) =

TR (AC[_;;) |s=0 for any positive definite self-adjoint ' € Elllff"l}‘o(ﬂf. E), m € Zj.

In particular,
det(—1)(4) = exp (=, (TR (exp(=sL)C™™) [5y=0) ls=o) - (6.114)

The family exp(—sL)C ™" is a holomorphic family of elliptic PDOs. So the function
TR (exp(—sL)C~*1) is regular at s; = 0 (since exp(—sL) is a PDO of the odd class
and since M is odd-dimensional) and then at s = 0. We can rewrite (6.114) as

det(_;)(A) = exp (- (TR (—L oxp(—sL}(_""‘”) |51=u) |,=n) —

= exp (— Tri—yy(—=L (‘X])(—.‘-’L))l.s’:(]) = exp (Tr[_;, L) :

2. The determinant det(A) of A:=explL, L € elli—1)(M, E), (defined by Corol-

lary 4.1) for L sufficiently small is
det(A) = detz((exp L)C")/det#)(C).

For all sufficiently small { we have

det(exp(tL)) = exp (10, log det(exp(sL)C)|s=0) ,

(0} ) (6.115)
9, log det(exp(sL)C)|s=0= TR (LC™) |.z0 = Tr(-y) L.
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The equality @ in (6.115) follows from the variation formulas (2.28), (2.29), (7.24)
for d log det (Cs), Cy := exp(sL)C,

Jslog det (Cy) = (('1-}-:6:) Tr (LC,;-:)) ’

=Tr (LC;"—resa(L)/zord Cs) "
= Tr(LCj) |:=0- (6.116)

(By Remark 4.5 res o( L) = 0 since L is an odd class PDO and M is odd-dimensional).
The expression Tr(LC;?) is equal to TR(LC?) for ordC' - Rez > dim M. So
Tr (LC;?) |:=0 = Tr(~1) L. Then we conclude that

det(_1)(A) = exp (Tr(y)(tL)) = det(A)

for A =exptL, where t is sufficiently small. The functions det(z)(A) and det(A) are
analytic in A (in their domains of definition). If log;) A is defined, then det(A) is
also defined. The domain of definition of det;)(.1) is connected. The proposition is
proved. O -
Proof of Proposition 6.12. 1. First we prove that det(A) = det(A) for PDOs A
from Ell?_l]‘o(ﬂ'f, E) sufficiently close to Id. (Here, det(A) := f(A) is a branch of a
holomorphic determinant, Proposition 4.10, f(Id) = 1.)
Let A:=exp(tL), L € CL)(M,E), C € Ell?’_"'”.ﬂ(ﬂf, E), m € Z4, be a positive
definite self-adjoint PDO, .J := log;, C". Then by Proposition 6.8, (6.85), we have
0, log (di(exp(tL))/ exp (tl,(5)0(L))) ‘f:o = TR(Lexp(—s.J) — reso(L)/s)| _ =

s=0

= TR(Lexp(—=sJ))|s=0 = Tr(—y) L. (6.117)

Here we use that reso(L) = 0 for L € C‘L?WI)(M, E) by Remark 4.5 and by the
definition (4.2), Proposition 4.1, of Tr(_;y L (M is odd-dimensional). In view of
(6.113) we have det(_;)(exp(¢L)) = exp (Tr[_l)(fL)),

dylog det(_yy(exp(tL))|i=0 = Tr(_1y L. (6.118)
We conclude from (6.117), (6.118) and from Proposition 6.13 that
Orlog det(exp(tL))|,_, = drlog (di(exp(tL))/ exp (oo (L))) | ., =
= Tr(_1) L = 0;logdet(_yy(exp(tL))|i=0 = O: log det(exp(tL))|i=0. (6.119)
Thus we have two equal characters of the Lie algebra ell_;)(M, E) = CL?_”(M, E)>

L. Hence the corresponding characters of exp (el[{_l}(M, E]) are also equal. The

exponential map is a map onto a neighborhood of Id in Ell?_n‘o(M, E) (and even in
ElS(M, E)). Indeed, for any A € Ellj(M, E) close to Id we can take log ;) A, and
it belongs to ell_1)(M, E) for A € Ell?_l}.G(M. E) by Proposition 4.2, (4.12). So the
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branches of the analytic functions det(4) and f(A) coincide in a neighborhood of
Id € Ell?_l),o(ﬂff, E).

We know that according to Corollary 4.2 and to Proposition 4.12, det(A) =
det(z)(A) in a neighborhood of Id in EIIl_;,o(M, E) and that det(A) is a (local)
character of Ell?_”,ﬂ(M. E). We have only to prove that gfé:c(A) defines a (local)
character of El]?_l)'o(M, E). It is enough to prove that for L, L, € C’L?_H(M, E)
and for sufficiently small ¢,,{, € C we have

exp (tIHJU)J (Ll)) exp (foU(JJU(Lz)) =
= exp (Tl logs) (exp (1o (L1)) exp (20 (L)) - (6.120)

(For sufficiently small t,, t; this logarithm exists by the Campbell-Hausdorff for-
mula.) The equality (6.120) follows from the equality A, (ay,az) =0 for Ay, a; €
CS{_1)(M, E), Lemma 6.11, Corollary 6.4.

2. Let 2m = ord A, m € Z,. We prove the equality c?&(A) = det(A) in a
neighborhood of A4 := AE + Id. From Theorem 4.1, Corollary 4.2 we know that
det(z) (Ay) det(z) (Az) = det(z) (A142) for odd class elliptic PDOs close to positive
definite self-adjoint PDOs. Thus by Proposition 4.12, det(A) = det(B)det (Ao) for
B:= AA;' € Ell{{}_n_o(ﬂ-f, E) in a neighborhood of Ay.

Let us prove that det(A) = det.(B)cTa (Ao). Note that dy(A) = dy(B)d; (Ap) in
G-1)(M, E) and that the local section do(A) of G(-1)(M, E) over SEllf_”.O(ﬂ-f,E) is

defined as a solution of the equation
gg——l € na{‘l}au f?D(."lo) = (1"| (10) /(1E‘t(,:-) (AE -+ Id) .
So the assertion of Proposition 6.12, (6.105), for ord A = 2m follows from the same

assertion for m=0. O

6.4. Coherent systems of determinant cocycles on the group of elliptic
symbols. Let a, b be the symbols of elliptic PDOs A, B of positive orders such that
A and B are sufficiently close to positive definite self-adjoint PDOs (with respect to a
smooth positive density on M and to a Hermitian structure on £). Then the cocycle

f(a,b) :=log F(A, B) (6.121)
is defined on the group SEIIS (M, E) of elliptic symbols by (2.19) (and it depends on

a = o(A) and on b = o(B) only).
Then the (partially defined) cocycle f(a,b) can be replaced by a cohomological one

fey(a,b) := f(xa,by) + f(x.y) — flxa,y) — f(z,by), (6.122)

where z and y are the symbols of positive definite self-adjoint elliptic PDOs of positive
orders. Note that the terms on the right in (6.122) are defined also in the case when
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the symbols a and b are rather close to Id. (They are defined also for orda > — ord z,
ordb > —ordy if the symbols a, xa, b, and by are sufficiently close to the symbols
of positive definite self-adjoint PDOs. Under these conditions, the formula (2.19) for
the terms on the right in (6.122), (6.121) is derived.) We have
fey(a,b) — f(a,b) = drp (a,b),
drpy(a,b) := rpy(ab) — rpy(a) — r44(b), (6.123)
v Flyaiag):

Note that

- det(s)( X ABY )det(s)(XY)
f:r‘-y(ﬂq b) f(aa b) — log{ﬁ} (det{,}](.\’;4}’)det(f](J\’BY) ’
- det sy (X AY)
ro(@) = log(s) (det(,-,,(_4)det(,-,)(XY)
under the conditions that the determinants on the right in (6.124) are defined and
that f.,(a,b) and f(a,b) are defined. (Here, L(z) = L(g) is an admissible cut of the

spectral plane with @ sufficiently close to m, A and B are elliptic PDOs with the
symbols a := o(A) and b := o(B).)

Remark 6.22. Let z, y, 2/, and 3’ be the symbols of positive definite self-adjoint
elliptic PDOs X, Y, X', and Y’ of positive orders. Then the cochain

Pryaty (@) =Ty (@) — 1y y(a) (6.125)

is smooth in a in a neighborhood of Id € SEll; (M, E).
Indeed, we have by (6.124)

(6.124)

(6.126)

(a) =1 det(# (N AY )det(z (X'Y’)
Pyt (@) i= 108 (k) det (7 (XY )det 7 (X' AY”) -

We have also by (2.32) and by (2.19) for variations da such that dorda =0

oo (e — [5aamt 2 LBAAYX) o ogn(AV'X)
Emiine B ‘ordA+ordX +ordY ordA+ordX’'+ordY’ res+

The term on the right depends on the symbols a(A), o(X), o(Y), o(X’), and o(Y”)
only. It is equal to the integral over M of a density locally defined by the homogeneous

components of these symbols.
We have by (6.126)

Pr,y:r’,y'(“) + Pr*,y':r”.y”(“) + Pr”,y”:r.y(a] =0 (6-127]

for the symbols z, @', ", y, ¥, and y” of self-adjoint positive definite elliptic PDOs
of positive orders.
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By (6.125), (6.124) we have
fowla,b) = fory(a,b) = (dpzyir ) (@, D). (6.128)

Hence we have a natural functorial system of (partially defined) cocycles f, ,(a,b)
on the group SEIS (M, E). All of them are cohomologous to the cocycle f(a,b)
defined by the multiplicative anomaly (2.19) of the zeta-regularized determinants.
The cocycle f(a,b) is symmetric, f(a,b) = f(b,a) (as it is the logarithm of the
multiplicative anomaly). However this cocycle induces a cohomological to it skew-
symmetric cocycle®® Ki(a,3) (defined by (5.5)) on the Lie algebra Siog(M, E) of the
group SEll; (M, E) as follows.

Note that f;,(a,b) is defined for ord za and ord = close to zero if ordby > 0 and
ordy > 0 (and if xa, by are sufficiently close to the symbols of positive definite
self-adjoint PDOs). Indeed.

det(z) (N ABY )det#)( \})) (6.129)

[fey(a,b) := logz (det.[ﬁ)(.\’.4)")dt‘t-(‘:1('\'B}")

(where @ = (A) and so on). Hence f, ,(a.b) is defined for ordy > 0 and for a, b
close to Id.

If ordy > 0, b is close to Id, and o € (rp)~'(0) = CS%M,E) C Sieg(M, E), we
have by (2.19)

o (log:(BY) o (log:(Y)
O frylexp(ta).b)lizo = — | o (o81:/(BV)) _ 7 (198(1) . (6.130)
ord b+ ordy ord y

Let b:= exp(y/3), 3 € CS°(M. E), and let v be close to 0 € R. Then by (6.130),

Oy (¢ f1 y(exp(ta),exp(¥/3))]r=0) |«=o =— (0‘.\'31‘;3 (log(-ﬂ y))m . (6.131)

where varg (log[,—,] y) 1= 0,0 (log{ﬂ(exp(f.-';?)}")) L=0 for Y € Elly (M, E) with o(Y) =

Y, ﬁ € CL°(M, E), is an operator with 0(3) equal to 3.
Let R,(c,f3) be the bilinear form given by the left side of (6.131). Then the
antisymmetrization AR, (o, 3) of the form R,(a.,[3) is given by (6.131) as

Rila;8) = (ﬁ, var, (log(,-l.] y))l_cs /'2 - (nr. varg (log(;f) y))m /2. (6.132)
Here, o and 3 are symbols from CS°(M, E).
53The cocycle K; defines the central extension g (defined by (5. 6), (5.7)) of the Lie algebra

g := Siog(M, E). By Theorem 6.1, the Lie algebra gy is canonically isomorphic to the Lie algebra
a(M, E) of the determinant Lie group G(M, E).
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Let us compute the right part of (6.132) for ordy = ¢ up to o(¢) (for e — 0). By
Campbell-Hausdorff formula we see that for o(&) = a, o(3) = 3

. vary (log(ﬂ y) = 0o (log(,-r)(exp(df)}')) LU =
= 0, (o (logz) Y) +at + 1t [a.log(s) Y]) | _ + O ((ord V)?) =
=a+ [oz, o (log[,-r] ))] /240 ((ord }")2) : (6.133)
varg (log(syy) = A + 3,0 (logs) V)] /2+ O ((ord Y)?) .

Here, O ((ord Y)?) is considered with respect to a Fréchet structure on C'S°(M, E)
defined by natural semi-norms (8.20) (with respect to a finite cover {U;} of M).
Hence we have

ARy(e, ) = (B, 0,108 y])res /2 = (c, [B, log y])res /2, (6.134)
where logy := o (log[,-r] }) For logy =1 € (rp)~'(1) C Sieg(M, E) we conclude that
ARexpi(a, B) = Ki(a, 3) (6.135)

for o, 3 € CS°(M, E). The cocycle I\ has a trivial continuation (5.5) from C'SYM, E)
to Sieg( M, E) under the splitting (5.2). Hence the partially defined symmetric cocycle
f(a,b) on SEIIY (M, E) produces a skew-symmetric cocycle Ki(a, 3) on its Lie algebra
a(M,E). (Namely on the Lie algebra g canonically isomorphic to g(M, E) by
Theorem 6.1.)

Remark 6.23. Note that R,(a,[3) has a singularity of order 1/ord y if ordy ~ 0.

6.5. Multiplicative anomaly cocycle for Lie algebras. We want to produce
the multiplicative anomaly formula without using the determinants of elliptic PDOs.
This approach is more general than in Section 2. We begin with the variation formula
(2.19) (or (6.136) below). This makes sense for central (and cocentral) extensions of
Lie algebras go with conjugate-invariant scalar products, Remark 5.4, (5.21)~(5.24).
In computations below it is enough to replace (, ), ., by an invariant scalar product on
gdo and o (log(,-r) YX) (and so on) is defined as logarithms of elements of a formal group
corresponding to the Lie algebra g, (5.22). Then Proposition 6.14 and Corollary 6.6
below provide us with a definition (by integrating of differential forms) of a (partial
defined) multiplicative anomaly cocycle in a general situation of Remark 5.4.

The proof of Theorem 6.1 provides us with a partially defined cocycle. It is given by
the exponential (6.47) of the quadratic cone in g, Proposition 5.2. This cone is defined
in the situation of Remark 5.4 also. Here we obtain the results on the multiplicative
anomaly for Lie algebras without using this quadratic cone. Propositions 6.14, 6.15
and Corollary 6.6 below, as well as their proofs, are valid for central extensions of
Lie algebras (Remark 5.4) after trivial changing of notations.
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For elliptic PDOs X and Y of positive orders sufficiently close to positive defi-
nite self-adjoint elliptic PDOs, let variations §.X, §}" be such that é(ordY) = 0 =
d(ord X). Then by (2.19) we have

5xv log (det(z)(XY) [det(s)(X)det (V) =
o [log (Y X ollog; Y
=—(5y-y“.. ( g('l( ]) ( &(7) )) B

ordx + ord y ordy

o (logz(XY) o (logi:y X
— 6.2, (logs(X1)) _ (108 X) . (6.136)
ord @ + ord y ord

where © = o(X), y = o(Y). The terms on the right depend on x and on y only.
Hence we have a differential 1-form w} , on the domain in SEIlg' (M, E) x SEIZ (M, E),
where ¢; ;= ord X, ¢z :=ord Y, ¢; € R*, ¢; + 2 € R™.

Proposition 6.14. The form w) , is closed in the directions of the components of
the direct product SEIG (M, E) x SElg (M, E).

Corollary 6.6. The function log F(A, B) in the formula of the multiplicative anomaly

(2.19) is defined by the integration of the 1-form wk, on x and then on y (since

log(,) F (.ST;],S{?]) = 0 for powers of a positive definite self-adjoint S € Elly(M, E)).

Proposition 6.15. The form w! , is a (partially defined) 2-cocycle on SEIX(M, E),

i.c., on the group of elliptic symbols of real orders. This assertion means that
(dmd,m-nw‘) (2,y,2):=wi(y, 2) =« (xy. 2)+w'(v,y2) ! (z,y) =0, (6.137)

if the terms on the right are defined.

Proof. By (6.136) and by (6.137) the terms with dx - 27V in deochainw (2, Y, 2) are

(d-r g log(zyz) B log(xy) log(xyz)

7 Cordr+ordy+ordz  ordx+ordy ordw + ord y + ord =
Jog ¢ log(wy)  _ log .r) =0. (6.138)
order ordz+ordy ordz

(Here, log(zyz) :=0 (log{,-,](,X'YZ)) and so on.) 0O
Proof of Proposition 6.14. Set a := dr - x~". Then we have

log(zy) log «
D /2 -
dx(-i-'r‘y ([ﬂ" ﬂ]/ 1 Ord T + OFd y OI'(I o i +

(“ d; log(xy) _drlog“’)‘ (6.139)

“ordx +ord y ord x
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where log(zy) := o (logm(.\'}’)). We have by Lemma 6.6

dylog(zy)= (ad(log(a'y)] (exp(ad(log(xy))) — 1)_1) 0 (rfg-(.ry) : (.ry)'l) .(6.140)

The term on the right is defined as (F(ad(log(xy))))~"! for F' (ad (£4)) given by (6.75),
where A = exp(L4) belongs to Ell; (M. E). Note that d,.(xy)-(xy)~" = a. The series
z/(expz — 1) on the right in (6.140) is of the form

sflexpz—1)=1—z2/2+ > cuz?,
i1 (6.141)
ez = —C(1 — 2k)/(2k — 1)), carer = C(—2k)/(2k)! = 0,

where ((s) is the zeta-function of Riemann.
Since a is a one-form, we have for k € Z, U0

(a, ad**(log(zy)) o a) = (-1) (adk(log{.ry)) o a.ad*(log(zy)) o a) = (.

res res

In the second term on the right in (6.139) the term —z/2 in (6.141) (for z =

ad(log(xy)) and for = = ad(log(x))) correspond to
(a2, [log(xy),a]  [loga.a] = (Twdif; log(zy)  logx
ordx +ord y oda / order +ordy ordz/

1

Hence d,w, , = 0. The equality d,w; , = 0 is proved similarly. O

Remark 6.24. In (6.136) and in the proofs of Propositions 6.14, 6.15 we do not use
that o (log[,-,, .\'Y). a (logm .\') .... are logarithmic symbols with respect to the
same cut or that they are defined by cuts close to L,). We use here only that these
expressions are some logarithmic symbols for o(XY), o(X),... . This assertion
makes sense in the case of a formal Lie group corresponding to a Lie algebra g in the
situation of Remark 5.4.

6.6. Canonical trace and determinant Lie algebra. It is proved in Theorem 3.1
that the derivatives at zero of the zeta-functions for elliptic PDOs of order one are
the restriction of the quadratic form —7T,(cl + By) (defined by (3.64)) on the linear
space {cl + B} = log Ellj (M. E) to the hyperplane ¢ = 1. (Here, [ is a logarithm of
an elliptic PDO A of order one.)

In this section we deduce the structure of the determinant Lie algebra g(M, E)
(corresponding to the Lie group G(M. E) defined by (6.10)) from Theorem 3.1 and
Proposition 3.6. Their statements are consequences of the existence of the introduced
in Section 3 canonical trace TR defined on PDOs of noninteger orders.

The text of this subsection can be considered as an alternative proof of Theo-
rem 6.1.
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First of all, as a Lie algebra, g(M, E) is equal to the quotient of el[( M, E') modulo
the ideal fo = { K| is smoothing and Tr A" = 0}. We claim that fo belongs to the
kernel of the bilinear form associate with T,, (3.64), i.e.,

Ty(x + f) =To(x) for f € fo,x € ell(M, E).

In fact, recall that T, gives values of the zeta-regularized determinants and in the
proof of Proposition 6.5 we established the formula relating variations of determinants
and traces for deformations of PDOs by smoothing operators. Hence T induces
an invariant bilinear form on g(M, E). It is easy to see that the image under the
exponential map of the cone of null-vectors {l|T5(!) = 0} in G(M, E) is exactly the
section do(o(log A)), (6.30).

Algebraically, we have a situation studied in Section 3:

1) a Lie algebra g’ := g(M, E) endowed with an invariant scalar product (,) (ob-
tained by the polarization from T3),

2) a nonzero isotropic central element

leg, (1,1)=0,
3) a nonzero homomorphism (order)
r:g - C
given by the formula m(z) = (z,1).

The quotient algebra §'/C-1 is equal to Siog( M. E). The scalar product (, ) induces
a scalar product on the codimension one ideal C'S°(M, E) invariant under the adjoint
action. By Proposition 3.9 this scalar product coincides (up to a nonzero constant
factor) with the pairing induced by the noncommutative residue.

Using Remark 5.5 we see that. @ is canonically isomorphic to g constructed in
Section 5. Thus we proved the coincidence of g(M, E) and the canonical extension
without variational formulas.

7. GENERALIZED SPECTRAL ASYMMETRY AND A GLOBAL STRUCTURE OF
DETERMINANT LIE GROUPS

The global structure of the determinant Lie group G(M, E) (i.e., of the central
C*-extension Fp\ EllY (M, E) of the group of elliptic symbols SEllj (M, E)) is defined
with the help of a certain kind of global spectral invariants generalizing spectral
asymmetry as follows.

The fundamental group m; (S Ellg(M, E)) is spanned by loops exp(2mitp), where p is
the symbol of a PDO-projector of order zero and 0 < ¢ < 1. Indeed, the fundamental
group of SEIN(M, E) is the same as the fundamental group of the principal symbols
m(Aut 7*E), where 7: S*M — M is the natural projection of the co-spherical bun-
dle. For the vector bundle 1y on M it is proved in the proof of Lemma 4.2 that
71 (Aut 7*1y) is spanned by the loops exp(27ita), 0 < ¢ < 1, where a € End (7*1y)
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is a projection a* = a. For any such a there exists a zero order PDO-projector

A € CL°(M,1y) with the principal symbol a ([Wo3]). The same assertions are also

true for E instead of 1y. A closed one-parameter subgroup exp(tq), 0 < t < 1, of
CS°(M, E) is of the form

q=2m1)_ m;p;, (7.1)

where m; € Z and {p;} is a finite set of pairwise commuting zero order PDO-
projectors from C'S°(M, E)

.“f = p;, PiPk = Prpj- (7.2)

For A € CL°(M, E) the section® d;(exp(tA)) gives us a trivialization of the C*-
bundle

p: G(M,E) = SEIX (M, E) (7.3)

over a curve o(exp(tA)) C SEIQ(M. E).

Let X be an elliptic PDO of a real positive order d := ord X. Let X be sufficiently
close to a positive self-adjoint PDO. Then its complex powers X{;, are defined. A
generalized zeta-function

Cxym(A;s) = Tr (AX3) (7.4)

for Res > dim M/d has a meromorphic continuation to the whole complex plane.
Its singularities are simple poles at the points of an arithmetic progression and its
residue at zero is equal to

RC'S_; OQ\ (,)(A )_ I‘E‘S (A))/d, (75)

Remark 3.17. Here res is the noncommutative residue [Wo2], [Kas]. For a PDO-
projector A = P € C'L°(M, E) of order zero its noncommutative residue is equal to
zero [Wol]. (Hence (x (7)(P;s) is nonsingular at zero.)

Such an operator X € Ell3(M, E) defines another trivialization of the bundle (7.3)
over the curve o(exp(tA)) in SEllg(M, E). Namely

exp (tllxo(A)) € p~* (a(exp(tA))), (7.6)

where I1yo(A) is the inclusion of o(A) into gy, Ix =0 (log{,—r) X) /d, with respect
to the splitting (6.44). The element [Iyo(A) depends on the symbols o(X) and o(A)
only. The Lie algebra g, is canonically identified with the Lie algebra g(M, E)
of G(M,E) by Theorem 6.1. Under this identification, the quadratic C*- cone®®
log S C g(M, E) corresponds to the zero-cone Cj, for the quadratic form A, given

54The operator exp(tA) is defined by the mtegral jr‘ exptA - (A= A)"1d\, where I'g is defined

as in the integral (2.30).
55The partially defined section S — do(S) = S of the C* -fibration (7.3) is defined by (6.11).
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by (5.18). Quadratic forms A; and cones ('} are invariant under identifications W,
by Proposition 5.2 and Corollary 5.1. (Note that exp (¢IlxA) belongs to a Lie group
exp (@), where g is the Lie algebra defined by identifications W;,;, of gq).) The
Lie group -exp (g) is canonically local isomorphic to G(M, E). For t € C with [t|
small enough, we denote by exp (tIly A) an element of G/(M, E) corresponding to the
element of exp (g) defined by this expression.

Hence we have two trivializations d, (exp(tA)) and exp (tI1xo(A)) of the C*-bundle
(7.3) restricted to o(exp(tA)) for ¢t € C with |t| small enough.

Proposition 7.1. The equality holds for such A, X, and t

dy(exp(tA)) [ exp (¢ (TIxa(A))) = exp(tf(A, X)), (7.7)
F(A,X) = (Cx gy (Ass) — res(a(A))/sd) | . (7.8)

Here, d := ord X € R;.

Note that f(A,X) is a spectral invariant of a pair (A4, X) of PDOs, where A €
CL°(M, E) and where X € Ell3(M, E) is sufficiently close to a self-adjoint positive
definite PDO.

Remark 7.1. For a PDO-projector P of zero order, P € C'L°(M, E), we have

f(P,X) = (x#(P; 0). (7.9)

Lemma 7.1. For a PDO-projector P of zero order, the spectral invariant of the pair
(P, X) with its values in C/Z

fo(P,X) := f(P,X)( mod Z) (7.10)
depends on the symbols o(P) and o(X) only.

Remark 7.2. For a general PDO-projector P of zero order, fo(P, X) cannot be uni-
versal expressed as an integral over M of a density locally defined by homogeneous
components of symbols o(P) and o(X) in local coordinate charts on M.

Definition. A generalized spectral asymmetry of a pair (P, X) of PDOs is defined as

fO(J(P).O'(_\’]) =Tr (P_\'[—;})

o mod Z). (7.11)

Here, P € CL°(M, E) is a PDO-projector of order zero and X € Ell{(M, E) (with
d € R*) is sufficiently close to a self-adjoint positive definite PDO.
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Remark 7.3. Let X € Ell§(M, E) with d € R, be self-adjoint.’® Let P := (X +
| X1])/2|X| be the PDO-projector to the subspace spanned by eigenvectors of P with
positive eigenvalues. (Here, | X| := (Xz](l::?) The spectral asymmetry of X ([APS1]-
[APS3]) is defined as the value at s = 0 of the analytic continuation from Res >
dim M/d of
nx(s) =Y signA-[A7°,

where the sum is over the eigenvalues of A" including their multiplicities. The spectral
asymmetry of X is connected with f(P, X) as follows

nx(s) = Tr (P(X3)3%) - Te (1 - PY(X?)?)
=2Te (P(X?))?) = Te (X257
nx(0) = 2f(P, X?) — (x2,(m(0),
fo (#(P),a(X?)) = (Cx2 (m(0) +nx(0)) /2( mod Z).
This example explains the name of the invariant fy (o(P),o(X?)).

Remark 7.4. For A =2miP, where P € C'L°(M, E) is a PDO-projector of zero order,
we have

di(exp A) = Id € G(M, E), exp(2nillya(P)) = exp (—2mifo( P, X)) . (7.13)

~ Hence the invariant fo(P,X) (= f(o(P),0(X)) by Lemma 7.1) defines the element
exp (2millxo(P)) € C* -1 = p~'(Id) (where 1 - C* = G(M, E) — SEllg (M, E) —
P

1 is the central extension). Hence fo(P,X) defines the structure of the subgroup
p~'(exp(2mita(P))) C G(M, E) over a one-parametric closed subgroup exp(2mito(P))
in the base SEII} (M, E) of this central extension. Invariants fo(P, X) define the
group structure of this central extension over any one-parametric closed subgroup in
SElLY (M, E). Suppose that we can compute invariants fo(P, X). Then we know the
Lie algebra g(M, E) of the group G(M, E) (canonically isomorphic to the Lie algebra
gd() by Theorem 6.1), the group structure of SEllg(M, E), and the group structure
of G(M, E) over closed one-parametric subgroups in SEll§ (M, E). These data define
the global structure of the determinant Lie group G(M, E). Hence the problem of the
algebraic definition of G(M, E) reduces to the problem of computing the invariants
fo(P,X) € C/Z.

Remark 7.5. The element IIxo(P) € gy is the element o(P) + 0 - 1 with respect
to the splitting (5.7). Under the identification Wi, of Proposition 5.1 (where Ix :=

o (Iog(;,} X) /ord X and ly is analogous), this element transforms to

Myo(P)+ (Ix — I}*,O’(P))res -1 e ﬁ(h'} (714}

(7.12)

56For the sake of simplicity we suppose here that X has no zero eigenvalues.
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with respect to the splitting (5.7) for g(;,.). Hence we have
exp (2millxo(P)) [ exp (2millyo(P)) = exp (271 (Ix — ly,0(P)),.)- (7.15)

The term on the right (Ix — ly,o(P)),., is the integral over M of the density locally
defined by symbols o(log X'), o(logY'), and o(P). We have

dlog (exp (2miox(P))) = 2mi (dlx,o(P))

where dly := d(o(log X')/ord X) is an exact one-form on the complement to the
hyperplane C'S°(M, E) in the Lie algebra Sioz( M, E) of logarithms of elliptic symbols
(and C'S°(M, E) is its Lie subalgebra corresponding to the symbols of order zero,
Section 5). Hence according to (7.13) it is enough to compute fo( P, X) for an elliptic
operator X € Ellj(M, E) with d € R* such that log; X exists.

Remark 7.6. A variation P =: L of a zero order PDO-projector P € CL°(M, E)
(i.e., P, = P+ ¢cL + O(c?), ¢ — 0, is a family of zero order PDO-projectors) is
connected with P by the equations

res?

LP=(1- P)L. L(1 - P)= PL. (7.16)
Hence L maps Im P into Im(1 — P) and Im(l — P) into Im P. Any L of the form
L = [BY] (7.17)

with Y € CL°(M, E) gives us a solution of (7.16). (Note also that res[P,Y] = 0.)
For a family of PDO-projectors of zero order we have

§P = [[6P, P]. P). (7.18)

Hence the equality (7.17) holds with Y = [§P, P] € C'L°(M, E). For L of the type
(7.17) we have

5p log (exp (2nillxo(P))) = 2midp fo( P, X),
fo(P.X) = fo (APA™  AXA™") € C/Z
for any A € Ell*(M, E). Hence for A. = exp(c}’) € Ellg(M, E), € — 0, we have
§p log (exp (2millxo(P))) = dx log (exp (2millxo(P))) |.s,\':[1".,\'] =

= 27i (§o(log X))/ ord X, o(P)) (7.19)

res

sX=[v.X]
(Here, dord X = 0.) By Lemma 6.6 we have

5(log X)|, . = (ad(o(log X)) (exp(ad(o(log X)) - D7) o (Iv, X]- X '(‘).2-0]

Hence the variation of fo(P, X) in a smooth family of zero order PDO-projectors can
be transformed to the variation of an elliptic operator X given by (7.19), (7.20).
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Remark 7.7. The generalized spectral asymmetry fo(P, X)) € C/Z is independent of
a zero order PDO-projector P, in a smooth family of such projectors, if variations
8, P, in this family are PDOs from C'L=4mM=1()M E). This assertion follows from
(7.18), (7.19), and (7.20) since

ord (3o (log X)sx=pxy=ppp) <ordY < ord(§P)

and since the noncommutative residue res(a) for a symbol a € CS~4mM-1(M E) is
zero.

The analogous asserfion is valid for smooth families of bounded projectors in a
separable Hilbert space. Namely, let P; be such a family and let §; P be from trace
classes. Then the formula (7.18) for &, P holds. So

T (6,P) =Te ([6P.P),P]) =0 (7.21)

because [§,P, P] is a trace class operator and Py is bounded. Hence P, — P, is a
trace class operator and

Te (P, — P,) = 0. (7.22)

for any projectors from this family.

Problem. To compute the generalized spectral asymmetry invariants fo(P, X) €
C/Z in algebraic terms (i.e., without using the analytic continuation and the Fred-
holm determinants).

Proof of Proposition 7.1. We have
dl(exp(tA))/exp(tH_,ycr(A}) = dy(exp(tA) - X)dy(X) ' exp (—tllxyo(A)) =
= ddexp(tA)- X)do( X) " exp(—tTLxo(A)det ) exp(tA)- X ) (det(x) (X)) L (1.23)

Here, do(S) =: § is defined by (6.11) with 6 = 7 for S sufficiently close to a positive
definite self-adjoint PDO of a nonzero real order. The parameter ¢ € C in (7.23) is
such that |¢] is small enough. In this case, the PDO exp(tA)- X is sufficiently close
to a positive definite self-adjoint PDO. For the scalar factor on the right in (7.23),
we have the equality analogous to (2.27)

9, log (det()(exp(tA) - X) 7 det(r)(X)) =
resa(A)

— —83 (—*8 Tx (‘4 . _\'r—s _ ord X )) |3=0 =3 f(A, Xt) (724)

(where X, := exp(tA) - X) because ;X - X' = A. On the right in (7.24) we
take the restriction at s = 0 of an analytic continuation (for the trace) from Res >
dim M/ ord X. The expression on the right in (7.24) is regular at s = 0 according to
(7.5). (Note also that d,(s(resa(A)/sord X)) =0 and it is used in (7.24).)
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The nonscalar factor on the right in (7.23)
K, :=do (X;) do (X)™" exp (—tllxo(A)) (7.25)

belongs to the connected component C* of the central subgroup in the group exp (g).
Hence log Ky € C is defined. We have to compute 0, log Ay for t € C with ¢
small enough. To do this, note first that under the canonical identification of the
Lie algebras g and g(M, E) (given by Theorem 6.1) the invariant quadratic C*-cone

log S C g(M, E) corresponds to a C*-cone log X in @, where
X = exp (Hyo (logg;) X)) (7.26)

for a PDO X of a nonzero real order sufficiently close to a self-adjoint positive definite
PDO. Hence

K= X, (X) 7 exp(~tllyo(A)), (7.27)
where X, := exp (H,\—cr (logm _\',)) and |t| is small enough. We have
O log Ky = K- k7' = =LK, - (Ilyo(A))- K" + 8, Xy jf_l =
= —Txo(A)+dX,- X;'. (7.28)
According to (6.70) we have
af.i;'f ¥ :f,—l = HJ\', ((3;.\’1 ' .\',_l) = H_er'(,.'-l).
By Lemma 6.2 and by (7.28), we have
Mx,0(A) =Ixo(A) + (0(A),Ix, = Ix)e 1 €8,
x0(A) = Tyo( o (7.29)
aflog I\g —3!\, \ —H‘,\'G(.’ ) = (0'(,-' ).,I_Xt —L\')res' ].,

where [y := 0 (log{ﬂ .\’) /ord X (and the same is true for [x,). Hence

log (dy(exp(tA))/ exp (tlxa(A))) = f (A, X)) + (0(A),x, = lx)peg-  (7:30)
By Proposition 2.2 we have
F(A,X) = f(A,X) = —(a(A), 0 (log X;) / ord X — o(log X)/ord X),,.(7.31)
(7.31

Proposition 7.1 follows from (7.30), ), and from (7.29). O

Proof of Lemma 7.1. Let X; be a PDO of a real nonzero order sufficiently close
to a positive definite self-adjoint PDO. Then by Proposition 2.2 we have

o (logi: X o (logz X B
FA X)) — f(A,X) = — (a(;’i), (m_d‘ .‘1’1 ), - (md‘f\ )) . (7.32)
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In particular, for o(X) = o(X;) we have f(A,X) = f (A, X;). It is true even more
strong statement. Namely, if X; — X € C LordX-dimM-1(yr £ then the term on the
right in (7.32) is equal to zero because o(A) € C'L°(M, E) and because under this
condition,

o (log(s) X1) — o (log(z) X) € CS~MmM=1(, ).

Hence the dependence f(A, X)on X can be expressed with the help of its dependence
on the image o(X) in CS°4X(M, E)/C §ordX—dimM-1(Nf E),
Let P, and P be PDO-projectors belonging to C'L°(M, E) such that

P — P e CL™4™M=Y(M,E).
Then (P, — P)X~* for Res > —1/ord X is a trace class operator. We have
f(P,X) = f(P,X)=Te(P - P). (7.33)
The assertion Tr (P, — P) € Z immediately follows from Proposition 7.2 below. O
7.1. PDO-projectors and a relative index.

Proposition 7.2. 1. Let P, and P, be PDO-projectors from CL°(M, E) such that
P, — P, € CL=9mM=Y (A F). Consider the operator P, := Palimp,

Py: Im P, — Im P,. (7.34)

Then Ker P, and Coker Py are finite-dimentional. For the index of P, the equality
holds

ind P, = Tr (P, — P,). (7.35)

2. The same equality holds for a pair Py, Py of (bounded) projectors acting in a
separable Hilbert space H and such that Py — P is of trace class. Namely

ind?, = Tr (P, — P,) = —ind P,. (7.36)

Corollary 7.1. Under the conditions of Proposition 7.2, we have

Te(P,— P) € Z. (7.37)

Proof of Proposition 7.2. Set P, — P, =: S.
1. The operator P; := P;|imp, has a finite-dimensional kernel because

Py=P -5, (7.38)

P, =Id on ImP;, C Ly(M,E), and S: Ly(M, E) = H(_ gimm-1)(M, E) = L2(M, E)
is a compact operator. (Here, H(y is the Sobolev space.) Hence the space of solutions
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for the equation Se = e, € € Ly(M, E), is finite-dimensional.

2. The operator P, has a finite-dimensional cokernel because from (7.38) we have
Pym = P,Pom — P,Sm. (7.39)

The operator K = P2S|imp,: Im P, — Im P, is a compact operator on the Hilbert
space L = ImP,. (L is a closed subspace of Ly(M, E) because P} = P, and be-
cause P, € CLO(M, E) is a bounded linear operator on Ly(M, E).) For m € L we
have m = my + K'm, where m; := Pym. Let the operator P;|imp, have an infinite-
dimensional cokernel. (The operator Pp|imp, : Im Py = Im P, is closed since it is the
restriction of the closed operator Pp: Lao(M,E) — Ly(M, E) to a Hilbert subspace
Im P, C Ly(M, E).) Then the space of m € L such that || K'm|| > [|m]|/2 (with re-
spect to the scalar product |z||* := (x, ) in Ly(M, E)) is infinite-dimensional. Hence
codim P; < oo.

3. Note that Tr(P; — P,) depends (if P, — P; is a trace class operator) on the
images Im P; C Lo(M, E) only. The equivalent assertion is the following.
Let P and P; be bounded projectors with Im Py = Im P. Then

Tr(P — P,) = 0. (7.40)

Let Hy := ImP,, H, := Ker Py, and let Ly(M,E) == H = H, & H, be the direct
sum decomposition. Then the projector P is conjugate to Py, i.e., P = gPyg~" with

ldg, L L (W, —L
9=\ 0 1dg, 9= 0ldy)’

where L is of trace class and (Idg, +L): H, — Ker P. For a family of bounded

projectors P(t),

Idg, tL
P(t):=g:Prg;'s 9= ( li] Idy ) 1

0L
o= [(05). o]

Here, L is a trace class operator. So d; P(t) is of trace class. By Remark 7.7, (7.22), we
conclude that Tr (P (t;) — P (t2)) = 0. The equality (7.40) is proved since P =: P(1),
Pl = P(U)

4. The decomposition of Ly(M, E) in the direct sum of H;(P,) := ImP, and
H, (P,) := Ker P, can be produced ([SW], § 3) by the action of an invertible operator

we have
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g in H written in a block form with respect to the decomposition H = H; & H, with
H; = H;(P;)

cd

a b\ [H,
( ) (Hz) = (H, (P2),H:(P)), (7.41)

where operators b and ¢ are of trace class and P, := gP,g~'. Here, the operators a
and d are automatically Fredholm and the index of a: H; — H, is well-defined. We
have

Ind P, = ind a, (7.42)
where Py: ImP, = Im P, is P, limP,. We have the analogous equality for ind P,,
ind P, = ind o, (7.43)
where
a3 H, (P 2))
“l.= T ( = Hy, H3). 7.44
g @J) 9\ 1, (py) (Hy, Hy) (7.44)

(Here, the operator g~': H — H is written in the block form with respect to the
decomposition H = H, (P,) & H, (P).)

Lemma 7.2. Let g: H — H be an invertible operator in a separable Hilbert space H
under the same conditions as in (7.41). Then the equality holds

inda + inda = 0. (7.45)
(Here, a and o are defined by (7.41) and by (7.44).)
This lemma is proved in the end of this section.
Remark 7.8. By (7.43), (7.42), (7.45) we have
ind P, = —ind P,. (7.46)
By (7.31) the index ind P, depends on P, and on Im P; only. The analogous statement
is true for ind P;. So by (7.46) ind P, depends on Im Py, Im P, only. Hence the both
sides of (7.32) depend on Im P; and on Im P; only. (Here, we suppose that P, — P,
is a trace class operator.)
Let us continue our proof of Proposition 7.2.

5. We can suppose that ind P, = 0 = ind P,. Indeed, let ind Py=meZ_(ie.,
inda = —m € Z,). Then there is a (bounded) projector P{" in Ly(M, E) such that

Im P! D Im P,
Te (P — P) = —m, (7.47)
ind Pp|tmpp = —m + ind P,. (7.48)
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(In particular, P' — P, is a trace class operator.) It follows from (7.47) that
Te (P} —P)=-m+Te(P—P). indP}=0.

To produce such a projector P, it is enough to take a finite rank projector p in
Ly(M, E) such that

tkp=—m, ImpCKerP,, ImP C Kerp.

Then P! := P; + p is a (bounded) projector in Ly(M, E) satisfying (7.47). The
equality (7.48) holds for P[* since Im P C Im P is a closed subspace in Im P* of
codimension m.

6. Let ind P, = 0 = ind P,. The numbers Tr (P, — P) and ind PJ depend on Im P,
and on Im P, only. The operators a and d in the transformation g (7.41) are of the
form (since inda = 0 = ind d)

1= (I([HI -I-fl]q".(.’ = (I([H.‘, +:’2)(}n-.

where ¢,, ¢, are invertible operators in H,. H, and [; are trace class operators in Hj.
Transformations

Go: Hy = Hy, qq: Hy = Hy, c—=cq', b— bg!

do not change H; and H; (P,). Hence we can suppose (in the case ind P, =0=ind P,)
that the operator ¢ in (7.41) has a block form (with respect to H = H; & H;) where
a—Idy,, d—Idy,, b, ¢ are trace class operators. So the following lemma gives us a
proof of Proposition 7.2.

Lemma 7.3. Let P be a (bounded) projector in a separable Hilbert space H with
infinite-dimensional Ker P := H, and with ImP := H, (H = H, & H;). Let g =

(2 3 be a bounded linear operator in H written in a block form with respect to the

decomposition Hy & Hy and such that a — Idy,, d — Idg,, b, and ¢ are trace class
operators. Then S := P — gPg~" is a trace class operator in H and Tr S = 0.

Proof. 1. Let G be the group of invertible operators ¢ in H where « —Idy,, d—Idp,,
b, and ¢ are of trace class. Then the equality Tr S = 0 follows from the assertion
that G is connected. Indeed, in this case, for any ¢ € G there is a smooth curve g(t)
in G from Id € G to ¢ = g(1). Then g(t) = dig(t) is of trace class in H and for
P, := g(t)Pg(t)~" we see that .

Py = [g(1). P]

because gPg~' =: P;.
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2. Forany g € G set ¢g—1Id =: A = A(g). Then A is of trace class. So A is
compact and for any nonzero eigenvalue A of A the corresponding algebraic eigenspace
Ly = Ly(A) is finite-dimensional.

Set L := &L, over A-eigenvalues A with |A| > . Then L is a finite-dimensional
invariant subspace with respect to A. Let () be A-invariant subspace complementary
to L, H = L&Q. Then @ is a separable Hilbert space (with the induced Hilbert norm)
and A = A @ Ag with respect to L @ Q. The group GL(L) = Autc L is connected.
Let gr(t) be a smooth curve in Autc L from Idy, to Id; +Az. The operator norm of
Ag in @ is less than 1/2 (for ¢ small enough). Then g¢(t) := g (t) @ (Idg +tAg) for
0 <t <1 isasmooth curve in G from Idy to ¢ = Idy +A (written with respect to
H = L& Q). Indeed, Idg +tAg, |t| <1, is invertible in () since the Ly-operator norm
of Ag, ||Ag|lz, is less than 1/2. For the trace norm of (Idg +tAg)™" — Idg =: Bg(t)
the estimate holds (for [t| < 1)

1Bo(®)ller < lltAqller + || (tAQ)], +--- + (tAQ) Iy + - <
< ItAgler (1 + tAgllz + . .- + (JltAgll2)™" + .. ) < 2||Aglss-

So g(t) € G. Hence the group G is connected. The lemma is proved. [
Proof of Lemma 7.2. By (7.42) and (7.43) we have

inda + inda = ind P, + ind P,, (7.49)
where P = Pilimp,: Im P, — Im P, and P = P2|imp,. Operators }51, 152, and
P, P;: Im Py — Im P, are Fredholm. So

ind P, P, = ind P, + ind P;. (7.50)

However, PP, = PiPyPi|imp, and PPy Pi|imp, = Idimp, +A, where A: Im P, —
Im P, is of trace class. Hence

ind P, P, = 0. (7.51)
The lemma is proved. O

S. DETERMINANTS OF GENERAL ELLIPTIC OPERATORS

In (6.31) we extended the definition of the zeta-regularized determinant det¢(A)
to elliptic operators A, ord A # 0, with a choice of the logarithm of their symbols
o(log A). (In (6.31) we suppose that some o(log A) exists but do not suppose that
log A exists.)

Later on we will call them canonical determinants and denote by det(A) for an
operator A. We try to generalize these determinants to the case of general elliptic
PDOs (i.e., without of the supposition that their logarithmic symbols exist).

Let a;, 0 < t < 1, be a smooth curve in the Lie algebra ell(M, E) of loga-
rithms for classical elliptic PDOs such that a; € (rp)~'(c), ¢ € C*. (To remind,
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p: ell(M,E) — Siog(M, E) is the natural projection and r: Sig(M, E) — C is the
order homomorphism from the extension (5.4).) Let A;, 0 < ¢ < 1, be the solution
of an ordinary differential equation

atAg = (ItAg, ‘40 = Id . (Sl)

Then A, is the elliptic operator from EIIS (M, E). The symbol of the operator Ay ye 1=
Ai+e A7 has a canonical logarithm in Siog(M, E) close to zero (if ¢ > 0 is sufficiently

small). Indeed, in this case, the principal symbol o, (A,H,»’-l,‘l) on S*M is sufficiently

close to Id. Hence the logarithmic symbol of o (.4f+sA,“l) exists by Remark 6.9°7 Thus
det (At 4e) is defined.

Let A € Ell5(M,E), c € C*, and a smooth curve a;, 0 < ¢t < 1, in (rp)~!(c) C
ell(M, E) be such that A = A;|;=;, where A, is the solution of (8.1). Then the
determinant of the pair (A, a,) is defined by

det(4,a) = lim Tldet (Atitss) » (8.2)
where {¢;} are finite sets of &; > 0 such that 3" ¢; = 1. Here, {o = 0,1; = go+...+€i1
for 1 = l, t; +¢; = f,‘+|.

Remark 8.1. Let a; = a be independent of ¢t € [0,1]. Then the map from a €
Siog(M, E) to the value Ay at ¢ = 1 of the solution of (8.1) with a; = a is the
exponential map of Siog(M, E) into Ell§ (M, E) since A; = expa.

Let a € (rp)~(c) C ell(M, E), ¢ € C*. Then the determinant (8.2) for A = Ay(a)
is the zeta-regularized (and canonical) determinant

det(A) = det(A,a). (8.3)

In this case, the canonical determinant coincides with the zeta-regularized determi-
nant detCTR(A] = exp (—BSC}.E(S)L,:(J). Here, the zeta-function of A is defined as

(iR(s) := TR(exp(—sa)), TR is the canonical trace, (aq(s) is regular at s = 0 by
Proposition 3.6.

Hence the determinant (8.2) is an extension of a zeta-regularized determinant cor-
responding to the case a; = a in (8.2) (where a € (rp)™! (C*) C ell(M, E)).*®

5THere it is enough to use a spectral cut L.
58There is an unsolved problem. The determinant of an elliptic operator A € Ellg(M, E), ¢ € C*,
has to be defined as a (multiplicative) functional integral

Det(A) := /det.(A,ar]'Da,
over the space of curves a; in (rp)~'(c) C ell(M, E) such that 4; = A for the solution A, of (8.1)

(with a, as the coefficient on the right in (8.1)). The problem is how to define such an integral and
what are the properties of Det(A).
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Remark 8.2. Let S be a positive definite self-adjoint elliptic operator from ElI}(M, E).
Then the solution A; of (8.1) defines a solution B; = SG‘;‘A, of the equation

afo = beh B[} = Id. (84)
and b; is a curve in (rp)~1(0) = CL°(M, E),
bt = S};‘T&;Sf;l - (‘]Og{ﬂ.] 5'- (8-5)

The operator A = A;|,= is defined by S and by a smooth curve b, in CL°(M, E).

Remark 8.3. A smooth curve a;, 0 <t < 1,in (rp)~!(c) is defined by a smooth curve
oy from the origin in ell(M, E) such that a, € (rp)~"'(ct) and

' t
oy = ay, Qi ::f a,dr. (8.6)
0

The class of solutions of the equation (8.1) for smooth curves a; in (rp)~'(c) C
ell(M, E) coincides with smooth curves A,, 0 < ¢t < 1, in Ellj (M, E) such that
Ap = Id and ord A; = ct.

Proposition 8.1. An invertible elliptic PDO A € Ellg(M, E) with ¢ € C* can be
represented as the value at t = 1 of a solution Ay of (8.1) with some smooth curve a;

in (rp)~Y(c) C ell(M, E).

Theorem 8.1. The determinant det(A,a;) (where A, a; are as in (8.2)) is defined,
i.e., the limit on the right in (8.2) exists.

Corollary 8.1. The determinant det (A, ay) is invariant under smooth reparametriza-
tions of a curve (a).

Remark 8.4. Let A be a product A = A,A; of elliptic PDOs from Ellj (M, E). Let
Ajr, 7 = 1,2,0 <t <1, be smooth curves in Elly (M, E) such that ord A;; are
monotonic in ¢t and A;p = Id, A;; = A;. Then det(A,a,) is also defined for a
piecewise-smooth curve a, in ell(M. E),

a; 1= (0,,41_T . 4}'i)
a; = (&Ag_, . 4;)

=:apy for0<t<1/2,

=2t

regiy St forl/2st<1

(In general, this curve is disconnected at t = 1/2.) We have
det (As, az,) det (Ay, ar14) = det (Az2A1,a¢).

Here, the orders of PDOs A; have to be nonzero. However we don’t suppose that
A, Ay is an elliptic PDO of a nonzero order.
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Proof of Proposition 8.1. For an arbitrary A € Ellj(M, E), ¢ € C*, there exists
a smooth curve A(t) in EllY (M, E) such that A(0) = Id, A(t) € EllJ'(M, E), and
A(1) = A. Then 9,A(t) = a;A(t), where a; € (rp)~!(c) C ell(M,E). Hence for
A € Ell§(M, E), c € C*, there exists a curve a; which satisfies the same conditions
as in (8.2). O

Proof of Theorem 8.1. The product of determinants on the right in (8.2) can be
written in the form

725 det ey (Att ) = 255" (di (Ara) /do (Aniign)) - (8.7)

Here,to=0<t; < ... <ty =1and g := t;y; —t; are supposed to be small enough.
The element d,(A) € G(M, E) for A € Ellj (M, E) is defined in Section 6 as the image
of A in Fp\ Ellj (M, E) =: G(M,E) (the normal subgroup Fp is defined by (6.1)).
The elements dy(A) are deﬁned for elliptic PDOs A of real nonzero orders sufficiently
close to positive definite ones as d;(A)/det(z(A) € G(M. E). By Proposition 6.3 the
element do(A) € G(M, E) depends on the symbol o(A) of A only. The local section
do(A) is defined by Theorem 6.1 as the exponential of the C*-cone of null-vectors in
g(M, E) = g for the invariant quadratic form (5.18) on g.
The extension of the Lie groups

1 - C* - G(M,FE) — SEllj (M, E) =1

is central. Hence the product of determinants on the left in (8.7) can be represented
in the form

dy (Atper ) i (At tss) - i (Atoy) [do (Atpoit) -+ do (Atgr) - (8:8)

By (6.8) the numerator of (8.8) is equal to d;(A). (To remind, A := A|;=1.) The
denominator in (8.8) depends on symbols o (.4,.._,|+,). 0 <i<m~—1,only. Hence it
is enough to prove the assertion as follows.

Proposition 8.2. The limit exists

sup![iel;l}--p ﬂl.lg (.’{fm_]_fm) R (lfﬂ (Aro.fl) i (89)
Here, {;} are finite sets (cos...,Em=1), m € Zy, of &; > 0 such that o +e1+ ...+

Emr =L =0t <.cc. €=, hpy—ti=g for0 1 Em-=1 ande, are
supposed to be small enough (when dy (Af“,x,rl) are defined).

Proof. Set [, := o(a;)/c (where a; € (rp)~'(c) C ell(M,E)). Let a PDO B €
EN4(M,E), d # 0, be sufficiently close to a poq1tne definite self-adjoint PDO.5?

59Here we use only that o4(B)|s- s is sufficiently close to a posnwe definite and self-adjoint PDO.
In this case, o (Iog(ﬂ B) are defined on S* M. So ¢ (B*) can be defined on T* M\ M by multiplying

appropriate terms of this symbol by t—* teRy.
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Then under the canonical local identification G(M, E) = exp(g) of Theorem 6.1,

do(B) corresponds to the element exp (d - II;l) of exp(g) = exp (ﬁm), where [ :=

o (log(,-r) B) /d and II;: @ < @) is the inclusion of g : Sig(M, E) into g(;) under
the splitting (5.8), (6.44). (To remind, the Lie algebras g(;y and g(;,) are canonically
identified by an associative system of the Lie algebras isomorphisms W, given by
Proposition 5.1. Hence this system of isomorphisms defines the canonical Lie algebra
g.) Let Wi: gy — @ be the canonical isomorphism of Lie algebras (defined by the

system Wy, of isomorphisms). Let F; € exp(g) be a solution of the equation
OF, =c- Wi, (IL,L) - F. Fo=1d. (8.10)

(Here, ¢ € C* is the constant such that a; € (rp)~'(c).) This equation can be solved
by the substitution

F, := exp (c ot f) - Ny (1), (8.11)

where [ := W, (II;l), { € »~*(1) (for instance, [ := ly), and K(l) € exp (g) is a solution
of the equation

Ol = coexp (—ct-1) - Wi (ILfo + (foo fi)pes /27 1) -exp (et - 1) K, (8.12)

for Ko(l) :=1Id, fi:= 1, — [ € CS%M, E). Indeed, let F; be the solution of (8.10).
Then by (6.47) we have
Wi, (I b)) = Wi (e 4+ (L= (L 4+ 1) /2,5 = 1) o - 1) =
=-?+""’f(“ffr+(ff-f.']l.es/2'])- (8.13)
OF; =c- IF, + exp (c- {- :’) O Ny (1).
Hence d, (1) is given by (8.12) (and Ap(!) := Id).
The factor

u(t) := exp (—c- t- f) Wi (I fe + (fis fi)res /2 - 1) exp (c ot 1) (8.14)
on the right in (8.12) is a smooth curve
w:t€0,1] = u(t) € (rq)~"(0) = ¢ 'go C @

(Here, q: @ — @ := Siog( M, E) is the natural projection, r is the order homomorphism
from (5.4), and go := C'S°(M, E).) Hence the equations (8.12), (8.10) have unique
solutions. (This assertion is proved in Lemma 8.2.)

The approximation similar to Euler polygon line for the ordinary differential equa-
tion (8.10) on the determinant Lie group G(M, E) is defined for any given finite set
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{e:} with &; > 0, ;&; = 1, as the solution of the equation®
deeo (t,{ei}) = ¢~ fo(t,{ei}) - eo(t, {i}) . €0 (0,{ei}) = Id,
folt, {ei}) =1, fort € (tiytipr), =W, ().

The product of dy (Af“,‘“) in (8.9) is equal to the value at ¢t = 1 of the solution of
the equation

dey (it ‘[Ei}) =ec- fi(t, {Si}) “ej (4, {Eé})- €1 (Uﬁ{f?i}) = Id,
filt{e}) =T for t € (titinr) bi i= 0 (log (Ayiy,)) [cei

(8.15)

(8.16)

(Here, it is supposed that ¢; = t;1; — t; are small enough for logo ((A;“;_.H)) to

exist.)
The difference I; — I, € CS°(M,E) can be estimated as follows. Set B(t) :=

5 8
o (A;A;:L), B(t) =& (log (A,;‘i;:l)). Here, t is real and close to t;4;. By (8.1),
(8.16), and by (6.75), we have

b(t)|e=t, = exp(—c-ci- i),
Bub(E)lice,b ()" = cli,
Ab(t)=e,b ()" = Do (A)) - 0 (.4,-1) lizt, =
= F (ad (—ceili)) 0 0B(1)|i=s, = F (ad (=ceili)) o (cli — e=idey(t)li=1,)

where F(ad () is defined by (6.75) and by Remark 6.17. Here, y(t) := B(t)/c(t — tiy1),
v (t:) = biy v (ti41) := i, - So we have

B,b(t)[,ﬂ,b(tg)_l = cl; + cF (ad (=cz;li)) o (—€:0y(1)|t=t,) - (8.18)

We conclude that

(8.17)

(I, = 1) = &F (ad (=czil)) o (= 0y (B)le=t,) - (8.19)

The space CS°(M, E) is a Fréchet space with semi-norms defined as follows. Let
{U;} be a finite cover of M by coordinate charts and let {Vi}, V. c U;, be a subor-
dinate finite cover of M such that V; are compact. The semi-norms are labeled by
k € Z4 U0 and by multi-indexes a = (o, ..., an)s w = (Wiy. .. wn) (jw; € Z4 UDO).
For a € CS°(M, E) the corresponding semi-norm is

g vai(x.)]). (8.20)

k
[la“k‘a.w ‘= maxsup (I&l |
Lorel]

60This solution is a piecewise-smooth continuous curve eg: [0,1] = G(M, E), eo is smooth ex-
cept points ep (t;,{¢i}). To remind, locally G(M, E) and exp (§) are canonically isomorphic by
Theorem 6.1.
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where a_j is a positive homogeneous component of a in coordinates U; 5 z. This
Fréchet structure is independent (up to equivalence) of a finite cover of M by coor-
dinate charts. L

The proof of Proposition 8.2 uses the following lemmas.

Lemma 8.1. The difference l;, — ; is O (g;) (as &; tends to zero) with respect to any
finite set of semi-norms (8.20). Namely for any finite set (k,o,w);, 3 =1,...,N, of
indexes in (8.12) there are constants Cy > 0, £, 1 > & > 0, such that

e, = lill ko, < Crci
foranyi, 0 <t; <tipyy:=ti+ei<1,0<e<e,1<j<N.

Corollary 8.2. The difference of the coefficients fy (1,{c:})— fo (t,{&:}) in the linear
equations (8.16) and (8.15) is O (=;) (as ¢; tends to zero) with respect to any finite
set of semi-norms (8.20) uniformly int € (t;.t;41) and int;, 0 <t; <1—¢g;. Namely
the logarithmic symbols l; and l;, are of order one, l;,l,, € r~'(1). By (6.47) and
(8.13) we have

Ly =L+ Wi, (T (b, = 1) 4 (b = Ll = 1) g /27 1) (8.21)
By Lemma 8.1, Iy, — [; is O (&;) (as ; tends to :cro) with respect to any semi-norm
(8.20). Hence (l;, = Ly 1, = 1)) ,ee = O () and l;, = I; is O (&;).
Lemma 8.2. There is a unique solution Fy of the equation (8.10). We have
lim eo(t,{s:}) = F

sup{s, } =0
uniformly in t € [0,1]. sup; {&:}. -

Remark 8.5. The convergence in G(A, E) is defined as follows.
1. A sequence {gn} C G(M, E), m € Z, is convergent to a point g € G(M, E), if
there is mo € Z4 such that for m > my

g gm € exp (l"/}ﬁ(n)

(for some fixed | € r7Y(1) C Siog(M, E)) and if W, ' log (g7 gm) =: um € gy are
convergent to zero in @(). The points u,, € gy are written in the form

Um = (Iml’- + u?ﬂ S | (822)

with respect to the splitting (6.44) defined by [. (Here, gm,cm € C, ud, € CS°(M, E),
and 1 is the central element in g().) The assertion u,, — 0 in g (as m — oo) means
that gm — 0, ¢m — 0, and any semi-norm (8.20) of u9,, [lu},]|, . . tends to zero.



136 MAXIM KONTSEVICH AND SIMEON VISHIK

2. Let fo:t€[0,1] = f.(t) € G(M, E) be a family of curves in G(M, E). We say
that f. tends to a curve fy in G(M, E) uniformly in ¢ (as ¢ tends to zero), if
1) there is €9 > 0 such that for 0 < & < g

fg(t]—lfe(f.) =.:exp (Hr"';ﬂf(f)) € exp (I'Vl‘g"{;)) .
2) for the components of the elements
ue(t) = qe () +u2(t) + ce(t) - 1 € @y

written with respect to the splitting (6.44) (similarly to (8.22)), it holds uniformly in
t and with respect to any semi-norm (8.20)

Ge(t) = 0, ce(t) > 0. [udt) — 0.

ko w

(These conditions are independent of [ € r~!(1) C Siog( M, E) by Proposition 5.1 and
by Theorem 6.1.)

3. The extension ggy of Sieg(M, E) D go := CS° M, E) is defined by a cocycle
K1, (5.5). The restriction to go of this cocycle, Ay (Bo, (o), depends only on images
of symbols By, Cp in CS°(M,E)/CS™™ (M, E) (n:=dim M). By Proposition 5.1,
the identifications Wy, 4,1 8(1,) — @@,y with Iy — [, € CS7"}(M, E) do not change

the coordinate c of the central elements ¢ - 1 in g,y and in g,).

A sequence {g,,} C G(M, E) is convergent to g € G(M, E), if the following condi-
tions hold.

1) The symbols s, := p(gm) are convergent in SEIIJ(M,E) to s := p(g). It
means that the orders g, := ords,, € C are convergent to ¢ := ord s and that the
restrictions of s,, to S*M are covergent to s|sens. Namely let {U;} be a finite cover
of M by coordinate charts and let {V;}, V. c U;, be a subordinate finite cover of
M such that V; are compact (as in (8.20)). Then the restrictions to S*M of the
positive homogeneous components (s,n), ;. (,€), k € Z4 U0, (defined by s, and by
a cover {U;}) are convergent over all V; to (s),-(x,€)|s-ar together with their partial
derivatives with respect to (x,&). (This is a condition of convergence with respect to
semi-norms similar to (8.20). Here, the factors with powers of |¢| in these semi-norms
can be replaced by 1 since §é € S*M.) If such a convergence holds with respect to
some finite cover of M by coordinate charts, then it holds with respect to any finite
cover of M by coordinate charts.

2) The images ¢ (un,) of elements u,, € gu), exp (W) = g 'gm, under the
natural projection

a: go = an/a=C (8.23)

are convergent (as m — 00) to zero. Here, g := Siog(M, E) is imbedded (as a linear
space) into @y with respect to the splitting (6.44) defined by [. The projection
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ci depends on the image of [ in g/C S~ '(M,E) only (n := dim M). Namely for
li,l; € r~1(1) C g such that [; — I, € CS=""Y(M, E) we have

Cl, l'i*’}l D = €1y (824)

The group structure of G(M, E) is induced by the group structure of Ellj (M, E).
This structure is in accordance with the convergence in G(M, E).

Lemma 8.3. The estimate
do (a (A,.“ -4;.])) exp (—cs,—r"fl) :=exp (Cs;f,..) exp (—C.f;f,l) =Id+0 (5,2) (8.25)
holds in G(M, E) uniformly in i, t; (as ¢; tends to zero).

Remark 8.6. The estimate (8.25) means that its left side has a form exp (Wju), where
u € gqy (for some [ € r='(1) C Sig(M, E)) and that u is O (¢?) in g (uniformly in
i, t;). The latter condition means that with respect to the splitting (6.44) (defined
by l) we have
u=0-l4+u+c-1€gq

(because 7 (/;) = r(l;,) = 1 and so rq(u) = 0), where ¢ is O (¢?) and uq is O (¢?) in
C'S°(M, E) with respect to any semi-norm (8.20) (as =; tends to zero). This condition
is independent of [ € r~'(1) by Proposition 5.1 and by Theorem 6.1.

Now we return to the proof of Proposition 8.2. We have to prove the convergence
of the product

do({Arvei})i=do(Ar,_y1,,) - do(Argry )=t exp(cemorln-1) ...exp(cealo) (8.26)

as sup; {£;} tends to zero. By Lemma 8.2, the solution €, (¢,{e;}) of (8.15) tends (in
G(M, E)) to Fy as sup; {e;} — 0. (Here, F} is the solution of (8.10).) In particular,

e1 (1, {ei}) ;= exp (Csm_lf,m_,) ...€exp (csoffo) (8.27)

tends to Fj. So the product e; (1,{s;}) converges (as sup; {¢;} — 0).
By Lemma 8.3 we have

exp (CEJ;) = exp (Wiu;) exp (c&l‘f,‘.) (8.28)

with u; = O (¢}) in gy uniformly in 7, #;. By Lemma 8.2 we conclude that for any
{e;} with sup; {¢;} small enough, the products

P; ({&;}) :=exp (ca;fr,) exp (cs,-_;ff‘_,) ...exp (Cngfo) (8.29)

belong to a bounded set B in G(M, E) for any ¢;, t;. Indeed, (8.29) tends to F,,
uniformly in 7, t; as sup; {¢;} tends to zero. There is an open set 0 € U C g
such that the products (8.29) belong to Fy, exp (WU) for all ¢; (if sup; {¢;} is small
enough) and U is bounded in g(;. (The latter condition means that the direct sum
components of elements of U/ in gy = C-1 & CS° (M, E)® C-1 splitted by (6.44) are
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bounded. A set By C C'S°(M, E) is bounded, if it is bounded with respect to all semi-
norms (8.20).) So Q; := Pi ({&;}) ™" exp (W) P, ({&;}) is Id +0O (£2) uniformly in 1,
{t;}, if sup; {e;} is small enough. (The latter condition means that @; = exp (W;k;),
where k; is O (¢?) in g(). Note that Q; depends not on P;({c;}) but only on its
symbol p(P; ({€;})) € SEll; (M, E).) We have

do ({As,,¢;}) = exp (Wittyn_1) exp (csm_lfhn_,) ...exp (Wiug) exp (cegffo) =
=exp(Wittym—-1) exp(cem_lffm_,) ..exp (Wiuig) exp ((:51'+ljf|+|) Pi({&}) Qi « Qo=
= I'm-1 ({SJ}) Qm—l el Qo = € (1, {Ej}) Qm—-l iinle Qo. (830)

We see also that the product Q -y ...Qp tends to Id € G(M. E) as sup, {¢;} — 0.
Indeed, @; is Id +0 (:_f) uniformly in 7 and the product

I1; (1 - Csf) < exp (CZJE) < exp (C‘ - sup {c"j})
j

tends to zero as sup{c;} — 0. (Here, C' > 0. {¢;} is a finite set, }-¢; = 1, ¢; > 0.)
Proposition 8.2 is proved. 0O

Theorem 8.1 follows from (8.8) and from Proposition 8.2. [

Hence the definition (8.2) of the determinant det (A, a;) is correct.
Proof of Lemma 8.1. By (8.19), it is enough to prove that for sufficiently small
g; > 0,

E(E,‘, Ag] = F(a-d(—(\‘ff!j)] o af')'(f]h:,. is O(l) (831)
uniformly in ¢;. Here, y() = o(log (.-4,.4'1 )) [e(t —tiy1) € 77H(1) C Sig(M, E),

tig1
Ve (1) := 3(t). Let | € r71(1) C Siog(M, E) be fixed. Then 47 (t) := 7,(t) =l €
CS°(M, E) is defined for any point (¢1,t) of I?, I = [0,1], sufficiently close to the
diagonal in I%. The derivative 9;y(t)|¢=, in (8.31) (where ¥(t) := 7,,,()) is equal to
¢, , (t)|e=t, and so it is an element of C'S°(M, E). The assertion (8.31) means that
for sufficiently small ¢; an element £ (g;, A;) € CS°(M, E) is defined and that any
semi-norm (8.20) ||£]|x,aw of £ with respect to a finite cover {U;} of M by coordinate
charts is bounded by C(k,a,w) uniformly in t;, ;. The derivative dyv; (t) (for ¢
sufficiently close to t;) exists, if all the homogeneous components (‘y?l‘t)_k(a:,{) of

the symbol 47 (t) € CS°(M, E) written in local coordinates U; are smooth in ¢, z, £,

£#0.
Let us prove that dyyf (¢) is O(1) in C'S°(M, E) uniformly in (t1,t) from some

neighborhood of the diagonal in I?. The symbol s, (t) := o (A,A{Il) is a solution of
the equation

B;S,I(f) = O'(ar] Spl(f). Sty (tl) =1d. (832)
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Here, s, (t) € SEIS"™")(M, E) is a smooth curve in SEI}(M, E) (i.e., the curve
exp (—c(t — t1)1) s, (t) is smooth in SEI(M, E)). This assertion follows from the
Peano differentiability theorem for ordinary differential equations ([HaJ, V. 3). For
equations equivalent to (8.32) its proof is contained in the proof of Lemma 8.2.

For small |t — ¢;| the symbol s () is close to Id on S*M and o (log (AtAt_il)) €
Siog(M, E) is defined. The curve 3, (t) :== o (log (A,Af_!l)) is smooth in Sieg(M, E)
for small |t — ty|, 87 (t) = B, (t) — c(t — t;) [ is a smooth curve in CS°(M, E), i.e., in
local coordinates on M all the homogeneous components of 3, () are smooth in ¢, t;,
z, € for small [t — ;| and & # 0. We have 0,3}, ()|i=¢, = ¢(li, — 1) € CS°(M, E) and
¢(ly, = 1) = ay, — cl is a smooth curve in C'S°(M, E) (under the conditions of (8.1)).
So v, () — 1 = By, (t)/c(t —t;) — [ is bounded with respect to any semi-norm (8.20)
176, (t)llx. ., uniformly in (#,,¢) from some small neighborhood of the diagonal in I?,
(Here, v, (t)|i=t, is defined as ;,.)

It is enough to prove that F'(— ad (£;/;)) transforms a bounded set B in CS°(M, E)
into a bounded set By in CS°(M, E) for all sufficiently small ¢; uniformly in 7, /;. The
operator ad (g;/;) acts on B C CS°(M,E) as ¢, [l;,b]. (It is proved above that [; —{
are uniformly bounded in C'S°(M, E).) Let {U/;} be a finite cover of M by coordinate
charts and let {V;}, V; C U}, be a subordinate cover with V; compact in U;. Then
lily, = log €] - 1d +fil7,, where & corresponds to local coordinates of a chart U; and

f: belongs to the restriction to V; of a bounded set B C ('S° (U_,—, EIU,) uniformly in
;. So we have

by, = X {Zﬁf?é‘loglfl'D::b_»(-r-m

QkEZFU0 |a|>1 T°

+ 3 (98 (e €))_, D2b-sl2.€) = Obos(x, ) (filx.6)_,) Hp - (8:33)

a>0

The symbol [l;,b] belongs to C'S°(AM. E) and by (8.33) its homogeneous components
[l;,b]_ . m € Z, can be estimated as follows. Let the semi-norm ||-|| 5 in CS%(M, E)
be defined as the sum 3 ||||; ., over (k,a,w) with 0 < k + |a| + |w| < N. Then
the Fréchet structure given by the semi-norms |||y, N € Z4 U0, on CS°(M, E) is
equivalent to the one given by the semi-norms Y [|-||. , - We have by (8.33)

|t | < € (V. Bo,) otz |- (8:34)
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Indeed, by (8.33) and by Leibniz’ formula, the estimate holds

> sup (|ofDs bl (2, 6)] l6) <

m+|8|+|w|< N €V, £#£0

< Cy ( sup d log|§[‘ * sup 9¢ D} (fi(=,§))_ )
€1#0,1<|al<N c€V,,[€#0,0< |y |+|al+9< N g€Z U0
X sL_up (| o "H . |§|"'+|“1) < Cn (l + ”MFJ N) ||.‘5|,7J . (8.35)
€V, £#0

O< v+ ||+ k| <N

and ” filv H < Cn (BU) for f; from a bounded set By, in CS°M, E)|u,. So the op-

erator norm of ad (I;) in C'S°(M, E) with respect to the semi-norm ||-||y in CS°(M, E)
is bounded by C(N, L), where L C CS°(M, E) is a bounded set such that all the
elements [; belong to [ + L for all {z.}.

The action of F(ad(—csl;)) on an element b € C'S°(M,E) is defined by Re-
mark 6.17 as

~n—1

F(:) 0 bl::-c'f, ad(l,) = Z il o bl z=—ce; ad(li)- (836)
n>1
The operator norm of z := —cg; ad (I;) in C'S°(M, E') with respect to the semi-norm

[I|l v is bounded by cg;C (N, L). Hence the operator norm of F(z) in (C'S°(M, E), |H|x)
is bounded by ¥ (eg;C(N,L))"™" /n!. This series is convergent uniformly in &;, 0 <
¢; < 1. (Note that this convergence is not uniform with respect to N € Z, U0.)
So F(z) is a bounded operator with respect to all semi-norms ||||y. It is proved
above that dyy(t)|i=¢, belongs to a bounded in CS°(M, E) set uniformly in 2, t;, €;.
So F(z) - @y(t)|i=t, is bounded in CS°(M, E) uniformly in i, ¢;, ¢;. Lemma 8.1 is
proved. [

Proof of Lemma 8.3. For sufficiently small ¢;, the product on the left in (8.25)
belongs to exp (ﬁ(!}) by the Campbell-Hausdorff formula. In our case this formula
takes the form

log (exp (cs;f,.) exp ( ce f)) = g (f,, - f) + C?E? [f - f,—, —y-l /'7 +
+ 3 ([l [l = 1 =1 + [0 [l = B)]) /124 ... (8.37)
By Lemma 8.1 l,, — [; is O (g;) in CS°(M, E) uniformly in ¢, t;, €, i.e., (e, — ;) /&
belongs to a bounded set B in C'S°(M, E). It is proved in Lemma 8.1 that ad (L;) is
a bounded operator in (C'S°(M, E),||-||y) for any N € Z, U 0.

Note that {,, — [; belongs to go = (7p)~ 1(0) C @. The identifications Wy, 1, : g¢,) =

8(1,) transform the Lie subalgebra go C g, into itself by Proposition 5.1, (5 11).
However these identifications for general [,,l; € (1) do not act as Id on do. By
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(8.21), I,, — I; is also O (£;) in o with respect to the natural extension of the semi-
norm ||-|| 5 to go for any N > n := dim M. The operator ad (f,) is also bounded in
go C g with respect to [|-||y, N > n. Note that by Proposition 5.1, (5.11), the semi-
norm ||-||y on go C gy is transformed to an equivalent semi-norm ||-|| 5y on @0 C @qy)
under the identification Wi, : g4y — @) when N > n. So it is enough to show

that ad (.‘,'1) is bounded in (g,
given by

.do C ). The element W (I;) = Wi, (I, ;) is

(L) =Tl (L= L= 1), /21 € ). (8.38)

Any element of go C g is of the form Il;a + ¢- 1, where a € go = C'S°(M, E) and
c € C. So we have by (8.38), (6.48), (5.7)

ad (W' (L)) (Ma+ c- 1) = l_l;([!,-,a])+1\',- li = L)1,
Ki(li—la):=—([l.Li =] ,a),,, = (li,]], ).,

We know that ad(/;) is a bounded operator in gy := (CS°(M, E),||||y).- The
operator ([l;,1], @), is a bounded linear operator from (go 3 a, ||-||y) to C for N > n.
Hence ad (f,) is bounded in go C g)-

So the first term in (8.37) is estimated in the semi-norm ||-|| by Ce?, the second
term is estimated by Cx - Cs?/2, the third one is estimated by C - C’cf/ﬁ Hence for
sufficiently small £; > 0 the series (8.37) is convergent with respect to the semi-norm
Il on go C @ (because this series is convergent in a neighborhood of zero in a
normed Lie algebra). Its ||| semi-norm is estimated by Cyc? uniformly in &; for
small ¢;.

However it is difficult to prove the simultaneous convergence of the series (8.37)
with respect to all semi-norms ||-|| (for a fixed small ¢;).®" But the existence of a
logarithm for a given element g € G(AL, E) (i.e., the existence of an element & € g
such that exp(h) = g) depends on the properties of the principal symbol (pg)ord, for
the image pg € SEI; (M. E) of g, Remark 6.8. (The order of the expression on the
left in (8.24) is zero.) The convergence of the Campbell-Hausdorff series (8.37) with
respect to semi-norms ||-||y, N < Ni, means that in our case (for sufficiently small
g; > 0) the first homogeneous terms (log(pg))_, (x,€), k =0,1,..., Ny, exist and that
D2 0g (log(pg))_x (2, &) exist for |af + |w|+E < < N;. Hence log g 6 g exists in our case
for suﬂimently small ¢; > 0. To obtain the estimate of log g by O (¢?) with respect to
all semi-norms ||-|| y (as ¢; tends to zero), note that in our case log g € gdo C g = Wigq
is defined for small ;. So the semi-norms ||log g||y are defined for all N € Z, U 0.
For a fixed N > n := dim M the series (8.37) is convergent with respect to ||-||,, on

(8.39)

611t may be so that there are no &; > 0 such that the series (8.37) is convergent with respect to
all semi-norms |||, N € Z4 U0, simultaneously.
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gdo for 0 < &; < &(N), &(N) > 0.5 So by the written above estimates of the terms on
the right in (8.37) with respect to |||y, we see that the [|-||, semi-norm of the series
(8.37) is O (e?) for 0 < &; < g(N).

The same estimate can be also produced with the help of ordinary differential
equations. Namely set v(t) := exp (ff,l) exp (—ff.-). Then we have v(0) = Id €
G(M,E),

Ow(t)=exp (tf,l.) (ffl ~f,-) exp (—tf,-) =v(t)exp (ff,') (f, —f,-) exp (—tf,-) . (8.40)
We claim that
lo(eei) = Idlly = 0 (?)  in o (8.41)

for all N € Z, U0 as &; tends to zero. Here, ||-||y is the operator norm in (go. |||l ),
i.e., |A|n|Ifllx = [|Af]|x for any f € @o and |[A][x is the infinum of numbers with
such a property. If || Af||x # 0 on go, then [[A||x > 0.

Set

q(t) :=exp (tf;) (fr. - 3,) exp (—t‘f;) =: Ady i) (ff, - f;) € go,
drq(t) = ad (i) 0 q(t), q(0) :=1;, — 1.

It is shown in the proof of Lemma 8.1 that the operator ad ({;) in (CS°(M, E),||-||y)
is bounded (since [; belongs to a bounded set in (C'S°(M, E), ||-|| ) for any N € ZU0
uniformly in i, ¢;, ;). The operator ad (!;) is also bounded in go with respect to the
natural prolongation of ||-||y from CS°(M. E) to go := (rp)~'(0) C @uy). (Here, we
suppose that N > n := dim M.) So by Lemma 8.1 and by (8.42), (8.21) we have for
all N >n,0<¢e; <eg(N)

(8.42)

HQ(””N < Cn er.

i, < Ches (8.43)

By (8.40), (8.43) we have®®
o lv®)lly < 10®lly < Cxlle@lInlla)llv- (8.44)

Here, we use that ||a-b||x < Cn/|lal|n-||b]|x for a,b € CS°(M, E). We use also that the
analogous estimates hold for a € exp (go) C exp (ﬁ(m). b€ go:= (rp)~"(0) C guy)-
(In that case ||a||y is the operator norm in (o. ||-||y). We have [la|lx < exp (|[a|n)

62Note that ||al|n, > ||alln, for Ny > Na > 0. So this series is convergent with respect to ||-[|y

forall N e Z,UO.
63We denote the constants in (8.43), (8.44), and below depending only on N by the same symbols

Cn, Cy, etc..
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for a = expa, a € go.) So the following estimates for the operator norms in (go, |||| v)
hold by (8.44), (8.43)

[o(®)lly < [0(0)lly exp (CnCheit).
”8:1?“ “'\ < CNCN‘-.'G\I)( f\Cj\’t* ” (O)HV
lo(t) = ()l < [ 19:0(r)]ldr < [e(0)ly (exp(CxCieit) = 1),

||lv (ce: ]—I(l||N < Cxe?

(8.45)

for 0 < &; < ¢(0), i.e., the estimate (8.41) is proved. Thus Lemma 8.3 is proved. 0O
Proof of Lemma 8.2. The equation (8.10) is equivalent to (8.12) with A := Id,
fii=l,— 1€ CS(M,E), ie

Ay = cu(t)iy, wu(t) :=exp (——cff) (Wi (ILfy 4+ (fes ft) e /2 1)) exp (ctf) :
(8.46)

Here, K, € G(M, E) := p~" (SEIY(M, E)). u() € §o := Wi (p*CS°(M, E)), where
s 8y — Siog(M, E) and p: G(M,E) — SEI(M, E) are the natural projections.
(The Lie subalgebra go C @ is independent of [ € r~'(1) C Siog(M, E).)

The extension p: G(M, E) — SEl} (M, E) is central. So for k; := pK; we have the
equation in SEI)(M, E)

Aiky = uy()ke, ko :=1d, wi(t) := ¢ pu(t). (8.47)
The coefficient u;(t) belongs to C'S°(M, E),
ui(t) = qo(t; 2, &) + g(tie, ) + ... + qm(ti 2, §) +

in local coordinates x on M. (Here, g_; is positive homogeneous of degree (—7) in
€.) The symbol k; belongs to SEII(M, E) and

ky = ko(t; @, ) + k_q(t;2,6) +

in local coordinates. The symbol is a local notion. So (8.47) is equivalent to the
system of ordinary equations

8, .l.?g = qt‘_;i’x‘g.
Ok—1 = qok-1 + q-1ko + Zas. qo D, ko,

....................................... (8.48)

.......................................
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(Here, r,j € Z+U0 and the sum on the right for d;k_,, is over (r, j, ) with r+j+|a| =
m, |a|4+r >0, and D, :=:7'9,.) This system has a triangle form. Its first equation
(written with respect to a smooth local trivialization of E) for fixed (z,£) is a linear
equation - '

aka(f; -T!{-) = q0(ta T-E]k(](i' 'I.°€)1 L-O(O: €, E) =1Id (849)
on GLN(C), N := rkc E. Its coefficient qo(t;x,€) is smooth in t, z, ¢ (for € # 0),

0 <t < 1. So its solution kg is unique and smooth in such ¢, x, £&. The second
equation is a linear equation on My (C) with A_{(0;x.£) = 0 and with known smooth
in (t,z,€) for £ # 0 coefficients qo(t; x,€) and (g-1ko + ¥ O¢,qo D, ko) (t;z,€). So its
solution k_y(¢;2,£) is unique and smooth in (¢,2,€) for £ # 0, 0 <t < 1. The
equation for k_,, (in (8.48)) is also linear in My(C) with k_,,(0;2,&) = 0 and with
known smooth in (¢,2,€) (€ # 0) coefficients. So k_,,(t; 2, €) is unique and smooth in
such ¢, z, £. Hence the solution k; of (8.47) exists and is unique, and k, € SEIJ(M, E).

Therefore we know k; := pk; and have to find k; € G°(M, E). Let K?,0<t¢<1,
be a smooth curve in G°(M, E) with K = Id and pA? = k. Set K, := KPv,. Then
vy € p~H(Id) ~ C* C G(M, E), where C* is a central subgroup of G(M, E). (The
Lie algebra C -1 of C* is W, (pl,‘] [0)). Note that the identifications W, restricted
to py'(0) = C- 1 act as Id on C.) The equation (8.46) is equivalent to

Oy = (— (K,o)_l O LY + (I\'?)_] CII(I’)I\'P) v, vo=1¢€C*. (8.50)

The coefficient of this linear equation is a smooth function ¢: [0,1] = C -1 :=
Wi (pi'(0)). Indeed, the image of o(t) in Sieg(M. E) is

—k;t (Oiky + wa (k) = 0,

and so ¢(t) € C-1 C go C @ The curve A? is a smooth curve in G°(M, E).
So —(K°)™' 9,K? and Adgo)-1 cu(t) are smooth curves in do (because u(t) is a
smooth curve in @p). So ¢(f) € C-1 C @ is smooth. The solution of (8.50) is
vy 1= exp (f(; (,-o(t)dt). Hence the equation (8.46) has a unique solution K} and the
equation (8.10) (equivalent to (8.46)) has a unique solution Fj.

We have to prove that the solution eq (¢, {s;}) of (8.15) converges to the solu-
tion F; of (8.10) uniformly in ¢ € [0,1], as sup; {¢;} tends to zero. Set eo(t,l) :=
exp (—ctf) eo(t,{&:}). (Here, [ € r~'(1) C Sig(M, E) is the same as in (8.11),
(8.46).) Then eg(t,!) := € is the solution of the equation

Oe; = cx(t)ey, €o=1d,

8.51
2(t) := exp (—etl) (Wi (Ife, + (foor fr)es /2 1)) exp (etl) = u (t:) (851
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for t € (t;,tig1) = (i, ti + <i). (Here, u(t) is defined by (8.46) and f; := ; — [. Recall
that the analogous equation for A = exp (—ctf) Fyis 0, K} = cu(t) Ky, Ko = 1d.)

In (8.51) e is a curve in G°(M,E) and x(t) € go. The image €/ = pe; in
SEll; (M, E) of the curve e, is the solution of the equation

oe] = x1(t)ef, e =1d, x4(t) =c:pz(t) € CSO[J’H, E). (8.52)

Here, x(t) for t € (t;,t;41) is equal to wu; (;), where u,(t) is the coefficient of the
equation (8.47). The symbol €7 belongs to SENJ(M, E) and in local coordinates it
takes the form

ef =mo(t;z,€) + mo(tw, &)+ s

where m_; is positive homogeneous of degree (—j) in £&. The symbol is a local
notion. So the equation (8.52) is equivalent to the system of the form (8.48) with k_;
changed by m_; and with ¢_;(t;2,€), t € ({;,ti}1), changed by ¢Z; := q_; (t;;2,§).
Here, k_;(0;2,€) = q-;(0;2,£) = §;0Id. The first equations of these systems

ko = qoko,  Oymo = qgMmo (8.53)
for fixed (x,€), € # 0, are linear equations on GLy(C), N := rk¢ E. So kg'mg =:
ro € GLx(C) is the solution of the equation

Oiro(t) = (k(}_l (5 — qo) il-'u) ro(t) =: so(t)ro(t), r0(0) =1Id. (8.54)
Here, the coefficients gy and ¢ are

90(5) = Adexp{—ch’) O.ff- qé(t) = Adexp(—cﬂ} off.

for t € (tiytiy1). The symbol exp(—ctl) belongs to SEll;*(M, E) and it can be
locally expressed by the symbol [ (as in Section 2). So for sup, {¢;} small enough,
the difference qo(t) — ¢5(t) is small uniformly in ¢ € [0,1], =, £ (£ # 0). The same
assertion is true for any finite number of partial derivatives 9¢ Dy (qo(t) — q5(t)), i.e.,
llgo(t) — g5(t)||y for 0 £ N < Ny and any fixed Ny € Z4 is uniformly small in ¢ as
sup; {;} tends to zero. (Here, |||y is the same semi-norm over a local coordinate
chart V; as in (8.34), (8.35).)

The principal symbol ko(t) = ko(t;2,€) in (8.54) is a fixed smooth curve in
SElg(M,E)/CS~' (M, E). So Adk;‘ ) (@5 — ) (t) is small uniformly in t, z, £ (£ # 0)
with respect to semi-norms ||-||y over V; for 0 < N < Ny as sup; {¢;} tends to zero.
Hence by (8.54) we claim that for any € > 0, Ny € Z, there is § > 0 such that for
0SN<SN

Iro(t) — 1d]| y < € (8.55)

uniformly in t € [0, 1] as sup; {&;} < d.
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The second equations of (8.48) and of the analogous system for m_; are

Ohk_y = (Iok; + (q—dkﬂ + ZaE,(IDD;r. ko) s

dm_y = ggm-_ + (ff_lma + Zae.(IéDx,-mo) , (B:56)

m-1(0;2,8) =k_y(0;2,&) = 0.

For fixed (z,€), € # 0, these equations are linear with known coefficients such that
the estimates ||go — ¢/ v < € and

<&
N

H (Q—zko o+ Z 0¢, 90D, !\’0) = (Qe-lm'u + Z OE.QE;Dx."7?-0)

hold uniformly in t € [0,1] for 0 < N < N as sup; {¢;} < d. (This assertion is true
for any given ¢ > 0, Ny € Zy, if § is sufficiently small.) From (8.56) we conclude
that ||k_y —m_y||y is small uniformly in ¢ € [0,1] for 0 < N < N, if sup; {ei} is
sufficiently small.

Let this assertion be true for ||k_; — m_j||y, 0 < N < Ny (with any Ny € Zy), if
0<j<a—1(a€Zy). Then with the help of the linear equations for k_, from
the system (8.48) and with the help of the analogous equations for m_, we conclude
that the same assertion is true for ||k_, — m_,||y uniformly in ¢ € [0,1] as sup; {e:}
tends to zero. Therefore, the solutions eg(t) € SEIG(AL E) of (8.52) (for different
{z:}) tend to the solution k(t) of (8.47) uniformly in ¢ € [0,1] with respect to all
semi-norms ||-||y as sup; {¢;} tends to zero.

Set ry := K; e, € GO(M,E), 0 <t <1. (We know already that pr; € SEllg(M, E)
tends to Id uniformly in ¢ € [0, 1] with respect to ||-||y as sup; {e;} = 0.) The curve
r; is the solution of the equation

dyry = (c Adge-r(a(t) = u[f))) ey To=Id. (8.57)

(The coefficient in (8.57) belongs to go. The semi-norms ||-||y on go := CS°(M, E)
have natural continuations to the semi-norms ||-||y on @0 C @u).) The coefficient in
(8.57) is small with respect to |||y, 0 < N < Ny, uniformly in ¢ € [0.1] as sup; {ei}
tends to zero. The projection pry € SEIIS(M, E) is close to Id with respect to [|-[|
uniformly in ¢ € [0,1] under the same conditions. An element g € G°(M, E) has a
logarithm in g, if pg € SENS(M, E) has a logarithm in go := CS°(M, E). Note that
log pr, exists because pry is close to Id in [|-[|y, 1 < N < M. So the equation (8.57)
for 7, can be written as the equation for p, := logry € o C g() (by Lemma 6.6).
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Namely, by (6.74), (6.141), the equation (8.57) is equivalent to the equation for
Pt € go
Oy = cF~! (ad (p:)) Adh*l( 2(t) —u(t)), po=0,

P (ad (p) = = 2= 3 S

expz — 1 ’*-ad(m ;.>1

(8.58)

z=ad(p, )’

(The series F'=!(z) is convergent for |z| < 27.) Taking into account (8.58) we conclude
that

Allpelly < 10pelly < e[ P~ (ad ()], [Adgrr(2() = y(®)] - (8:59)

One can try to prove that |[p||, is small for t € [0,1], 0 < N < N, using the
estimates analogous to (8.59) and the Picard approximations. However we prefer to
use the structure of (8.58) and the information about ||pp;||y-

Note that ad (a;) = ad (a3) in go (for a; € go). if @y — a; belongs to the central Lie
subalgebra C - 1 of go. So ad(p;) (as an operator in gg) depends on pp; € go only.
Set ad (pp:) := ad (p}) for any p; with pp, = pp;. We know the solution pp; of the
equation in go which is the projection of (8.58) to go. Namely pp; is the solution of
the equation

O (ppe) = cF~ (ad (ppi)) p (A(l[\-f (x(t) — u(t))) =
= F~! (ad (pp;)) Adj-1 (21(t) —wi(t)), (8.60)

and we know that |[pp|y is small uniformly in ¢ € [0,1], N for 0 < N < N as
sup, {e;} is small enough. Let [ € r~'(1) C Sig(M, E) be fixed. Then the equation
(8.58) in gy written with respect to the splitting (6.44) is

Oipr = F~' (ad (ppy)) (p(%(l! —(a(t) —u(t)) @ f(t)- )) (8.61)

where f: [0,1] = C is a smooth function and |f(¢)| is small uniformly in ¢t € [0,1] as
sup; {&:} is small enough. We know that ||ad (pp;)||y is small in go for N < Ny. So
it is small also in go for n := dim M < N < N,. Set p; = ppr D w, - 1, w, € C, with
respect to the splitting (6.44). Then in view of (8.60), (8.61) we conclude that w, is
the solution of an ordinary differential equation

o= 00+ (oo [ (1= 212 = DS | ) - 82

Here, u; := Adj-1 (21(t) — w(t)) and ad (pp¢) in (8. 62) acts on go := CS°(M, E).

To prove that p, is small in (go, ||| ) for 0 < N < Ny, it is enough to prove that
|wy| is small for ¢ € [0,1], if sup, {¢;} is small enough. We know that pp; and u, are
small in (go, ||| ) for 0 < N < Ny. It is proved in (8.34) that ad(l) is a bounded
operator in gy with respect to ||-|| . The operator ad (pp;) in (go, ||-|| y) has the norm
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|lad (pp¢)|| y not greater than Cy ||pp:|y by (8.35). So the series on the right in (8.62)
is convergent and the estimate

‘ C(1 = 2k) 4

is valid for sup; {¢;} small enough. We have by (8.62), by the estimate |(a,b)es| <
lla||n||b||x for a,b € go, N > n, and by (8.63)

| (f)|<f |f(7)|dT + C} ff l|pp-|| v d
w O Al lres .
= T)|aT N po-lly I IN T

for any N > n. So |w(t)| is small for ¢ € [0, 1], if sup; {;} is small enough. Hence for
such {¢;} the logarithm p; of r, is small in (g, ||-||y) for all £ € [0,1], 0 < N < N,.
Thus r, € G°(M, E) is uniformly in ¢ € [0, 1] close to Id € G°(M, E) with respect to
all |||y as sup; {e:} tends to zero. Lemma 8.2 is proved. [

< Cilluly — (863)
N

8.1. Connections on determinant bundles given by logarithmic symbols.
Another determinant for general elliptic PDOs. Let [ be the symbol of log,) A,
where A € Ellj(M, E) and L is an admissible (for A) cut of the spectral plane.
Then the central C*-extension g of the Lie algebra Siog(M, E) =: g is defined and
[ also defines the splitting (6.44)

ﬁu} =gpC- 1. (864)

Theorem 6.1 provides us with a canonical isomorphism between g(;) and the Lie
algebra g(M, E) of the determinant Lie group G(M, E). Hence the splitting (8.64)
defines a connection on the C*-bundle p: G(M. E) — SEIIJ (M, E). Namely a local
smooth curve ¢, € G(M, E), t € [—¢,¢], is horizontal with respect to this connection,
if g, - g7! belongs to the subspace g of g(A. E) = gq) with respect to the splitting
(8.64).

Let an operator B € ElIf (M, E) be fixed.®* There exists a smooth curve b; €
Siog(M, E), t € [0,1], such that the symbol ¢(B) is equal to the value at ¢ = 1 of the
solution s; of the equation in SEII} (M, E)

0,3; — b;Sf._ Sg = Id. (865)

Let b, be such a curve in SEll; (M, E). Then for a fixed [ (= o (logw) A), A€

EllL(M, E)) the connection on G(M, E) defined by [ gives us a canonical pull-back of
the curve s, C SEIIY (M, E) to the curve & C G(M, E). This curve § is the solution
of the equation in G(M, E)

3,5‘-, = (H(”bf) . §f. -.Ef = ld'| (866)

641 this subsection we don’t suppose that B has a real or a nonzero order.
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where II(y: @ = gg) = 9(M, E) is the inclusion with respect to the splitting (8.64)
(and to the canonical identification given by Theorem 6.1).

Definition. Let the operator B € EllS (M, E), the logarithmic symbol { of a first-
order elliptic PDO A € Ellg(M, E), and a curve b; in Siog( M, E) such that the solution
s; of (8.64) is equal to o(B) at t = 1, be fixed. Then the determinant of B is defined
by '

det (B, (I, b)) := dy(B) /3. (8.67)

Here, d;(B) is the image of B € Ellj (M, E) in the quotient G(M, E):= F\Elly (M, E),
where the normal subgroup Fp of Ellj (M, E) is defined by (6.1). The term 3; in (8.67)
is the value at ¢t = 1 of the solution §; for (8.66) with the coefficient b;.

Remark 8.7. This determinant is invariant under smooth reparametrizations of a
curve b;. This determinant is defined for any smooth curve s;, 0 < ¢t < 1, in
SElly (M, E) such that so = Id, s; = o(B). (Here, b}, := 0y, - s7.)

Remark 8.8. We have p3; = s, where p: G(M, E) — SEll5 (M, E) is the natural
projection. Hence $, € p™'(o(B)). We have det (B, (l,b;)) € CX since the fibers of
p are principal homogeneous C*-spaces because Fy\F = C* and because F, Fy are
normal subgroups in Ell} (M, F) (defined in Section 6).

Remark 8.9. The determinant det (B, (, b;)) depends on a curve b, in the space of log-
arithmic symbols (in contrast with a curve a, from the definition (8.2), a; C ell(M, E),
i.e., it is a curve in the space of logarithms for classical elliptic PDOs). The deter-
minant det (B, ([,b;)) is defined for all classical elliptic PDOs, not only for PDOs of
real nonzero orders. In contrast, the determinant (8.2) is defined for PDOs of real
nonzero orders.

Remark 8.10. Let a logarithmic symbol [, = o (log{m A;) be fixed. (Here, A, €

Ellg(M, E) and L, is an admissible for A; cut of the spectral plane.) Then by
(6.47), we have

i)/ = exp ([ de (b~ Tghe) ) =

=55 (/ﬂl dt (b — v (b)) (I +1) /2,1 — h)m) —:exp f (bl ly). (8.68)

Note that f (b1, 1,) is the integral over M x [0, 1] of a density locally defined by the
symbols of b, [, and of [;. By (8.68) we have

det (B, (I, b)) / det (B, (I1,b) = exp f (bi; 1, 1) (8.69)
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Remark 8.11. By (6.48) we have the formula for a curvature of the connection defined
by | = o(log A), A € El{(M, E), on the C*-bundle p: G(M, E) — SEll§(M, E).
Namely, if ¢1,92 € T} (SEIIS(J\-’I, E )) are two tangent vectors, then the value of the
curvature form is given by

Ri(g1.92) = K1 (197" 6297") » (8.70)

where K is the 2-cocycle on Siog( M, E) defined by (5.5) (and by Lemma 5.1), g9t €
Siog(M, E) =: g. Let b, and b}, t € [0,1], be two curves in g such that the solutions
of (8.65) with the coefficients b; and b} have ¢(B) as their values at ¢ = 1 and are
homotopic curves in SEI; (M, E) from Id to ¢(B). Then we have

5 (8) /31 (b) = exp ([D g’R,-) . (8.71)

where R, is defined by (8.70) and ¢: D? — SEllj (A, E) is a smooth homotopy
between s (b)) and s (b;) in SEIl§ (M, E). Note that R is a 2-form on SEll; (M, E)

with the values on (¢1,¢:) € T, (SEIIS‘(M, E']) given by an integral over M of a
density locally defined by the symbols g, g;. [. We have by (8.67), (8.71)

det (B, (1.b)) / det (B. (LK) = exp ( /m Q'RI) (8.72)

with the same meaning of ¢ as in (8.71). By Remarks 8.10, 8.11, we can control the
dependence of the integral (8.67) on [ and on curves s, s; in SEllg (M, E) from Id to
o(B) from the same homotopy class.

Remark 8.12. Let By, B, € ElIJ (M, E) and let s,(t) and s;() be smooth curves from
Id to o (By) and to o (By) in SEIY (M. E). Set b;; := d;s;(t). Let the logarithmic
symbol [ = o(log A), A € Ellj(M, E), be fixed. Then we have

dy (B2By) = d, (B;)d; (By),

S?EI = ;EQL‘E]..

(8.73)

The latter equality follows from (8.65), (8.66). Hence in view of di /3 € C*, we have
det (By By, (1, (b2, U b)) = det (B, ({, by¢)) det (Ba, (1,b24)) . (8.74)

Here, by U by ¢ corresponds to a piecewise-smooth curve s, U s from Id to o (B2 By)
through o (B;) which coincides with s;(2t) for ¢ € [0, 1/2] and with s5(2t — 1) for
te(1/2,1).

It follows from Remarks 8.11, 8.12 that to investigate the dependence of the de-
terminant det (B, (/,b;)) on the homotopy class of a smooth curve s; from Id to o(B)
in SEII} (M, E), it is enough to compute

det(Id, ([, 27ip)) =: k(p, 1) (8.75)
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for projectors p € CS§(M, E), p* =p, in the algebra CSj of classical PDO-symbols of
order zero. Each of these projectors corresponds to a cyclic subgroup exp2witp), 0 <
t<1,in SENJ(M, E). Such subgroups span the fundamental group (SEIIS(M, E), Id).
This statement is proved in the proof of Lemma 4.2 in Section 4.5.

Remark 8.13. To compute (8.75), we use Proposition 7.1). Namely we have

det(Id, ({,2mp)) := Id - exp (—E?r-iﬂ(;)p) = dy(exp(27iP)) exp(—f(2miP, A)) =
= exp(—2mif(P, A)). (8.76)

Here, P is a PDO-projector P € CL°(M,E), P* = P, with o(P) = p. (Such a
projector P exists by [Wo3].) The operator A in (8.76) is an invertible elliptic PDO,
A € Ell}(M, E), with its symbol o(A) equal to expl. The spectral f(P, A) of a pair
(P, A) is defined by (7.9). Hence

det(Id, ({,2mip)) = exp(—2m1i fo(p,expl)), o7
fo(p,expl) € C/Z, fo(pexpl)= f(P,A)( mod Z). (8.77)

By Lemma 7.1 the generalized spectral asymmetry f(P, A)( mod Z) depends on
symbols o(P) = p, o(A) = exp! only.
Remarks 8.11, 8.12, 8.13 express the dependence of the determinant det(B,((,b;))
on b, and on [ through generalized spectral asymmetries fo(p,expl)), p* = p, p €
CS%(M, E), and through the integrals (8.68), (8.72) of densities locally canonically
defined by homogeneous terms of symbols in arbitrary coordinate charts.

8.2. The determinant defined by a logarithmic symbol as an extension of
the zeta-regularized determinant.

Remark 8.14. For A € Ell}(M, E), for | € Siog(M, E) such that expl = o(A), and
for b, = [, we have s; = o(A) (where s, is the solution of (8.65)). Hence

det(A, (1,1)) := dy(A)/ exp (Tyl) =: di(A)/A, (8.78)

where A is defined by (6.45).

We suppose that there exists [ € Siog(M, E) such that expl = o(A). Hence the
symbol exp(l) for ¢ € Ry small enough is sufficiently close to a positive definite
symbol. Hence B := A possesses a spectral cut L) close to L(r) and (g #)(s) is

defined. Set
det{,-,](A) = exp (—5'185§B'(,-,)(s)|3:g) . (879)

By Proposition 6.3 the element
do(A) := dy(A)/det(z)(A) € p~*(expl) (8.80)
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depends on ¢(A) := expl only. Here, p: G(M,E) — SEIX(M, E) is the natural
projection. Hence by (8.78), (8.80) we have

det(A, (1,1)) = detgz)(A) - do(expl)/ exp (T 1) . (8.81)

The elements dp(exp l) and exp (1'[{.-)! ) correspond one to another under the local iden-

tification of the Lie groups G(M, E) and exp (g) = exp (ﬁm) given by Theorem 6.1.
Hence we obtain the assertion as follows.

Proposition 8.3. Let A € Ellg(M., E) have a logarithmic symbol | € Siog(M, E),
i.e., 0(A) = expl, where expl is defined as the value at T = 1 of the solution of the
equation in SEll; (M, E)

;4 =A;, Ap=1d.
Then the equality holds

det(z)(A) = det(A, (,1)), (8.82)

where the zeta-regularized determinant det(z)(A) is defined by (8.79) for B := Af
with € € Ry such that A* possesses a spectral cut Lzy close to Liyy. The determinant
on the right in (8.82) is the determinant (8.67) with by =1 for t € [0,1], where A is
substituted instead of B.

Remark 8.15. Let A € Ellj(M, E) be an elliptic operator of a real nonzero order d(A)
such that there exists a logarithmic symbol d(A)l € Sig(M, E) of A, exp(d(A)l) =
o(A). Then det(z(A) in the sense of (8.79) is defined (and it is independent of a
sufficiently small ¢ € Ry. The term det(A,(/,d(A){)) (i.e., the determinant (8.67)
with b, = d(A)l) is also defined. The equalities hold (analogous to (8.81))

det(A, (1, d(A))) = det(z)(A)do(exp(d(A)1)) /exp(TTyd(A)l) = detz)(A), (8.83)

since dp(exp(d(A)l)) corresponds to exp (Hmd( .4)!) under the local identification
G(M, E) = exp(g) given by Theorem 6.1. Hence the determinant det(A, ({,d(A)l))
given by (8.67) for an elliptic PDO A of a real nonzero order d(A) (and such that a
logarithmic symbol d(A) - | of A exists) is equal to the zeta-regularized determinant
det[ﬁ-](ﬁ).

Thus the determinant (8.67) gives us an extension of the zeta-reqularized determi-
nant det.(A) to the class of general elliptic PDOs Ell} (M E) of all complex orders
from the connected component of the operator Id € Ell o( M, E). Note that the de-
terminant (8.67) depends not only on A and on [ but also on an appropriate curve
be, t € [0,1], in the Lie algebra Sjog(M, E) of logarithmic symbols.
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8.3. Determinants near the domain where logarithms of symbols do not
exist. Let A(z) € Ellg'::}(ﬂ-j', E) be a holomorphic family of elliptic PDOs of order
a(z). We suppose that a(z) € C*. Here, z belongs to a one-connected neighborhood
Uof I :=[0,1] CC >z Letfor z € [0,2) a logarithm of g(A(z)) exist. We are
interested in the asymptotic behavior as = — zo of determinants of A(z) We claim
that there is a locally defined by the symbols o(A(z)), o(log A(z)) object which
controls det(A(z)) as = = 2o along [I.

Namely let [ € 7~1(1) C Siog(M, E) be a logarithmic symbol of order one (r is from
(5.4)). Then [ defines the splitting (8.64) of @ := Wg(). Hence a connection on the
C*-bundle G(M, E) over SEIIX (M, E) is defined by I. A vector g(t) € TyG(M, E)
belongs to a horizontal subspace, if g(t)g~'(t) € Wig. (Here, g := Siog(M, E) is
identified with the image of g in @) under the splitting (8.64).)

The section U — G(M,E), U > = — di(A(z)) € G(M,E), over U 5 z —
o(A(z)) € SEIY (M, E) is defined.®® It is holomorphic in z € U. Let fo(2): U 3 z =
G(M, E) be another section of p: G(M, E) — SEllg (M, E) which is a holomorphic
curve in G(M, E) horizontal with respect to the connection defined by ! and such
that fo(A(0)) = di(A(0)), 0 € U. (Note that this connection is holomorphic. Thus
such a holomorphic curve exists and is unique.)

Then dy(z)/ fo(z) € Cis a holomorphic function of z € U and fo(z) is locally defined
by the symbols o(A(z)) of our family. (We suppose here that di(A(0)) is known. For
example, if A(0) = Id € ElIf (M, E), then di(A(0)) = Id € G(M, E).)

Let a log A(z) € ell(M, E) exist. Then by Remark 3.4 and by Propositions 3.4, 3.5

we have®®

det¢(A(2)) := exp (—, TR exp(—s log A(;})L:U) . (8.84)

Let o(log A(z)) = a(z)l+ao(z), where [ is a logarithmic symbol of an order one elliptic
PDO, ao(z) C CS°(M, E) is holomorphic in z for z € [0, ), and ap(z) diverges as
z —> 2.
By Proposition 6.6, by Corollary 6.2, and by (6.30) we have a section
S = do(o(log A(2)))

of the C*-bundle G(M,E) over S = S(z) := o(A(z)), = € [0,20), depending on
o(log A(z)) only. If log A(z) exists, then by the definition of do(o(log A(z))) the
zeta-regularized determinant (8.84) is equal to

dete(A(z)) = di(A(z))/do(a(log A(z)))- (8.85)

65The element d; (A) is the image of A € Elly (M, E) in G(M, E) := Fo\ Elly (M, E), Section 5.
66Ty is the canonical trace for PDOs of noninteger orders defined in Section 3. By Proposition 3.4
the residue of the zeta-function on the right in (8.84) at s = 0 is —res(Id) = 0. Hence the expression

on the right in (8.84) is defined.
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Here, di(A) is defined as the class FyA in the determinant Lie group G(M,E) =
o\ Elly (M, E).

However the canonical determinant det(A) is defined for more wide class of elliptic
PDOs than the class of PDOs A such that log A exists, Remark 6.7, (6.31). Namely
if o(log A) € Siog(M, E) is defined, then

det(A) := dy(A)/do(o(log A)). (8.86)

This determinant can be defined even if the zeta-regularized determinant det¢(A) is
not defined, Remark 6.7. (The definition (8.86) does not use log A. However log A is
defined, if (4(s) exists.)

Proposition 8.4. There is a scalar function
B(z) := do(o(log A(2)))/ fola(A(2)))

holomorphic in = € [0,z) and defined by symbols (and by logarithmic symbols) of
our holomorphic family and such that the divergence of the canonical determinant
det(A(z)) as = — zo along I is defined by the behavior of B(z) as z = zy along
[U,SD).

Proof. By (8.85) and by the definition of fy(z) we have

det(A(z)) = (di(A(=))/ fo(=)) /B(=)
The factor dy(A(=))/fo(z) is holomorphic in = for = € /. O
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